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Introduction

Symmetry group analysis is classical and the most fundamental method for
solving differential equations and constructing solutions with particular
properties.

Modern Lie theory has a lot of applications in natural sciences:

e automatic (analytical) solvers of ordinary differential equations in
computer algebra systems

e construction of conservation laws, equivalence mappings for partial
differential systems

e numerical (Lie) integrators (which preserve symmetries) reveal much
better numerical behavior

@ pattern recognition in computer vision (based on group equivalence of
boundary curves)
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Two equations

1. Constant coefficient equation

a"y aly dy
an+an 1dX”_1 +...+a1a+aoy:0.
2. Euler equation
d’ gn-1 a
y+an, -1 y+ +a1x—y+aoy:0.

axn—1t ax

dl‘l
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Two equations

1. Constant coefficient equation

dn dn—1
dX}’: + an_1 an_}: + +31Fy +ay=0
admits shifts for x
X=Xx+a
and dilations for y
y=Cy
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Two equations

2. Euler equation

d"y 4 d™ly dy
WJra,Hx” dxn +...+a1xa+aoy:0
admits dilations for x
X=A-x
and dilations for y
y=Cvy
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Two equations

Transformation of independent variable, which maps dilation into shift
X =A-x— In(x) = In(A) + In(x)
defines change of variables
t=exp(x),u=y

which maps Euler equation into Constant coefficient equation.

Two equivalent equations have isomorphic symmetry groups. I
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S
Symimetry

Consider differential system of general form
A(va(n)) =0 (1)

where x = (x',...,xP) € X and y = (y1, ..., ¥q) € Y are vectors of independent
and dependent variables correspondingly.

Definition.

The point transformation g : (X, y) — (X, ¥) of phase space E = X x Y is
called symmetry if it transforms any solution y(x) of (1) into new function
defined by y(x), which is also solution.
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Symmetry (example)

Trivial second-order ODE

y'(x)=0
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Symmetry (example)

General solution: |y = Cix + Co

Symmetry condition means to transform solutions into solutions, which
implies to map straight lines — straight lines on plane.
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Symmetry (example, continue)

Trivial second-order ODE
y'(x)=0
by substitution
[u=1(x.y), t=g9(x,y)]
is transformed into
U'(t) 4+ As- (U + As- (U2 + A - U + Ay = 0.

Symmetry condition implies

A3 =0,A>=0,A1 =0,A, =0.
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Symmetry (example, continue)
929 of  97f Og
= ayzoy Toyzoy =

_ Pgof | Ftog ., Ptog 0% of
2T Toy2ox " oxdydy | “oyoyox “oxdyoy

_ Fgor  #Mog , 0 0g 0% of
T T ox20y T ox20y | “oxdyox “oxdyox

Rg of  92f og
Ao=—5xiox Toxtox
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Lie symmetry

One of the prominent idea of Sophus Lie is to study symmetry properties
under one-parameter group of transformation.

Definition.
Set of transformation
ga : (X,y) = ()_(7.}_/)
is called one-parameter group of transformation of differential system
Alx,y ™M) =0
if
1) g is symmetry transformation for Va,
2) it is a local group: gagp = Ga+p, where (@ — group parameter).

Typically it leads to overdetermined system of linear partial differential
equations of finite type, which could be efficiently analyzed symbolically by
means of computer algebra for further reduction and explicit solving.
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Lie symmetry (examples)

1. Shift
X=x+ay=y
2. Dilation
X = ea : Xa}_/ =y
3. Rotation
x| _|cos(a) sin(a)| |x
y|  |-sin(a) cos(a)| |y
4. Shear

5. Projection
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Infinitesimal generators

The important role plays the first term in Taylor expansion of one-parameter
group of transformation

X=xXx+el(x,y)+0(?), y=y+en(x,y)+O(?).

It is equivalent to

OX(x,y,a)

o7
&(x,y) = 54 , n(x,y) = Wx.y.2)

a=0 da a=0
And

-, ox(a+b ox(x(x,y,a),y(x,y,a),b) _,
%(a+b) = (6b )  OXX(xy )a;( 1:3.0) giasb)=..

Thus assuming b = 0:
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Examples
1. Shift
X=xt+ajy=y—-¢=1n=0
2. Dilation
Xx=e"xj=y—E=x9=0
3. Rotation
x] _[cos(a) sin(a)] [x o
M B [sin(a) cos(a)| |y| TET V=X
4. Shear

;(:X+ay7j/:y_>€:y’n:0

5. Projection

. X .y L,
X=q Y =7 ax X=X
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Symmetry Analysis (example, continue)

g(x,y) = x+a-&(x,y) + o(a),
f(x,y) =y +a-n(x.y)+o(a).
Substitution to symmetry condition
A3 =0,A=0,A1=0,A =0
implies

0% 0%¢ 0% 0?¢ 0%n 0%¢
ax2 O axe T Paxay =V ayr =0 2 Taxay O

General solution
£(x,y) = (C7-x+Cg) -y + Cs- X2 + C3 - x + Ca,
n(x,y)=(Cs-y+Cs)-x+C7-y*+Cy-y+Cs.
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Consider ODE (n > 2) solved with respect to the highest order derivative

(n) / (n—1) . dY
y +f(X7y?y7'--7y ):Oa y ::W (2)

where f is rational function.
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|
Algorithms

What can we do algorithmically?

@ generation of determining equations
e reduction by integrability conditions
o dimension of solution space

e structure constants of Lie algebra

Initial value problem are given by finite number of values:

a/1+m1£ a/2+m277 ¢ n ail

{W(XO,YOXW(XO,YO)}, L?] = Z {bjj] x'y!
ij=0 """

Since Lie algebra is closed under Lie bracket, then

m
X = truncated Taylor series — [X;, X)) = > ClXi, 1<i<j<m.
k=1

Beautiful point of construction that you actually need only truncated Taylor
series (approximate solution) to obtain exact values of structure constant.
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Linearizability

Theorem.

Eq. (2) with n > 2 is linearizable by a point transformation if and only if one

of the following conditions is fulfilled:
Q@ n=2m=8§;
Q@ n>3 m=n+4

@ n>3, me {n+1,n+ 2} and derived algebra is abelian and has
dimension n.

Proof. According to group classification of linear equations:
1. Trivial equations y("(x) = 0 have maximal possible dimension n+ 4
2. Constant coefficients equations have Lie algebra span by operators

9 o) o a9 0
{ﬁ](X)aya fQ(X)@, ceey fn(X)@, m’yay}

3. Generic case corresponds to Lie algebra

0 0 0 0
{n(x)ay,fz(x)ay,...,fn(x)ay,yay}
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Group classification

The problem of group classification of differential equations was first posed by
Sophus Lie

He also began to solve the problem of group classification of the second-order
ordinary equation of general form

y'+f(x,y,y)=0
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Group classification

Lev Ovsyannikov considered simpler case of
y"+1f(x,y)=0

and solved the problem of group classification by admissible operators

f X X X

f(y)= Ox 0 0

e Oy X0y — 20, 0

yEk#-3| 0 | (k—1)xd, — 2y, 0
+y—3 Oy 2x0x + y0, x20yx + Xy 0y

x72g(y)* | x0x 0 0
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Group classification

2%y of of on g,
o ax fTay "G, T 250 =0
LPE L, P g 06
Ox? 8x8y dy ’
82¢
ay2 ="
0% 0%¢
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Group classification (invariant form)

The form of second-order ODE
y” + f(xﬂyvy/) =0
given by

f=Fx, )+ F(x.y)Y)?+Fi(xy)y + Fl(x.y). (3)

is invariant under point transformation.
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Group classification (linearizable branch)

Sophus Lie showed that only equations of the following form are linearizable
by point transformations if and only if

Theorem

3(F3)xx — 2(F2)xy + (F1)yy — 3F1(F3)x + 2F2(F2)x
—3F3(F1)X + 3F0(F3)y aF 6F3(F0)y — F2(F1 )y =0,

(F2)xx — 2(F1)xy + 3(Fo)yy — 6Fo(Fs)x + F1(F2)x
—3F3(F )X + 3F0(F2)y + 3F2(F0)y = 2F1(F1 )y =0
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