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Introduction

Notations and terminologies

@ Throughout, a field always means a field of characteristic
ZEro.

o Differential fields: A field F' with an additive map
"1 F — I that satisfies the Leibnitz rule, i.e
(f9) = fg + flgforall f,g e F.

@ The kernel of the map ’ is denoted by Cp, called the field
of constants.

o Differential field extension: A differential field £ is said to
differential field extension of F' if F is a field extension of F'
and the derivation map of E restricted to F' coincides with
the derivation map of F'.
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Introduction

Let E be a differential field extension of F' having the same field
of constants as F'.

When an element o« € F' admits an antiderivative in E?
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Introduction

We will be working with differential field extensions of the form F =
F(04,...,0,), Fo .= F, F; = F;_1(0;), Cg = Cp such that for each i,
one of the following holds:
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Introduction

We will be working with differential field extensions of the form F =
F(04,...,0,), Fo .= F, F; = F;_1(0;), Cg = Cp such that for each i,
one of the following holds:

(i) 6; is algebraic over F;_.
(ii) 0. = /0, for u € F;_1 (i.e. ; = €%, called an exponential of u).

(iii) 0! =u'/u for uw € F;_1 (i.e. 6; = log(u), called a logarithm of w).
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Introduction

We will be working with differential field extensions of the form F =
F(04,...,0,), Fo .= F, F; = F;_1(0;), Cg = Cp such that for each i,
one of the following holds:

(i) 0; is algebraic over F;_1.

(ii) 0. =u'0; for u € F;_; (i.e. §; = ¥, called an exponential of u).
) 0]
) 0]

(iii =u/ufor u € F;_; (i.e. 6; =log(u), called a logarithm of u).
! =/ /logu, where u,logu € F;_1 (i.e. §; = li(u), called

logarithmic integral of u).

(iv
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Introduction

We will be working with differential field extensions of the form F =
F(04,...,0,), Fo .= F, F; = F;_1(0;), Cg = Cp such that for each i,
one of the following holds:

(i
(ii

(iii

) 0; is algebraic over F;_j.

) 0. =u'0; for u € F;_; (i.e. §; = e, called an exponential of u).
) 0. =u'/u for u € Fj_y (i.e. 0; =log(u), called a logarithm of ).
) 0. =u'/logu, where u,logu € F;_1 (i.e. 0; = fi(u), called
logarithmic integral of u).

(iv

(v) 0l =ule " where u,e="" € F,_y (i.e. 0; = erf(u), called error
function of u).
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Introduction

We will be working with differential field extensions of the form F =

F(6,...

,0n), Fo := F, F; = F;_1(0;), Cg = CF such that for each i,

one of the following holds:

(i)
(i)
(i)
(iv)

(v)

(vi)

0; is algebraic over F;_1.
0l =u'0; for u € F;_y (i.e. ; = e, called an exponential of u).
0L =u'/u for uw € F;_1 (i.e. 0; =log(u), called a logarithm of w).

0! = u'/logu, where u,logu € F;_1 (i.e. 0; = fi(u), called
logarithmic integral of u).

2 2 .
0l =u'e”™" | where u,e”"" € F;_q (i.e. 8; = erf(u), called error
function of u).

0! = —log(1l — u)u'/u, where u,log(l —u) € F;_1 (ie.
0; = l2(u), called dilogarithmic integral of w).
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Introduction

We will be working with differential field extensions of the form F =

F(6,...

,0n), Fo := F, F; = F;_1(0;), Cg = CF such that for each i,

one of the following holds:

(i

)
i)
i)
)

(v)
(vi)

(vii)

0; is algebraic over F;_1.
0l =u'0; for u € F;_y (i.e. ; = e, called an exponential of u).
0L =u'/u for uw € F;_1 (i.e. 0; =log(u), called a logarithm of w).

0! = u'/logu, where u,logu € F;_1 (i.e. 0; = fi(u), called
logarithmic integral of u).

2 2 .
0l =u'e”™" | where u,e”"" € F;_q (i.e. 8; = erf(u), called error
function of u).

0! = —log(1l — u)u'/u, where u,log(l —u) € F;_1 (ie.
9i lo(u), called dilogarithmic integral of u).
(

0L = l5(u)u' /u, where u, lo(u) € F;_1 (i.e. 6; = l3(u), called
trilogarithmic integral of u).
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Introduction

Elementary Extensions

A differential field extension E = F(64,...,0,) of F is called an
elementary extension if each 6; is either algebraic, exponential
or logarithmic over F;_;. Elements of an elementary extension
field are called elementary functions
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History (elementary functions)

@ The problem of integration in finite terms for elementary
functions was considered by J. Liouville (1834-35) and by
JF. Ritt (1948).
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History (elementary functions)

@ The problem of integration in finite terms for elementary
functions was considered by J. Liouville (1834-35) and by
JF. Ritt (1948).

e M. Rosenlicht (1968) was the first to give a purely
algebraic solution to the problem.
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History (Special Functions)

e J. Moses (1969).
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History (Special Functions)

e J. Moses (1969).

e Error functions and logarithmic integrals, G. Cherry
(1985-86).
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History (Special Functions)

e J. Moses (1969).

e Error functions and logarithmic integrals, G. Cherry
(1985-86).

o &.Z—elementary functions, M. Singer, B. Saunders and B.
Caviness (1985). Polylogarithmic integrals do not belong to
this class.
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History (Special Functions)

e J. Moses (1969).

e Error functions and logarithmic integrals, G. Cherry
(1985-86).

o &.Z—elementary functions, M. Singer, B. Saunders and B.

Caviness (1985). Polylogarithmic integrals do not belong to
this class.

e Dilogarithmic integrals, J. Baddoura (2006).

YK-VRS Integration with special functions 7/31



Highlights of our work

o We extend Liouville’s theorem to include error functions,
logarithmic integrals, dilogarithmic and trilogarithmic
integrals in its field of definition.
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Highlights of our work

o We extend Liouville’s theorem to include error functions,
logarithmic integrals, dilogarithmic and trilogarithmic
integrals in its field of definition.

o We obtain a simpler proof of Baddoura’s theorem which
neither assumes that F' is a liouvillian extension of Cg nor
that Cp is an algebraically closed field.
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Highlights of our work

o We extend Liouville’s theorem to include error functions,
logarithmic integrals, dilogarithmic and trilogarithmic
integrals in its field of definition.

o We obtain a simpler proof of Baddoura’s theorem which
neither assumes that F' is a liouvillian extension of Cg nor
that Cp is an algebraically closed field.

@ Our results contain both necessary and sufficient conditions
and therefore, these results will help in formulating
algorithms for integration in finite terms with special
functions.
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Liouville’s Theorem

Theorem (Rosenlicht, 1968)

Let E D F be an elementary field extension of F with Cp = Cp.
If there is an element u € E with v’ € F then there are
Q—linearly independent constants ci,...,c, and elements

Jls- - gn,w in F such that

n /
u/:20¢& +w'.
gi

i=1
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Dilogarithmic Integrals and DE L—Expressions

Recall that dilogarithmic integral of an element g € F'—{0,1} is
defined as

la(g9) = —/leog(l—g)-
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Dilogarithmic Integrals and DE L—Expressions

Recall that dilogarithmic integral of an element g € F'—{0,1} is
defined as

la(g9) = —/ilog(l—g)-

A differential field extension E = F(0y,...,6,) is called a tran-
scendental DE L-extension if Cp = Cp and each 6; is transcen-
dental over F;_; and satisfies one of the following:

(i) ; is an exponential over F;_q.

(ii) 0; is a logarithm over F;_;.

(iii) @; is an error function over F;_q.
(iv) 6; is a logarithmic integral over F;_;.
(v) 0; is a dilogarithmic integral over F;_;.
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DE L—Extensions and DE L—Expressions

We say that v € F admits a DEL—expression over F if there
are some finite indexing sets I, J, K and elements

w, i, Gi, uj, log(uj), v, e~ in F and constants a;, by, for all
1,7,k in I, J, K respectively such that

U*Zm%—&-z Jlog —i—Zbkvke g
JjeJ

ier Ji keK

where for each 1, there is an integer n; such that
rg = l ‘1 cllhzl/hd for some constants ¢; and elements h;; € F.
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DE L—Extensions and DE L—Expressions

We say that v € F admits a DEL—expression over F if there
are some finite indexing sets I, J, K and elements

w, i, Gi, uj, log(uj), v, e~ in F and constants a;, by, for all
1,7,k in I, J, K respectively such that

U*Zm%—&-z Jlog —i—Zbkvke g
JjeJ

ier Ji keK

where for each 1, there is an integer n; such that
rg = l ‘1 cllhzl/hd for some constants ¢; and elements h;; € F.

A DEL—expression is called
(a) a special DEL—expression if for each 4,
rl=¢i(1—g;) /(1 — g;) for some constant c;.
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DE L—Extensions and DE L—Expressions

We say that v € F admits a DEL—expression over F if there
are some finite indexing sets I, J, K and elements

w, i, Gi, uj, log(uj), v, e~ in F and constants a;, by, for all
1,7,k in I, J, K respectively such that

U*Zm%—&-z Jlog —i—Zbkvke g
JjeJ

wer Ji keK

where for each 1, there is an integer n; such that
rg = l ‘1 cdhd/hd for some constants ¢; and elements h;; € F.

A DEL—expression is called
(a) a special DEL—expression if for each 4,
rl=¢i(1—g;) /(1 — g;) for some constant c;.

(b) a D—expression if it is special and for all j, k, a; = b, = 0.
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DE L—Extensions and DE L—Expressions

A differential field extension E of F' will be called a logarithmic
extension of F' if Cg = C'r and there are elements hq, ..., h,, in
F such that E = F(loghy,...,loghp).
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DE L—Extensions and DE L—Expressions

A differential field extension E of F' will be called a logarithmic
extension of F' if Cg = C'r and there are elements hq, ..., h,, in
F such that E = F(loghy,...,loghp).

A transcendental DEL—extension will be called transcendental
dilogarithmic-elementary extension of F' if for each ¢, 0; is either
an exponential or logarithm or dilogarithmic integral over F;_j.
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Integration in Finite Terms: DEL—FExtensions

Theorem (YK-VRS, J. Symb. Comp, 94 (2019) 210-233.)

Let E D F be a transcendental DEL— extension of F. Suppose
that there is an element u in E with u' in F then u' admits a
special DEL— expression over some logarithmic extension of F.
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Integration in Finite Terms: DEL—FExtensions

Theorem (YK-VRS, J. Symb. Comp, 94 (2019) 210-233.)

Let E D F be a transcendental DEL— extension of F. Suppose
that there is an element u in E with u' in F then v’ admits a
special DEL— expression over some logarithmic extension of F.
Furthermore, if E is a transcendental dilogarithmic-extension of
F then v admits a D—expression over some logarithmic
extension of F.
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Integration in Finite Terms: DEL—FExtensions

Theorem (YK-VRS, J. Symb. Comp, 94 (2019) 210-233.)

Let E D F be a transcendental DEL— extension of F. Suppose
that there is an element u in E with u' in F then v’ admits a
special DEL— expression over some logarithmic extension of F.
Furthermore, if E is a transcendental dilogarithmic-extension of
F then v admits a D—expression over some logarithmic
extension of F.

The theorem follows from the next lemma.
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Integration in Finite Terms: DEL—FExtensions

Lemma (YK-VRS, J. Symb. Comp, 94 (2019) 210-233.)

Let F(0) D F be a transcendental DE L— extension of F. If

v € F' admits a special DEL— expression over the differential
field F(0)(logyi,...,logyy), where each y; € F(0), having the
same field of constants as F then there is a differential field
M = F(loghy,...,loghm,0), where each h; € F, having the
same field of constants as F such that each v admits a special
DE L—expression over M.
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Let F' = C (z,log(z + 1),log(z (Z —1)(2*4+2-1))) and
E = F(logz,la(1 — z),05(1 — z(z 4+ 1)) be differential fields with

the derivation ' := d/dx. Let v —log(z + 1)% +

log (2(z — 1)(2? + 2z — 1)) Z;/ +w" € F, where w € F is arbitrary.
Then we have the following:
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Let F' = C (z,log(z + 1),log(z (Z —1)(2? +z—1))) and
E = F(logz,la(1 — z),05(1 — z(z 4+ 1)) be differential fields with

the derivation ' := d/dx. Let v —log(z + 1)% +

log (2(z — 1)(2? + 2z — 1)) Z;/ +w" € F, where w € F is arbitrary.
Then we have the following:

e F is a dilogarithmic-elementary extension of F.
e u:="Vl(1—2(241))+4l(l—2)+vo€ E, v =veF.
e Over the field F'(log z), for element

vo = —(1/2)log?(z) + log (2(z — 1)(22 + z — 1)) log(z) + w
in F(log z), we can rewrite v as

y_ (=241 A=z
_fmlog(z(z+l))— . log z 4 vy

which is a D-expression over F'(log z).
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e u/ cannot be written as a D—expression over F.
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Integration in Finite Terms: DEL—FExtensions

Theorem (YK, PhD Thesis, IISERM)

Let E D F be a transcendental DEL— extension of F. Then
there is an element u € E with v’ € F, if and only if u' satisfies
the following DE L—expression over F :

u —ZTZ%+Z 7+Z 710 Jerkvke ”»er

el g leL keK

where for each i,p € I and l,t € L, there are constants a;p, by,
cip and d; with c;; # 0 such that

r; *chp — +Z Zpgp—FZdzl— and

pel pel I L
h'

t

§ dzl* + E blt .

i€l 9i tel t
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Example (converse of the above theorem)

Let the differential field F' := C(x,In(z),In(1 — z) + 51n(1 + z))
with derivation ' := d/dx. Note that

1 1 ,
V= (ln(l—x)—|—51n(1+a:));+51n(x)1+x—|—w,

where w € F' is a DEL—expression over F' of the desired form.
Over the differential field F'(log(1 4 x)), we shall rewrite v as

1 1 1y
v:=1In(l - 1:); +5 (ln(l +:c); + ln(x)l —I—x) +

Thus the dilogarithmic-elementary extension field F'(In(14x), f2(x))
contains an antiderivative of v, namely,

—{lo(x) +5In(1 + z) In(x) + w.
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Generalisation of Baddoura’s Theorem

The element D(g) := l2(g) + (1/2)log(g) log(1 — g) is called the
Bloch-Wigner Spence function of g and its derivative is
1y 11-9),

D(g) = —5% log(1—g) + 5 = 0g(9)-
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Generalisation of Baddoura’s Theorem

Our theorem concerning dilogarithmic integrals leads to a simpler
version of Baddoura’s theorem (2006):

Theorem (YK-VRS, J. Symb. Comp, 94 (2019) 210-233.)

Let E D F be a transcendental dilogarithmic-elementary
extension of F. Suppose that there is an element u € E with
u' € F, then

m

u = ZCJD(QJ‘) + Z filog(h;) + w,
=1

J=1

where each fi, hi, gj,w € F, ¢; are constants and log(h;) and
D(gj) belong to some dilogarithmic-elementary extension of F.
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Let F' = C (z,log(z + 1),log(z(z — 1)(2* + z — 1))) and
E = F(logz,l3(1 — z),05(1 — z(z + 1)) be differential fields with

the derivation ' := d/dx. Let v = —log(z + 1)% +

log (2(z — 1)(2* + 2 — 1)) 7;/ +w' € F, where w € F is arbitrary.
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Let F' = C (z,log(z + 1),log(z(z — 1)(2* + z — 1))) and
E = F(logz,l3(1 — z),05(1 — z(z + 1)) be differential fields with
the derivation ' := d/dx. Let v = —log(z + 1)% +
log (2(z — 1)(2* + 2 — 1)) 7;/ +w' € F, where w € F is arbitrary.
@ Foru:=0(1—-2(z+1))+l(l—2)+veE v =veEF,
the Bloch Wigner Spence function representation is given
by

u=D(1—-2(z+1))+D(1-=2)
1 ) 1
+ §logzlog (2(z = 1)(z*+2-1)) + §clogz

1
~ 3 log(z + 1) log(1l — z(z + 1)) + vp.
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Trilogarithmic Integrals

The trilogarithmic integral of an element g € F'—{0, 1} is defined

umzfimw
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Trilogarithmic Integrals

The trilogarithmic integral of an element g € F'—{0, 1} is defined
as
g/
o) = [ Linto)

A differential field extension E = F(0y,...,0,) is called a tran-
scendental 7 €& L-extension if Cg = Cg and each 0; is transcen-
dental over F;_1 and satisfies one of the following:

(i) 0; is an exponential over F;_.

(ii) 0; is a logarithm over F;_;.

; is an error function over F;_q.

; is a logarithmic integral over Fj_.

; is a dilogarithmic integral over Fj_.

; is a trilogarithmic integral over F;_j.
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Integration with Trilogarithmic Integrals

We say that v € F admits a 7 £L—expression over F if there
are finite indexing sets [, J, K, L and elements

Tis i S, b, wj, log(uj), v, e*”i,w € F and constants aj, by, for
all 4,4,k in I, J, K respectively such that

U*Zfz?z-&-zblh +Z Jlog —i—Zkake vk—i-w,

i€l ) lel keK

where for each i, [, there are integers n;, m; such that
ri =iy cafy/ fu and sp = 30 diglog(sig)ty, /tiy for some

constants c;p, dj; and elements f;, siq,t1q € F
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Integration with Trilogarithmic Integrals

We say that v € F admits a 7 £L—expression over F if there
are finite indexing sets [, J, K, L and elements

Tis i S, b, wj, log(uj), v, e*”i,w € F and constants aj, by, for
all 4,4,k in I, J, K respectively such that

U*Zrz +Zslh+z jlog —i—Zbkvke ”k—i-w,

i€l ! lel keK

where for each i, [, there are integers n;, m; such that
ri =iy cafy/ fu and sp = 30 diglog(sig)ty, /tiy for some

constants c;p, dj; and elements f;, siq,t1q € F

A TEL—expression is called
(a) a special TEL—expression if for each 4,

= ¢ilog(1l — g;)g./g; for some constant ¢; and for each I,
s, =d;(1 —hy)' /(1 — hy) for some constant d;.
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Integration with Trilogarithmic Integrals

We say that v € F admits a 7 £L—expression over F if there
are finite indexing sets [, J, K, L and elements

Tis i S, b, wj, log(uj), v, e*”i,w € F and constants aj, by, for
all 4,4,k in I, J, K respectively such that

U*Zrz _ Zslh +Z jlog Zbkvke ”k—i-w,

i€l ! lel keK

where for each i, [, there are integers n;, m; such that
ri =iy cafy/ fu and sp = 30 diglog(sig)ty, /tiy for some

constants c;p, dj; and elements f;, siq,t1q € F

A TEL—expression is called

(a) a special TEL—expression if for each 4,
/

s, =d;(1 —hy)' /(1 — hy) for some constant d;.

(b) a 7 —expression if it is special and for all j, k, a; = b, = 0.

Integration with special functions
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Integration with Trilogarithmic Integrals

We call a differential field extension FE of F' to be a dilogarith-
mic extension of F' if they have same field of constants and
there are elements 1,...,Yn,21,..--,2m € F such that F =
F(log(y1),-..,log(yn), la(z1), - -, l2(zm))-
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Integration with Trilogarithmic Integrals

Lemma

Let F(0) D F be a transcendental trilogarithmic-elementary
extension of F'. Suppose there is an element v € F' such that v

admits a special TEL—expression over a dilogarithmic extension

E = F(0)(log(y1),...,log(yn), l2(21),- .., l2(2m)) where each
Yi, zi € F(0). Then there ezists a field

M = F(log(p1),-..,log(p), f2(q1),-..,¢2(q),0), where each
i, qi € F, having the same field of constants as F such that v
admits a special T EL—expression over M.

Integration with special functions
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Integration with Trilogarithmic Integrals

Proposition

Let F(0) D F be a transcendental field extension with

Crepy = Cr. Let f be any element in F(6) and

{oj;7 =1,...,t} be the set of all zeroes and poles of f and

1 — f in an algebraic closure of F'. Also, for some integers a;,

bj, let f = 77H§':1(9 — ;)% and 1 — f = fH;:l(H — a;)% then

t

0 — o 1
/Q(f) = ﬁg(n) — Z ajbkfg <9 — O{J> 5 Z (Jjbk 10g2(9 — O
J,k=1 E j,k=1
k#j

t t
0 — «;
Zaklog —ay)logé — Z a;by log < OO) log(a; — o).

k=1 7,k=1
k#j

YK-VRS Integration with special functions
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Integration with Trilogarithmic Integrals

Proposition

Let F(0) D F be a transcendental field extension with

Crepy = Cr. Let f be any element in F(6) and

{oj;7 =1,...,t} be the set of all zeroes and poles of f and

1 — f in an algebraic closure of F'. Also, for some integers a;,

bj, let f = 771_[;':1(9 — ;)% and 1 — f = fH;:l(H — a;)% then

t t
0 — o 1
b =t - Y it (oo ) = 5 O aulog( - o
Jk=1 k Jk=1
kit
- ! 0 — a;
Zaklog —ay)logé — Z a;by log <0 — 062) log(a; — o).
k=1 Jik=1 ’

k#j

J. Baddoura (2006) proved a similar identity for Bloch-Wigner
Spence function D(g).
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Integration with Trilogarithmic Integrals

Theorem

Let E be a transcendental T EL—extension of F. Then an
element u in E have v’ in F if and only if there are finite
indexing sets I, J, K, L and w, g;, hy, 3, 1, uj, log(u;), vg,
F such that

! h / h!
T, = cbti&— g rit, s =-— g g — g Sip—2,
Gi hy ‘ Ji hy
leL i€l peEL
/ / !/
,_ (1—g) Z hi 9i 3 hp
f] — Citl7—y T = —CiCji— Eilp
1- 9i - hl 1 }p
leL peEL
YK-VRS
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Integration with Trilogarithmic Integrals

Theorem (Cont.)

and 821, = — Z Llp Z flpqh

i€l ! qeL

where each c; is a non-zero constant, each c;i, ey, fipg are some
constants and each t;,ry and sy, are elements in some
dilogarithmic extension of F' with e;1, = e;p and sy, = sy for
every | and p.
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