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Introduction

Differential algebras are usually defined for commutative

algebras and fields. Free differential algebras mean polynomial

algebras over differential variables.

In recent years, this traditional framework has been extended in

two directions. One removes the commutativity condition to

include large classes of naturally arisen algebras, e.g.

differential Lie algebras or path algebras. Secondly, the Leibniz

rule is generalized to include the difference f (x+λ)−f (x)
λ

, leading to

the notion of differential algebra of weight λ.
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Introduction

Further, as the left adjoint functor of the forgetful functor from

the category of differential algebras to that of algebras, the free

differential algebra generated by an algebra can be defined (in

Poinsot’s work). One expects that properties similar to the

usual free differential algebras (on a set) still hold.

However, at this time, such free objects are only expressed as

quotients modulo large differential ideals via universal algebra

consideration. It is desirable to give their explicit construction,

providing a canonical basis of it. We adapt the method of

Gröbner-Shirshov bases.
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Introduction

In the 1960s, Buchberger provided an algorithmic approach for

the Gröbner bases for commutative algebras. As their

differential counterpart, characteristic sets are commonly used.

Further, the theory of differential Gröbner bases was developed

by Carrà Ferro, Mansfield, etc.

To work in broader contexts, we work in the framework of

Gröbner-Shirshov (GS) bases. In fact there have been several

studies via GS bases on structures related to differential

algebras, for operated (Rota-Baxter) differential algebras,

integro-differential algebras and differential type algebras, etc.
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Introduction

It is still challenging to establish differential Gröbner bases for

any differential ideals in the classical setting (commutative,

weight zero). Our goal is to pursue this direction in the

non-classical setting and gain further understanding in the

classical setting, with our current work as a special case.

• In this talk, we start with the notion of Gröbner-Shirshov bases

in the free differential algebras over sets, specializing those

given by Chen and Qiu in the free objects additionally with

multiple operators, then show that a GS basis of an algebra can

“differentially” extend to one for its free differential algebra,

except for the “classical” 0-differential commutative case.
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Differential algebras

Fix a base field k of characteristic 0 throughout.

Definition
Let λ ∈ k. A differential k-algebra of weight λ (simply a differential algebra)

is an associative k-algebra R with a differential operator (or derivation)

d : R→ R of weight λ such that

d(xy) = d(x)y + xd(y) + λd(x)d(y),∀ x, y ∈ R.

A differential algebra means a (noncommutative) λ-differential algebra.

If R is unital, it further requires that d(1R) = 0. A homomorphism of

differential algebras is an algebra map commutating with derivations.

A differential ideal I of (R, d) is an algebraic ideal of R s.t. d(I) ⊆ I. For

any U ⊆ R,
DI(U) :=

(
dn(u)

∣∣∣ u ∈ U, n ≥ 0
)

is the differential ideal of R generated by U.
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Free differential algebras over sets

Definition
The free differential algebra generated by a set X is a differential algebra

Dλ〈X〉 with λ-derivation dX and a map iX : X → Dλ〈X〉 of sets satisfying

the universal property as follows,

if (R, dR) is a differential algebra with a map f : X → R of sets, then

there exists a unique differential algebra map f̄ : Dλ〈X〉 → R s.t.

f = f̄ ◦ iX.

Also, the free differential commutative algebra generated by a set X is a

differential commutative algebra Dλ[X] with λ-derivation dX and a map

iX : X → Dλ[X] of sets satisfying the universal property similar as above,

but with (R, dR) being commutative.
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Construction of free differential algebras over sets

Theorem

Given a set X, let ∆(X) := X × N = {x(n)
∣∣∣ x ∈ X, n ≥ 0}.

(1) The free differential algebra (Dλ〈X〉, dX) on X is given by the free

(noncommutative) algebra k〈∆(X)〉 generated by ∆(X), equipped with

the λ-derivation dX defined by dX(x(n)) = x(n+1), n ≥ 0.

(2) The free differential commutative algebra (Dλ[X], dX) on X is given by

the free commutative algebra k[∆(X)] generated by ∆(X), equipped

with the same λ-derivation dX.
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Free differential algebras over algebras

Definition
The free differential algebra on an algebra A is a differential algebra Dλ(A)
with derivation d and algebra map iA : A→ Dλ(A) satisfying the universal

property as follows,

if (R, dR) is a differential algebra with algebra map ϕ : A→ R, then

there exists a unique differential algebra map ϕ̄ : Dλ(A)→ R s.t.

ϕ = ϕ̄ ◦ iA.

When A is commutative, its free differential commutative algebra CDλ(A)
is a differential commutative algebra with the same universal property as

above, but in the category of differential commutative algebras.
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Presentation of free differential algebras

Proposition
For any algebra A = k〈X〉/IA with IA an ideal of the free k-algebra k〈X〉 on

X, Dλ(A) can be presented as Dλ〈X〉/IA, where IA is the differential ideal

of Dλ〈X〉 generated by IA.

Similarly, for commutative algebra A = k[X]/IA, CDλ(A) � Dλ[X]/IA,

where IA is the differential ideal of Dλ[X] generated by IA.

It can be verified under the following commutative diagram,

X
jX //

iX

��

k〈X〉
πIA //

îX

��

A
ϕ //

iA

��

(R, dR)

(Dλ〈X〉, dX)
πIA //

ϕ̂

77

(Dλ〈X〉/IA, d̄X)

ϕ̄

OO
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Next we briefly recall the notion of Gröbner-Shirshov bases for
associative algebras, then move to the version for free differential

algebras.
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Gröbner-Shirshov bases for associative algebras

Denote by M(X) (resp. S(X)) the free monoid (resp. semigroup)

generated by X. Any well order < on X can induce a monomial order <
on M(X), e.g. the deg-lex order, s.t.

1 < u and u < v ⇒ wuz < wvz for any u, v,w, z ∈ S(X).

Denote by [X] (resp. S[X]) the free commutative monoid (resp.

semigroup) on X. Any well order < on X can also induce a monomial order

< on [X] s.t.

1 < u and u < v ⇒ uw < vw for any u, v,w ∈ S[X].

Let f ∈ M(X) (resp. [X]) be the lead term of any f ∈ k〈X〉 (resp. k[X])
with respect to this order <. Recall that a Gröbner-Shirshov basis in k〈X〉
(or k[X]) is a subset of monic polynomials whose intersection and

including compositions are trivial modulo it.
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CD lemma for associative algebras

Lemma (Composition-Diamond lemma for (commutative) algebras)
Let I(S) be the ideal of k〈X〉 generated by a monic subset S, and < a

monomial order on M(X). TFAE:
(1) the set S is a Gröbner-Shirshov basis in k〈X〉;
(2) if f ∈ I(S)\{0}, then f = usv for some u, v ∈ M(X) and s ∈ S;
(3) the set of S-irreducible words Irr(S) := M(X)\{usv | u, v ∈ M(X), s ∈ S}

is a k-basis of k〈X | S〉 = k〈X〉/I(S). In particular, k〈X〉 = kIrr(S) ⊕ I(S).

Let I(S) be the ideal of k[X] generated by a subset S of monic polynomials,

and < a monomial order on [X]. TFAE:
(1) the set S is a Gröbner(-Shirshov) basis in k[X];
(2) if f ∈ I(S)\{0}, then f = su for some u ∈ [X] and s ∈ S;
(3) the set of S-irreducible words Irr(S) := [X]\

{
su

∣∣∣ u ∈ [X], s ∈ S
}

is a

k-basis of k[X | S] = k[X]/I(S). In particular, k[X] = kIrr(S) ⊕ I(S).
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GS bases in free differential algebras over sets

There exists a unique order ≺ on ∆(X) extending the given order < on

X and determined by

(1) m < n =⇒ x(m) ≺ y(n), (2) x < y =⇒ x(n) ≺ y(n),

for x, y ∈ X and m, n ≥ 0. It induces a deg-lex order ≺ on M(∆(X)) with the

degree |u| of u ∈ M(∆(X)) defined as the number of letters of u in ∆(X).

Let ∆(X)? := ∆(X) t {?},

S(∆(X))? :=
{
u ? v ∈ S(∆(X)?)

∣∣∣ u, v ∈ M(∆(X))
}

and the u-word q|u := q|? 7→u ∈ k〈∆(X)〉 for q ∈ S(∆(X))? and u ∈ k〈∆(X)〉.

Let f be the leading term of f ∈ k〈∆(X)〉 w.r.t. ≺, lc(f ) be the leading

coefficient of f , and f \ := lc(f )−1f when f , 0.
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GS bases in free differential algebras over sets

For monic polynomials f , g in k〈∆(X)〉, if ∃ u, v,wi,j ∈ M(∆(X)), i, j ≥ 0,

s.t. wi,j = di
X(f )u = vdj

X(g), |wi,j| < |f | + |g|, then (f , g)u,v
wi,j := di

X(f )\u − vdj
X(g)\

is called an intersection composition of f , g w.r.t. wi,j.

If wi,j = di
X(f ) = q|

dj
X(g)

, q ∈ S(∆(X))?, i, j ≥ 0, (f , g)q
wi,j := di

X(f )\ − q|dj
X(g)\

is called an including composition of f , g w.r.t. wi,j.

Definition
Let S be a set of monic polynomials in k〈∆(X)〉 and w ∈ M(∆(X)).

(1) For u, v ∈ k〈∆(X)〉, we call u and v congruent modulo (S,w), denoted

by u ≡ v mod (S,w), if u − v =
∑

i ciqi|dki
X (si)

with ci ∈ k, qi ∈ S(∆(X))?

and si ∈ S, s.t. qi|
dki

X (si)
< w for any i.

(2) The set S ⊆ k〈∆(X)〉 is called a (differential) Gröbner-Shirshov
basis, if for any f , g ∈ S, all compositions (f , g)wi,j ≡ 0 mod (S,wi,j).
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The CD lemma for differential algebras

Lemma
Let u1, . . . , ur ∈ ∆(X), i ≥ 0, then di

X(u1 · · · ur) has the leading term

di
X(u1) · · · di

X(ur) with coefficient λ(r−1)i if weight λ , 0, otherwise

di
X(u1)u2 · · · ur with coefficient 1 if weight λ = 0.

Lemma (Composition-Diamond lemma for differential algebras)
Suppose S ⊂ k〈∆(X)〉 monic and ≺ a monomial order on M(∆(X)). TFAE:

(1) S is a Gröbner-Shirshov basis in k〈∆(X)〉.

(2) f ∈ DI(S)\{0} ⇒ f̄ = q|
di

X(s)
for some q ∈ S(∆(X))?, s ∈ S and i ≥ 0.

(3) the set of differential S-irreducible words

DIrr(S) :=
{
u ∈ M(∆(X))

∣∣∣ u , q|
di

X(s)
, q ∈ S(∆(X))?, s ∈ S

}
is a k-basis of k〈∆(X)|S〉 := k〈∆(X)〉/DI(S).
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The CD lemma for differential commutative algebras

Suppose that X is well-ordered. Let [∆(X)] (resp. S[∆(X)]) be the free

commutative monoid (resp. semigroup) on ∆(X) with the following

monomial order ≺ satisfying

u ≺ v ⇒ uw ≺ vw, for any u, v,w ∈ [∆(X)].

First order elements in ∆(X) as before, then for any u := u1 · · · up and

v := v1 · · · vq ∈ [∆(X)] s.t. u1 � · · · � up, v1 � · · · � vq, set

u ≺ v ⇔ p < q or p = q, u1 = v1, · · · , uk−1 = vk−1, but uk ≺ vk for some k.
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The CD lemma for differential commutative algebras

Definition

Let f denote the leading monomial word of f ∈ k[∆(X)] with respect to ≺.

Let lc(f ) be the leading coefficient of f , and denote f \ := lc(f )−1f when

f , 0, so that f \ is a monic polynomial in k[∆(X)].

Lemma
Let u1, . . . , ur ∈ ∆(X) satisfying u1 � · · · � ur and i ≥ 0.

(1) If weight λ , 0, then the leading term of di
X(u1 · · · ur) is

di
X(u1 · · · ur) = di

X(u1) · · · di
X(ur) with coefficient λ(r−1)i.

(2) If weight λ = 0, then the leading term of di
X(u1 · · · ur) is

di
X(u1 · · · ur) = di

X(u1)u2 · · · ur with coefficient being #u1 in u1 · · · ur.
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The CD lemma for differential commutative algebras

As the commutative case of k[X], any including compositions appear

as a special pattern of intersection compositions in k[∆(X)].

Definition
For monic polynomials f , g in k[∆(X)], if ∃ u, v,wi,j ∈ [∆(X)] with i, j ≥ 0 s.t.

wi,j = di
X(f )u = dj

X(g)v, |wi,j| < |f | + |g|, then

[f , g]u,v
wi,j

:= di
X(f )\u − dj

X(g)\v

called an intersection composition of f , g w.r.t. wi,j, shorten as [f , g]wi,j .

Let S be a set of monic polynomials in k[∆(X)] and w ∈ [∆(X)].
(1) For u, v ∈ k[∆(X)], we call u and v congruent modulo (S,w), denoted

by u ≡ v mod (S,w), if u − v =
∑

i cid
ki
X (si)ui with ci ∈ k, si ∈ S,

ui ∈ [∆(X)] and ki ≥ 0 s.t. dki
X (si)ui < w for any i.

(2) The set S is called a (differential) Gröbner-Shirshov basis, if for any

f , g ∈ S, all intersection compositions [f , g]wi,j are trivial modulo (S,wi,j).
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The CD lemma for differential commutative algebras

Lemma (CD lemma for differential commutative algebras)
Let S be a monic subset of k[∆(X)], DI(S) be the differential ideal of

k[∆(X)] generated by S and ≺ be a monomial order on [∆(X)]. TFAE:

(1) the set S is a Gröbner-Shirshov basis in k[∆(X)];

(2) if f ∈ DI(S)\{0}, then f̄ = di
X(s)u for some s ∈ S, u ∈ [∆(X)] and i ≥ 0;

(3) the set of differential S-irreducible words

DIrr(S) := [∆(X)]\
{

di
X(s)u

∣∣∣∣ s ∈ S, u ∈ [∆(X)], i ≥ 0
}

is a k-basis of k[∆(X) | S] := k[∆(X)]/DI(S).
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Main theorem on extension of GS bases for DAs

Recall the following natural algebra embedding

îX : k〈X〉 → k〈∆(X)〉, x 7→ x(0), x ∈ X.

Here further defines algebra embeddings

î(n)
X : k〈X〉 → k〈∆(X)〉, x 7→ x(n), x ∈ X

for all n ≥ 0. In particular, î(0)
X = îX.

Theorem
For an algebra A = k〈X〉/IA with its defining ideal IA generated by a

Gröbner-Shirshov basis S in k〈X〉,

Ŝ := îX(S) =
{
s(0)

∣∣∣ s ∈ S
}

becomes a Gröbner-Shirshov basis in k〈∆(X)〉 for arbitrary weight λ.
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Sketch of proof

Comparing leading terms of polynomials in k〈∆(X)〉, we find that

(a) when λ , 0, the ambiguities of possible compositions in Ŝ are:

(i) wn,n = dn
X(s)u = vdn

X(t) for some s, t ∈ Ŝ, u, v ∈ M(∆(X)) and n ≥ 0 s.t.

|s| + |t| > |wn,n|.

(ii) wn,n = dn
X(s) = q|dn

X(t) for some s, t ∈ Ŝ, q ∈ S(∆(X))? and n ≥ 0.

(b) when λ = 0, the ambiguities of possible compositions come from:

(i) wn,n = dn
X(s)u = dn

X(v)v′t for some s, t ∈ Ŝ, u ∈ îX(M(X)), v ∈ îX(X) and

v′ ∈ M(∆(X)) with n ≥ 0.

(ii) wn,n = dn
X(s) = dn

X(t)u for some s, t ∈ Ŝ, u ∈ îX(M(X)) and n ≥ 0.

All the compositions involved are checked to be trivial.
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Linear bases of the free DAs on algebras

For n ≥ 0 and x = x1 · · · xk ∈ S(X) with x1, · · · , xk ∈ X, denote

x
[n] :=

x(n)
1 · · · x

(n)
k , if λ , 0,

x(n)
1 x(0)

2 · · · x
(0)
k , if λ = 0.

For a GS basis S of IA, the embedding Ŝ = îX(S) =
{
s(0)

∣∣∣ s ∈ S
}

is a

(differential) GS basis of DI(S). Then the CD Lemma indicates

Proposition
Let A be an algebra with presentation k〈X〉/IA and S be a GS basis of the

ideal IA in k〈X〉. Let S := {s̄ ∈ M(X) | s ∈ S} be the set of leading terms from

S. The set of differential Ŝ-irreducible elements

DIrr(Ŝ) =
{
x ∈ M(∆(X))

∣∣∣ s[n] - x for any s ∈ S, n ≥ 0
}
,

giving a linear basis of the free differential algebra Dλ(A) on A, where

s[n] - x means x , as[n]b for any a, b ∈ M(∆(X)).
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The commutative version for extension of GS bases

By contrast, the commutative version of the main theorem holds only if

λ , 0. Otherwise, a GS basis in k[X] may fails extending to one in k[∆(X)].

Proposition
For commutative algebra A = k[X]/IA with defining ideal IA generated by a

Gröbner-Shirshov basis S in k[X], Ŝ := îX(S) is a Gröbner-Shirshov basis in

k[∆(X)] when λ , 0.

Indeed, for the commutative case of weight λ , 0, the ambiguities of

all possible compositions in Ŝ are as follows:

wn,n = dn
X(s)u = dn

X(t)v for some s, t ∈ Ŝ, u, v ∈ [∆(X)], n ≥ 0 s.t. |s|+|t| > |wn,n|,

and checked to be trivial.
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Linear bases of the free commutative DAs

For n ≥ 0 and x = x1 · · · xk ∈ [X] with x1 ≥ · · · ≥ xk ∈ X, define

x
[n] :=

x(n)
1 · · · x

(n)
k if λ , 0,

x(n)
1 x(0)

2 · · · x
(0)
k if λ = 0.

For a GS basis S of IA, the embedding Ŝ = îX(S) =
{
s(0)

∣∣∣ s ∈ S
}

is a

(differential) GS basis of DI(S). Then the CD Lemma implies

Proposition
Let A be a commutative algebra with presentation k[X]/IA and S be a

Gröbner(-Shirshov) basis of IA in k[X]. Let S := {s̄ ∈ [X] | s ∈ S}. When

λ , 0, the set of differential Ŝ-irreducible words

DIrr(Ŝ) :=
{
x ∈ [∆(X)]

∣∣∣∣ s[n] - x for any s ∈ S, n ≥ 0
}
,

is a k-linear basis of CDλ(A), where s[n] - x means x , s[n]a, ∀a ∈ [∆(X)].
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The “classical” commutative case of weight 0

Remark
If weight λ = 0, such an extension of GS bases does not exist in general.

Indeed, the ambiguities of all possible compositions in Ŝ have the form,

wm,n := (s, t)u,v
wm,n

= dm
X (s)u = dn

X(t)v for s, t ∈ Ŝ, u, v ∈ [∆(X)], m, n ≥ 0

s.t. |s| + |t| > |wm,n|. These extra compositions, with different m, n ≥ 0, are

not necessarily trivial.
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Based on the previous discussion, we next study some concrete
examples of free differential algebras.
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A positive example for the commutative case

As previously pointed out, a GS bases of an algebra might fail to be

extended to one for the free differential commutative algebras of weight 0

on the algebra. Here we first give a positive example.

Proposition
Let A = k[x, y, z]/(x + y + z + 1), and X = {x, y, z} with x > y > z. The free

differential commutative algebra CDλ(A) on A of weight λ is

k[∆(X)]/
(
x(m) + y(m) + z(m) + δm,0

∣∣∣ m ≥ 0
)
.

Ŝ :=
{
x(0) + y(0) + z(0) + 1

}
is a GS basis in k[∆(X)] for arbitrary weight λ

(including λ = 0), and

DIrr(Ŝ) =

{
y(m)z(n)

∣∣∣∣∣ m, n ≥ 0
}
∪ {1}

is a k-basis of CDλ(A).
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Free differential algebras over one-variable algebras

For the free differential algebra on k[x]/(f (x)) with f (x) as a

nonconstant polynomial, our main theorem provides

Proposition
Let A = k[x]/(f (x)) with f ∈ k[x] of degree n > 0, and X = {x}.
Ŝ :=

{
f (x(0))

}
is a GS basis in k〈∆(X)〉 for arbitrary weight λ, s.t. the set

DIrr(Ŝ) =

{
x ∈ M(∆(X))

∣∣∣∣ x(m)(x(m(1−δλ,0)))n−1 - x, m ≥ 0
}

is a k-basis of Dλ(A);

When λ , 0, Ŝ :=
{
f (x(0))

}
is a GS basis in k[∆(X)]. In this case, the

k-basis DIrr(Ŝ) of CDλ(A) can be written more explicitly as{∏
i≥0

(x(i))ni

∣∣∣∣∣ ∑i≥0
ni < ∞ with all ni = 0, 1, . . . , n − 1

}
.
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Free differential algebras over one-variable algebras

Corollary

For A = k[x]/(x2) of dual numbers and X = {x}, the free differential

commutative algebra CDλ(A) on A is

k[∆(X)]
/ (

dm
X ((x(0))2)

∣∣∣ m ≥ 0
)
.

Moreover, Ŝ =
{
(x(0))2

}
is a GS basis in k[∆(X)] when λ , 0, s.t.

DIrr(Ŝ) =

{∏
i≥0

(x(i))ni

∣∣∣∣∣ ∑i≥1
ni < ∞ with all ni = 0, 1

}
as a k-basis of CDλ(A).

When λ = 0, we particularly find the following nontrivial composition
((x(0))2, (x(0))2)w2,1 = 2−1

(
d2

X((x(0))2)x(1) − dX((x(0))2)x(2)
)

= (x(1))3,

with w2,1 = x(2)x(1)x(0), as it can not be any linear combination of Ŝ-words,

whose leading terms ≺ w2,1. Hence, Ŝ is not a GS basis in k[∆(X)], but

might be suitably enlarged to become one.
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Free differential algebras over one-variable algebras

Corollary

For the cyclic group Cn of order n ≥ 2, the free differential commutative

algebra CDλ(Cn) is isomorphic to

k[∆(X)]
/ (

dm
X ((x(0))n) − δm,0

∣∣∣ m ≥ 0
)
,

while Ŝ =
{
(x(0))n − 1

}
is a GS basis in k[∆(X)] when λ , 0, s.t.

DIrr(Ŝ) =

{∏
i≥0

(x(i))ni

∣∣∣∣∣ ∑i≥0
ni < ∞ with all ni = 0, 1, . . . , n − 1

}
is a k-basis of CDλ(Cn).

When λ = 0, we particularly have the nontrivial composition

((x(0))n − 1, (x(0))n − 1)w1,0 = n−1dX((x(0))n − 1)x(0) − ((x(0))n − 1)x(1) = x(1),

with w1,0 = x(1)(x(0))n. Thus Ŝ is not a GS basis in k[∆(X)], but

Ŝ+ = Ŝ ∪ {x(1)} makes it so that CDλ(Cn) � k[∆(X) | Ŝ+] � kCn.
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In the end, we construct the free differential Lie algebra on a Lie
algebra from the free differential algebra over its universal

enveloping algebra.
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The UEDA on a Lie algebra

Given a Lie algebra g, the universal enveloping differential algebra
on g is a differential algebra Dλ(g) with λ-derivation dg and Lie algebra

map ig : g→ Dλ(g) satisfying the following universal property,

for any differential algebra (R, dR) and Lie algebra map f : g→ R,

there exists a unique differential algebra map f̄ : Dλ(g)→ R, s.t.

f = f̄ ◦ ig.

Lemma
The free differential algebra Dλ(U(g)) on U(g) with ig := iU(g) ◦ jg is the

universal enveloping differential algebra Dλ(g) of a Lie algebra g, with the

following commutative diagram,

g
f //

jg
��

R

U(g)
iU(g) //

∃! f̂
88

Dλ〈U(g)〉 .

∃!f̄

OO
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The GS bases for the UEDA on a Lie algebra

Suppose that X = {xi}i∈I is a k-basis of g with a well-order < on I. Let

[ , ]g be the Lie bracket of g, and |xi, xj| :=
∑

k∈I ck
ijxk as the linear expansion

of [xi, xj]g in X. Denote
SX := {[xi, xj] − |xi, xj| | i, j ∈ I, i > j}.

Theorem (PBW theorem via GS bases)
With the induced deg-lex order on M(X), SX is a Gröbner-Shirshov basis in

k〈X〉, and the k-basis Irr(SX) of U(g) consists of all monomials

xi1 · · · xin with i1 ≤ · · · ≤ in, i1 · · · in ∈ I, n ≥ 0.

Theorem (GS bases for the UEDA on a Lie algebra)

Under the previous notation, ŜX = îX(SX) is a Gröbner-Shirshov basis in

k〈∆(X)〉 and the k-basis Irr(ŜX) of Dλ(g) = k〈∆(X)〉/DI(ŜX) has the form{
u ∈ M(∆(X))

∣∣∣ u , ax(n)
i x(n(1−δλ,0))

j b, a, b ∈ M(∆(X)), i, j ∈ I, i > j, n ≥ 0
}
.
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The FDLA on a Lie algebra

Definition
Let λ ∈ k. A differential k-Lie algebra of weight λ is a k-Lie algebra g

with Lie bracket [·, ·] and also a λ-derivation d : g→ g, s.t.

d([x, y]) = [d(x), y] + [x, d(y)] + λ[d(x), d(y)],∀ x, y ∈ g.

The free λ-differential Lie algebra on a Lie algebra g is a differential Lie

algebra Lλ(g) with λ-derivation dg and Lie algebra map lg : g→ Lλ(g)
satisfying the following universal property,

for any λ-differential Lie algebra (L, dL) and Lie algebra map

θ : g→ L, there exists a unique differential Lie algebra map

θ̄ : Lλ(g)→ L, s.t. θ = θ̄ ◦ lg.
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The FDLA on a Lie algebra from its UEDA

Proposition
The free differential Lie algebra (Lλ(g), dg) on a Lie algebra (g, [·, ·]g) can

serve as the differential Lie subalgebra of (Dλ(g), dg) under its commutator,

and Dλ(g) becomes the universal enveloping differential algebra of Lλ(g).

This result can be illustrated as follows.

g
θ //

jg

��

lg

%%

L
jL // U(L)

U(g)
iU(g)

//

θ̂

99

Dλ(g)

θ̃

AA

Lλ(g) ,
iLλ(g)

oo

θ̄

]]
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Some further discussions around the topic

General study is needed for Gröbner-Shirshov bases in free

differential algebras, especially in the noncommutative and nonzero

weight cases.

It needs more discussion about Gröbner-Shirshov bases in free

differential Lie algebras via the theory of GS bases for Lie algebras.

Figure out how to extend GS bases of commutative algebras to their

free 0-differential commutative algebras and design an algorithm.

The Wronskian envelope of a Lie algebra is a free object in the

category of differential commutative algebras, previously studied by

Poinsot. However, the aspect of its GS bases seems unknown and is

beyond our framework of extension of GS bases.
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