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1. Strong consistency of finite difference approximations
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Strong vs. weak consistency

Approximate PDE system (differential polynomials in u(1), . . . , u(m))

by a difference system (difference polynomials in ũ(1), . . . , ũ(m))

on Cartesian grid { (x1 + k1h, . . . , xn + knh) | k1, . . . , kn ∈ Z }, h > 0

e.g., ∂j u
(α)(x) =

ũ
(α)
k1,...,kj+1,...,kn

−ũ
(α)
k1,...,kj−1,...,kn

2h
+O(h2)

Kolchin seminar, 13/09/2019



Strong vs. weak consistency

Approximate PDE system (differential polynomials in u(1), . . . , u(m))

by a difference system (difference polynomials in ũ(1), . . . , ũ(m))

on Cartesian grid { (x1 + k1h, . . . , xn + knh) | k1, . . . , kn ∈ Z }, h > 0

e.g., ∂j u
(α)(x) =

ũ
(α)
k1,...,kj+1,...,kn

−ũ
(α)
k1,...,kj−1,...,kn

2h
+O(h2)

Def. f̃ ⊲ f if Taylor expansion of f̃ about grid point x yields

f̃(ũ) = hd f(u) +O(hd+1) , d ∈ Z≥0 ,

after clearing denominators containing h.
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Strong vs. weak consistency

Approximate PDE system (differential polynomials in u(1), . . . , u(m))

by a difference system (difference polynomials in ũ(1), . . . , ũ(m))

on Cartesian grid { (x1 + k1h, . . . , xn + knh) | k1, . . . , kn ∈ Z }, h > 0

e.g., ∂j u
(α)(x) =

ũ
(α)
k1,...,kj+1,...,kn

−ũ
(α)
k1,...,kj−1,...,kn

2h
+O(h2)

Def. f̃ ⊲ f if Taylor expansion of f̃ about grid point x yields

f̃(ũ) = hd f(u) +O(hd+1) , d ∈ Z≥0 ,

after clearing denominators containing h.

Def. FDA F̃ is strongly consistent (s-consistent) with PDEs F if

( ∀f̃ ∈ JF̃ K ) ( ∃ f ∈ JF K ) [ f̃ ⊲ f ] .
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Strong vs. weak consistency

equation-wise / weak consistency of difference schemes for PDEs
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Strong vs. weak consistency

equation-wise / weak consistency of difference schemes for PDEs

linear PDEs: Janet basis J1 for PDEs, J2 for difference system

idea: FDA strongly consistent (s-consistent) if J2
h→0
−−−→ J1

V. P. Gerdt, D. Robertz
Consistency of Finite Difference Approximations for Linear PDE Systems and its

Algorithmic Verification,

in: S. M. Watt (ed.), Proc. ISSAC 2010, pp. 53-59.
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Strong vs. weak consistency

equation-wise / weak consistency of difference schemes for PDEs

linear PDEs: Janet basis J1 for PDEs, J2 for difference system

idea: FDA strongly consistent (s-consistent) if J2
h→0
−−−→ J1

V. P. Gerdt, D. Robertz
Consistency of Finite Difference Approximations for Linear PDE Systems and its

Algorithmic Verification,

in: S. M. Watt (ed.), Proc. ISSAC 2010, pp. 53-59.

 new difference scheme for 2D Navier-Stokes equations:

P. Amodio, Y. Blinkov, V. Gerdt, R. La Scala,
Algebraic construction and numerical behavior of a new s-consistent difference scheme

for the 2D Navier-Stokes equations,

Applied Mathematics and Computation 314:408–421, 2017.
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P. Amodio, Y. A. Blinkov, V. P. Gerdt, R. La Scala,

Algebraic construction and numerical behavior of a new s-consistent difference scheme

for the 2D Navier-Stokes equations





u(n,j+1,k)−u(n,j−1,k)
2h

+
v(n,j,k+1)−v(n,j,k−1)

2h
= 0,

u(n+1,j,k)−u(n,j,k)
τ

+
u(n,j+1,k)2−u(n,j−1,k)2

2h
+

u(n,j,k+1)v(n,j,k+1)−u(n,j,k−1)v(n,j,k−1)
2h

+
p(n,j+1,k)−p(n,j−1,k)

2h
−

1
re

(u(n,j+1,k)−2u(n,j,k)+u(n,j−1,k))+(u(n,j,k+1)−2u(n,j,k)+u(n,j,k−1))

h2 = 0,

v(n+1,j,k)−v(n,j,k)
τ

+
u(n,j+1,k)v(n,j+1,k)−u(n,j−1,k)v(n,j−1,k)

2h
+

v(n,j,k+1)2−v(n,j,k−1)2

2h
+

p(n,j,k+1)−p(n,j,k−1)
2h

−

1
re

(v(n,j+1,k)−2v(n,j,k)+v(n,j−1,k))+(v(n,j,k+1)−2v(n,j,k)+v(n,j,k−1))

h2 = 0,

u(n,j+2,k)2−2u(n,j,k)2+u(n,j−2,k)2

4h2 +
v(n,j,k+2)2−2v(n,j,k)2+v(n,j,k−2)2

4h2 +

2
u(n,j+1,k+1)v(n,j+1,k+1)−u(n,j+1,k−1)v(n,j+1,k−1)

4h2 −

2
u(n,j−1,k+1)v(n,j−1,k+1)+u(n,j−1,k−1)v(n,j−1,k−1)

4h2 +

p(n,j+2,k)−2p(n,j,k)+p(n,j−2,k)

4h2 +
p(n,j,k+2)−2p(n,j,k)+p(n,j,k−2)

4h2 = 0
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Consistency, stability, convergence

Def. FDA to PDEs is stable if the error caused by a small perturbation
in the numerical solution of the difference equations stays bounded.
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Consistency, stability, convergence

Def. FDA to PDEs is stable if the error caused by a small perturbation
in the numerical solution of the difference equations stays bounded.

In many cases (for a single PDE), consistency and stability of FDA are
equivalent to convergence.
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Consistency, stability, convergence

Def. FDA to PDEs is stable if the error caused by a small perturbation
in the numerical solution of the difference equations stays bounded.

In many cases (for a single PDE), consistency and stability of FDA are
equivalent to convergence.

Thm. (Lax-Richtmyer, 1956).

A consistent finite difference scheme for a linear PDE, for which the

initial value problem is well-posed, is convergent if it is stable.
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Strong vs. weak consistency

Example.

(∗)





∂u

∂x
− u2 = 0

∂u

∂y
+ u2 = 0

u = u(x, y)
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Strong vs. weak consistency

Example.

(∗)





∂u

∂x
− u2 = 0

∂u

∂y
+ u2 = 0

u = u(x, y)

{
D+

1 ũ− ũ2 = 0 (A)

D+
2 ũ+ ũ2 = 0 (B)

D+
1 , D

+
2 forward differences

 σ2A− σ1B + (. . .)A+ (. . .)B = −2h3u4
i,j
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Strong vs. weak consistency

Example.

(∗)





∂u

∂x
− u2 = 0

∂u

∂y
+ u2 = 0

u = u(x, y)

{
D+

1 ũ− ũ2 = 0 (A)

D+
2 ũ+ ũ2 = 0 (B)

D+
1 , D

+
2 forward differences

 σ2A− σ1B + (. . .)A+ (. . .)B = −2h3u4
i,j

{
D+

1 ũ− ũ2 = 0 (A′)

D−
2 ũ+ ũ2 = 0 (B′)

D−
2 backward difference

is s-consistent with (∗).
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2. Thomas decomposition for nonlinear PDE systems
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Systems of linear PDEs





∂2u

∂x∂y
−

∂u

∂y
= 0

∂2u

∂x2
−

∂u

∂y
= 0

find: u = u(x, y) analytic
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Systems of linear PDEs





∂2u

∂x∂y
−

∂u

∂y
= 0

∂2u

∂x2
−

∂u

∂y
= 0

find: u = u(x, y) analytic

u(x, y) = a0,0 + a1,0 x+ a0,1 y + a2,0
x2

2! + a1,1
xy
1!1! + a0,2

y2

2! + . . .
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Systems of linear PDEs





∂2u

∂x∂y
−

∂u

∂y
= 0

∂2u

∂x2
−

∂u

∂y
= 0

find: u = u(x, y) analytic

∂
∂x

(
∂2u
∂x∂y

− ∂u
∂y

)
− ∂

∂y

(
∂2u
∂x2 − ∂u

∂y

)
→ ∂2u

∂y2 − ∂u
∂y

= 0

u(x, y) = a0,0 + a1,0 x+ a0,1 y + a2,0
x2

2! + a1,1
xy
1!1! + a0,2

y2

2! + . . .
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Systems of linear PDEs





∂2u

∂x∂y
−

∂u

∂y
= 0

∂2u

∂x2
−

∂u

∂y
= 0

find: u = u(x, y) analytic

∂
∂x

(
∂2u
∂x∂y

− ∂u
∂y

)
− ∂

∂y

(
∂2u
∂x2 − ∂u

∂y

)
→ ∂2u

∂y2 − ∂u
∂y

= 0

u(x, y) = a0,0 + a1,0 x+ a0,1 y + a2,0
x2

2! + a1,1
xy
1!1! + a0,2

y2

2! + . . .
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Systems of linear PDEs





∂2u

∂x∂y
−

∂u

∂y
= 0

∂2u

∂x2
−

∂u

∂y
= 0

find: u = u(x, y) analytic

∂
∂x

(
∂2u
∂x∂y

− ∂u
∂y

)
− ∂

∂y

(
∂2u
∂x2 − ∂u

∂y

)
→ ∂2u

∂y2 − ∂u
∂y

= 0

u(x, y) = a0,0 + a1,0 x+ a0,1 y + a2,0
x2

2! + a1,1
xy
1!1! + a0,2

y2

2! + . . .

Janet’s algorithm computes a vector space basis for power series solutions

(Maurice Janet, ∼ 1920)
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Janet’s Algorithm





uy,y = 0

ux,x − yuz,z = 0

is equivalent to





uy,y = 0

ux,x − yuz,z = 0

uy,z,z = 0

ux,y,y = 0

uz,z,z,z = 0

ux,y,z,z = 0

ux,z,z,z,z = 0
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Janet’s Algorithm





uy,y = 0

ux,x − yuz,z = 0

A

B

is equivalent to





uy,y = 0

ux,x − yuz,z = 0

uy,z,z = 0

ux,y,y = 0

uz,z,z,z = 0

ux,y,z,z = 0

ux,z,z,z,z = 0

A

B

1
2
(∂2

x − y∂2
z)A − 1

2
∂2
yB

∂xA

1
2
(∂4

x − 2y∂2
x∂2

z + y2∂4
z)A − 1

2
(∂2

x∂2
y − y∂2

y∂
2
z + 2∂y∂

2
z)B

1
2
(∂3

x − y∂x∂2
z)A − 1

2
∂x∂2

yB

1
2
(∂5

x − 2y∂3
x∂2

z + y2∂x∂4
z)A − 1

2
(∂3

x∂2
y + y∂x∂2

y∂
2
z − 2∂x∂y∂

2
z)B
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Janet’s Algorithm





uy,y = 0

ux,x − yuz,z = 0

A

B

is equivalent to





uy,y = 0

ux,x − yuz,z = 0

uy,z,z = 0

ux,y,y = 0

uz,z,z,z = 0

ux,y,z,z = 0

ux,z,z,z,z = 0

A

B

1
2
(∂2

x − y∂2
z)A − 1

2
∂2
yB

∂xA

1
2
(∂4

x − 2y∂2
x∂2

z + y2∂4
z)A − 1

2
(∂2

x∂2
y − y∂2

y∂
2
z + 2∂y∂

2
z)B

1
2
(∂3

x − y∂x∂2
z)A − 1

2
∂x∂2

yB

1
2
(∂5

x − 2y∂3
x∂2

z + y2∂x∂4
z)A − 1

2
(∂3

x∂2
y + y∂x∂2

y∂
2
z − 2∂x∂y∂

2
z)B

Taylor coeff’s for 1, z, y, x, z2, yz, xz, xy, z3, xz2, xyz, xz3 arbitrary,

all other coeff’s determined by linear equations

Kolchin seminar, 13/09/2019



Differential algebraic geometry

Differential algebra (Ritt, Kolchin, Seidenberg, . . . )

Q ⊆ K a differential field with commuting derivations ∂1, ..., ∂n
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Differential algebraic geometry

Differential algebra (Ritt, Kolchin, Seidenberg, . . . )

Q ⊆ K a differential field with commuting derivations ∂1, ..., ∂n

Differential polynomial ring with derivations ∂1, ..., ∂n

K{u} := K[∂i1
1 · · · ∂in

n u | i ∈ (Z≥0)
n] = K[u, uz1 , ..., uzn , uz1,z1 , ...]
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Differential algebraic geometry

Differential algebra (Ritt, Kolchin, Seidenberg, . . . )

Q ⊆ K a differential field with commuting derivations ∂1, ..., ∂n

Differential polynomial ring with derivations ∂1, ..., ∂n

K{u} := K[∂i1
1 · · · ∂in

n u | i ∈ (Z≥0)
n] = K[u, uz1 , ..., uzn , uz1,z1 , ...]

K{u} not Noetherian (e.g., [u′u′′, u′′u′′′, . . .] ⊆ K{u} not fin. gen.)
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Differential algebraic geometry

Differential algebra (Ritt, Kolchin, Seidenberg, . . . )

Q ⊆ K a differential field with commuting derivations ∂1, ..., ∂n

Differential polynomial ring with derivations ∂1, ..., ∂n

K{u} := K[∂i1
1 · · · ∂in

n u | i ∈ (Z≥0)
n] = K[u, uz1 , ..., uzn , uz1,z1 , ...]

K{u} not Noetherian (e.g., [u′u′′, u′′u′′′, . . .] ⊆ K{u} not fin. gen.)

Thm. (Ritt-Raudenbush).
Every radical differential ideal of K{u(1), . . . , u(m)} is finitely generated
and is intersection of finitely many prime differential ideals.
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Differential algebraic geometry

Differential algebra (Ritt, Kolchin, Seidenberg, . . . )

Q ⊆ K a differential field with commuting derivations ∂1, ..., ∂n

Differential polynomial ring with derivations ∂1, ..., ∂n

K{u} := K[∂i1
1 · · · ∂in

n u | i ∈ (Z≥0)
n] = K[u, uz1 , ..., uzn , uz1,z1 , ...]

K{u} not Noetherian (e.g., [u′u′′, u′′u′′′, . . .] ⊆ K{u} not fin. gen.)

Thm. (Ritt-Raudenbush).
Every radical differential ideal of K{u(1), . . . , u(m)} is finitely generated
and is intersection of finitely many prime differential ideals.

Thm. (Differential Nullstellensatz).

Every radical diff. ideal I ( K{u(1), ..., u(m)} has a zero in a diff. field

ext. of K. If f ∈K{u(1), ..., u(m)} vanishes for all zeros of I, then f ∈I.
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Thomas decomposition for nonlinear PDE systems

K{u} = K[u, ux, uy, . . . , ux,x, ux,y, uy,y, . . .] diff. polynomial ring

u < . . . < uy < ux < . . . < uy,y < ux,y < ux,x < . . . (ranking)
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Thomas decomposition for nonlinear PDE systems

K{u} = K[u, ux, uy, . . . , ux,x, ux,y, uy,y, . . .] diff. polynomial ring

u < . . . < uy < ux < . . . < uy,y < ux,y < ux,x < . . . (ranking)

algebraic reduction: p = u3
x,x,y + . . .

q = c u2
x,x,y + . . .

p → r = c · p− ux,x,y · q
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Thomas decomposition for nonlinear PDE systems

K{u} = K[u, ux, uy, . . . , ux,x, ux,y, uy,y, . . .] diff. polynomial ring

u < . . . < uy < ux < . . . < uy,y < ux,y < ux,x < . . . (ranking)

algebraic reduction: p = u3
x,x,y + . . .

q = c u2
x,x,y + . . .

p → r = c · p− ux,x,y · q

differential reduction: p = u3
x,x,y,y + . . .

q = c u2
x,x,y + . . .

∂y q = ∂q
∂ux,x,y

ux,x,y,y + . . .

p → r = ∂q
∂ux,x,y

· p− u2
x,x,y,y · ∂y q
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Thomas decomposition for nonlinear PDE systems

K{u} = K[u, ux, uy, . . . , ux,x, ux,y, uy,y, . . .] diff. polynomial ring

u < . . . < uy < ux < . . . < uy,y < ux,y < ux,x < . . . (ranking)

algebraic reduction: p = u3
x,x,y + . . .

q = c u2
x,x,y + . . .

p → r = c · p− ux,x,y · q

differential reduction: p = u3
x,x,y,y + . . .

q = c u2
x,x,y + . . .

∂y q = ∂q
∂ux,x,y

ux,x,y,y + . . .

p → r = ∂q
∂ux,x,y

· p− u2
x,x,y,y · ∂y q

reduction requires: initial c 6= 0 and separant ∂q
∂ux,x,y

6= 0
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Thomas decomposition

p = x3 + (3y + 1)x2 + (3y2 + 2y)x+ y3 = 0

x

y
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Thomas decomposition

p = x3 + (3y + 1)x2 + (3y2 + 2y)x+ y3 = 0

x

y
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Thomas decomposition

p = x3 + (3y + 1)x2 + (3y2 + 2y)x+ y3 = 0

x

y

discx(p) = y2(4− 27y2)
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Thomas decomposition

p = x3 + (3y + 1)x2 + (3y2 + 2y)x+ y3 = 0

x

y

2 non-real points

discx(p) = y2(4− 27y2)
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Thomas decomposition for nonlinear PDE systems

S = { p1 = 0, . . . , ps = 0, q1 6= 0, . . . , qt 6= 0 }

Def. Thomas decomposition of differential system S (or Sol(S)):

Sol(S) = Sol(S1) ⊎ . . . ⊎ Sol(Sr), Si simple differential system
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Thomas decomposition for nonlinear PDE systems

S = { p1 = 0, . . . , ps = 0, q1 6= 0, . . . , qt 6= 0 }

Def. Thomas decomposition of differential system S (or Sol(S)):

Sol(S) = Sol(S1) ⊎ . . . ⊎ Sol(Sr), Si simple differential system

Def. S is simple if

(a) p1, . . . , ps, q1, . . . , qt have pairwise distinct leaders,

(b) initials and discriminants of pi and qj do not vanish,

(c) p1, . . . , ps form a passive PDE system,

(d) q1, . . . , qt are reduced modulo p1, . . . , ps.

set of admissible derivations µi ⊆ {∂1, . . . , ∂n} for pi, i = 1, . . . , s
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Thomas decomposition for nonlinear PDE systems

R = K{u(1), . . . , u(m)}

Def. Thomas decomposition of differential system S (or Sol(S)):

Sol(S) = Sol(S1) ⊎ . . . ⊎ Sol(Sr), Si simple differential system
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Thomas decomposition for nonlinear PDE systems

R = K{u(1), . . . , u(m)}

Def. Thomas decomposition of differential system S (or Sol(S)):

Sol(S) = Sol(S1) ⊎ . . . ⊎ Sol(Sr), Si simple differential system

Thm. S = {p1 = 0, ..., ps = 0, q1 6= 0, ..., qt 6= 0} simple diff. system

E differential ideal generated by p1, . . . , ps

q product of initials and separants of all pi
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Thomas decomposition for nonlinear PDE systems

R = K{u(1), . . . , u(m)}

Def. Thomas decomposition of differential system S (or Sol(S)):

Sol(S) = Sol(S1) ⊎ . . . ⊎ Sol(Sr), Si simple differential system

Thm. S = {p1 = 0, ..., ps = 0, q1 6= 0, ..., qt 6= 0} simple diff. system

E differential ideal generated by p1, . . . , ps

q product of initials and separants of all pi

Then

E : q∞ := { p ∈ R | qr · p ∈ E for some r ∈ Z≥0 } = IR(Sol(S))

consists of all differential polynomials in R vanishing on Sol(S).
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Example

Navier-Stokes equations for an incompressible flow of a constant viscosity fluid:

{
ut + (u · ∇)u+∇p− µ∆u = 0

∇ · u = 0

In cartesian coordinates x, y, z of R3 we have, equivalently,





ut + uux + v uy + wuz + px − µ (ux,x + uy,y + uz,z) = 0

vt + u vx + v vy + w vz + py − µ (vx,x + vy,y + vz,z) = 0

wt + uwx + v wy + wwz + pz − µ (wx,x + wy,y + wz,z) = 0

ux + vy + wz = 0

where u, v, w denote the components of the velocity vector u.

Poisson pressure equation

∆p+∇ · ((u · ∇)u) = 0

is a consequence of the Navier-Stokes equations.
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Example

degree-reverse lexicographic ranking > on the set of partial derivatives

{
∂i+j+k+lf

∂ti ∂xj ∂yk ∂zl

∣∣∣∣ f ∈ {u, v, w, p}, i, j, k, l ∈ Z≥0

}

 one simple differential system:





ux + vy + wz = 0

µ vx,x + µ vy,y + µ vz,z − uvx − vvy − wvz − py − vt = 0

µuy,y + µuz,z − µ vx,y − µwx,z + uvy + uwz − vuy − wuz − px − ut = 0

µwx,x + µwy,y + µwz,z − uwx − vwy − wwz − pz − wt = 0

px,x + py,y + pz,z + 2uyvx + 2uzwx + 2 v2y + 2 vywz + 2 vzwy + 2w2
z = 0
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Example

degree-reverse lexicographic ranking > on the set of partial derivatives

{
∂i+j+k+lf

∂ti ∂xj ∂yk ∂zl

∣∣∣∣ f ∈ {u, v, w, p}, i, j, k, l ∈ Z≥0

}

 one simple differential system:





ux + vy + wz = 0

µ vx,x + µ vy,y + µ vz,z − uvx − vvy − wvz − py − vt = 0

µuy,y + µuz,z − µ vx,y − µwx,z + uvy + uwz − vuy − wuz − px − ut = 0

µwx,x + µwy,y + µwz,z − uwx − vwy − wwz − pz − wt = 0

px,x + py,y + pz,z + 2uyvx + 2uzwx + 2 v2y + 2 vywz + 2 vzwy + 2w2
z = 0

The last equation was obtained as

∂

∂x
A1 +

∂

∂y
A2 +

∂

∂z
A3 +

[
v∆−

∂

∂t
− u

∂

∂x
− v

∂

∂y
− w

∂

∂z
+ 2 vy + 2wz

]
A4 ,

where A1, A2, A3, A4 are the left hand sides of the Navier-Stokes equations.

Modulo the other equations in the system, last equation⇔ Poisson pressure equation.
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Example

Taylor coefficients of u(t, x, y, z), v(t, x, y, z), w(t, x, y, z), p(t, x, y, z) whose values
can be chosen arbitrarily:

u(t, x, t, z):
1

(1− ∂t) (1− ∂y) (1− ∂z)

v(t, x, y, z):
1

(1− ∂t) (1− ∂y) (1− ∂z)
+

∂x

(1− ∂t) (1− ∂z)

w(t, x, y, z):

1

(1− ∂t) (1− ∂y) (1− ∂z)
+

∂x

(1− ∂t) (1− ∂y) (1− ∂z)

p(t, x, y, z):

1

(1− ∂t) (1− ∂y) (1− ∂z)
+

∂x

(1− ∂t) (1− ∂y) (1− ∂z)

generalized Hilbert series
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Example

Extending the Cauchy-Kovaleskaya Theorem we may pose the Cauchy problem for the
Navier-Stokes equations around an arbitrary point (t0, x0, y0, z0) as follows:





u(t, x0, y, z) = f1(t, y, z)

v(t, x0, y, z) = f2(t, y, z)

∂v

∂x
(t, x0, y0, z) = f3(t, z)

w(t, x0, y, z) = f4(t, y, z)

∂w

∂x
(t, x0, y, z) = f5(t, y, z)

p(t, x0, y, z) = f6(t, y, z)

∂p

∂x
(t, x0, y, z) = f7(t, y, z)

where f1, f2, . . . , f7 are arbitrary functions of their arguments which are analytic

around the point (t0, x0, y0, z0). The arbitrariness of analytic solutions to the

Navier-Stokes equations is determined by f1, f2, . . . , f7.
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Singular solutions

p = ẏ2 − 4tẏ − 4y + 8t2 = 0 p ∈ Q(t){y}

Separant of p: ∂p
∂ẏ

= 2ẏ − 4t
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Singular solutions

p = ẏ2 − 4tẏ − 4y + 8t2 = 0 p ∈ Q(t){y}

Separant of p: ∂p
∂ẏ

= 2ẏ − 4t

res(p, ∂p
∂ẏ

, ẏ) = −16y + 16t2

Thomas decomposition:

p = 0

y − t2 6= 0 y − t2 = 0
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Singular solutions

p = ẏ2 − 4tẏ − 4y + 8t2 = 0 p ∈ Q(t){y}

Separant of p: ∂p
∂ẏ

= 2ẏ − 4t

res(p, ∂p
∂ẏ

, ẏ) = −16y + 16t2

Thomas decomposition:

p = 0

y − t2 6= 0 y − t2 = 0

Kolchin seminar, 13/09/2019



Singular solutions

p = ẏ2 − 4tẏ − 4y + 8t2 = 0 p ∈ Q(t){y}

Separant of p: ∂p
∂ẏ

= 2ẏ − 4t

res(p, ∂p
∂ẏ

, ẏ) = −16y + 16t2

Thomas decomposition:

p = 0

y − t2 6= 0 y − t2 = 0

general solution: y(t) = 2((t+ c)2 + c2), c ∈ R

essential singular solution: y(t) = t2
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Thomas decomposition

Example.

Thomas decomposition of {ut− 6uux+ux,x,x = 0, uut,x−utux = 0}:
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Thomas decomposition

Example.

Thomas decomposition of {ut− 6uux+ux,x,x = 0, uut,x−utux = 0}:

u = 0 {∂t , ∂x}

ut − 6uux = 0 {∂t , ∂x}

ux,x = 0 { ∗ , ∂x}

u 6= 0

ut = 0 {∂t , ∂x}

ux,x,x − 6uux = 0 { ∗ , ∂x}

ux,x 6= 0

u 6= 0
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Thomas Decomposition

1937: J. M. Thomas: “Differential Systems”.

1998: D. Wang: implementation for algebraic systems

2007: V. Gerdt: “On decomposition of algebraic PDE systems into
simple subsystems”

2009: W. Plesken: “Counting solutions of polynomial systems via
iterated fibrations”

since 2009: implementations in Maple for

algebraic systems (T. Bächler)

systems of PDEs (M. Lange-Hegermann)

T. Bächler, V. P. Gerdt, M. Lange-Hegermann, D. R.,

Algorithmic Thomas decomposition of algebraic and differential systems,

J. Symbolic Computation 47(10):1233–1266, 2012.
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Implementation

Maple package DifferentialThomas (M. Lange-Hegermann)

http://www.mathb.rwth-aachen.de/go/id/rnab/lidx/1

GNU LPGL license

V. P. Gerdt, M. Lange-Hegermann, D. R.

The MAPLE package TDDS for computing Thomas decompositions of
systems of nonlinear PDEs

Computer Physics Communications 234:202–215, 2019

arXiv:1801.09942

DifferentialThomas in Maple 2018 (interface by E. S. Cheb-Terrab)
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Maple 2018
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Maple 2018
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Maple 2018
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Example

det




ux,x ux,y uy,y

ux,y uy,y uy,z

ux,z uy,z uz,z


 = 0, Q{u} with degrevlex ranking
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Example

det




ux,x ux,y uy,y

ux,y uy,y uy,z

ux,z uy,z uz,z


 = 0, Q{u} with degrevlex ranking

Thomas decomposition:

det(. . .) = 0

uz,zuy,y − u2
y,z 6= 0

uz,z 6= 0

−u2
y,zux,x + 2uy,zux,zux,y − uy,yu

2
x,z = 0

uy,z 6= 0

uz,z = 0

uz,zux,y − uy,zux,z = 0

uz,zuy,y − u2
y,z = 0

uz,z 6= 0

ux,z = 0

uy,z = 0

uz,z = 0

uy,y 6= 0

uy,y = 0

uy,z = 0

uz,z = 0
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Example

det




ux,x ux,y uy,y

ux,y uy,y uy,z

ux,z uy,z uz,z


 = 0, Q{u} with degrevlex ranking
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Example

det




ux,x ux,y uy,y

ux,y uy,y uy,z

ux,z uy,z uz,z


 = 0, Q{u} with degrevlex ranking

det(. . .) = 0

(T1) (T2) (T3)

(T4) (T5)

uz,z uy,y − u2
y,z 6= 0 uz,z uy,y − u2

y,z = 0

uz,z 6= 0 uz,z = 0uz,z 6= 0 uz,z = 0

uy,y 6= 0 uy,y = 0
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Example

det




ux,x ux,y uy,y

ux,y uy,y uy,z

ux,z uy,z uz,z


 = 0, Q{u} with degrevlex ranking
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Example

det




ux,x ux,y uy,y

ux,y uy,y uy,z

ux,z uy,z uz,z


 = 0, Q{u} with degrevlex ranking

DifferentialAlgebra (Maple 17):

det(. . .) = 0

uz,zuy,y − u2
y,z 6= 0

uz,zux,y − uy,zux,z = 0

uz,zuy,y − u2
y,z = 0

uz,z 6= 0

ux,z = 0

uy,z = 0

uz,z = 0

uy,y = 0

uy,z = 0

uz,z = 0
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3. Decomposition of nonlinear difference systems
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Difference algebra

Difference algebra (Ritt, Cohn, Levin, . . . )

Q ⊆ K̃ a difference field with commuting automorphisms σ1, ..., σn
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Difference algebra

Difference algebra (Ritt, Cohn, Levin, . . . )

Q ⊆ K̃ a difference field with commuting automorphisms σ1, ..., σn

Difference polynomial ring with comm. endomorphisms σ1, ..., σn

K̃{ũ} := K̃[σi1
1 · · ·σin

n ũ | i ∈ (Z≥0)
n], ũ(i1,...,in) := σi1

1 · · ·σin
n ũ
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Difference algebra

Difference algebra (Ritt, Cohn, Levin, . . . )

Q ⊆ K̃ a difference field with commuting automorphisms σ1, ..., σn

Difference polynomial ring with comm. endomorphisms σ1, ..., σn

K̃{ũ} := K̃[σi1
1 · · ·σin

n ũ | i ∈ (Z≥0)
n], ũ(i1,...,in) := σi1

1 · · ·σin
n ũ

K̃{ũ} not Noetherian (e.g., [ũũ1, ũũ2, ũũ3, . . .] ⊆ K̃{ũ} not fin. gen.)
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Difference algebra

Difference algebra (Ritt, Cohn, Levin, . . . )

Q ⊆ K̃ a difference field with commuting automorphisms σ1, ..., σn

Difference polynomial ring with comm. endomorphisms σ1, ..., σn

K̃{ũ} := K̃[σi1
1 · · ·σin

n ũ | i ∈ (Z≥0)
n], ũ(i1,...,in) := σi1

1 · · ·σin
n ũ

K̃{ũ} not Noetherian (e.g., [ũũ1, ũũ2, ũũ3, . . .] ⊆ K̃{ũ} not fin. gen.)

A difference ideal Ĩ of K̃{ũ} is said to be

reflexive if σi(f̃) ∈ Ĩ implies f̃ ∈ Ĩ (f̃ ∈ K̃{ũ})

perfect if the iteration of the process of forming the difference ideal

generated by f̃ such that σi1(f̃)k1 . . . σir (f̃)kr ∈ Ĩ yields Ĩ
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Difference algebra

Thm. (Ritt-Raudenbush).

Every perfect difference ideal of K̃{ũ(1), . . . , ũ(m)} is finitely generated
and is intersection of finitely many prime difference ideals.
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Difference algebra

Thm. (Ritt-Raudenbush).

Every perfect difference ideal of K̃{ũ(1), . . . , ũ(m)} is finitely generated
and is intersection of finitely many prime difference ideals.

Prop. The vanishing ideal in K̃{ũ(1), . . . , ũ(m)} of a set of m-tuples of
functions is a perfect difference ideal.
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Difference algebra

Thm. (Ritt-Raudenbush).

Every perfect difference ideal of K̃{ũ(1), . . . , ũ(m)} is finitely generated
and is intersection of finitely many prime difference ideals.

Prop. The vanishing ideal in K̃{ũ(1), . . . , ũ(m)} of a set of m-tuples of
functions is a perfect difference ideal.

Thm. (Difference Nullstellensatz; Trushin, preprint, 2009).
Every difference field embeds into a difference closed field.
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Difference algebra

Thm. (Ritt-Raudenbush).

Every perfect difference ideal of K̃{ũ(1), . . . , ũ(m)} is finitely generated
and is intersection of finitely many prime difference ideals.

Prop. The vanishing ideal in K̃{ũ(1), . . . , ũ(m)} of a set of m-tuples of
functions is a perfect difference ideal.

Thm. (Difference Nullstellensatz; Trushin, preprint, 2009).
Every difference field embeds into a difference closed field.

Thm. (Cohn)

Existence of generic zeros of reflexive prime difference ideals in piecewise

analytic functions on R+
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Decomposition of nonlinear difference systems

Notation.

Recall ∂j u
(α)(x) =

ũ
(α)
k1,...,kj+1,...,kn

−ũ
(α)
k1,...,kj−1,...,kn

2h
+O(h2)

grid functions ũ
(α)
k1,...,kn

Kolchin seminar, 13/09/2019



Decomposition of nonlinear difference systems

Notation.

Recall ∂j u
(α)(x) =

ũ
(α)
k1,...,kj+1,...,kn

−ũ
(α)
k1,...,kj−1,...,kn

2h
+O(h2)

grid functions ũ
(α)
k1,...,kn

K̃ = Q(a, h) , a difference field of constants

R̃ = K̃{ũ(1), . . . , ũ(m)} difference polynomial ring over K̃,

with automorphisms Σ = {σ1, . . . , σn }
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Decomposition of nonlinear difference systems

Notation.

Recall ∂j u
(α)(x) =

ũ
(α)
k1,...,kj+1,...,kn

−ũ
(α)
k1,...,kj−1,...,kn

2h
+O(h2)

grid functions ũ
(α)
k1,...,kn

K̃ = Q(a, h) , a difference field of constants

R̃ = K̃{ũ(1), . . . , ũ(m)} difference polynomial ring over K̃,

with automorphisms Σ = {σ1, . . . , σn }

Mon(Σ) = monomials in σ1, . . . , σn

leader, initial, discriminant, . . . are defined accordingly w.r.t. a ranking
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Decomposition of nonlinear difference systems

S̃ = { f̃1 = 0, . . . , f̃s = 0, f̃s+1 6= 0, . . . , f̃s+t 6= 0 } difference system
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Decomposition of nonlinear difference systems

S̃ = { f̃1 = 0, . . . , f̃s = 0, f̃s+1 6= 0, . . . , f̃s+t 6= 0 } difference system

Ω ⊆ Rn open and connected, x ∈ Ω

Γx,h := { (x1 + k1h, . . . , xn + knh) | k1, . . . , kn ∈ Z }, h > 0
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Decomposition of nonlinear difference systems

S̃ = { f̃1 = 0, . . . , f̃s = 0, f̃s+1 6= 0, . . . , f̃s+t 6= 0 } difference system

Ω ⊆ Rn open and connected, x ∈ Ω

Γx,h := { (x1 + k1h, . . . , xn + knh) | k1, . . . , kn ∈ Z }, h > 0

FΩ,x,h := { ũ : Γx,h → C | ũ is restriction to Γx,h

of some locally analytic function u on Ω }

Kolchin seminar, 13/09/2019



Decomposition of nonlinear difference systems

S̃ = { f̃1 = 0, . . . , f̃s = 0, f̃s+1 6= 0, . . . , f̃s+t 6= 0 } difference system

Ω ⊆ Rn open and connected, x ∈ Ω

Γx,h := { (x1 + k1h, . . . , xn + knh) | k1, . . . , kn ∈ Z }, h > 0

FΩ,x,h := { ũ : Γx,h → C | ũ is restriction to Γx,h

of some locally analytic function u on Ω }

SolΩ,x,h := { (ũ1, . . . , ũm) ∈ Fm
Ω,x,h | f̃1(ũ) = 0, . . . , f̃s(ũ) = 0,

f̃s+1(ũ) 6= 0, . . . , f̃s+t(ũ) 6= 0 }
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Decomposition of nonlinear difference systems

S̃ = { f̃1 = 0, . . . , f̃s = 0, f̃s+1 6= 0, . . . , f̃s+t 6= 0 }

Def. Difference decomposition of difference system S̃

SolΩ,x,h(S̃) = SolΩ,x,h(S̃1) ⊎ . . . ⊎ SolΩ,x,h(S̃r), S̃i quasi-simple
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Decomposition of nonlinear difference systems

S̃ = { f̃1 = 0, . . . , f̃s = 0, f̃s+1 6= 0, . . . , f̃s+t 6= 0 }

Def. Difference decomposition of difference system S̃

SolΩ,x,h(S̃) = SolΩ,x,h(S̃1) ⊎ . . . ⊎ SolΩ,x,h(S̃r), S̃i quasi-simple

Def. S̃ is (quasi-) simple if

(a) f̃1, . . . , f̃s, f̃s+1, . . . , f̃s+t have pairwise distinct leaders,

(b) initials and (not nec.) discriminants of f̃i do not vanish, 1≤ i≤s+ t,

(c) f̃1, . . . , f̃s form a passive difference system,

(d) f̃s+1, . . . , f̃s+t are reduced modulo f̃1, . . . , f̃s.

set of admissible automorphisms µi ⊆ {σ1, ..., σn} for f̃i, i = 1, . . . , s
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Decomposition of nonlinear difference systems

R̃ = K̃{ũ(1), . . . , ũ(m)}

Prop. 6.3 S̃ = { f̃1 = 0, ..., f̃s = 0, f̃s+1 6= 0, ..., f̃s+t 6= 0 } quasi-simple

E difference ideal generated by f̃1, . . . , f̃s

Q smallest subset of R̃ containing q1 := init(f̃1), . . . , qs := init(f̃s),
which is multiplicatively closed and closed under σ1, . . . , σn
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Decomposition of nonlinear difference systems

R̃ = K̃{ũ(1), . . . , ũ(m)}

Prop. 6.3 S̃ = { f̃1 = 0, ..., f̃s = 0, f̃s+1 6= 0, ..., f̃s+t 6= 0 } quasi-simple

E difference ideal generated by f̃1, . . . , f̃s

Q smallest subset of R̃ containing q1 := init(f̃1), . . . , qs := init(f̃s),
which is multiplicatively closed and closed under σ1, . . . , σn

Then the elements of

E : Q := { f̃ ∈ R̃ | (θ1(q1))
r1 . . . (θs(qs))

rs f̃ ∈ E for some

θ1, . . . , θs ∈ Mon(Σ), r1, . . . , rs ∈ Z≥0 }

are the difference polynomials reducing to zero modulo f̃1, . . . , f̃s.
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Input: L ⊂ R̃ \ K̃ finite and a ranking ≻ on R̃ such that L = S̃= for some finite

difference system S̃ which is quasi-simple as an algebraic system (in the finitely

many indeterminates (uk)J which occur in it, totally ordered by ≻, not necessarily

square-free)

Output: a ∈ {true, false} and L′ ⊂ R̃ \ K̃ finite such that

〈L′ 〉 : Q = 〈L 〉 : Q

where Q is the smallest multiplicatively closed subset of R̃ containing all init(θf̃),

where f̃ ∈ L and θ ∈ ld(L \ {f̃}) : ld(f̃), and which is closed under σ1, . . . , σs;

and, in case a = true, there exist no f̃1, f̃2 ∈ L′, f̃1 6= f̃2, such that we have

v := ld(f̃1) = θ ld(f̃2) for some θ ∈ Mon(Σ) and degv(f̃1) ≥ degv(θf̃2)

Algorithm:

1: L′ ← L

2: while there exist f̃1, f̃2 ∈ L′, f̃1 6= f̃2 and θ ∈ Mon(Σ) such that we have

v := ld(f̃1) = θ ld(f̃2) and degv(f̃1) ≥ degv(θf̃2) do

3: L′ ← L′ \ {f̃1}; v ← ld(f̃1)

4: r̃ ← init(θf̃2) · f̃1 − init(f̃1) · vd · θf̃2, where d := degv(f̃1)− degv(θf̃2)

5: if r̃ 6= 0 then

6: return (false, L′ ∪ {r̃})

7: end if

8: end while

9: return (true, L′)
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Input: r̃ ∈ R̃, T = { (f̃1, µ1), (f̃2, µ2), . . . , (f̃s, µs) }, and a ranking ≻ on R̃, where T

is Janet complete (with respect to ≻)

Output: r̃′ ∈ R̃ and an element b of the multiplicatively closed set generated by

s⋃

i=1

{ θ init(f̃i) | θ ∈ Mon(Σ), ld(r̃) ≻ θ ld(f̃i) } ∪ {1}

such that r̃′ is Janet reduced modulo T , and such that r̃′ = r̃, b = 1 if T = ∅, and

r̃′ + 〈 f̃1, . . . , f̃s 〉 = b · r̃ + 〈 f̃1, . . . , f̃s 〉 otherwise

Algorithm:

1: r̃′ ← r̃; b← 1

2: if r̃′ 6∈ K̃ then

3: v ← ld(r̃′)

4: while r̃′ 6∈K̃, ∃ (f̃ , µ)∈T , θ∈Mon(µ) : v = θ ld(f̃), degv(r̃
′) ≥ degv(θf̃) do

5: r̃′ ← init(θf̃) · r̃′ − init(r̃′) · vd · θf̃ , where d := degv(r̃
′)− degv(θf̃)

6: b← init(θf̃) · b

7: end while

8: for each coefficient c̃ of r̃′ (as a polynomial in v) do

9: (r̃′′, b′)← Janet-reduce(c̃, T , ≻)

10: replace the coefficient b′ · c̃ in b′ · r̃′ with r̃′′ and replace r̃′ with this result

11: b← b′ · b

12: end for

13: end if

14: return (r̃′, b)
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Input: A finite difference system S̃ over R̃, a ranking ≻ on R̃, and a total ordering on

Σ (used by Decompose)

Output: A difference decomposition of S̃

Algorithm:

1: Q← {S̃}; T ← ∅

2: repeat

3: choose L ∈ Q and remove L from Q

4: compute a decomposition {A1, . . . , Ar } of L, considered as an algebraic

system, into quasi-simple systems

5: for i = 1, . . . , r do

6: if Ai = ∅ then // no equation and no inequation

7: return {∅}

8: else

9: (a,G)← Auto-reduce(A=
i , ≻)

10: if a = true then

11: . . .

21: else

22: insert { f̃ = 0 | f̃ ∈ G } ∪ { g̃ 6= 0 | g̃ ∈ A
6=
i } into Q

23: end if

24: end if

25: end for

26: until Q = ∅

27: return T
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Input: A finite difference system S̃ over R̃, a ranking ≻ on R̃, and a total ordering on

Σ (used by Decompose)

Output: A decomposition of S̃

Algorithm:

1: . . .

9: (a,G)← Auto-reduce(A=
i , ≻)

10: if a = true then

11: J ← Decompose(G)

12: P ← {NF(σ f̃ , J,≻) | (f̃ , µ) ∈ J, σ ∈ µ }

13: if P ⊆ {0} then // J is passive

14: replace each inequation g̃ 6= 0 in Ai with NF(g̃, J,≻) 6= 0

15: if 0 6∈ A
6=
i then

16: insert { f̃ = 0 | (f̃ , µ) ∈ J } ∪ { g̃ 6= 0 | g̃ ∈ A
6=
i } into T

17: end if

18: else if P ∩ K̃ ⊆ {0} then

19: insert { f̃ = 0 | (f̃ , µ) ∈ J } ∪ { f̃ = 0 | f̃ ∈ P \ {0} } ∪ { g̃ 6= 0 | g̃ ∈ A
6=
i }

into Q

20: end if

21: else

22: insert { f̃ = 0 | f̃ ∈ G } ∪ { g̃ 6= 0 | g̃ ∈ A
6=
i } into Q

23: end if

24: . . .
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S-ConsistencyCheck

Input: A simple differential system S over R, a ranking > on R, a ranking ≻ on R̃,

a total ordering on Σ (used by Decompose) and a difference system S̃ consisting of

equations that are w-consistent with S

Output: L̃ = { (L̃1, b1), . . . , (L̃r, br) }, where L̃i is s-consistent (resp. w-consistent)

with Li ←−−−
h→0

L̃i if bi = true (resp. false)

Algorithm:

1: L̃ = {L̃1, . . . , L̃k} ← DifferenceDecomposition(S̃,≻)

2: for i = 1, . . . , k do

3: if ∃f̃ ∈ L̃
6=
i such that f̃ ⊲ f ∈ JS=K then

4: L̃← L̃ \ {L̃i}

5: else

6: bi ← true

7: for f̃ ∈ L̃= do

8: compute f ∈ R such that f̃ ⊲ f

9: if NF(f, S=, >) 6= 0 then

10: bi ← false; break

11: end if

12: end for

13: end if

14: end for

15: return { (L̃i, bi) | L̃i ∈ L̃ }
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Example

Example.

(∗)





∂u

∂x
− u2 = 0

∂u

∂y
+ u2 = 0

u = u(x, y)

{
D+

1 ũ− ũ2 = 0 (A)

D+
2 ũ+ ũ2 = 0 (B)

D+
1 , D

+
2 forward differences

 σ2A− σ1B + (. . .)A+ (. . .)B = −2h3u4
i,j

{
D+

1 ũ− ũ2 = 0 (A′)

D−
2 ũ+ ũ2 = 0 (B′)

D−
2 backward difference

is s-consistent with (∗).
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Example

Navier-Stokes equations for an incompressible flow of a constant viscosity fluid:

{
ut + (u · ∇)u+∇p− µ∆u = 0

∇ · u = 0
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Example

Navier-Stokes equations for an incompressible flow of a constant viscosity fluid:

{
ut + (u · ∇)u+∇p− µ∆u = 0

∇ · u = 0

ranking TOP-lex with ∂t > ∂1 > ∂2 > ∂3, p > u > v > w; passivity:

(∗) ∆p+∇ · (u · ∇)u = 0
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Example

Navier-Stokes equations for an incompressible flow of a constant viscosity fluid:

{
ut + (u · ∇)u+∇p− µ∆u = 0

∇ · u = 0

ranking TOP-lex with ∂t > ∂1 > ∂2 > ∂3, p > u > v > w; passivity:

(∗) ∆p+∇ · (u · ∇)u = 0

FDA:
Dt ũ+ (ũ ·D) ũ+D p̃− µ ∆̃ ũ = 0 ,

where Dt approx. ∂t, D = (D1, D2, D3) approx. ∇, ∆̃ approx. ∆.
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Example

Navier-Stokes equations for an incompressible flow of a constant viscosity fluid:

{
ut + (u · ∇)u+∇p− µ∆u = 0

∇ · u = 0

ranking TOP-lex with ∂t > ∂1 > ∂2 > ∂3, p > u > v > w; passivity:

(∗) ∆p+∇ · (u · ∇)u = 0

FDA:
Dt ũ+ (ũ ·D) ũ+D p̃− µ ∆̃ ũ = 0 ,

where Dt approx. ∂t, D = (D1, D2, D3) approx. ∇, ∆̃ approx. ∆.

ranking TOP-lex with σt ≻ σ1 ≻ σ2 ≻ σ3, ũ ≻ ũ ≻ ṽ ≻ w̃; passivity:

(∗∗) (D ·D) p̃+D · (ũ ·D) ũ = 0
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Example

Navier-Stokes equations for an incompressible flow of a constant viscosity fluid:

{
ut + (u · ∇)u+∇p− µ∆u = 0

∇ · u = 0

ranking TOP-lex with ∂t > ∂1 > ∂2 > ∂3, p > u > v > w; passivity:

(∗) ∆p+∇ · (u · ∇)u = 0

FDA:
Dt ũ+ (ũ ·D) ũ+D p̃− µ ∆̃ ũ = 0 ,

where Dt approx. ∂t, D = (D1, D2, D3) approx. ∇, ∆̃ approx. ∆.

ranking TOP-lex with σt ≻ σ1 ≻ σ2 ≻ σ3, ũ ≻ ũ ≻ ṽ ≻ w̃; passivity:

(∗∗) (D ·D) p̃+D · (ũ ·D) ũ = 0

We have (∗∗) ⊲ (∗) modulo PDE system; FDA is s-consistent.
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