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@ Introduction to the center problem
@ Limit cycles: Cyclicity and 16th Hilbert problem

@ Algorithmic approach to the problems
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A planar system with singular point at the origin:

[e.9]
x =ax + by + Z apgxPy9,

P (1)
y =cx+dy + Z BpgxPy 9.
p+q=2
The linear approximation:
x =ax + by,
y =cx+dy 2)

A:(" b), r—a+d A=ad— bc
c d
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A planar system with singular point at the origin:

[e.9]
x =ax + by + Z apgxPy9,

P (1)
y =cx+dy + Z BpgxPy 9.
p+q=2
The linear approximation:
x =ax + by,
y =cx+dy 2)

A:<" b), r—a+d A=ad— bc
c d

e Topological picture of trajectories near the origin of (1) and
(2) is equivalent,
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A planar system with singular point at the origin:

[e.9]
x =ax + by + Z apgxPy9,

P (1)
y =cx+dy + Z BpgxPy 9.
p+q=2
The linear approximation:
x =ax + by,
y =cx+dy 2)

A= < a b), r—a+d A=ad— bc
c d
e Topological picture of trajectories near the origin of (1) and
(2) is equivalent,
@ except of the case 7 =0, A > 0 (< the eigenvalues of A are
+iw).
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7 =0, A > 0 (& the eigenvalues of A are tiw) - a center for

linear system;

in the case of nonlinear system: either a center or a focus.
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@ A center <= all solutions near the origin are periodic.

@ A focus <= all solutions near the origin are spirals.
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@ A center <= all solutions near the origin are periodic.

@ A focus <= all solutions near the origin are spirals.

Poincaré center problem

How to distinguish if the system

o
X =wy+ Z apgxPy9,
p+q=2

(oo}
Y= —wx+ Z BpgxPy?
p+q=2

has a center or a focus at the origin?
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Hilbert's 16th problem

X = Pn(X7)/)a y = Qn(X7y)’ (A)

Pa(x,y), Qn(x,y), are polynomials of degree n.

Let h(Pn, Q,) be the number of limit cycles of system (A) and let
H(n) = sup h(P,, Qp) -

The question of the second part of the 16th Hilbert's problem:

e find a bound for H(n) as a function of n.
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Hilbert's 16th problem

X = Pn(X7)/)a y = Qn(X7y)’ (A)

Pa(x,y), Qn(x,y), are polynomials of degree n.
Let h(Pn, Q,) be the number of limit cycles of system (A) and let

H(n) = sup h(P,, Qp) -
The question of the second part of the 16th Hilbert's problem:

e find a bound for H(n) as a function of n.

The problem is still unresolved even for n = 2.
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n=2

@ |. Petrovskii, E. Landis, On the number of limit cycles of the
equation dy/dx = P(x,y)/Q(x,y), where P and Q are
polynomials of 2nd degree (Russian), Mat. Sb. N.S. 37(79)
(1955), 209-250

@ |. Petrovskii, E. Landis, On the number of limit cycles of the
equation dy/dx = P(x,y)/Q(x,y), where P and Q are
polynomials (Russian), Mat. Sb. N.S. 85 (1957), 149-168
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n=2

@ |. Petrovskii, E. Landis, On the number of limit cycles of the
equation dy/dx = P(x,y)/Q(x,y), where P and Q are
polynomials of 2nd degree (Russian), Mat. Sb. N.S. 37(79)
(1955), 209-250

@ |. Petrovskii, E. Landis, On the number of limit cycles of the
equation dy/dx = P(x,y)/Q(x,y), where P and Q are
polynomials (Russian), Mat. Sb. N.S. 85 (1957), 149-168

Song Ling Shi, A concrete example of the existence of four limit
cycles for plane quadratic systems, Sci. Sinica 23 (1980), 153-158
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@ A simpler problem: is H(n) finite? Unresolved.
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@ A simpler problem: is H(n) finite? Unresolved.

@ An even simpler problem: is h(P,, Qn, a*, b*) finite?

Valery Romanovski Integrability and limit cycles in polynomial systems of ODEs



@ A simpler problem: is H(n) finite? Unresolved.
@ An even simpler problem: is h(P,, Qn, a*, b*) finite?

@ H. Dulac, Sur les cycles limite, Bull. Soc. Math. France 51
(1923), 45-188
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@ A simpler problem: is H(n) finite? Unresolved.
@ An even simpler problem: is h(P,, Qn, a*, b*) finite?

@ H. Dulac, Sur les cycles limite, Bull. Soc. Math. France 51
(1923), 45-188

Around 1980 Yu. llyashenko found a mistake in Dulac’s proof. J
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Poincaré compactification
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Separatrix cycles:

T T

o )
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Dulac’s mistake

A germ of a map f : (RT,0) — (R™,0) is a semi-regular, if it is
smooth in a neighborhood of 0 and admits an asymptotic
expansion of the form

f(x) = ex™ + Z P;(Inx)x",
J
where ¢ >0, 0 < v; — oo, j > 0, and P; are real polynomials.

fis an asymptotic expansion of f, if Vv > 0 3 a partial sum of £
which approximates f f with accuracy better than x”, when x — 0.

Dulac’s theorem

For any polycycle of an analytic vector field, a cross-section with
the vertex zero on the polycycle may be so chosen that the
corresponding Poincaré map will be flat, inverse to flat, or
semiregular.
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Dulac’s lemma

Let a semiregular map have an infinite number of fixed points.
Then f(x) = x.
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Dulac’s lemma

Let a semiregular map have an infinite number of fixed points.
Then f(x) = x.

Counterexample

[y
-
N

f(x)=x+ (sin)—()e_§

N,
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@ Chicone and Shafer (1983) proved that for n = 2 a fixed
system (A) has only finite number of limit cycles in any
bounded region of the phase plane.

Valery Romanovski Integrability and limit cycles in polynomial systems of ODEs



@ Chicone and Shafer (1983) proved that for n = 2 a fixed
system (A) has only finite number of limit cycles in any
bounded region of the phase plane.

e Bamon (1986) and V. R (1986) proved that h(Ps, Q2, a*, b*)
is finite.
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@ Chicone and Shafer (1983) proved that for n = 2 a fixed
system (A) has only finite number of limit cycles in any
bounded region of the phase plane.

e Bamon (1986) and V. R (1986) proved that h(Ps, Q2, a*, b*)
is finite.

o Il'yashenko (1991) and Ecalle (1992): h(P,, Qn, a*, b*) is
finite for any n.
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The center problem and the local 16th Hilbert problem

Poincaré return map:

n n
U=—-v+ Z ajuvi, v o =u+t Z Biju' v . (3)

i+j=2 i+j=2
4
S .73

P(p) = p+ma(ay, By)p® + na(ay, By)p* + ...
Center: ;3=ma=ns=---=0.
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Pp) = p+ m3(eij, By)p® + maley, By)p* + - ..
Center: n3=mn3=m5 =---=0.

Poincaré center problem

Find all systems in the family

n n
u=—v+ E aju'v, V=u-+ g Biju' v/,

i+j=2 i+j=2

which have a center at the origin.

Bautin ideal: B = (n3,n4,...) C Rlaj;, Bl
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Pp) = p+ m3(eij, By)p® + maley, By)p* + - ..
Center: n3=mn3=m5 =---=0.

Poincaré center problem

Find all systems in the family

n n
u=—v+ E aju'v, V=u-+ g Biju' v/,

i+j=2 i+j=2

which have a center at the origin.

Bautin ideal: B = (n3,n4,...) C Rlaj;, Bl

Algebraic counterpart

Find the variety V(B) of the Bautin ideal B B = (n3,74,75 . . .).

V(B) = {(ay, By) € € | ms(evj, Bj) = nalevy, B) = - = 0}

e V(B) is called the center variety.

Valery Romanovski Integrability and limit cycles in polynomial systems of ODEs



Cyclicity and Bautin’s theorem

u=-v+ Z aj/ujv/, v=u-+ Z 5J-,ujv/ (4)

j+1=2 jH1=2

Poincare map:
Plp) = p+m(ai, By)p” +ms(ay, By)p> +- -+ iy, By)p* + . ...

Let B = (13,m4,...) C Rlay;, Bjj] be the ideal generated by all
focus quantities n;. There is k such that

B = <77u1777uz7- . '777uk>-
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The Bautin ideal and Bautin's theorem

Then for any s

k
N = N85 + 065 + -+ 1y, 80,

P(p) —p=nu(l+mp+...)p" + - +nu(1+ pkp+ ... )p%.

Bautin's Theorem

If B = (uy, Nuys - - -, Mu,) then the cyclicity of system (4) (i.e. the
maximal number of limit cycles which appear from the origin after
small perturbations) is less or equal to k.

Proof. Bautin N.N. Mat. Sb. (1952) v.30, 181-196 (Russian);
Trans. Amer. Math. Soc. (1954) v.100

Roussarie R. Bifurcations of planar vector fields and Hilbert's 16th
problem (1998), Birkhauser.
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The cyclicity problem

Find an upper bound for the maximal number of limit cycles in a
neighborhood of a center or a focus
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The cyclicity problem

Find an upper bound for the maximal number of limit cycles in a
neighborhood of a center or a focus

By Bautin's theorem:

Algebraic counterpart

Find a basis for the Bautin ideal (13,74, 7s,...) generated by all
coefficients of the Poincaré map
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A basis of an ideal and its zero set

Radical of an ideal I is the set of all polynomials f such that some
positive integer ¢ ff € I,

Strong Hilbert Nullstellensatz

Let f € C[x1,...,xm]| and let | be an ideal of C[x1,...,xm]. Then
f vanishes on the variety of / if and only f belongs to the radical
of .

If polynomials fi, ..., fs from an ideal / define the variety of /,
V(l)=V(f,...,f), and the ideal / is a radical ideal (that is,
I =+/1), then | = (fi,...,f).

Holds only over C!
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Complexification

Complexification: @ u+iv (T =u—1iv)
n—1

e B 2 S ]
xT = 2@ E [ o)

ptg=1

n—1

: . ”
Tr=—1i(x — E (1,,,,.1"' x7)

p+a=1

n—1 n—1
x = i(x— Z apxPly9), y=—ily— Z bapxTyP*t) (5)
pt+qg=1 p+q=1

The change of time d7 = idt transforms (5) to the system

n—1 n—1
x=(x- Z apgxP Ty ), y = —(y - Z bgpxTyP*t). (6)
p+q=1 p+q=1
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Poincaré-Lyapunov Theorem

The system
du 4 ;o dv ° .
E:_VJF,Z aju'v, E:u—i—'z Biju'v! (7)
i+j=2 i+j=2

has a center at the origin if and only if it admits a first integral of
the form
O =u?+ v+ Z Prau’v'.
k+1>2
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Definition of a center for complex systems

System

n—1 n—1
x = (x— Z aqup+1yq) =P, y=—(y- Z bquqyp+l) =Q,
p+q=1 p+qg=1
(8)
has a center at the origin if it admits a first integral of the form

[ee] S
®(x,y; a0, b1o, - --) = xy + Z Z Vs jxly*
s=3 j=0
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For the complex system

n—1 n—1
x = (x— Z apqx”+1yq) =P, y=—(y— Z bqpquPH) =Q,
p+qg=1 p+q=1

one looks for a function

[o¢] S
(b(Xay; 410, b107 B ) =Xy + Z Z Vj,S—jXJyS_J

s=3 j=0
such that
0P 0o
TP+ = 2 S4... 9
L ayQ gu1(xy)” + gn(xy)’ + -, (9)
and gi11, 822, ... are polynomials in apq, bgp. These polynomials are

called focus quantities.

The Bautin ideal

The ideal B = (g11, 822, - . . ) generated by the focus quantities is
called the Bautin ideal.
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Center Problem

Find the variety V(B) of the Bautin ideal B = (g11, 822,833 . . .).

Definition

The variety of the Bautin ideal V(B) is called the center variety of
the system.

By the Hilbert Basis Theorem there is an integer m that
B = (gi1,--.,8mm), however it is a difficult problem to find such
m. A practical approach is as follows.
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@ Compute polynomials g until the chain of varieties (considering as
complex varieties) V(B1) 2 V(B2) 2 V(B3) D ... stabilizes (here
By = (g1, - - -, 8kk)), that is, until we find ko such that
V(Bko) = V(Bko+1)'
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@ Compute polynomials g until the chain of varieties (considering as
complex varieties) V(B1) 2 V(B2) 2 V(B3) D ... stabilizes (here
By = (g1, - - -, 8kk)), that is, until we find ko such that
V(Bko) = V(Bko+1)'

To check that two varieties are equal we use

Radical Membership Test

I =(f,....,f) €k[x1,...,xn], T € K[x1,...,Xn].
f =0 on V(I) <= Groebner basis of the ideal | = (f1,...,f,1—f)is

{1}.
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@ Compute polynomials g until the chain of varieties (considering as
complex varieties) V(B1) 2 V(B2) 2 V(B3) D ... stabilizes (here
By = (g1, - - -, 8kk)), that is, until we find ko such that
V(Bko) = V(Bko+1)'

To check that two varieties are equal we use

Radical Membership Test

I={(f,...,f) € kixi,...,xn], f € k[xt,...,x]
f =0 on V(I) <= Groebner basis of the ideal | = (f1,...,f,1—f)is

{1}.

@ Show that V(By,) = V(B), that is, that each systems from
V(By,) admits a first integral of the form (9).
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The center problem is solved for:

e quadratic system: x = x+ Pa(x,y), y=—y+ Q(x,y)
by Dulac (1908) (by Kapteyn (1912) for real systems)

e the linear center perturbed by 3rd degree homogeneous
polynomials:

x=x+P3(x,y), y=-y+Qlx,y)

by Sadovski (1974) (by Malkin (1964) for real systems)

e for some particular subfamilies of the cubic system

X =x+P(x,y)+ P3(x,y), y=-y+ Qlx,y)+ Q(x,y)
o for Lotka-Volterra quartic systems with homogeneous
nonlinearities

x=x+xPs3(x,y), y=-y+yQsx,y)

by B. Fertec, J. Giné, Y. Liu and V. R. (2013)

e for Lotka-Volterra quintic systems with homogeneous
nonlinearities

x=x+xPy(x,y), y=-y+yQalx,y)

by J. Giné and V. R. (2010)
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The center variety of the quadratic system

X = x—a10x> —agxy —a_12y°, ¥ = —(y—broxy—bory?—br _1x%).
(10)

Theorem (H. Dulac 1908, C. Christopher & C. Rouseeau, 2001)

The variety of the Bautin ideal of system (10) coincides with the
variety of the ideal B3 = (g11, 822, 433) and consists of four
irreducible components:

1) V(Jl), where J1 = <2310 — blo, 2b01 — 301>,

2) V(JQ), where J2 = (301, b10>,

3) V(J3), where J3 = (2ao1 + bo1, a10 + 2b1g, ao1bio — a—12b2,—1),
4) V(J4) = <f1, fz, fg,, f-47 f5>, where

fi = ag b2, —1 — a_12b3), » = a10a01 — bo1bio,

f3 = adga_12 — bp,_1b3;,

fa = a10a_12b3y — ag bo,—1bo1, fs = a3ga_12b10 — ao1b2,—1b3; -
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Proof. Computing the first three focus quantities we have

g11 = a0do1 — biobor,

822 = 3103—12b%0 - 3%1b01b2,—1 - %(a—ubfo - aglbz,—1) -
%(301b(2)1b2,—1 - 3%03—121310)7

g33 = —3(—a01 a—12bfy+2 a_12b01 by + gy b1o b, —1—2 ady boy bio bo,—1—
2a10 %15 blg bo,—1+a% 15 bl ba, -1 — a3y a-12 b3 +2a8; a-12 bo1 b5 _4).
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Using the radical membership test we see that

g2 ¢ \/(g11), &s3 & \/(€11.822), 8aa, 855,866 € \/ (811,822, 833),

i.e., V(B1) D V(B3) D V(B3) = V(Bs) = V(Bs). We expect that
V(B3) = V(B). (11)

The inclusion V(B) C V(B3) is obvious, therefore in order to check
that (11) indeed holds we only have to prove that

V(B3) C V(B). (12)

To do so, we first look for a decomposition of the variety V(B3).
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SINGULAR /
A Computer Algebra System for Polynomial Computations / ve:
0<
by: G.-M. Greuel, G. Pfister, H. Schoenemann \ Aug
FB Mathematik der Universitaet, D-67653 Kaiserslautern \

LIB "primdec.lib";

ring r= 0,(a10,201,a12,b21,b10,b01),1p;
poly gli=al01*al0 - b01xbl0;

poly g22=...

poly g33=...

ideal i=gl1,g22,g33;

minAssGTZ (i) ;

Valery Romanovski Integrability and limit cycles in polynomial systems of ODEs



[1]:
_[1]1=a01"3%b21-a12%b10"3
_[2]=a10*a12%¥b10"2-a01"2*b21*b01
_[3]=a10*a01-b10*b01
_[4]=a10"2%a12*b10-a01*b21*b01"2
_[5]1=a10"3*a12-b21*b01"3

[2]:
_[11=b10
_[2]=a01

[3]:
_[1]1=a01-2%b01
_[2]=2*a10-b10

[4]:
_[1]1=2*a12*b21+b10*b01
_[2]=2%a01+b01
_[3]=a10+2%b10
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To verify that (12) holds there remains to show that every system
(10) with coefficients from one of the sets
V(4h),V(4h),V(h),V(Js) has a center at the origin, that is, there
is a first integral W(x,y) = xy + h.o.t.
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Systems corresponding to the points of V(J;) are Hamiltonian with
the Hamiltonian
a_12 by 1
H=—(xy— ?y3 - TX3 — a10x°y — borxy?)
and, therefore, have centers at the origin (since D(H) = 0).
To show that for the systems corresponding to the components
V(J2) and V(J3) the origin is a center we use the Darboux method.
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Darboux integral

x=P(x,y), y=Q(x,y), x,ye€C P,Q are polynomials.
(13)
The polynomial f(x,y) € Clx, y] defines an algebraic invariant
curve f(x,y) =0 of system (13) if there exists a polynomial
k(x,y) € C|x, y] such that

_of

D(f) -

of
= —P+ —Q = kf. 14
Ox + 8yQ (14)

The polynomial k(x,y) is called a cofactor of f.
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Suppose that the curves defined by
=0,...,f=0

are invariant algebraic curves of system (13) with the cofactors
k.o ke If

S
Zajkj =0, (15)
j=1

then H = ™ --- £ is a (Darboux) first integral of the system
(13).

Systems from V(J,) and V(J3) admit Darboux integrals.
Consider the variety V(J3). In this case the system is

b b
X=X— 310X2 + ﬂxy _ 210 Olyz,
2 4b27_1 (16)
. a
—y =y — boy® + xy — by _1x%).

2
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° f= 27+j:0 cix'yl, k= Z,ﬂ o diix'yl. (m is the degree of
the system; in our case m = 1). To find a bound for n is the
Poincaré problem (unresolved).

e Equal the coefficients of the same terms in D(f) = kf.

@ Solve the obtained system of polynomial equations for
unknown variables c;j;, dj;.
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ao1 b3
ly =1+ 2biox —ag bo—1x* + 2301y+2301b10xy_%y2’
1

62 = (2 b10 b§7_1—|—6 b%o b%,—l x+3 b103 b%,—l X2—3 do1 b10 bi_l X2—301 b%O b;_
6 a01 bro b5 1 y—3 bjg ba,—1 x y+6 ao1 bg b5 _y x y—3ah; b3 _y x y+3ao1 biy b3 _
3ady bio b3 _1x* y—3 a1 big ba,—1 y>+3 ag; bio b3 _1 y*—3 a1 by ba,—1 x y*+3 a3

ao1 byo y® — agy big b2, —1y?) /(2 bro b3 1)

with the cofactors k; =2 (b10X — ao1 y) and k, =3 (bloX — ao1 y) .
The equation
arky +asko =0

has a solution a1 = —=3,ap =2, =
—32 _
V= g]. 52 = C.

Thus, every system from V(J3) has a center at the origin.
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Systems from V(J;) are time-reversible

dz
i F(z) (z€Q), (17)

Q is a manifold.

Definition

A (time-)reversible symmetry of (17) is an involution R : Q — Q,
such that
R.Xr=—XrFoR. (18)

Valery Romanovski Integrability and limit cycles in polynomial systems of ODEs



Systems from V(J;) are time-reversible

dz
i F(z) (z€Q), (17)

Q is a manifold.

Definition

A (time-)reversible symmetry of (17) is an involution R : Q — Q,
such that

R X = —-XFoR. (18)
u=v -+ vf(u, v2), v=—u+g(u, Vz)a (19)
u—u, vV — —v, t— —t

leaves the system unchanged = the u—axis is a line of symmetry
for the orbits = no trajectory in a neighbourhood of (0,0) can be
a spiral = the origin is a center.

Here R:uw— u, v~ —v.
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X = x—Zapququ: P(va)a (20)
Y= —y+ Y bepxyPtt = Q(x,y),

The condition of time-reversibility

YRy, x/v) = —P(x,y), vQ(x,y)=—P(yy,* /7).

= (20) is time-reversible if and only if

bgp =P 9apg, apg = bgpy? P, (21)
)
apeq = tk,  bgp, = VPRIt (22)
for k =1,...,0. (22) define a surface in the affine space
C3+! = (aP1€I17 5 9peqes bquev SRR bq1P17 t,..0 té:’)’)'

@ The set of all time-reversible systems is the projection of this
surface onto C?).

@ To find this set we have to eliminate t, and 7 from (22).
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For an ideal | C k[xi, ..., x,] the {—elimination ideal of | is the
ideal Ip = I N k[Xg41,y .-, Xn)-

Elimination Theorem

Fix the lexicographic term order on the ring k[xi, ..., x,] with

X1 > Xxp > --- > xp and let G be a Grobner basis for an ideal/ of
k[x1,...,xn] with respect to this order. Then for every ¢,
0</¢<n-1,theset Gy:= GNk[xpi1,...,xn] is a Grobner basis
for the /—th elimination ideal /,.

V(Iy) is the smallest affine variety containing m,(V) c C"~*
(V(l) is the Zariski closure of my(V)).
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H = (apqu — tkqukpk —’}/pkiqktk ’ k = 1,...,€>, (23)
Let R be the set of all time-reversible systems in the family (20).

Theorem

(V. R., Open Syst. Inf. Dyn., 2008) 1)

R = V(Zg) where Zg = Cla, b] N H, that is, the Zariski closure
of the set R of all time-reversible systems is the variety of the ideal
Tk

2) Every system (20) from R admits an analytic first integral of
the form W = xy +....

For the quadratic system the elimination gives exactly the ideal Js
—
each system from V(Js) also has a center at the origin.
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Mechanisms for integrability

@ Darboux integrability
@ Hamiltonian systems

@ Time-reversibility
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Mechanisms for integrability

Darboux integrability
Hamiltonian systems

Time-reversibility

Formal series

o

o

o

@ Blow up to a node
o

@ Monodromy maps
o

Hiden symmetries
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Mechanisms for integrability

Darboux integrability
Hamiltonian systems
Time-reversibility
Blow up to a node
Formal series
Monodromy maps

Hiden symmetries

Open problem:
What is the complete list of mechanisms for
integrability?
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The cyclicity of the quadratic system

Generalized Bautin's theorem (V. R. & D. Shafer, 2009)

If the ideal B of all focus quantities of system

n—1 n—1
x=(x— Z a,,qxp“yq), y=—(y— Z bqpqup-i-l)
p+q=1 p+q=1

is generated by the m first focus quantities,
B = (gi1,822,---,8mm), then at most m limit cycles bifurcate
from the origin of the corresponding real system

n n
L}:)\u—v—f—Zaj/ujvl, \}:u—l—)\v—l—Zﬁj/ujvl,
j+i=2 j+i=2

that is the cyclicity of the system is less or equal to m.
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The problem has been solved for:

® The quadratic system (x=Ppn, y=Qn n=2)- Bautin
(1952) (Zoladek (1994), Yakovenko (1995), Franc¢oise and
Yomdin (1997), Han, Zhang & Zhang (2007)).

@ The system with homogeneous cubic nonlinearities - Sibirsky
(1965) (Zotadek (1994))

In both cases the analysis is relatively simple because the Bautin
ideal is a radical ideal.

Bautin's theorem for the quadratic system

The cyclicity of the origin of system
0 = A\u—v—4aggul+agiuvtagv?, v = u+Av—+PSBaou’+B11uv+SBor

equals three.
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Proof. (V. R., 2007) We have for all k
8iklv(ss) =0 (24)

where Bz = (g11, 822, 833)-
Hence, if B3 is a radical ideal then (24) and Hilbert Nullstellensatz

yield that gk € Bs. Thus, to prove that an upper bound for the
cyclicity is equal to three it is sufficient to show that Bj is a radical
ideal.

With help of SINGULAR we check that

std(radical(B3)) = std(B3). (25)

Hence, B3 = B. This completes the proof.
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The cyclicity problem can be "easily” solved if the Bautin ideal is J
radical.
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The cyclicity problem can be "easily” solved if the Bautin ideal is J
radical.

It happens very seldom that the Bautin ideal is radical. J
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The cyclicity problem can be "easily” solved if the Bautin ideal is
radical.

It happens very seldom that the Bautin ideal is radical. J

An approach which works for some systems with non-radical
Bautin ideal:

@ - V. Levandovskyy, V. R., D. S. Shafer, The cyclicity of a
cubic system with non-radical Bautin ideal, J. Differential
Equations, 246 (2009) 1274-1287.

- V. Levandovskyy, G. Pfister and V. R. Evaluating cyclicity of
cubic systems with algorithms of computational algebra,
Communications in Pure and Applied Analysis, 11 (2012)
2023 - 2035.
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Another point of view at the center problem

n—1 n—1
x=(x— > apx™ ) =P y=—(y - Y bixy)=Q, (26)

itj=1 itj=1
(o] S
. _ k s—k
d(x,y; aw, b1, ...) = xy + E E Vies— kX" Y
s=3 k=0
o v 2 17 Vo1 V2pl—1 | Voyg
W= E : Wivs,v,..021) 10801 - - - @py g Pasipe - - - Pro. Dot (27)

be a formal series with W/(0) = 1. Denote |a| = _ aj;,

bl =>_ by,

ow ... . ow ... .
AW) = 37 S a(i=j=ilal +]1b)+Y 5 by(i—j=ilal +)lb]). (28)
iy )

System (26) has a center at the origin for all values of the parameters
akn, bnk if and only if there is a formal series (27) satisfying the equation

A(W) = W(la| — |b]). (29)
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There is a ring P of some functions of a, b such that the following
diagram is commutative

Plix, vl — P
Dl LA (30)
Plix, vl — P,

where 7 is an isomorphism defined by

T cap(a b)xy’ — ) " cap(a, b)), (31)
and D(®) is the operator

0P 0P
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If we consider a system which has a Darboux integral
a1 o s
2. f

then the exponents «; are, generally speaking, functions of the
coefficients ajj, bj; of our system. Therefore, noting that for w; of
the form w; = 1+ h.o.t the property A(w;) = k;w; yields

A(log w;) = ki,

we see that an analog of the equations for the cofactors in the
Darboux method is the equation

Z aiki + Z A(a;) log(w;) =0 (32)
i=1 =1

(if we look for a first integral of the form 1+ >"°°; hi(x, y) with
hi(x,y) being homogeneous polynomials of the degree /) or

> aiki+ Y Ala;)log(wi) = |a| - [b] (33)
i=1 i=1

(if we look for a Lyapunov first integral ® = xy + h.o.t.).
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Quadratic system

ow

ow ow
A(W) := ao1(|b|—- 1) +310( —lal) 57— +a-12(|al+2|b|-3) s — —+
8310 Oa_
ow ow 8W
b (181~ )5+ a1~ o) G + b a(~21al I +3) o
la| = a10 + @01 + a—12, |b| = bo1 + bio + b2, —1.
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Quadratic system

ow ow ow
A(W) := ao1(|b|—- 1) +310( —lal) 57— +a-12(|al+2|b|-3) s — —+
8310 Oa_
ow ow 8W
b (181~ )5+ a1~ o) G + b a(~21al I +3) o
la| = a10 + @01 + a—12, |b| = bo1 + bio + b2, —1.

Hamiltonian system: V(Jl), where J; = <2310 — bio,2bg1 — 301> =
ao1 = 2bo1, bio = 2a10

ow oW
A(W) = agp(1 — Ial)g10 + a_1o(|a + 2|6 — 3)3 -+
ow aW
(1P~ 1) gy, B (2Aal =P 305,
a by
H=—(xy - %)ﬁ 2:’% e a10xX%y — bo1xy?)

W =1-a_15/3 —bp,_1/3 — a10 — bo1 is a solution to
A(W) = W(a| — |b]).
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V(J3), where J3 = (2ao1 + bo1, a10 + 2b1o, ao1b10 — a—12b2,—1),

A(W) = 301(|b| — 1) + 310(1 — |a|)g!1'f) +a_ 12(|3| + 2|b‘ — 3)

33 12
+bor(|b] — 1) g2 + blo( |a]) Gy + b2,—1(—2la — |b] + 3) 55"
= W(la| +|b|)
2ap1 + bor = a1o + 2b1o = ag1b1o — a—12b2,—1 =0
=
ow ow ow

A(W) := a01(|b|-1 )aierlO( —lal 35 +bz ~1(=1b[=2]al+3) 57—

Oby,
= W(la| + [b]) (34)
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2
an bip

(1 =1+2biox —ao b1 x>+ 2a01y +2a01 bioxy — by 1 Yo
ly = (2byo b} _1+6 by b3 _y x+3 bio® b3 _y x*—~3 ag1 bio b3 _y x*—ao1 by b3 _
6 a01 bio b3 _1 y—3 blg bo,_1 x y+6 201 blg b3 _y xy—3 a3y b3 _y x y+3a01 big b3 _
3 a3y bio b3 _1x* y—3 ao1 by ba,—1y*+3 a3, bio b3 _; y*—3 a01 bl bo,—1 x y*+3 a5
do1 bi’o }/3 - 331 b%o by 1 )/3)/(2 bio bg,—l)
with the cofactors k; = 2(bigx — ap1y) and ko =3 (biox — ao1y)-

First integral
v=/(35=c.
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L1 =1+ 2ap1 + 2b1o + 2a01b10 — (a01b3)/b2,—1 — ao1b2,—1

L2 = (301be — 3301b{’0b2’,1 — 3(2)1b%0b27*1 — 3bf0b27,1 —
3a01bfybo,—1+2b10b3 _+6a01b10b3 _;+3a3; b1ob3 1 +6b2,b3 1+
6a01b3b3 14345 b§0b2_1+3b ob5 1 +3anbiobs ;—3a5; b3 ;1 —
3a01b10b3 _y —3agy brob3 _y —ao1biob3 1 + 35165 _1)/(2b10b5 )

A(L1) = KiLi, A(L2) = Kala,

Ki = —2(ao1 — b1o), K1 = —3(a01 — b1o),
U = L33 is a solution to A(U) =0
U-1
~ —6ao1bio — (3b%)/b2,—1 — (333, b2,—1)/bo)

is a solution to

A(W) = W([a| + [b]).
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