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Main Problem

Let
fo(co; y1,---,¥n) =0
fl(Cl;}/L ve 7Yn) — O

fa(Cniviy...,yn) =0

be a system of algebraic (differential, difference) equations.

To find conditions, R(cg, ..., cp), on the coefficients of the f; s.t.

(1) has a “solution” <=1 R(co,...,c,) = 0.

!In the sense of Zariski (Kolchin, Cohn) closure.
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Let
fo(co; y1,---,¥n) =0
fl(Cl;}/L ve 7Yn) — O

fa(Cniviy...,yn) =0

be a system of algebraic (differential, difference) equations.

To find conditions, R(cg, ..., cp), on the coefficients of the f; s.t.

(1) has a “solution” <=1 R(co,...,c,) = 0.

R(co,...,cn): the resultant or resultant system.

Existence/Properties/Algorithms of such R?

!In the sense of Zariski (Kolchin, Cohn) closure.
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Outline

e Motivation: algebraic sparse resultants

Sparse differential resultants

Sparse difference resultants

Summary and problems
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Sylvester Resultant (Sylvester 1883)

Two univariate polynomials f = aix! +a_1x""1+ ..+ a5 and

g = bypx™+ bm_1x™"1 4+ ...+ by. The resultant of f and g is

a, a1 aj—2 a0
aj aj—1 aj—2 do
a aj—1 aj—2 s Ao
Res(f =
( ’g) bm bm—l bm—2 to bO
bm bmfl bm72 bO
bm bm—l bm—2 bO

Property: Res(f,g) =0 <= f(x) = g(x) = 0 has a solution.
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Sylvester Resultant (Sylvester 1883)

Two univariate polynomials f = aix! +a_1x""1+ ..+ a5 and

= byX™ + bp_1x™ 1 4+ .. + by. The resultant of f and g is
g

a, a1 aj—2 a0
aj aj—1 aj—2 do
a aj—1 aj—2 s Ao
Res(f =
( ’g) bm bm—l bm—2 to bO
bm bmfl bm72 bO
bm bm—l bm—2 bO

Property: Res(f,g) =0 <= f(x) = g(x) = 0 has a solution.

Macaulay resultant (1902): n+ 1 polynomials in n variables.
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Algebraic Sparse Poly System

Given F := (fi,...,f) C C[x1,...,xn] with
fi = Z CiaXy e X5,

BKK-bound (Bernshtein, Khovanskii, Kushnirenko)
The number of isolated roots of F in (C*)" is bounded by the
mixed volume of NP(f;).

Example

fi = ap + a1x1 + axx{'xy, fo = bo+ bixo + byx{ x5
Bézout-bound: (2n)?

BKK-bound: 2n
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Work on Algebraic Sparse Resultant

Gelfand et al (1991, 1994) introduced the sparse resultant.

e Sturmfels (1993, 1994) proved basic properties.

i) The f; = 0 have common solutions in (C*)" iff Res(fy, ..., f;) = 0.

ii) (BKK degree) deg(Res, Coeff(f;)) = MV((NP(fx))ksi)-

e Canny-Emiris (1993, 1995, 2000): matrix formulas and
efficient algorithms.

e D'Andrea (2002): Res = det(A)/ det(B).
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Sparse Differential Resultants

E: a fixed universal d-field over a base field (such as Q, Q(x)).

EN={ac&:ak) £0,k>0}.
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Differential Resultants

o Let Pi(uj; y1,...,yn) be a generic d-poly of order s; and
degree r; with coefficients u; for i =0,...,n;

) Zo = {(Co,...,Cn)‘Po(Co;yl,... 7yn) = ... =
Pn(Cn; y1,---,¥n) = 0 has a solution in £"}.

Definition(Gao-Li-Yuan, 2013) Let Z be the Kolchin closure of
Zy. By GDIT, there exists an irr. §-poly R € Q{ug, ..., u,} s.t.

Z =V(sat(R)).

R is defined as the differential resultant of P;'s.
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Differential Resultants

o Let Pi(uj; y1,...,yn) be a generic d-poly of order s; and
degree r; with coefficients u; for i =0,...,n;

) Zo = {(Co,...,Cn)‘Po(Co;yl,... 7yn) = ... =
Pn(Cn; y1,---,¥n) = 0 has a solution in £"}.

Definition(Gao-Li-Yuan, 2013) Let Z be the Kolchin closure of
Zy. By GDIT, there exists an irr. §-poly R € Q{ug, ..., u,} s.t.

Z =V(sat(R)).
R is defined as the differential resultant of P;'s.

Note: differential resultant for n = 1 was studied by Ritt (1932).
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Sparse Differential Polynomials

o Sparse Differential Polynomials: with fixed monomials

Most differential polynomials in practice are sparse.

/

y

Wei Li, AMSS
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A dense §-Poly of order
one and degree five

Sparse differential /ce resultants

y

A sparse 6-Poly f = %+
*y4+*y’5—|—*y2y’2
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Sparse differential resultant (Li-Yuan-Gao, 2015)

Let Aj = {Mio,...,M; } (i =0,...,n) be sets of Laurent
d-monomials in'y = (y1,...,yn), and

i

P,-(u,-;y) :Zu;kM;k (izO,...,n) (2)

k=0
be generic Laurent §-polynomials defined over A;. Let
Zo = {(co, ..., €n)|Po(co;y) = -+ = Po(€n;y) = 0 has a solution in(£")"}

and Z be the Kolchin closure of Zy in Pl x ... x Ph.
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Sparse differential resultant (Li-Yuan-Gao, 2015)
Let Aj = {Mio,...,M; } (i =0,...,n) be sets of Laurent

d-monomials in'y = (y1,...,yn), and
i
P,-(u,-;y) :Zu;kM;k (izO,...,n) (2)
k=0

be generic Laurent §-polynomials defined over A;. Let

Zo = {(co, ..., €n)|Po(co;y) = -+ = Po(€n;y) = 0 has a solution in(£")"}

and Z be the Kolchin closure of Zy in Pl x ... x Ph.

Definition. If Z is of codimension 1, then 3 R € Q{ug...,u,} s.t.
Z =V(sat(R)).

R: the sparse differential resultant, denoted by Res 4, .. 4,.
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Criterion for the existence of sparse diff resultant

i DNt
Assume Mik/MiO = er":l Hf’zo(yj( ))t,kﬂ (t,'kj/ S Z). Set
S; Si
Bik = ( Z t,'kj/X{, ey Z t,-kj/X,l7> € Z[Xl, - ,X,,]”.
1=0 1=0
Let

I
> r—o Yok Bok

p
> ko U1kB1k

M= € Z[u; xq, . . ., xp) (PFXN.

/ :
ZI?:O unk/Bnk

Theorem. Resy, .. 4, exists <= rank(M) = n
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Criterion for the existence of sparse diff resultant

Assume M./ Mio = [17_y TT7o(v\") ' (tujs € Z). Set

S; S;
Bik = ( Z t,'kj/X{, ey Z t,-kj/X,l7> € Z[Xl, - ,Xn]”.
1=0 1=0
Let

I
> r—o Yok Bok

p
> ko U1kB1k

M= € Z[u; xq, . . ., xp) (PFXN.

227:0 Unk/Bnk
Theorem. Resy, .. 4, exists <= rank(M) = n
<= There exist k; (1 <k < /,) s.t. rank(Mko,m’kn) =n,

where the j-th row of My, . is Bi_1k ;-
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Example

Example
Ao = {1, y1y2},

A ={1,y1y5},
Az = {1, 1y}

Ag, A1, Ao form a Laurent §-essential system for

Upr  Uoi 1 1
M= | uiixy ui1xo (orMy11=1| x1 x» |) hasrank 2.
U1x1 W21 xp 1

Using differential characteristic method, we have

2 2 2 / /
Res = —uq1 Upq Ug1 — U1 U Unq U101 Uo1 U11 U2g U21 Uy — U11 U20 Upo U21 Uy -
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Necessary/sufficient conditions for the existence of
solutions

Differential resultant:

If Po(co;y) =+ = Pn(cn;y) = 0 has a solution in £7, then
R(co,...,cn) =0;

Conversely, if R(co,...,c,) =0 and Sg(co,...,cp) # 0, then
the system has a solution in £".

Sparse differential resultant:
If Po(co;y) = -+ = Pp(cn;y) = 0 has a solution in (EM)", then
Res 4q,....4,(Co, - - -, €n) = 0;

Conversely, if Res4,.....4,(Co,-..,€n) =0 and Sges(co, ..., €n) # 0,
then the system has a solution in (£/)".
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Order and Differential homogeneity

G ={g1,...,8n}: differential polynomials in y1, ..., y,.
Jacobi number: Jac(G) = maxses, Y7 ord(g, Yo(i))-
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Order and Differential homogeneity

G ={g1,...,8n}: differential polynomials in y1, ..., y,.
Jacobi number: Jac(G) = maxses, Y7 ord(g, Yo(i))-
Jacobi bound conjecture: ord(V(G)) < Jac(G)
Proposition (Order and Differential homogeneity).

@ The J-resultant R(uog, . ..,u,) is 6-homogeneous in each u;
and ord(R, u;) = > ord(P).

@ Resy, .. 4, is 0-homogeneous in each u; and

Ord(ReSAo,...,An: u,~) < Ja(:(Pf)7

where P; = {Po,..., Pn}\{Pi}.
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Poisson-Type Product Formula

Algebraic Resultant: Res(A(x), B(x)) = cI1,, g(y=0 A(N)-
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Poisson-Type Product Formula
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Poisson-Type Product Formula
Algebraic Resultant: Res(A(x), B(x)) = cI1,, g(y=0 A(N)-

Differential Resultant: R = AT]_Pg(1,)" %), where 7, is a
generic point of V(Py,..., P,).

Sparse Differential Resultant:

to Io
ReSAO ,,,,, AN(UQ,...,U,,) = AH(UOO +Zuokf7—k)(h0)-
7=1 k=1

When 1) Any n of the A; diff independent and
2) € € Spanz{a,-j — Oé,'o},

Res, .4, = AT[%, (&‘;gzj)))(h(’), and 7, lies on Py,..., P,.
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Degree bounds
Algebraic Resultant: deg(R,u;) = [];_; deg(P)).
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Degree bounds
Algebraic Resultant: deg(R,u;) = [];_; deg(P)).

Sparse Resultant: (BKK number)

deg(Res4,,.. 4,,ui) = MV(Qo, ..., Qi—1,Qit1,--.,2n), where
Qy = conv(Ay).

Differential Resultant: (BKK-type degree bound) deg(R,u;) <

Soise MY ((Qin)jzi0<i<s—s;s Qios - - - » Qik—1, Qik+1, - - - » Qis—s;) Where
Qjs is the Newton polytope of 5’Pj.
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Degree bounds
Algebraic Resultant: deg(R,u;) = [];_; deg(P)).

Sparse Resultant: (BKK number)

deg(Res4,,.. 4,,ui) = MV(Qo, ..., Qi—1,Qit1,--.,2n), where
Qy = conv(Ay).

Differential Resultant: (BKK-type degree bound) deg(R,u;) <

Soise MY ((Qin)jzi0<i<s—s;s Qios - - - » Qik—1, Qik+1, - - - » Qis—s;) Where
Qjs is the Newton polytope of 5’Pj.

Sparse Differential Resultant:
deg(Res,,....4,, ;) < [T7_o(deg(P;) + 1),

Example. Py = ugo + oty + o2y’ + tozy? + toayy’ + uos(y')?;
P1 = u1o + un1y + u2y’ + tisy? + viayy’ + us(y')?.
Bézout-type bound: deg(R) < (2 + 1)* = 81.

BKK-type bound: deg(R) < 20.
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Representation of resultants

Algebraic Resultant: Res(A(x), B(x)) = A(x) T(x) + B(x)W(x),
with deg(T) < deg(B), deg(W) < deg(A).
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Representation of resultants

Algebraic Resultant: Res(A(x), B(x)) = A(x) T(x) + B(x)W(x),
with deg(T) < deg(B), deg(W) < deg(A).

n s—s;

Differential Resultant: R(ug,...,u,) = > > h;#P;, and the h;
i=0 j=0
have degrees at most (sn + n)2d*"*" + d(sn + n).
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Algebraic Resultant: Res(A(x), B(x)) = A(x) T(x) + B(x)W(x),
with deg(T) < deg(B), deg(W) < deg(A).

n s—s;

Differential Resultant: R(ug,...,u,) = > > h;#P;, and the h;
i=0 j=0
have degrees at most (sn + n)2d*"*" + d(sn + n).

n J; .

Sparse Differential Resultant: Resy,.. 4, = > > G;#P; and G
i=0,=0

also has a bounded degree (m + 1)deg(Res).
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Representation of resultants

Algebraic Resultant: Res(A(x), B(x)) = A(x) T(x) + B(x)W(x),
with deg(T) < deg(B), deg(W) < deg(A).

n S—sj

Differential Resultant: R(up,...,u,) = > > h,J(SJP,, and the hj;
i=0 j=0
have degrees at most (sn + n)2d*"*" + d(sn + n).

n J; .

Sparse Differential Resultant: Resy,.. 4, = > > G;#P; and G
i=0,=0

also has a bounded degree (m + 1)deg(Res).

Note: If the (sparse) differential resultant of fy, ..., f, is nonzero,

then we have J
1=) "> Gof.
i=0 j=0
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Single-exponential computational algorithm

@ A single exponential algorithm to compute the sparse diff
resultant with complexity: O((J + n)PW)mO(/2)).
Here J:Jacobi number; | = . [;: size of the system.
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Single-exponential computational algorithm

@ A single exponential algorithm to compute the sparse diff
resultant with complexity: O((J + n)PW)mO(/2)).
Here J:Jacobi number; | = . [;: size of the system.

Unsolved: Matrix representation for (sparse) differential resultant?

Progress on matrix representation:

o Differential resultant for two univariate J-polynomials of order
one (Zhang-Yuan-Gao, 2014);

@ Linear sparse differential resultant for some special cases

(Rueda, 2016).
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Sparse Difference Resultant (Li-Yuan-Gao, 2016)

Comparison of Difference and Differential Resultant:

Difference Case Differential Case
[Po,...,P,,]ﬂQ{uo,...,u,,}
Definition — sat(R, Ry, ... R) sat(R)
Essential
(n+1)xn (n+1)xn

Criterion Mp € Z[X] Mp € Z[X], Ce ,Xn]
Matrix

_ ?
Formula R = det(M)/ det(Mp) !
Conditions for Only necessary conditions Necessary and sufficient
3 solutions (non-zero solutions) (non-poly solutions)
Homogeneity Transformally homogenous | Differentially homogenous
Property (F(AY) = M(N)F(Y)) (F(AY) = AT£(Y))
degree “=" BKK number BKK bound
Order Jacobi bound The same

(Dense: s —s;)

Wei Li, AMSS
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Example (extended)

Ao = {1, y1y2},
A = {1 yll) (1)}
Ay ={1,y )/2}

The sparse differential resultant is

2 2 2 / /
Res = —U11Upq U1 —Uo1 oo Ung u1po+uo1 11 Upo U21 Ugg—U11U20Upo U21 Up7 -

While the sparse difference resultant is

(1) (1)
Res = Ugg U11 — Up1" U10-
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Summary

A theory of sparse differential /difference resultants is developed
and a single exponential computational algorithm is given.
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Summary

A theory of sparse differential /difference resultants is developed
and a single exponential computational algorithm is given.

Problems for further study:
e Matrix representation for (sparse) differential resultants;
@ In the definition of sparse difference resultant, is m = 07

@ Resultant theory for a system of partial differential
polynomials?
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