Difference integrability conditions for parameterized linear
difference and differential equations

Alexey Ovchinnikov

CUNY Queens College, Department of Mathematics, 65-30 Kissena Blvd, Queens, NY 11367-1597, USA
CUNY Graduate Center, Department of Mathematics, 365 Fifth Avenue, New York, NY 10016, USA

Abstract

This paper is devoted to integrability conditions for systems of linear difference and differential
equations with difference parameters. It is shown that such a system is difference isomonodromic
if and only if it is difference isomonodromic with respect to each parameter separately. Due to
this result, it is no longer necessary to solve non-linear difference equations to verify isomon-
odromicity, which will improve efficiency of computation with these systems.
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1. Introduction

In this paper, we improve the algorithm that verifies if a system of linear difference and
differential equations with difference parameters is isomonodromic (Definition 3.1). Given a
system of difference or differential equations with parameters, it is natural to ask if its solutions
satisfy extra linear difference equations with respect to the parameters. Consider an algorithm

whose input consists of a field K with commuting automorphisms ¢1,...,¢,,071,...,0, and
derivations 9y, ...,d,, on K and a system of difference equations
S =AY, 8,(V) =AY, &Y =BiY.....0,Y = B,Y, (1)

where A; € GL,(K) and B; € M (K), 1 < i < ¢, 1 < j < m. Its output consists of such
additional linear difference equations

O'1Y:C1Y,...,O'rY=C,Y, (2)

where C; € GL,(K), 1 < i < r, if they exist, for which there exists an invertible matrix solution
of (1) that satisfies (2) as well. For an invertible matrix solution of (1) to possibly exist, the A;’s
and B;’s must satisfy the integrability conditions (5), (6), and (7). Moreover, the existence of the
C;’s above is equivalent to the existence of C;’s satisfying another large collection of integrabil-
ity conditions (9), (10) and (11). Such systems (1) are called isomonodromic in analogy with
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differential equations [26, 27, 19, 20, 16]. Isomonodromy problems for g-difference equations
and their relations with g-difference Painlevé equations were studied in [21, 22].

The main result, Theorem 4.1, states that (11), which are non-linear difference equations
in the C;’s, do not have to be verified to check the existence of the C;’s. More precisely, the
existence of C;’s satisfying (9) and (10) implies the existence of new invertible matrices that
satisfy all of (9), (10), and (11).

Since, due to our result, we only need to check the existence of solutions (that have entries
in the ground field K) of a system of linear difference and differential equations, a complexity
estimate for verifying whether a system of difference and differential equations is isomonodromic
becomes possible due to [1, 2, 4, 6, 7, 8].

A similar problem but for systems of differential equations was considered in [16], motivated
by the classical results [19, 20]. Differential categories developed in [15] formed the main tech-
nical tool in [16]. On the contrary, our proofs are constructive, which makes them more suitable
for practical use. In particular, from our proof, one can derive an algorithm that, given a com-
mon invertible solution of (9) and (10), computes a common invertible solution of all (9), (10),
and (11).

If one attempts to find a common solution for all of (9), (10), and (11) in a naive way, one
might have to adjoin new elements to the base field K that are not constant with respect to the
derivations and automorphisms, which is not desirable. On the other hand, Theorem 4.1 shows
how one can limit, in a computable way, these newly adjoint elements to those that are constant
with respect to all derivations and the automorphisms that do not correspond to the parameters,
which is another advantage of this approach. This is also different from the approach taken in
[5] to give an explicit treatment of a similar problem but for differential parameters, where a
linearly differentially closed assumption is imposed on the field of constants with respect to the
automorphisms.

The main result is expected to have further applications. In parameterized differential Galois
theory [9], there are several algorithms for computing Galois groups. For 2 X 2 systems, they are
given in [3, 14]. An algorithm, more general in terms of the order of the system, [24, 23] uses
the differential analogues [16] of our results to make the computation more efficient. Our results
may prove useful in the design of an algorithm for computing parameterized difference Galois
groups with difference parameters, as it has happened in the differential case, once [13] or [25]
is generalized to the case of several difference parameters, which is a challenge on its own.

These and other difference and differential Galois theories [18, 17, 11, 12, 10, 28] have been
developed to compute all difference and differential algebraic relations that solutions of systems
of linear difference and differential equations satisfy and have found many practical applications.

The paper is organized as follows. Notation is introduced and the basic notions of differen-
tial and difference algebra are reviewed in Section 2. The integrability conditions are discussed
in Section 3, where the main result is illustrated by showing a concrete example, in which we
perform computation with the basic hypergeometric g-difference equation with parameters (Ex-
ample 3.2). The main result and its proof are described in Section 4.

2. Basic definitions

A A-ring is a commutative associative ring with unit 1 together with a set A = {9y, ..., d,} of
commuting derivations d;: R — R such that

0i(a+ b) = 0;(a) + 0;(b), 0i(ab) = 0;(a)b + ad;(b), a,beR, 1 <i<m.
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For example, Q is a {d}-field with the unique zero derivation. For every f € C(x), there exists a
unique derivation 9 : C(x) — C(x) with d(x) = f, turning C(x) into a {9}-field.

For a ring R, M,,(R) denotes the set of n X n matrices with entries in R, and GL,(R) are the
invertible matrices in M,,(R).

A O-ring R is a commutative associative ring with unit 1 and a set ® = {¢(,...,d,} of
commuting automorphisms ¢; : R — R, 1 < i < g. A {®, A}-ring R is a ®-ring and a A-ring such
that, for all ¢ € ® and 9 € A, ¢p0 = 9¢. For subsets @' € ® and A" C A, let

RYY :={reR|¢(r)=r, 6(r)=0, forallp € &', § € A'},

the set of {®’, A’}-constants of R.

To discuss difference parameters in systems of difference and differential equations, it will
be convenient for us to split the set of automorphisms into two subsets. In such a case, we will
write {O U X, A} to emphasize that the set @ U X of given automorphisms is split into two subsets,
® and X. In this case, the X corresponds to the parameters.

LetX ={oy,...,0,}, Rbe a X-ring, and yy, ..., y, be indeterminates over R. The ring

Riyi,....yals =R[yi|0=0l ..ol 1<i<n ijeZ 1< j<r]

is called the ring of Z-polynomials, which is naturally a X-ring.

Example 2.1. To clarify the above, we will show a few basic examples of {® U X, A}-rings:

1. R=Q(xy,..., xm,ai,...,a,) With® = {¢1, ..., ¢}, X ={01,...,0,.},and A = {dy, ..., On}

defined by

¢i(f)(x1""9xm’a19""ar):f(xl"-~3xi+1»~'-’xm»al;«~o,ar), feR, lglém,
oil()X1se s Xpsrs vy = f(X1, ... Xpar,...ai+1,...,a,), feR 1<i<r
6;=6/6xi, lgigm,

where xi, ..., Xy,,d1,...,d, are transcendental over Q.
2. R = Q(x,a) with ® = {¢}, X = {0}, and A = {0} defined by

¢(f)x,a) = fqix,a), o(f)(x,a) = f(x,q2a), 0 =x0/0y,
where 0 # g1, ¢, € Q and x and «a are transcendental over Q.

Example 2.2. Difference and differential equations with difference parameters that appear in
practice include, among many others,

V' (xX)+ (X +ax+b)-y(x)=0

and
(a+bx—1+c/q x—1

2 —
¥(q"x) by —c/q ¥(gx) + prE—

y(x) = 0. 3)
q



3. Integrability conditions

In this section, the integrability conditions are introduced and an example illustrating our
approach is given. The main result will be shown in Section 4. Let K be a {® U X, A}-field of
characteristic zero, where ® = {¢y,...,¢,},Z ={0y,...,0.},and A = {y,...,0,}, and

Ayp,...,A; € GL,(K) and By,...,B, € M,(K).
Consider the system of difference-differential equations
(V) =A1Y,....0,(Y) =AY, 01(Y)=B1Y,...,0,(Y) = B,Y. “4)

If L > Kis a{®,A}-ring extension and Z € GL, (L) satisfies (4) then, for all i, j, 1 < i, j < g, we
have

¢ j(ADAZ = ¢($i(2)) = ¢i(j(2)) = ¢i(A)AIZ.

Therefore, we obtain

di(ADA; = ¢i(A)A; (5)
Moreover,
¢ (BHAZ = ¢(0:(2)) = 0i(¢;(2)) = 0;(A))Z + A;B,Z
and
0/(B)Z + B;B;Z = 0;(0/(2)) = 0;(0j(Z2)) = 6:(B;)Z + B;B;Z,
which imply that
$i(BNA;j=0i(A))+A;B;, 1<i<m 1<j<gq, (6)
and
0i(B))—0i(B)) = [B;,B;], 1<i,j<m. @)

If, in addition, there exist Cy, ..., C, € GL,(K) such that
01Z)=CiZ,...,0.(2) =C.Z, 3

then, similarly to the above,

$i(CHA; = di(A)C;, 1<i<n1<j<g, )
O'j(Bi)Cj = 6,(C]) + CjBi, 1 < i < n, 1 g j g r, (10)
o i(CHCj = oi(C)C;, I1<i,j<r (11)

Therefore, (5), (6), (7), (9), (10), and (11) are necessary conditions for the existence of a common
invertible matrix solution of (4) and (8) with entries in a field L. They are also sufficient. Indeed,
let

L= K(xlls .. ’xnn)’

with
0i((xr5)) = Bi(xys), 1<i<m, ¢i((xr5) =Aj(x5), 1< j<q,
O ((xr5)) = Crl(xp5), 1<k

Then (5), (6), (7), (9), (10), and (11) imply that L is a {O U Z, A}-field.
4



Definition 3.1. The system of linear difference-differential equations
¢1(Y)=AY,...,0,(Y) =AY, 0(Y)=BY,...,0,(Y)=B,Y

with Ay, ..., A; € GL,(K) and By, ..., B,, € M, (K) satisfying (5), (6) and (7) is called difference
isomonodromic if there exist Cy,...,C, € GL,(K) satisfying (9), (10), and (11).

Connections to analytic interpretations of a similar notion, differential isomonodromy, and
parameterized Galois theory can be found, for example, in [9, §5] and [16, §6.2].

Example 3.2. Consider the field K := Q(x,a,b,c) as a ® U Z-field, where ® = {¢,}, = =
{0, 0p, 0} and, for all f € K,
¢q(f)(X, a, b’ C) = f(CIX, a, b9 C)’ O-a(f)(x» a, b7 C) = f(x’ qa, b7 C)’
op(f)(x,a,b,c) = f(x,a,qb,c), o(f)(x,a,b,c) = f(x,a,b,qc).
For Eq. (3), the matrices

1 —a 1 -b
Cy:=|aglx-1) aq(l-ax)+cla- 1)], C, = (bq(x— 1) bg(l =bx)+cb-1)],

abgx — ¢ abgx — ¢ abgx — ¢ abgx — ¢
and
x(c(a+b) —ab)—c* ¢ —abx
Cs:= Pyad ¢ —abx |’
x cx

which can be calculated using the RationalSolution tool in the QDifferenceEquations
package of MAPLE (see also [25, Ex. 2.35] for the case @ = b and ¢ = ¢), satisfy (9). How-
ever, (11) is satisfied only for the pair C; and C,. So, the g-difference equation (3) is difference
isomonodromic over any @ U {0, 07 }-field containing K.

Applied to this situation, the proof of Theorem 4.1 contains an algorithm that turns (3) into a
difference isomonodromic equation with respect to @ U X just by extending K by at most one o -
transcendental element x; to K, which is constant with respect to ¢,. In particular, a calculation
in MAPLE using the above package shows that the solution space of (19) has dimension d = 1 and

a-c b-c
oq(x1) = X1, op(xy) = X1 (12)
-c gb—c
Since
1
X = —
T @-ob-o
satisfies (12), following the proof of Theorem 4.1, we replace C3 by
x(c(a + b) — ab) — 2 c—abx
D: = (a—c)b-c)x (a=c)b-o)x
3 x—1 ¢ = abx

(a—c)b-c)x (a—c)b-c)x
Thus, Eq. (3) is difference isomonodromic with respect to £ over K with the matrices Cy, C,
and D3, and the proof of Theorem 4.1 has helped us discover the latter matrix.
Let L; be a {® U Z, A}-field and L, be a X-field containing LCID’A, then R := L, ®L11D,A L is
an integral domain [18, Lem. 6.11] and, therefore, L;L, := Quot(R) is a {® U Z, A}-field with

{®, A}-constants equal L,.
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4. Main result

This section contains the main result, Theorem 4.1, which allows one to reduce the number
of integrability conditions to be tested.

Theorem 4.1. Let Ay,...,A; € GL,(K) and By,...,B, € My(K) satisfy (5), (6), and (7). If
there exist Cy,...,C, € GL,(K) satisfying (9) and (10), then there exist

1) a computable X-field F generated over K®* by at most (r — 1)n* elements and
2) Dy,...,D, € GL,(KF) such that all integrability conditions are satisfied:

¢j(Di)Aj = U[(AJ)D,‘, 1 < ] \ r, l < q, (13)
O'J'(B,')DjZB[(Dj)+DjBi, 1<i<m 1< j<, (14)
o i(D)D; = oi(D;)D;, I1<i,j<r (15)

Proof. This will be done by induction. Let there exist Cy,...,C, € GL,(K) satisfying (9)
and (10) and let k be such that 2 < k < r. Suppose we have already computed a 2-field F_,
generated over K®* by at most (k — 2)n? elements and

Dl, ey Dk—l € GL,[(KF/(,I)

that satisfy (13), (14), and (15) (k — 1 is substituted for r). We claim that there exists a X-field Fy,
generated over K®2 by at most (k — 1)n? elements and Z € GL,(KFy) such that

(D1,....Dk_1,Dp) := (Dy, ..., Di1, ZCy)

satisfies (13), (14), and (15) (k is substituted for ). We need to construct a X-field F; and
Z € GL,(KFy) such that

ok (ANZCy = $i(ZCPA;, 1<i<gq, (16)
ok (B)ZCy = 0/(ZCy) + ZCy B, 1<i<m, (17)
o(D)ZCy = 0i(ZCy)D;, 1<i<k-1. (13)
Expanding the right-hand sides of (16), (17), and (18) using (9) and (10), we have
$i(ZCA; = pi(Z)pi(C)A; = ¢pi(Z2)oi(Ai)Cy, 1<i<g,
0,(ZCy) + ZCB; = 0(Z)Cy + Z(0i(Cy) + CBy) = 0{(Z2)C + Zo(B;)Cx, 1<i<m,
0i(ZC)D; = oi(Z)o(Cy)D;, 1<i<k-1.
Therefore, (16), (17), and (18) turn into
$i(Z) = LA Zo(A) ™, 1<i<g, (19
0i(Z) = [ow(By), Z], 1<i<m, (20)
7i(Z) = (WD) Zo(D) ™) (uDICkD; o C) ™), 1<i<k-1. (@D

Let us now demonstrate how find an invertible solution of (19), (20), and (21). For this, let V be
the F_;-vector space of matrix solutions of (19) and (20) in M,(KFj_;) and let

dimp, , V=:d <n’
6



We will show that V is invariant under the vector space isomorphisms defined by (21), and then
will construct a solution of the restriction of (21) to V. The former will consist of several steps.
At the first step, choose an F_;-basis

2111 211d
nl,1 Znl,d
N (22)
Zin,1 Zind
Znn,] Znn,d
of V so that
21 .-+ Znl
-1 -1 -1
= o7 (ouDNCDT 1€ ™) € GLy(KFic). (23)
Znl,1 --- Znm,l

This matrix is indeed in V, which also implies that d > 1. To prove the former (and also for the
purposes of our construction that will follow), let us show that, forall i, 1 <i < k-1,

H; := o7 (ouD)CD; o C) ™) (24)
satisfies (19) as an equation in Z. Indeed, for all j, 1 < j < g, we have

¢, (DICD} o C™) = Tl @ (D)) (CI (D) i ,(Co) ™
= u(¢,(D)A)THA) " $/(CBHD) Ti(p(C)) !
= O'i(O'k(Aj))U'k(Di)O'k(Aj)_1¢j(Ck)¢j(Di)_10'i(¢j(Ck))_l
= (oA THDICAT ¢ (D) (¢ (C)) ™
= 0 (0 k(AD)TKDICD; (A oi(¢,(C)) !
= (oA N)T(DNCD;T o Co o)),

which implies the claim. Moreover, we will prove that (24) satisfies (20) as an equation in Z.



Indeed, forall j, 1 < j < m,
o i(Tk(B))o(DNCD; o (C) ™ = o DHCD oi(Cr) " ori(oi(B)))
= o(01(D;) + DiB;)CD; ' oi(Cr) ™ = ou(D)CD; i C) ™' ori(oi(By))
= 0, (D))CiD; oi(Cr) ™" + o (D)o (B)Ci Dy ori(Cr) ™!
— o(D)CD; o (Ci ' oul(B)))
= 0 (o (D)CkD; ' i(Co) ™" + (D)o (B)Ci Dy ori(Cr) ™!
— oW(D)CD} i (C o (COCE + BiC)
= 0 (o (D)CkD; oi(C) ™" + (D)o (B)Ci D7 ori(Cr) ™!
— T(D)CLD; (B o Co) ™ + o (D)CiD; '8, (0i(C) ™)
= 0;(au(DN)CkD; ' o(C) ™ + T(DN(H(Cy) + CiB))D; i C) ™!
— W(D)CD; i B C) ™ + ou(D)CD; 0, (0 C) ™)
= 0;(au(D))CkD; o C) ™ + TiDHF(Co)D; oi(Ci) ™!
+ oW(D)Cr (B;D; ' = D7 'oi(B)) 0i(Co) ™ + au(D)ChD; 9 (0 C) ™)
= 0;(au(DN)CkD; o ((C) ™ + T(DNI(C)D; oi(C) ™!
+ o (Dy)Ci0; (Dfl) oi(C)™" + oWl (DHCD; 10, (Ui(Ck)il)
= 0 (uD)CeD; o (C) ™).
Our second step is to show that, for any {0 UZ, A}-ring R, V is invariant under the invertible map
L : My(R) > My(R),  Z > o7 (ouD)Zou(D) ™), 1<i<k.
Indeed, forall j, 1 < j<¢q

o (¢j (0',71 (Uk(Di)ZUk(Di)71)>)

T((DNoK(A)Zo (A7 ¢,(D) ")
ol(oi(ApD)Za (D7 ori(A)™)
= o (oA o (oD Zo(D) ™) oA ™).

Moreover, for all j, 1 < j < m,
|oilaw(B)), ou(D)Zo(D) ™| = ol au(B)oi(DNZo(D)™" = (D) Zo(Dy) ™ il oi(B))
= 04(0;(Dy) + DiB)Zo(Dy)™" - (D) Zo (D7 9,(D)D;" + B;D;)
= 0,(o(D))Z (D)™ + o (D) ok(B)), Zo(D) ™ = o(Dy)Zeri (D 0,(D) D)
= 0,(ou(D))Zo (D)™ + (DA Z)o (D)™ = o(Dy)Zeri (D 0,(D) D)
= 0, (ouD)Zo(DY ™).

We have shown in the above that, for all i, 1 < i < k, V is L;-invariant and H; € V (see (24)). In
our third step, we will show that, for all i, 1 < i < k, V is invariant under the invertible map

M; : M,(R) » M,(R), Zw— L(Z)H,.
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Indeed, forallZ e Vand j, 1 < j < g,
¢; (L{(D)H;) = ¢ {(Li(Z))p;(H;) = o1(A)L{(Z)o(A) ™ oA Hio(A) ™!
= oW(ADL(Z)Hiow(A) ",
and, for all j, 1 < j < m,
0; (L{(Z)H)) = 0;(L{(Z))H; + L(Z)0;(H;) = [o«(B)), L{Z)|H; + L(Z)[o(B)), H;]
= |ow(B), LD)H,].

Finally, since, for every i, 1 < i < k — 1, the Fy_,-linear map o; o M, is invertible and sends V
into o;(V) by the above, in the basis (22), Eq. (21) is of the form

O'l‘(Y)ZEiY, EiEGLd(Fk_l), 1<l<k—1
We now let

X1 X1
, O IZE," s l<l<k—l, (25)

Xd Xd

e ={0k...,00), Fr:=Fialx, 1 <s<d)y

k

where x, 1 < s < d, are X -indeterminates. We need to prove that the action of o, 1 < i < k—1,
is well-defined. For this, it is sufficient to show that, forall u and v, 1 <u,v < k-1,

o (E)E, = o,(E,)E,.

For this, it is sufficient to show that (21) satisfies the integrability conditions. For all # and v,
1 <u,v<k-1, wehave

Tu(T(D)Z)or, (CD} o (Co) ™)

= ou (0 u(DD,D ) o (D)ZCLD, o (Co) o (CiDy o (C) ™)

= o (0u(D)oi(Dy)ZC Dy (D)) o (0 (CO)) !

= 0 (0((D)Z)r(COD, D, o (D,) (0 (C)) !

= 0, (0u(DWZ) o, (CuDy o (C ™).

It remains to note that, since xi, ..., x; are transcendental over K Fj_;, the matrix

ZiaXt + ...+ 21gXa oo Zn1 X1t ...+ ZpaXa
7 = . . € GL,(KFy)

g Xt + .ot ZntaXa oo Zana X1t ..o+ ZupaXa

by (23). Indeed, det(Z) is a polynomial in the indeterminates xi, ..., x; and takes the value
det(H;) # 0 under the substitution x; = 1,x; = 0,...,x; = 0 (see (23) and (24)). Therefore,
det(Z) # 0. Finally, the matrix Z also satisfies (19), (20), and (21) by construction (see (22)
and (25)), which finishes the proof. O]
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