FROM APOLLONIAN PACKINGS TO HOMOGENEOUS SETS
SERGEI MERENKOV AND MARIA SABITOVA

ABSTRACT. We extend fundamental results concerning Apollonian packings, which con-
stitute a major object of study in number theory, to certain homogeneous sets that arise
naturally in complex dynamics and geometric group theory. In particular, we give an
analogue of D. W. Boyd’s theorem (relating the curvature distribution function of an
Apollonian packing to its exponent and the Hausdorff dimension of the residual set) for
Sierpinski carpets that are Julia sets of hyperbolic rational maps.

1. INTRODUCTION

One of the most studied objects in number theory which continues to intrigue mathe-
maticians since ancient times is the theory of Apollonian packings. An Apollonian circle
packing can be formed as follows. Consider three mutually exterior-wise tangent circles
C1, Cy, and C5 in the plane, i.e., each circle touches each of the other two at exactly
one point and the open discs enclosed by C4,Cy, and C3 do not intersect pairwise (e.g.,
see the circles labeled by 18, 23, and 27 in Figure 1 below). A theorem of Apollonius
says that there exist exactly two circles that are tangent to all the three circles Cy, Cs,
and C5. In our example in Figure 1 it would be the big outer circle, denoted by Cj, and
the small one, say (Y, inscribed inside the curvilinear triangle formed by arcs of Cy, Cs,
and C3. Applying the Apollonius theorem to any three mutually tangent circles among
Co, C1, ..., Cy (for the circle Cy one should take the open disc it bounds as its exterior),
one gets new circles inside the disc bounded by Cj. Continuing this process indefinitely,
one obtains an Apollonian circle packing.

FIGURE 1. An Apollonian circle packing with integer curvatures.

Apollonian circle packings are of interest in number theory in particular due to the
observation that if four circles Cy, C1, Cs, C3 have integer curvatures, then all the circles
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in the packing also have integer curvatures (in Figure 1 the numbers inside circles are their
curvatures and Cy has curvature 10). There has been extensive research done on number
theoretic aspects of Apollonian circle packings as well as on related objects (see [S11] for a
summary of recent advances; also [BF11], [GO05], [G06-1], [G06-2], [GO3], [KO11], [OS12],
[S08], and others).

Consider an Apollonian circle packing P whose circles are denoted by Cpy, C1, ..., and
for each k € {0,1,...} let r, denote the radius of Cy. With P one associates the exponent
E = E(P) given by

E=inf{t eR | Zr,t€<oo}.
k

Note that £ # £oo. Indeed, clearly ¢ is non-negative, and the series >, 77 is convergent
since Y, r# is bounded by the area enclosed by the outer circle Cy. One also defines
the following curvature distribution function

N(z)=#{k|r' <2}, z€R.

Let S be the complement of the union of all the open discs enclosed by circles Cy,
k€ {1,2,...}, in the closed disc enclosed by Cy. The set S is called the residual set of P.
It is a set of Lebesgue measure zero and is a fractal in the sense that it behaves similarly
on all scales. A natural notion of dimension that can be associated to any metric space,
in particular the residual set of an Apollonian circle packing endowed with the restriction
of the Euclidean metric, is the Hausdorff dimension. It is known that the Hausdorff
dimension dimy S of the residual set S of an Apollonian circle packing is approximately
1.305688 (see, e.g., [Mc98], p. 692). The following result is fundamental in the study of
Apollonian circle packings and provides the main motivation for the present paper.

Theorem 1 (D. W. Boyd, [Bo73], [Bo82|). If P is an Apollonian circle packing, then

lim log N(z)

T—r00 lOg(L’

where N is the curvature distribution function, E is the exponent of P, and dimgy S is
the Hausdorff dimension of the residual set S of P.

It is natural to ask whether an analogue of Theorem 1 holds for other subsets of the plane
that have fractal nature akin to the residual set of an Apollonian circle packing. In this
paper we propose to investigate this question for a family of sets with controlled geometry
on all scales, the so-called homogeneous sets defined in Section 2. These are the residual
sets of packings by topological (rather than geometric) discs that have roughly rounded
shapes, appear at all locations and on all scales, and are relatively separated in the sense
that two large elements of the packing cannot be too close to each other. The last condition
can be replaced by the assumption that the elements of a packing are uniformly fat. One
example of such a homogeneous set is the standard Sierpinski carpet S3 (see Figure 3
below). For a homogeneous set we establish asymptotic relationships between a certain
natural analogue of the curvature distribution function and the Minkowski dimensions of
the corresponding residual set S (Section 3). It turns out that for a general homogeneous
set the exponent of the corresponding packing equals the upper Minkowski dimension of

S rather than the Hausdorff dimension of S. As the main application of these results we
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prove an analogue of Theorem 1 for Sierpinski carpets that are the Julia sets of hyperbolic
rational maps (Section 4). Finally, in Section 5 we state some open problems.

Acknowledgments. The authors would like to thank Mario Bonk for many useful
comments and suggestions.

2. HOMOGENEOUS SETS AND CARPETS

Let {Ck}keNU{o} be a collection of simple closed curves in the plane such that each
Ck, k € N, is enclosed by Cj (i.e., Cy is contained in the closure of the bounded com-
ponent Dy of the complement of Cjy) and suppose that for each pair j, k& € N with
J # k, the bounded complementary components D; and Dy of C; and Cj, respectively,
are disjoint. In analogy with Apollonian circle packings, we call the collection of curves
P = {Cr}renuioy, or, interchangeably, the collection of the corresponding topological discs
{Dr}kenvioy, @ packing. The residual set S associated to such a packing P (or, simply, the
residual set of P) is the compact subset of the closure Dy obtained by removing from D
all the domains Dy, k € N. One can similarly define packings and the associated residual
sets in the sphere rather than in the plane. In the following it makes no difference whether
we consider planar or spherical packings. We say that the residual set S of a packing P
is homogeneous if it satisfies properties (1), (2), and (3), or (1), (2), and (4) below.

If one hopes to prove an analogue of Theorem 1 for a packing P = {Cy}renufoy, then
it is reasonable to assume that domains Dy’s corresponding to curves Cy’s have roughly
rounded shapes. More precisely,

there exists a constant o« > 1 such that for each D; there exist inscribed

and circumscribed concentric circles of radii r, and Ry, respectively, with

R
k<.
Tk

For example, (1) holds if all C}’s are circles or squares.

It also seems clear that one needs to impose a condition on the residual set S associated
to P = {Cr}renuqoy that imitates the fractal nature of the residual set of an Apollonian
circle packing. We consider the following condition, which is standard in complex dynam-
ics and geometric group theory:

there exists a constant 5 > 1 such that for any p € S and r, 0 < r < diam S,
there exists a curve C}, satisfying Cy, N B(p,r) # () and

1
Er < diam C} < fBr.

Here and in what follows B(p,r) denotes the open disc of radius r centered at p, and
diam X stands for the diameter of a metric space X. Geometrically, property (2) means
that curves C}’s appear at all locations and on all scales.

Remark 1. Note that properties (1) and (2) readily imply that the Lebesgue measure of
S is zero. Indeed, otherwise S would contain a Lebesgue density point, which clearly

contradicts to (1) and (2).
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Further, we require the following condition of relative separation, also standard in
complex dynamics and geometric group theory:

(3) there exists a constant 6 > 0 such that for any j # k we have
diSt(Cj, Ck) >
min{diam C;, diam Cy} —

Here dist(C}, Cy) stands for the distance between C; and Cj. One can visualize property
(3) as forbidding two large curves C; and C} to be quantitatively too close to each other.

A(Cj, Ck) =

Remark 2. While extending analysis from Apollonian circle packings to more general
packings, one would like to recoup an important property of rigidity. Conditions (1), (2),
and (3) can be considered as a way of doing so.

Clearly, Apollonian circle packings satisfy (1). However, they do not satisfy either
(2) or (3). Indeed, the failure of (3) is immediate because in Apollonian circle packings
the circles are allowed to touch. We now show that (2) fails. Let C} and Cy be two
tangent circles in an Apollonian circle packing having disjoint interiors and let p denote
the common point of C and C5. Assume ¢, is a sequence of positive numbers with ¢, — 0
as k — oo. For each k denote by 7 the radius of a circle from the packing other than
Cy or Cy that intersects B(p, ¢;) and has the largest radius. It can be checked that the
sequence 1y, goes to zero faster than €, when k — oo (in fact, ry is majorized by €;). Thus
homogeneous sets do not generalize Apollonian circle packings but rather complement
them.

As pointed out in the previous paragraph, condition (3) does not allow for two elements
of a packing to touch. It turns out that in the main results of the paper this condition
can be replaced by the following co-fatness condition for S (see [S95]):

(4)

there exists a constant 7 > 0 such that for every k& and each disc B(p, )

that is centered on D, and does not contain D, we have

area(Dy, N B(p,r)) > 77°.

Remark 3. It is easy to check that neither of (3) or (4) implies the other. Condition (4)
is often easier to check, e.g, as (1) it holds in the case when all C}’s are circles or squares.
Moreover, the Sierpiriski gasket (see Figure 2) satisfies (4) but not (3). It is not hard to
see that the Sierpinski gasket also satisfies (1) and (2), and so it is homogeneous.

F1GURE 2. The Sierpinski gasket.



Example 1. Standard Sierpinski carpets are homogeneous. Recall that for an odd integer
p > 0 the standard Sierpinski p-carpet S, (defined up to translations and scalings of the
plane) is obtained as follows. As the first step of the construction we subdivide a closed
square in the plane into p? equal subsquares in the obvious way and then remove the
interior of the middle square (the middle square is well defined because p is odd). In
the second step we perform the same operations (subdivide into p? equal subsquares and
remove the interior of the middle square) on the p? — 1 subsquares remaining after the
first step. If the process is continued indefinitely, then what is left is called the standard
Sierpinski p-carpet (see Figure 3 below for p = 3). A proof that S3 and S5 are homogeneous
is contained in Example 3 below. For a general p the arguments are similar.

F1GURE 3. The standard Sierpinski 3-carpet Ss.

By definition, a Sierpinski carpet, or carpet for short, is any topological space that is
homeomorphic to Ss. A peripheral circle of a carpet S is any simple closed curve in S that
corresponds under a homeomorphism to the boundary of one of the removed squares in the
construction of S3. Whyburn’s characterization [W58] states that a metrizable topological
space is a carpet if and only if it is a planar continuum of topological dimension 1 that
is locally connected and has no local cut points. Here a local cut point is a point whose
removal separates the space locally. This gives a way to produce a large supply of carpets
as follows. Suppose that Dy is a closed topological disc in the plane or in the sphere and
{Dy}ren are pairwise disjoint open topological discs contained in Dy that are bounded
by simple closed curves. Then the space S = Dy \ UpenDy is a carpet if and only if S
has no interior, diam Dy, — 0 as k — oo, and for each pair j,k € NU {0}, j # k, the
boundaries 0D, and 0Dj, are disjoint. In this way, any carpet is represented naturally as
the residual set associated to a packing P = {0Dj}renugoy, where the boundaries of Dj’s
are peripheral circles. As a partial converse, any homogeneous residual set S satisfying (3)
is a carpet. Indeed, (1) implies diam Dy, — 0 as k — oo, (2) gives that S has no interior,
and (3) implies that dD; and 0Dj, are disjoint for all j # k.

Ezample 2. If the Julia set J(f) of a hyperbolic rational map f is a carpet, then it is
homogeneous (see the proof of Theorem 6 below; definitions of a Julia set and hyperbolicity
can be found in Section 4 below). An example of such a map is f(z) = 22 — 1/(162?) (see
Figure 4 for its Julia set).

It is known that if the limit set £(G) of a convex-cocompact Kleinian group G is a
carpet, then it is homogeneous. (This can be extracted from [KKO00].) In particular, if
G is the fundamental group of a compact hyperbolic 3-manifold with non-empty totally

geodesic boundary, then its limit set £(G) is a homogeneous carpet. We do not prove
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FIGURE 4. The Julia set of f(z) = 2* — 7.

these statements as we do not need them. For a comprehensive treatment of asymptotics
of the curvature distribution function for circle packings invariant under non-elementary
Kleinian groups see [0S12].

Assume that P = {C’k}keNu{o} is a packing whose associated residual set S satisfies (1).
Similarly to the case of Apollonian circle packings we define the exponent E = E(P) of
P as

E=inf{t € R | Z(diam Cr)' < oo}
k

Let aj, = diam Cj, and for a natural m denote M(t,m) = >";" al, M(t) =3, al. Asin
the case of Apollonian circle packings we have M(2) < oo. Indeed, using (1) we have

T Z a; < 4m Z R < 4a? Z 7 < 4a”Area(Dy),
k k k

since the circles inscribed in C)’s are pairwise disjoint. Also, without loss of generality
we can assume that all ay < 1, and thus for ¢ > ¢’ > 0 we have M (t,m) < M(t',m) for
any m. Finally, M(0) = oo. These imply that F < co and

E=inf{t e R| Y (diamCy)' < oo} =sup{t € R| Y (diam Cy)" = oo}.
k k

The curvature distribution function N(x) of P is defined by
N(z) = #{k | (diam C}) ' <2}, z€R.

It turns out that for a general homogeneous residual set S associated to a packing P the
limit of log N (z)/logx does not exist when x tends to infinity, i.e.,

log N log N
(5) lim sup log N(z) lim inf og—(m)‘
—00 lOgl' T—00 ogx
Also, the Hausdorff dimension of S is not necessarily equal to E(P) (see Example 3
below). This contrasts Theorem 1.

Example 3. Using the idea of Sierpinski carpets we now construct the following packing
for which (5) holds. To a closed square in the plane we apply the first n; steps of the
construction of the 3-carpet. Then, to each of the remaining subsquares we apply the
first ny steps of the construction of the 5-carpet. After that, to each of the remaining
subsquares we apply the first nz steps of the construction of the 3-carpet again. This way,

alternating, we continue indefinitely. For each sequence o = {nj, ny, ns, ...} we therefore
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have a packing P = P(o) and the associated residual set S = S(o) depending on o.
In this construction we allow some nj to be infinite, in which case we assume that the
sequence o is finite and its last element is infinity. We also allow the first n; steps to be
the steps of the construction of the 5-carpet. Whyburn’s characterization implies that S
is a carpet.

We now check that for any o the set S = S(o) is homogeneous, namely it satisfies
conditions (1), (2), and (3). In fact, it also clearly satisfies (4). Indeed, (1) is trivially
satisfied, since each bounded complementary component of § is a square. To check (2)
we fix arbitrary p € S and 0 < r < diamS. After performing a number of steps of
dividing and removing subsquares as explained in the previous paragraph we will denote
by @ one of the biggest subsquares that turn out to be inside B(p,r). Assume also that
() is not a complementary component, i.e., ) is not a “hole”. More precisely, suppose
that n = ning...ng_1n;, where 1 < nj < ny, is the smallest number such that one
of the remaining subsquares @ of side length s = 375" . 37" or 3~™57"2 5 ",
depending on whether k is odd or even, is contained in B(p,r). From the minimality of
n it is immediate that /8" < s < f'r, where 5/ > 1 is an absolute constant. Now we
choose C' to be the boundary of the middle square in the subdivision of ). Then

diam C' = @ or @,
3 5
and (2) follows with 8 = 53'/+/2. Finally, to verify (3) let C; and Cj, be the boundaries
of two distinct complementary squares in the construction of §. We may assume that
diam C; < diam Cj. Let @ be the subsquare in the construction of S so that Cj is the
boundary of the middle square in the subdivision of (). Because diam C; < diam Cj, the
curve C}, does not intersect the interior of () and hence

diSt(Cj,Ck) > dlSt(Ck,aQ) > 1

diamC; — diamC; T /2’
i.e., (3) follows with § = 1/v/2. So, any S in the above construction satisfies (1), (2), (3),
and (4) and, in fact, the constants «, /3,6, 7 do not depend on sequence o.

A(Cj,Cy) =

If § is the 3-carpet, then one can easily check that
. logN(z) log8
lim = .
z—oo  logx log 3

Likewise, if S is the 5-carpet, then
. logN(z) log24
lim = :
z—oo  logx log 5

It is an elementary exercise to show that there exists a sequence o converging to oo fast
enough so that

lim sup log N(z) _ log 24 and i inf log N(z) _ log 8 _ log 24'
100 lOgx log 5 z—oo  logx log 3 log 5
Indeed, given a sequence {€y, €, . . .} of positive numbers converging to zero it is possible to
find a large enough n; so that for any nj, nj, ... the curvature distribution function N(x)
corresponding to S(o), o = {ny,n,,ni, ...}, satisfies log N(z1)/logz; < log8/log3 + €
for some large ;. Similarly, it is possible to find a large enough ns so that for any nj, nj, . ..
7



the curvature distribution function N(x) corresponding to S(o), o = {ny,ng, nf,nfy, ...},
satisfies log N (x3)/logzo > log24/log5 — €3 for some x5 > z1, and so on. We leave the
(easy) details to the reader.

Also, the Hausdorff dimension is always at most the lower Minkowski dimension (see
the definition of the latter below). Thus, according to Proposition 2 below for such a
sequence o and the corresponding set S one has

dimy S < liminf log N(z) = 10g8’
z—oo  logx log 3

where dimy S denotes the Hausdorff dimension of §. Theorem 4 below in addition shows
that | |
N 24
E(P) = limsup og N(z) — 082
00 log x log 5

3. CURVATURE DISTRIBUTION FUNCTION AND MINKOWSKI DIMENSIONS

As we saw in Example 3 above, for a general homogeneous residual set S, i.e., the
residual set S of a packing P satisfying (1), (2), and (3), or (1), (2), and (4), E is not equal
to the Hausdorff dimension dimy S of § in Theorem 1. We show that the right analogue
is the upper Minkowski (or the upper box counting) dimension of S, which is another
notion of dimension applied to fractals. Suppose n(e) denotes the maximal number of
disjoint open discs of radii € > 0 centered on S. Then the Minkowski dimension dimy,, S
of S is defined as

dimyp,, S = lim M,
0 log(1/€)
provided the limit exists. In general, this limit does not exist and in that case one de-
fines the upper Minkowski dimension dimpe, S (respectively, lower Minkowski dimension
dimye, S) as the corresponding upper limit (respectively, lower limit). Note that there
are other equivalent definitions of Minkowski dimensions, e.g., where n(€) is the minimal
number of open discs of radii e required to cover the set S, or n(e) is the minimal number
of open discs of radii € centered on S required to cover S, etc.

The following proposition is a certain duality result between a packing and the associ-
ated residual set in the case when the latter is homogeneous.

Proposition 2. If the residual set S of a packing P is homogeneous, then

log N
lim sup og—(x) = dimypoz S,
oo logx
log N
lim inf —22\%) (z) = dimypes S,
T—00 ogx

where N(x) is the curvature distribution function of P.
We will need the following lemma.

Lemma 3. Assume that S is the residual set associated to a packing P = {Ck}keNU{o}

satisfying (1) and (3) (or (1) and (4)). Given any [ > 0 there ezist constants v, =

71(8) > 1 that depends only on B and vo = Yo, ,0) > 1 (72 = %2(a,B,7) > 1) that

depends only on o in (1), B, and 6 in (3) (that depends only on « in (1), B, and T in (4))
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such that for any collection C of disjoint open discs of radit v centered on S we have the
following.

(6) There are at most v; discs in C that intersect any given Cy with
diam Cy, < fr,
and

(7)  there are at most vy, curves Cy intersecting any given disc in 2C and satisfying
1
—r < diam C},
g

where 2C denotes the collection of all open discs with the same centers as those in C, but
whose radii are 2r.

Proof. By rescaling the Euclidean metric by 1/r, we conclude that to find the bound -,
in (6) is the same as to find an upper bound on the number of disjoint open discs in the
plane of radii 1 that intersect a given set S of diameter at most 5. If B is a disc centered
at a point of S and whose radius is 5+ 2, then B contains S as well as any disc of radius
1 that intersects S. Therefore, if n is the number of disjoint open discs of radii 1 that
intersect S, then by comparing areas we obtain n < (8 + 2)2.

To prove (7) we first observe that (3) or (4) imply the existence of constants g’ >
0 and v € N such that the number of Ci’s that intersect a given B(p,2r) € 2C and
diam Cy, > ['r is at most v. Indeed, if (3) holds, let 8’ = 4/§ and suppose that there
are two distinct curves C;, Cy that intersect B(p,2r) and min{diam C}, diam C}} > f'r.
Then dist(C}, Cy) < 4r and hence

4r
A(Cj,Ck) < E = (5,
which contradicts (3), and therefore v = 1. Note that in this case 5’ depends only on §.
Now assume that (4) holds and let 5’ = 7. For each k such that Cj intersects B(p, 2r)
and diam Cy, > f'r, the corresponding Dy, is not contained in B(p,3r). Let By = B(q, )
be a disc centered at ¢ € DN B(p,2r). Then By is contained in B(p, 3r), and hence does
not contain Dy. Therefore by (4) we have

area(Dy, N By) > 712

Since any two distinct D; and Dy, are disjoint and all By’s are contained in B(p, 3r), for
the number v of “large” C}’s as above we have

vrr? < Z area(Dy N By,) < area(B(p, 3r)) = 97r?.
k

This gives v < 97/7, a bound that depends only on 7.
Thus, to prove the existence of 75 it is enough to find a bound on the number of C}’s
that intersect a given disc in 2C and satisfy

(8) %7’ < diam C}, < B'r.

Recall that by (1) there exists @ > 1 such that for any Cj there exist inscribed and

circumscribed concentric circles of radii r and Ry, respectively, with Ry /ry < a. Since the
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interiors Dy’s of distinct Cj’s are disjoint, the corresponding inscribed discs are disjoint.
Moreover, for C}, satisfying (8) we have the following inequalities:

1
Er < diam C}, < 2R}, < 2ary, < adiam Oy, < af'r.

The number of curves Cj that intersect a given disc B(p,2r) in 2C is bounded above by
the number of corresponding circumscribed discs that intersect the same disc B(p, 2r).
Therefore, to find a bound 7, in (7) we need to find an upper bound on the number of
disjoint open discs B(pg,7x) of radii r at least r/(2af) and at most §'r/2 such that
B(pg, ary) intersects B(p,2r) (recall that R, < arg). Rescaling the FEuclidean metric
by 1/r as above, it is equivalent to finding an upper bound on the number n of disjoint
open discs B(py, ry) of radii r, with 1/(2a8) < rp < /2 such that B(py, ary) intersects
B(p,2). Similar to the proof of (6), each disc B(py, ary) intersecting B(p, 2) is contained
in B(p,2+ af). Since B(py,rx)’s are disjoint, we obtain

St <@+ ag)
i=1
On the other hand,
St
- 2’
2"+ = Gap)

and thus n < (2a8(2 + af'))?, which completes the proof of (7). O

Proof of Proposition 2. Let e > 0 be arbitrary and let C be a maximal collection of disjoint
open discs of radii € centered on S.

We first establish an upper bound for n(e) in terms of the function N(z). For that
one can define a function f from C to the set A of all Cy’s with €/8 < diam Cy, < e by
assigning to each disc in C a Cy € A intersecting the disc. Note that by (2) every disc
in C intersects at least one C} from A, so that f is defined on the whole set C. Also,
given any C} with diam Cj, < fe, by (6), there are at most 4, discs in C that intersect C,.
Recall that n(e) is the number of elements in C, and the number of elements in A is at
most N(f/e). Hence, comparing the sizes of C and A via f : C — A, we immediately
obtain

n(e) < nN(B/e).

Therefore,
1 1 N los N
Qi S — Tim sup 2287 < i gup 0EON(B/) o Jog N(z)
o log(l/e) = o log(1/e) RN R
and similarly,
log N ()

dimpe, S < lim inf
z—oo  logx

We now use an argument similar to the one in the preceding paragraph to obtain an
upper bound for N(z) in terms of n(e). Namely, we define a function g from the set
B of all C}’s satisfying ¢/ < diam C} to 2C by assigning to each C} € B a disc in 2C
intersecting C. By the maximality of C, the collection 2C covers § and hence g is defined
on the whole set 5. By (7), given a disc B(p, 2¢) € 2C there are at most ~, curves Cj from

B intersecting B(p,2¢). Recall that N(5/e€) is the number of elements in B and n(e) is
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the number of elements in C, which is the same as the number of elements in 2C. Hence,
comparing the sizes of B and 2C via g : B — 2C, we obtain

N(B/e) < van(e).

Therefore,
log(N log N
dimpoe S = lim sup n(e) > lim sup og(N(5/€)/7) = lim sup Og—(x)7
-0 log(1/e) e—0 log(1/e€) zoo  logm
and likewise log N
dimype, S > lim inf og—(x)'
T—r00 10g e
The desired equalities are thus proved. [

We finish this section with the following general theorem whose proof follows the lines
of [Bo82, p. 250] or [W77, p. 126, Theorem 3].

Theorem 4. Let P = {Ci}renvioy be a packing such that the associated residual set S
satisfies (1). Then
log N
lim sup 08 ) (z) =F,
z—o0  lOgX

where E is the exponent of P.

Proof. Assume that Cy’s are numbered in such a way that the sequence {diam Cj} is
monotone decreasing. The limit of this sequence must be 0 because of (1). Denote
r, = diam C), and
M = limsup M.
vooo  lOgx
If t > E, then Y, r} is convergent and for any x € R we have

27 'N(x) < Zri < 00.
k

Taking log and the upper limit when z — oo, and then letting t — F,, we get M < E.
Assume for the sake of contradiction that M < E and let t satisfy M <t < E. Note that
there exists K € R such that for any x > K we have

. log N (x)
— logx
Also, there exists L € N such that for any & > L and x with r,' <z < r,;il we have
x> K. Then N(x) = k, hence

log N (x) - log k

t> —,
log x logr; .,

and therefore, r}, ., < k™. Let ¢’ satisfy t < ¢ < E. Then
TZ—H = (TZH)t,/t <k

for any k > L. Since t//t > 1, >, rt’ is a convergent series. This contradicts the definition
of E. O]

Thus, for homogeneous residual sets we obtain the following analogue of Theorem 1:
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Corollary 5. If the residual set S of a packing is homogeneous and

(9) dimlbom S = dimuboz S = dlmH S,
then the limit of log N(x)/logx as x — oo exists and
log N
tim BN iy s,

z—oo  logx

Remark 4. There exist conditions on fractal sets that are easy to verify and that imply
(9) (see, e.g., conditions in Theorems 3 and 4 in [F89]). In the next section we discuss
another example of a homogeneous set satisfying (9), namely a Sierpinski carpet that is
the Julia set of a hyperbolic rational map.

4. JULIA SETS OF HYPERBOLIC RATIONAL MAPS

In this section we prove an analogue of Theorem 1 for Sierpinski carpets that are
Julia sets of hyperbolic rational maps (Theorem 6 below). Our proof is based on the
application of Corollary 5 to Julia sets under consideration. For the background on the
topics of complex dynamics used in this section see, e.g., [Be91], [CG93], and [Mi06].

Let f be a rational map of the Riemann sphere C. The Fatou set F(f) of f is the set
of all points p in C such that the family of iterates {f*} of f is a normal family in some
neighborhood of p. The Julia set J(f) is the complement of the Fatou set in C. From
the definitions one immediately sees that F(f) is open and J(f) is compact. Moreover,
F(f) and J(f) are completely invariant with respect to f, i.e.,

FF) = FHFE) =F(f), FTE) =T =T).
If the Julia set J(f) of a rational map f is a carpet (in which case we will refer to J(f)
as the carpet Julia set J(f)), then J(f) is the residual set associated to the packing
formed by the connected components of the Fatou set F(f) = UpenugoyDx- This follows
from the definition of a residual set and the facts that F(f) is open, J(f) N F(f) = 0,
and J(f)UF(f) = C. The boundary curves C, = dDj, of these components are the
peripheral circles of the carpet Julia set J(f).

A rational map f is said to be hyperbolic if it is expanding in a neighborhood of its
Julia set J(f) with respect to some conformal metric. More precisely, there exist a
neighborhood U of J(f), a smooth function A\: U — (0,00), and a constant p > 1 such

that
(10) el =2 <Z)A><;|>’f Ol

where ||f’(z)|| denotes the spherical derivative of f at z. In what follows we will only
consider Julia sets that are not equal to the whole sphere. Therefore, we may assume
that they are compact subsets of the plane and the the spherical derivative in (10) can
be replaced by the modulus of the derivative of f.

>p, Vzel,

The function A can be used to define a new metric in a neighborhood of J(f) as follows.
For a rectifiable path v in U let

length, (v) := //\ds.

2l
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From (10) we immediately get

length, (f o) > plength, ()

for any rectifiable path v in U such that fo~ is alsoin U. Therefore, a hyperbolic rational
map f is locally expanding by a factor at least p with respect to the path metric defined
in a small neighborhood of J(f) by the formula

dy(z,w) := inf length, (),
Y

where v runs through all the rectifiable paths in U connecting z and w. Below we drop
the index A and write d(z,w) instead of d)(z,w). Also, in what follows diam refers to the
diameter with respect to dy. Since A is bounded away from 0 and oo in a neighborhood of
J(f), the metric dy is locally comparable (i.e., bi-Lipschitz equivalent) to the Euclidean
metric in such a neighborhood. Therefore, it is irrelevant which metric, the Euclidean
metric or the metric dy, one uses for verification of (1), (2), and (3).

Theorem 6. Assume that f is a hyperbolic rational map whose Julia set J(f) is a
Sierpinski carpet. Then

lim log N (x)
z—o0  logx

where N s the curvature distribution function and E is the exponent of the packing by the
connected components of the Fatou set of f, and dimy J(f) is the Hausdorff dimension

of I (f)-

Proof. We first show that if f is a hyperbolic rational map whose Julia set J(f) is a
Sierpinski carpet, then J(f) is homogeneous.

According to [F89, (3.6)], for a small enough r > 0 and a ball B(p,r) centered at
p € J(f) there exists a natural number n so that the iterate f"|g(, ) is bi-Lipschitz when
the metric on B(p,r) is rescaled by 1/r. More precisely, there exist positive constants
a, b, o such that for every p € J(f) and 0 < r < rg there exists n € N with

(1) o <), i) <07 v we Bl

Note that condition (11) means that the Julia set J(f) of a hyperbolic rational map f is
approzimately self-similar according to Definition 3.11 in [BK13].

Now we are ready to prove that J(f) is homogeneous, namely it satisfies (1), (2),
and (3). Let {Cy} denote the sequence of peripheral circles of J(f). First of all, according
to Whyburn’s characterization [W58] we have diam Cj, — 0 as k — oo. Also, since every
peripheral circle C' of J(f) is the boundary of a connected component of F(f), the curve
f(C) is also a peripheral circle of J(f).

To show (1) assume that C' is an arbitrary peripheral circle of J(f) whose diameter
is at most § min(rg,a). We set r = gdiamC and choose an arbitrary p € C. Note that
C C B(p,r), since we may assume that b/a > 1. Because r < ry and p € J(f), by (11)
there exists n € N such that

CL2

(12) n < diam f*(C) < a.
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Since there are finitely many peripheral circles whose diameter is at least § min(ro,a),
there exists a constant o > 1 such that for each of these “large” curves Cj there exist in-
scribed and circumscribed concentric circles centered at p. of radii 7, and Ry, respectively,
with R/ < «. Due to (12) the peripheral circle f"(C) is one of the large peripheral
circles, say Cy. Let ¢ € B(p,r) satisfy f"(q) = pr. Now (11) applied to B(p,r) with
z = qand w € C implies that a disc centered at ¢ of radius at least rrj /b can be inscribed
in C' and a disc centered at ¢ of radius at most rRy/a can be circumscribed around C.
Therefore, the quotient of the circumscribed radius to the inscribed one for C' is at most
bar/a and (1) follows.

We argue similarly to prove (2). Suppose that p is an arbitrary point in J(f) and
0 <r <diamJ(f). If r > min(rg,a/2), then the fact that J(f) is a compact set with no

interior points implies the existence of 5 such that any disc B(p, r) intersects a peripheral
circle Cy, of J(f) with

< diam C}, < Br.

o 3

Moreover, by choosing 3 sufficiently large, we can require that the diameter of each such
Cy is at most a/2.

We now assume that r < min(rg,a/2). By the first inequality in (11), there exists
n € N such that f*(B(p,r)) contains an open disc centered at f™(p) of radius at least
a. It follows from the above that B(f"(p),a/2) intersects a peripheral circle Cj, of J(f)
with

a a
13 — < diam C} < —.
(13) o <dimCi<

In particular, Cy is contained in B(f"(p), a) and, consequently, in f"(B(p,r)). Therefore,
there exists a peripheral circle C of J(f) that intersects B(p, r) and such that f*(C') = C.
Moreover, (11) combined with (13) yield

i,ﬂ“ <diamC < 17“.
2b3 2

The proof of (2) (with 3 = max(1/2, 5,2b5/a)) is thus complete.

Finally, to prove (3) we argue by contradiction. Assume that there exists a sequence
of pairs {C},, C,}; of distinct peripheral circles of J(f) such that A(C},,Cy,) — 0 as
i — o0o. By symmetry we may assume that diam €}, < diam C}, for all 7. Since there are
only finitely many peripheral circles of diameter at least a given number, we must have
diam Cj, — 0 as ¢ — oo. Also,

dist(C},, Cy,) = A(Cy,, Ck,)diam Cj, — 0, 1 — oo.
Let p; be a point on €}, C J(f) and let ¢; be a point on C, such that
dist(C},, Ck,) = d(pi, ¢i)-
Let 0 < € < 1 be arbitrary and let ¢ be so large that
r:=2diamCj, <r, and A(C},,Cy) <e.

Then d(p;,q;) < r/2, hence ¢; € B(p;,r) and there is at least one more point ¢’ # ¢; in
the intersection Cy, N B(p;,r). By applying (11) to B(p;,r) with z,w € C;;, C B(p;,7),
14



we conclude that there exists n € N such that for the peripheral circle C; = f*(C},) we
have diam C; > a/2. Similarly, by applying (11) to B(p;,r) with z = ¢’ and w = ¢;, we
conclude that for the peripheral circle Cy = f"(Cy,) we have diam Cy > a/2 (recall that
diam Cy, > diam C},). Finally, (11) applied to B(p;,r) with z = p;, and w = ¢; gives

ra B ra a
This is a contradiction because € is arbitrary and there are only finitely many pairwise
disjoint peripheral circles C' with diam C' > a/2. Hence, (3) follows.

A(C;, Cy) < 2b

b
A(Cji, Ckz) < 56.

The rest of the proof is a simple application of the results of [F89] and the previous
results of this paper. Indeed, by [F89, Theorem in §3], if J(f) is the Julia set of a
hyperbolic rational map f, then

dimlboa: j(f) = dimuboa} j(f) = dlrnH j(f)
Corollary 5 therefore implies that the limit of log N(x)/logx as & — oo exists and
log N(x)

lim = F =dimg J(f).
z—oo  logx
This completes the proof of Theorem 6. 0

Remark 5. The peripheral circles of J(f) as above are in fact uniform quasicircles, and
hence J(f) also satisfies (4) (see [S95, Corollary 2.3]).

5. CONCLUDING REMARKS AND FURTHER QUESTIONS

In their recent work [KO11] A. Kontorovich and H. Oh proved a result about Apollonian
circle packings that strengthens Theorem 1. Namely, that lim, ,.(N(z)/z%) = ¢ for
some positive constant ¢, where @« = E = dimy S (in the notation of Theorem 1). We
believe that an analogue of this result also should hold in our context, i.e., for packings
whose associated residual sets are homogeneous and approximately self-similar. More
specifically, we make the following conjecture.

Conjecture 1. If f is a hyperbolic rational map whose Julia set is a Sierpinski carpet,
then there exists a positive constant ¢ such that

(14) N(z) ~c- 2",

where N is the curvature distribution function and E is the exponent of the packing by
the connected components of the Fatou set of f. In other words, lim, (N (z)/z¥) = c.

A homeomorphism f: (X,dx) — (Y, dy) between two metric spaces is called quasisym-
metric if there exists a homeomorphism 7: [0, 00) — [0, c0) such that

dy (f(x), () _ (dx(wyl"’))
dy (f@), f@) = " \deaa”)

for any three distinct points x,z’, and z” in X. It turns out that quasisymmetric maps

between subsets of the plane or the sphere preserve properties (1), (2), (3), and (4) up to

a change of constants; see [HO1] for background on quasisymmetric maps. An important

invariant for quasisymmetric maps is the conformal dimension. For a metric space S this

is the infimum of the Hausdorff dimensions of all images of S under quasisymmetric maps.
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The conformal dimension of a metric space is always at least its topological dimension
and, trivially, at most the Hausdorff dimension. For example, the conformal dimension of
the standard Cantor set C is zero, which is its topological dimension, and is strictly less
than its Hausdorff dimension log2/log 3. The infimum in the definition of the conformal
dimension of C is not achieved though, i.e., there is no metric space of Hausdorff dimension
0 that is quasisymmetric to C.

The value of the conformal dimension of the Sierpiriski carpet S3 is unknown (see [HO1,
15.22 Open problem]). However, it has a non-trivial lower bound 1+ log 2/ log 3, which is
strictly greater than its topological dimension 1. If in the definition of conformal dimension
we fix the target to be the plane, it is interesting to see what will be the shapes of the
complementary components of quasisymmetric images of S3 that are near-optimal with
respect to the conformal dimension. Proposition 2 implies that the reciprocal diameters
of peripheral circles of near-optimal images of S5 must go to infinity faster than those for
S3. At present we do not know in what way the quasisymmetric map should distort the
boundaries of the complementary components to make the Hausdorff dimension smaller.
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