SYMPLECTIC REPRESENTATIONS OF SEMIDIRECT PRODUCTS
MARIA SABITOVA

ABSTRACT. In this paper we study symplectic representations of groups of the form
(A x B) x C, where A, B are finite cyclic groups of coprime orders, and C' is an infinite
cyclic group.

INTRODUCTION

The goal of the paper is to study symplectic representations of semidirect products G
of the form G = (A x B) x C, where A, B are finite cyclic groups of coprime orders and
C is an infinite cyclic group. Representations in question occur naturally in connection
with elliptic curves over the field Q of rational numbers and, more generally, with abelian
varieties over finite extensions of Q. We now briefly explain the connection. Let E be an
elliptic curve over Q, i.e., E is given by an equation

(0.1) y* =2°+ax +0b,

where a,b € Z and 4a+27b* # 0. One says that E has good reduction at a prime number
p, if, roughly speaking, after reducing a,b modulo p one still gets an elliptic curve, i.e.,
the resulting curve is smooth over the finite field I, of p elements. One can also consider
E as an elliptic curve over the field QQ, of p-adic numbers, i.e., given a fixed algebraic
closure Q, of @, in this case E consists of all points P = (z,y) € Q, x Q, satisfying (0.1).

It is known that there is a structure of an abelian group on E. Also, the Galois group
Gal(Q,/Q,) acts on E via

g (xvy) = (O'(SL’),O'(y)), Vo € Gal(@p/@p)v (Ivy) € E7
and the action preserves the group structure on F. Let [ € Z be a prime number different
from p and let Ejn, n € N, denote the set of points P € FE satisfying [" - P = 0 (with
respect to the group structure on E written additively). We have group homomorphisms

El'n+1 —>Eln, PHZ'P, PEEZTL+1,

and hence we can form the inverse limit 7} = lim Ej». The group Gal(Q,/Q,) acts on T
via its action on E. Moreover, T is a module over the ring Z; of l-adic integers, so that 7T
is a Gal(Q,/Qp)-module over Z;. This gives a continuous (with respect to the standard
topology on Q; and the profinite topology on Gal(@p /Q,)) two-dimensional representation
p of Gal(Q,/Q,) on Vi = T; ®z, Q; (via the trivial action of Gal(Q,/Q,) on @, and the
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action of Gal(Q,/Q,) on T; described above). One prefers to work with representations
over C and there exist embeddings of Q; into C. However, given an embedding 2 : Q; — C,
the representation of Gal(@p /Q,) on V; ®, C is no longer continuous in general. It turns
out that there is a big class of elliptic curves (namely, those with good reduction over a
finite extension of Q,) such that the restriction of the representation of Gal(Q,/Q,) on
V; ®, C to a subgroup is continuous. The subgroup in question is the so-called Weil group
W(Q,/Q,) of @,, which is a semidirect product of the Galois group I = Gal(Q,/Qu"") of
an extension Q""" C @p of @, with an infinite cyclic group generated by a special element
® € Gal(Q,/Qy). (More precisely, Q™" is generated by all roots of unity of orders not
divisible by p and ® induces the action of the Frobenius =z +— P, © € Fp, under the
decomposition map Gal(Q,/Q,) — Gal(F,/F,).) It turns out that for elliptic curves
with good reduction over a finite extension of @@, the image of I under p is finite, so that
the restriction of p to I can be considered as a representation of the Galois group of a
finite Galois extension K of Q" It is known that Gal(K/Q,"") is a semidirect product
of a p-group with a finite cyclic group of order not divisible by p. In particular, if K is
tamely ramified, i.e., the degree of K over Q" is not divisible by p, then Gal(K/Q,™")
is a finite cyclic group.

The situation can be generalized to an abelian variety A of dimension g (which is a
higher dimensional analogue of an elliptic curve) over a finite extension of Q. Assume for
simplicity that A is defined over Q. In the case of an abelian variety with good reduction
over a finite extension of (@, one obtains a 2g-dimensional complex representation p = p,
of a semidirect product G of the form G = (A x B) x C, where A is a p-group, B is a finite
cyclic group of an order not divisible by p, and C' is an infinite cyclic group. Moreover,
there is a one-dimensional representation w = w, such that p ® w is symplectic.

One of the main themes in arithmetic algebraic geometry is to study L- and e-functions
attached to algebraic varieties, in particular to an abelian variety A over Q. Inseparable
from the theory of L- and e-functions is the notion of a root number—the ratio of an
e-function and its absolute value. The importance of studying root numbers lies in the
fact that according to several famous conjectures in number theory they are believed to
have deep connections to the arithmetic of the subject in question; for example, they may
predict the existence of rational solutions to systems of polynomial equations. Moreover,
root numbers are much easier to compute than L- and e-functions. By definition, the
root number of A is the product of root numbers W(p,) attached to representations p, of
Gal(Q,/Q,) over Q;, where p runs over all prime numbers and the twist of p, by w, does
not change W(p,).

Our motivation comes from the question of calculating root numbers of A. For that
one needs to understand representation p, of Gal(@p /Q,) over Q; for an arbitrary prime
number p. An important and the most difficult part of the case of a general abelian
variety is the case of an abelian variety with good reduction over a finite extension of @Q,,.
The simple case when K is tamely ramified, i.e., the p-part A of Gal(K/Q,"") is trivial,
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was addressed in [3]. We now focus on a case when A is a cyclic group. Our main result
is Proposition 3.2, which gives a description of symplectic representations of G.

The paper is organized as follows. In Section 1 we show that without loss of generality
we can assume that C' is finite (Lemma 1.1) and recall the Mackey method of small
subgroups (Theorem 1.2). In Section 2 we consider the case when A is a finite abelian
group and C'is finite with all the other assumptions on G remaining the same (Lemma 2.1).
Here we use Theorem 1.2 describing representations of a finite group G via representations
of a fixed normal subgroup. Finally, in Section 3 we specialize to the case when A is cyclic
(Proposition 3.2).

1. REPRESENTATION THEORETIC FACTS

Lemma 1.1. Let C' = (¢) be an infinite cyclic group generated by an element ¢ and let
E be a finite group. Let G = E x C' be a semi-direct product, where C acts on E via
a homomorphism o : C — Aut(E), and let Kera = {(c!) for some | € N. Then every
irreducible representation \ of G has the following form:

A= ® 9,

where \g is an irreducible representation of G trivial on (c!) and ¢ is a one-dimensional
representation of G. In particular, every symplectic irreducible representation of G has
finite image.

Proof. Since ¢ is contained in the center of G' and ) is an irreducible complex repre-

sentation, by Schur’s lemma A(c!) acts as multiplication by a scalar a € C*. Define a
one-dimensional representation ¢ of G as follows: ¢ is trivial on E and ¢(c) equals an [-th
root of a. Then \g = A ® ¢! is trivial on (c!) and A\ = \y ® ¢.

Assume now that A is symplectic. Then A and its contragredient representation have
the same character, which implies that for any ¢ € G we have

d(g) - trAo(g) = d(g) " - trAo(g™").

Taking into account that \g is trivial on (c!), the above equation for g = ¢! gives ¢(c*) = 1,
i.e., A can be considered as an irreducible symplectic representation of the finite group
H=G/{) > E xC/{). OJ

Let G be a finite group and let N C G be a normal subgroup. The group G acts on
the set N of isomorphism classes of complex irreducible representations o of N in the
following way: if 0 : N — GL,,(C), then go : N — GL,,(C) is given by

go(n) =a(g~'ng), g€ G, ne N.
For 0 € N we denote by G, the stabilizer of ¢ in G, i.e.,
G, ={g€Glgo=o0}.
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Theorem 1.2 (Mackey method of small subgroups (cf. [1], p. 153, Thm. 6.2)). Let o € N
and let 7 € Gy be an irreducible component of Ind$ 0. Then Indg T 15 an irreducible
representation of G. Moreover, any irreducible representation of G can be obtained in this
way. More precisely, let A € G and let 0 € N be an irreducible component of ResN)\
Then there exists an irreducible component T € G, of Ind%’ o such that A = Ind C.

Proof. Let us show first that Indgo T is irreducible or, equivalently, <Indga T, Indga T) =1,
where (-, -) denotes the inner product of representations. Using the Frobenius reciprocity
theorem we have (Indga T, Indga Ty = (T, Resga (Inng 7)) and we need to show that 7
appears only once in the decomposition of y = Resgg (Indgg 7') into irreducibles. Let W

and V' denote representation spaces of 1 and 7, respectively, and assume that W = V@V’
where n > 2 and V' is a C[G,]-submodule of .

Let s be the index [G : G,] of G, in G and let hy,..., hs € G denote a set of left coset
representatives of G, in G with hy = 1. Then W =V & --- ® h,V and

(1.1) MV e ---aohV=V"aV', n>2.

Let U be a representation space of o and let gy, ..., 9; € G, be a set of left coset represen-
tatives of N in GG,. Then Indgcr oc=qU®---®qgU. Note that each ¢g;U is an N-module
and it follows from the definition of GG, that as N-modules all glU are isomorphic to each
other. Since 7 is a subrepresentatlon of Ind o, this implies Res§? N T =2 0" for some r > 1.
Thus from (1.1) we get hiU" @ --- @ h,U" = '~ U™ @ V', where each h;U is an N-module
and this is an isomorphism of N —modules. Since n > 2 and hy = 1, by the uniqueness
of decomposition of a module into simple modules we conclude that there exists hy # 1
such that hyU = U and hence hy € G,. This contradicts the assumptions that h; is a
representative of G, in G and hy # 1.

Assume now that A € G and o € N is an irreducible component of Res§ A. Then by the
Frobenious reciprocity theorem (Resg A\, IndS o) = (Res§ N A, 0) # 0 and hence RGSG A
and Indg o have a common irreducible component e G, By the previous paragraph
Indg 7 is irreducible and (Ind& 7,\) = (r,Res& A) # 0. Since A is irreducible, this
implies A = Indga T. ]

2. THE CASE WHEN A IS ABELIAN.

Lemma 2.1. Let A be a finite abelian group of order e, let B = (b) be a finite cyclic
group of order k prime to e, and let C' = (c) be a finite cyclic group. Let E = A x B be
a semi-direct product with B acting on A and let G = E x C' be a semi-direct product,
where C' acts on E. Let 1y be a (one-dimensional) representation of A, let I' = A x (b*)
denote the stabilizer of 1y in E, and let 1y be a (one-dimensional) representation of (b*).
Then both 1y and ¥y can be extended to representations of I' and denote ¢ = 1)y Ry € I.
Let E x (c®) be the stabilizer of IndE ¢ in G. Then there exist i and a one-dimensional
representation p of F' = (A,b%, c*b) such that

. cbo =9,
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® Resy i1 =9,

. a_zlndgu is wrreducible, and

o [c5bi| = |c®|, where csbt denotes the image of cb' in F/T or, equivalently,
[E % (c®): F]=x.

Moreover, every irreducible representation o of G can be obtained in this way.

Proof. Note that since k is prime to e, A is normal in GG. Let A be an irreducible repre-
sentation of E = A x B. Using Theorem 1.2, A can be constructed from one-dimensional
representation ¢, of A in the following way. Let I' denote the stabilizer of v in FE.
Then I' = A x (b*) for some non-negative integer x < k and let ¢, be a one-dimensional
representation of (b*). Then v, and 1y can be extended to representations of I' via

¢1(bmva) = ¢1(CL), CLEA,
Yo(b™a) = Pa(b™),

and A = Indf (¢1 ® 12) ([4], p. 62, Prop. 25). Let ¢ = v, ® 1, and let G denote
the stabilizer of A in G. Then G, = E x (¢*) for some s, i.e., ¢\ = X or, equivalently,
(c*\, Ay = 1. Note that T is normal in G and {1,b,...,b* '} is a system of representatives
for the left cosets of I" in . Hence

Resf (¢*N) 2 9@ bp @ --- @ b 1o

and by the Frobenius reciprocity theorem we have

—_

L= (A \) = (Resp (¢*A), 0) = ) _(c°b'o, ¢).

%

I
o

This implies that there exists 7 such that c¢*b¢ is in the stabilizer of ¢ in G. Denote by F'
the stabilizer of ¢ in G,. Thus (4,b%, c*b?) C F and it is easy to check that the reverse
inclusion also holds. Consequently, F' = (A, b®, ¢*b*) and as a result F/T is cyclic. We will
make use of the following lemma:

Lemma 2.2 (2], p. 97, Exc. (6.17)). Let N be a normal subgroup of a finite group G

such that G/N s cyclic. If o € N and G, = G, then o can be extended to an irreducible
representation of G.

Proof. Assume o : N — GL,,(C) and let ¢ € G be a preimage of a generator of G/N
under the quotient map, so that G = (IV,¢). Since G, = G, we have co = ¢. In other
words, there exists ¢ € GL,,(C) such that

(2.1) olc'ne) = ¢ 'o(n)p, VYn € N.

Let k be the order of ¢ in G/N, i.e., k is the smallest positive integer satisfying c® € N.
Then o(c*)¢p~" commutes with o(n) for any n € N and since o is irreducible, by Schur’s



6 MARIA SABITOVA

lemma o(c*)¢p~* = M, where A € C and I € GL,,(C) is the identity matrix. Denote by
A/E € C an arbitrary k-th root of \. Define 6 : G — GL,,(C) as

g(n) = o(n), VYné€N,

G(c) = AVkg.
In particular, we have 5(c)* = o(c¥). Since N is normal in G, every g € G can be written
(not necessarily in a unique way) as g = nc®, where n € N and s € Z. We define

a(g) = a(n)a(c)”.
We now check that & is a well-defined representation of G. First, we show that (g) does

not depend on the choice of n and s. Suppose g = n'c! forn’ € N, t € Z, so that ¢** € N
and hence s — t is divisible by k by the choice of k. We have

= 5(c)",

which implies &(nc®) = a(n’c'). Second, we check that ¢ : G — GL,,(C) is a homomor-
phism. Let g, = nic?, go = nac® € G, where ny,ns € N and a,b € Z. We have

G(n~'n') =o(n ') = (") = o(F) T

(2.2) 5(g192) = F(nic™ngc ) =

= o(nic®nac “)a(c)b+“ = a(nl)a(camc_“)()\l/k)b+a¢b+“,

where o(cngc™®) = ¢%c(ng)¢~* by (2.1). Thus (2.2) becomes
5(9192) = (A*)" 0 (n1)¢% 0 (n2)0" = 5(91)5(go)-

Clearly, ¢ is irreducible and extends o. OJ

By Lemma 2.2 there exists a one-dimensional representation p of F' such that Rest =
¢ and p is an irreducible component of Indfi ¢. First, applying Theorem 1.2 to G with
a normal subgroup I', ¢ € f‘, and an irreducible component p of Ind? ¢, we conclude
that IndFA w is irreducible. Second, applying Theorem 1.2 to G with a normal subgroup
E )€ E and an irreducible component Ind F* i of Ind * )\, we conclude that Ind¥ Pl =
IndGA Ind$* 1 is also irreducible.

Conversely, let o € G and let A be an irreducible component of Res$ . Then in the
notation of the proof used above, A = IndF ¢ and it is enough to show that there exists an
extension p of ¢ to F' such that o = Ind p. Note that by Lemma 2.2 there exists A e G,y
that extends A\ and hence every irreducible component of IndGA A has the form \ ® 1,
where 1 is a one-dimensional representation of (¢*) considered as a representation of G
via inflection. By Theorem 1.2, without loss of generality we can assume that o = IndgA A
Now we will use Theorem 1.2 applied to G with the normal subgroup I and A. Namely,
note that every irreducible component of Resg* )\ has the form ¢ and every irreducible
component of Ind? ¢ has the form p ® K, where k is a one-dimensional representation of
(csbi) considered as a representation of F via inflection. By Theorem 1.2, without loss
of generality we can assume that \ is obtained from ¢ and W via = IndgA 1 and hence
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J_%Indg 1. Moreover, it follows that 2 = dim A = [G), : F], hence [F : T'| = [G, : E] and
lesbi| = |cf]. O
Remark 2.3. Note that if A is cyclic, then F' is normal in G (see the subsection below).
This is not true for a general abelian A. For example, let A = Z/27 x 7./27., B = 7./3Z,

and C' = Z/27Z. Denote by aj,ay generators of A with the group operation written
multiplicatively and define

c e = b
b_l(llb = a9, b_lagb = ai10as9,
c’lalc = ay, c’lagc = aas,

Yi(ar) = 1, tifar) = -1
It is easy to check that G = (A x B) x C is well defined, I' = A and i1 = 9. Thus
F = (A, c) and F is not normal in G. Indeed, beb™! = cb & F.

3. THE CASE WHEN A IS CYCLIC.

In what follows we will write an action of a cyclic group (b) on a group A in the form
b=tab, a € A. Since B is cyclic, it is well defined, and it is more convenient for applications
to representations. Thus we multiply elements in a semi-direct product A x (b) as follows

(a1,b1) - (a2, by) = (by 'arby - ag, biba), a1,a5 € A, by, by € (b).
Lemma 3.1. Let E = Ax B, A = (a), B=(b), la]| = e, |b] =k, (e,;k) =1, and
b~tab = a™, where m € (Z/eZ)* and m* =1 mod e. Then any automorphism 0 of E is
defined by a triple (r,t,n) via
0(a) =a", 6(b) ="b"d",

where n € (Z/eZ)*, r € (Z/kZ)*, t € Z/eZ, m" = m mod e, and

(3.1) t-(L+m+m?+---+mF 1) =0mod e.

Moreover, if 61 = (r1,t1,n1) and O = (r9, ta, ng), then 0100y = (r1re, t1+tang, ning). Fur-

thermore, =1 = (r', —n't,n) with n’ = n~' mod e, ' = r~* mod k, and 0° = (r®, a,,n®)
with

s—1
(3.2) s = thj.
=0

Proof. Indeed, note that

1= (9<b)k — (brat)k — atu’
where u = 14+m" +m* + - +m* D" =14+ m+m?+---4+m* ! mod e, which implies
(3.1). Let y denote the order of m in (Z/eZ)*. Then y divides both k£ and r — 1, and
from (3.1) we get

(33) t-(I+m+m’*+-4+mF H=t-0+m+m?*+---+m¥ H==0mod e.

< |
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Since (e, k) = 1, we conclude that ¢ - (1 +m + m? + --- + m¥~!) = 0 mod e and hence
t-(14+m+m?+---+m" 1) =t mod e for any r satisfying m” = m mod e. To get
formulas for 6, o 65 and 6~ note that

(34) 01 o 6’2(6) _ bmrzau-i-tzm7
where u = t;(1+m" +m? 4+ 4+ m2= V) =t (1+m+m?+- - +m™™ 1) =t mod e.
Using (3.4), formula (3.2) can be easily proved by induction. O

Proposition 3.2. Let A = (a) be a finite cyclic group of order e, let B = (b) be a finite
cyclic group of order k prime to e, and let C' = {(c) be a finite cyclic group. Let E = Ax B
be a semi-direct product with B acting on A via b~Yab = a™ for some m € (Z/eZ)* and
let G = E % C be a semi-direct product, where C acts on E via ¢ tac = a", n € (Z/eZ)*,
cloc = b, r € (ZJKZ)*, t € ZJeZ. Let by be a (one-dimensional) representation of
A, let T' = A x (b*) denote the stabilizer of 1y in E, and let 1y be a (one-dimensional)
representation of (b*). Then both ¢y and 1y can be extended to representations of I' and

denote ¢ = )1 @ s € I'. Let E % (¢*) be the stabilizer of IndE ¢ in G. Then there exist

a unique i € {0,1,...,x — 1} and a one-dimensional representation pu of F = (A, b°, c*b%)
such that
. b=,

° Resgu = ¢, and

o 0 =Ind% p is irreducible.
If, in addition, o is symplectic, then there exist g € {0,1,...,s—1} andj € {0,1,...,z—1}
such that T = peoys, (UV)* € F, and u((c%¥)*) = —1. Moreover, every irreducible
symplectic representation o of G can be obtained in this way.

Proof. We assume the results of Lemma 2.1 and Lemma 3.1. Note that m* = 1 mod e
and m"” = m mod e. Then 1;(a) is an e-th root of unity of order d in C* and x = |m)|
in (Z/dZ)*. Since d divides e, from m" = m mod e we have r = 1 mod x. This implies
that the group F' = (A,b%,c*b’) is normal. Indeed, since A is normal in G, it is enough
to show that F'/A is normal in G/A. Denoting the images of a, b, and ¢ in G/A again by
a, b, and ¢, respectively, we have

b e = VT,
b- Csb'i . bfl — Csbi . brsflj
e = b prY,

Thus by Lemma 2.1 every irreducible representation of GG is induced by a one-dimensional
representation from a normal subgroup. Proposition 3.2 then follows from Lemma 3.3
below, which characterizes symplectic irreducible representations of a finite group induced
by one-dimensional representations from normal subgroups. 0

Lemma 3.3. Let G be a finite group with a normal subgroup F' and let o = Indg i be an
wrreducible representation of G induced by a one-dimensional representation p of F'. For



SYMPLECTIC REPRESENTATIONS OF SEMIDIRECT PRODUCTS 9

g € G let iy denote the one-dimensional representation of F' given by

ne(f) =g fg), fE€F

Let @@ denote the contragredient representation of . Then o is symplectic if and only if
there exists t € G such that 1 = ug, t* € F, and u(t?) = —1.

Proof. Let x denote the character of 0. By Proposition 39 on p. 109 in [4], o is symplectic
if and only if

(3.5) E ZX

yeG

Let T denote a system of representatives of F' in G. Note that Res% o = D,cr it and
x(g) =0if g ¢ F. Thus

DX =D > Xt )= 3 () e (7 e (f),

yeG teT fer teT feFteT
t2cF t2cF

where ZfeF,ut/(t_lft)ut/() \F| - {pt(ry-100, 70). Hence

(3.6) G A0 = 1 3 ) )

yeG teT t'eT
t’cF

This implies that if o is symplectic, then there exists to € G such that t,?> € F and
L = i, Since o is irreducible, all p,’s are pairwise distinct and hence from (3.5) and
(3.6) we get

|F| Z _
E x(y7) = \ } :#t' (Hn-10, B) = u(to®),
yeG teT t'eT
t?’cF

which implies that the conditions in Lemma 3.3 are necessary and it follows from the
proof that they are also sufficient. O

Remark 3.4. By Proposition 39 on p. 109 in [4], o is orthogonal if and only if
RN
yeG

Thus it follows from the proof of Lemma 3.3 that o is orthogonal if and only if there
exists t € G such that 1 = py, t* € F, and pu(t?) = 1. In particular, if o is orthogonal,
then either p is real-valued or the order of G/F is even.
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