CHANGE OF ROOT NUMBERS OF ELLIPTIC CURVES UNDER
EXTENSION OF SCALARS

MARIA SABITOVA

ABSTRACT. In this paper we study how the root number attached to an elliptic curve F
over a finite field extension K of Q3 changes when F is considered as an elliptic curve over
a finite Galois extension F' of K via extension of scalars. The main result is a formula
relating the root number W (E/F) attached to E x F to the root number W(E/K)
attached to F.

INTRODUCTION

Let K be a finite field extension of QQ, with a fixed algebraic closure K andlet FC K
be a finite field extension of K. The main goal of the paper is to relate the root number
W(E/K) attached to an elliptic curve E over K to the root number W(E/F) attached
to elliptic curve E x g F over F obtained from E via extension of scalars.

Explicit formulas for W(E/K) in terms of the coefficients of an arbitrary generalized
Weierstrass equation of E have been obtained by D. Rohrlich [6] in the case when F has
potential multiplicative reduction over K and under the additional assumption p > 5 in
the case when E has potential good reduction over K. Thus Rohrlich’s formulas can be
used to calculate W(E/F) using an arbitrary Weierstrass equation of E over K. In the
case p = 3 formulas for W(E/K) were obtained by S. Kobayashi [4] in terms of the coef-
ficients of a minimal Weierstrass equation of F over K, so in order to apply Kobayashi’s
formulas to calculate W(E/F) one needs to find a minimal Weierstrass equation of E
over F. Our motivation is to calculate W (E/F') using a Weierstrass equation of E over
K. The cases p = 2 or 3, E has potential good reduction over K, and F' is an arbitrary
finite field extension of K still remain untreated in full generality. We answer the question
when p = 3 under an additional assumption that F'is Galois over K.

Assume E has potential good reduction over K and F C K is a finite field extension of
K. By definition, the root number W (E/K) is the root number of representation op of
the Weil group W(K/K) of K attached to E. It is known that op is a two-dimensional
semisimple representation of W(K /K). If o is not irreducible, then one can easily deduce
from well-known formulas that

W(E/F) =W (E/K)FH
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(see e.g., [6], p. 128).

If o is irreducible and p is odd (i.e., p # 2), then og is induced by a multiplicative
character of a quadratic extension H C K of K. Moreover, E has the Kodaira—Néron
type III, I11*, 11, IV, IV* or II* (see Proposition 1.6 below). Furthermore,

e H=K(y/-1)if Eisof type III or I11*,
o H = K(AY?)if Eis of type I, IV, IV*, or II*, where A is a discriminant of £ .

The main results of the paper together with easy cases, which we include for the sake of
completeness, can be summarized in the following

Theorem. Let F C K be a finite field extension of K with ramification index e(F/K)
over K. Suppose p is odd, E has potential good reduction over K, and og s irreducible.

o [f HCF, then
~1\?° (F:K] .
W(E/F) = (f() , 5:{ 5, if H/K ramified,

0, if H/ K unramified,

where K denotes the residue field of K and (%) 15 the quadratic residue symbol of x € K
(Lemma 2.1 below).
o [fHZF,p>05, then
W(E/F) = (=1)**8W (B/K)FH,

where

1,  otherwise,

. {o, if | e(F/),

and € denotes the ramification index of a minimal extension of K over which E has good
reduction (Lemma 2.2 below).

e [fHZF,p=3, F is Galois over K, and e(H/K) = 1, then
W(B/F) = (-1 8w (B/ K

(Proposition 3.1 below).

o IfHZ F,p=3, F is Galois over K, e(H/K) =2, and e(F/K) is even, then

W(E/F) = (1) ),

where f(F/Q3) is the residual degree of F' over Qs (Proposition 4.1 below).

o IfHZF,p=3, F is Galois over K, e(H/K) =2, and e(F/K) is odd, then

W(E/F) = (_1)1+[F1K]+af(F/Q3)W(E/K)[FIK}’

where

2

atl e, =2 mod3

2

el ife, =1 mod3 odd, ife; =5 or7 mod 12
a = =
even, ife; =1 or 11 mod 12,
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and e; denotes the ramification index of the maximal tamely ramified extension of K
contained in F (Theorem 4.3 below).

The paper is organized in the following way: Section 1 contains a list of general facts and
notation used in the paper. Section 2 contains general formulas for W(E/F) and the cases
H C Fand p > 5. Section 3 treats the case when H is unramified over K, whereas Sections
4 and 5 treat the case when H is ramified over K. Finally, Section 6 contains specific
examples showing that our formula for W (E/F) becomes more complicated without the
assumption that F is Galois over K.

1. NOTATION AND GENERAL FACTS

1.1. The base field and characters. In what follows K is a local non-archimedean field
of characteristic zero with ring of integers Ok, maximal ideal px C Ok, a uniformizer
wgk, and residue field K of characteristic p and cardinality ¢q. Equivalently, K is a finite
field extension of Q,. Let K be a fixed algebraic closure of K and we fix a valuation on
K satisfying valx wy = 1. We denote by ®(K/Q,) the absolute different of K. If F C K
is a finite field extension of K, then e(F/K) and f(F/K) denote the ramification index
and the residual degree of F' over K, respectively.

We call a continuous non-trivial homomorphism 1 : K — C* of absolute value 1 an
(additive) character of K and we call a continuous homomorphism p : K* — C* a
(multiplicative) character of K*. For an additive character ¢ of K we denote by n(1)) the
largest integer n such that v is trivial on w;"Ok.

Let ®x € Gal(K/K) be a preimage of the (arithmetic) Frobenius automorphism of
the absolute Galois group of the residue field of K under the decomposition map, so
that ®x is an arithmetic Frobenius of Gal(K /K). We will call ®x simply a Frobenius
of Gal(K/K). By definition, the Weil group W(K/K) (also denoted by W) of K is
a subgroup of Gal(K/K) equal to Gal(K/K""") x (®x), where K" C K denotes the
maximal unramified extension of K contained in K, (®) denotes the infinite cyclic group
generated by ®x, and Ix = Gal(K/K"") is the inertia group of K. Throughout the
paper we will identify one-dimensional complex continuous representations of W(K /K)
with characters of K* via the local class field theory assuming that a uniformizer wg of
K corresponds to an arithmetic Frobenius @ of Gal(K/K). We also denote by xu/x
the quadratic character of K* with kernel Ny, (H*) or, equivalently, x g/ is the one-
dimensional representation of W(K /K) of order 2 with kernel W(K /H).

Lemma 1.1. Let P be a local non-archimedean field of characteristic zero and let () be a
ramified quadratic extension of P. Suppose i is a character of Q* such that pu|px = xq/p-
Then either a(pu) =1 or a(p) is positive and even.

Proof. Since a(p) # 0, assume a(p) = 2m+ 1 for some m # 0. Since @ is ramified over P,
Og = Oplwg) for a uniformizer wg of @ such that @ € Op. Let y = 1+ zwg”, x € Op.
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Then 2 = a+bwq for a,b € Op, y = 1+awy"+bwy" ™, and pu(y) = xq/p(1+awy") =1,

since a(xq/p) = 1. Thus p is trivial on 1+ pz", which contradicts a(p) = 2m + 1. O

Lemma 1.2. Let P be a local non-archimedean field of characteristic zero and let () be
a tamely ramified Galois extension of P. Let yu be a complex continuous one-dimensional
representation of Wp and let v be the restriction of p to Wg (denoted by Resg w). If
a(p) > 1, then

(1.1) a(v) = (a(p) — 1)e; + 1.

Proof. Let N be a finite Galois extension of P such that Gal(P/N""") is contained in the
kernel of p. Since a(p) > 1, a(*) = a(p) for any k not divisible by residual characteristic p
of P. Thus without loss of generality we can assume that A = Gal(N*""/P*"") is a p-group
and hence N*"" NQ""" = P""". Let T = Q""" N“"", B = Gal(T/P"""), C' = Gal(T/Q"""),
where C' = A. Then a(p) = 1+ eitoz, where o depends on whether p is trivial on the
higher ramification groups B;’s of B, i > 1. On the other hand, a(v) = 1 + 3, where 3
depends on whether p is trivial on the higher ramification groups C;’s of C'; i > 1. Since
C; = C N B; = B;, we have a =  and hence (1.1). O

Lemma 1.3 ([8], p. 316, Prop. 1). Let P be a local non-archimedean field of characteristic
zero and let Q) be a quadratic extension of P. Assume p is a complex continuous one-
dimensional representation of Gal(P/Q). The representation of Gal(P/P) induced by u
(denoted by Indg p) is irreducible and symplectic if and only if plpx = xq/p and p? # 1g.
Also, a complex continuous finite-dimensional representation of Gal(P/P) is dihedral (i.e.,
two-dimensional orthogonal and irreducible) if and only if it has the form Indg,u for a
quadratic extension Q of P and a character pn of Q* satisfying u|px = 1p and p* # lg.

1.2. Root numbers. Suppose dz is a Haar measure on K, v is a (additive) charac-
ter of K, m is a complex continuous finite-dimensional representation of W(K/K), and
e(m,1,dx) is the corresponding epsilon factor. The root number W of 7 is defined as

E(ﬂ-? ¢7 dx)
le(m, 4, da)|

It follows from a property of the epsilon factors that the root number does not depend on
the choice of dx (see e.g., [7], Proposition on p. 143).

W(m,¢) =

Given an elliptic curve E over K and a finite field extension F C K of K we are
interested in calculating the root number W(E/F) of elliptic curve E X F obtained
from E via extension of scalars. Our goal is to express W(E/F) in terms of W (E/K) and
F. We are particularly interested in the case when E has potential good reduction over
K. Let [ be a rational prime different from p, let T;(E) be the l-adic Tate module of FE,
and let o denote the (2-dimensional) complex representation of W(K /K) associated to
the representation o, of Gal(K/K) on (T}(F) ®z, Q)* ®, C, where 1 is an embedding of
Q; into C. It is known that the isomorphism class of o, , does not depend on the choice
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of [ and 2. Furthermore, o is the restriction of o, to W(K/K). By definition,
W(E/K) = W(og)
and hence W(E/F) = W (Resk o), where Resk op denotes the restriction of o to
W(K/F). Let w denote the unramified one-dimensional representation of W(K /K) sat-
isfying
w(Pg) =q.
By properties of root numbers,
W(og) =W(op @ w'?) = W(o),

where 0 = o ® w'/? is symplectic and hence W (o) does not depend on the choice of a
character of K (see e.g., [7], Proposition on p. 150).

Lemma 1.4 ([8], p. 319, Prop. 3). Let P be a local non-archimedean field of characteristic
zero and let Q) be the unramified quadratic extension of P. Assume p is a character of
Q* such that p|px = xg/p. If Yp is a character of P and g = p o Trg/p, then

W(:U/a wQ)W(Indg 1Q7 wP) = W(:ua wQ)W(XQ/Pv wP) = <_1)a(u)ﬂ<uQ/P)7
where ugp € O is any element such that Q = P(ug/p) and uzQ/P eP.

Remark 1.5. Note that p(ug,p) does not depend on the choice of ug,p. Indeed, let v € O
satisfy v* € P and Q = P(v). This implies ug,p = av for @ € OF. Thus

p(ug/p) = pla)u(v) = xq/p(@)u(v) = p(v),
since x¢q/p is unramified.

1.3. Elliptic curves. Throughout this subsection we assume that £ has potential good
reduction over K. The next proposition due to S. Kobayashi provides a criterion of
irreducibility of og in terms of the Kodaira—Néron type and discriminant A € K of a
Weierstrass equation of E.

Proposition 1.6 ([4], p. 613, Prop. 3.2). Suppose p is odd.
o If £ is of type Iy or I, then og is not irreducible.
o [f E is of type II1 or 111", then og is irreducible if and only if (%) # 1.
o IfE isof type I1, IV, IV*, or II*, then o is irreducible if and only if AY? & K.

For the rest of this subsection we assume that p = 3, E has potential good reduction
over K, and op is irreducible. Let A € K denote a fixed discriminant of E, let Al/*
be an arbitrary fixed 4-th root of A, N = K(AY4 E[2)), H = K(AY?), M = K(E[2]),
and S = K(AY%). It is known that H C M, M is a finite Galois extension of K
with Gal(M/K) being isomorphic to a subgroup of the symmetric group S3 on 3 letters,
Nunr = Kunr(AY4E[2]) is a finite Galois extension of K*, and N'" is the minimal
extension of K" over which E has good reduction ([5], p. 362). In particular, o is trivial
on Iy by the criterion of Néron-Ogg-Shafarevi¢c. Suppose og is wildly ramified. Then H
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is a quadratic extension of K and Gal(M/K) = S3. Moreover, if H is unramified over
K, then Gal(N“" /Ku) 2 7,/37, or Gal(N"" /K“"") = 7,/67, Gal(S®" | K" = 7,/27.
Also, if H is ramified over K, then

Gal(N"" /") 2 (7,/37) x (Z/AZ)

with the uniquely defined non-trivial action of Z/4Z on Z/3Z, so that Gal(S*"" /K""") =
Z]AZ and Gal(Nur/Surry = 7,/37. Let a € Gal(N*""/S*"") be an element of order
3 and let b € Gal(N"""/K"“"") be an element of order 4 that maps onto a generator of
Gal(S*"" /K*"") under the quotient map.

Lemma 1.7. Assume H is ramified over K and o is wildly ramified. Then N is totally
ramified over K and let ®n € Gal(K/N) be a Frobenius considered as a Frobenius of
Gal(K/K). Then

W(E/K) /Iy = ({a) x (b)) x {c),

where ¢ = @y, |a| = 3, |b] = 4, b~lab = a?, ac = ca, ¢ 'bc = b", and r = (—1)/(K/Q),
Moreover, there exist a root of unity n satisfying n* = (—1)75/Q) " q primitive third root
of unity £, and a one-dimensional complex representation ¢ of the subgroup

W(K JH) /Iy = {a, b, ¢)

such that ¢(a) = &, ¢(b%) = —1, ¢(c) =1, and 0 = o @ wW/? is induced by ¢. Thus, in a
suttable basis we have

U(a):<g ;)7 U@)Z(? _01>» 0(0)277((1) (_DP(K/Qs))'

Proof. First, note that W(K/KM]N = Gal(N" /K"") x (Dy). It is easy to check that
Ot oao®y =a. Also, let § € K be the forth-root of unity such that b(AY*) = & A4,
Then for r = (—1)/5/@) we have

(I)]—Vl obo (I)N(Al/4) — (I)]_Vl o b(A1/4) — @]—\[1(54)A1/4 — ££A1/4 — br<A1/4)

and hence (IDNI obo®yob" =afor somet € {0,1,2}. For z-coordinate a of a point in
E[2] we have b'"(a) = a'(«a), since ®y(a) = . If r =1, then ¢t = 0. If r = —1, then
b*(a) = a'(). Since the order of a is 3 and the order of b is 4, we have t = 0 in this case
as well.

Denote G = ({a) x (b)) x{c). Note that o can be considered as an irreducible symplectic
representation of G. It is known that op is induced by a character of H* (see e.g., [4],
p. 613, Prop. 3.3(ii)). This implies that ¢ is also induced by a character ¢ of H*.
Note that if ¢(a) = 1, then o is tame, which contradicts the assumption. Hence ¢(a)
is a primitive third root of unity . It is well-known that a two-dimensional complex
representation is symplectic if and only if its determinant is trivial. Calculating det o, we
conclude that ¢(b?) = —1 and if ¢(c) = n, then n? = (—1)/(K/Q), O
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Lemma 1.8. Assume H is ramified over K and o is wildly ramified. In the notation of
Lemma 1.7 let 0 be a character of H* given by 0(a) = 1, 0(b*) = —1, and 0(c) = v for a
root of unity vy satisfying v> = (—1)7H/Q) Then

0|K>< = XH/K, <¢®9)|K>< = 1[(, and CL(@) = 1.

Proof. Interpreting the condition (¢ ® 0)|xx = 1x in terms of Weil groups via the local
class field theory we need to show that (¢ ® 0) o tr : W(K/K)® — C* is trivial, where
tr - W(K/K)® — W(K/H)® is the transfer map. Let G = (a,b,c) and T = (a, V?,¢).
Since ¢ is trivial on Iy, it is enough to show that ¢ ® # composed with the transfer
map tr : G% — T'% is trivial (here both ¢ and 6 are considered as one-dimensional
representations of I'). By calculating the transfer map explicitly and using the definition
of ¢ given in Lemma 1.7 it is easy to verify that 0| xx = ¢|xx = xu/k. Since the restriction
of 6 to the inertia group Iy has order two, we have a(f) = 1. 0J

Lemma 1.9. Suppose o is wildly ramified. Let F be a finite Galois extension of K
contained in K such that FNH = K and let L = FH. Then L*"" N M""" = H"" and if
e(H/K) =2, then in addition L"™" N N""" = H""".

Proof. Assume that M"" C L“"". Let F; be the maximal tamely ramified extension
of K contained in F and let L, = F,H, T = L;M. Since [M : H| = e(M/H) =
3, we have Ly, " M = H, Ly N M"" = H"" and T"" C L""". The restriction
map gives the surjection f : Gal(L*"" /L") — Gal(T""" /L{""). Note that there are
natural isomorphisms Gal(L"" /L") = Gal(L/L;) and Gal(T"" /L") = Gal(T/Ly),
which are induced by the restriction maps. These together with f give the surjection
g : Gal(L/L;) — Gal(T/L;), which commutes with the natural action of Gal(K/F;). On
the other hand, Gal(T/F,) = Gal(T/L;)xZ/27 = S3 and Gal(L/F,) = Gal(L/L;)xZ/27Z.
This implies that there exists an element j in Gal(K/F,) with j|;, # id;, that acts
trivially on Gal(L/L;) and non-trivially on Gal(T/L;). This gives a contradiction with
the existence of g.

Assume now that e(H/K) = 2 and S""" C L"". Thus the restriction map gives the
surjection

where Gal(L*""/K""") = Gal(L"""/H""") x Z/27Z and Gal(S*""/K""") = Z/AZ. This is

a contradiction, since h induces a surjection of the exact sequences

1 —— Gal(L¥" | H*"") — Gal(L“" | KT — = 7,/27 1

i i i

1 — Gal(S™" [H"") — Gal(S™ /K"y — = 7,/27, — 1,

the first of which splits and the second does not. O
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2. ROOT NUMBERS OF ELLIPTIC CURVES

We keep the notation of Section 1. Suppose E has potential good reduction over K,
o is irreducible, and let ' C K be a finite field extension of K. To calculate the root
number W(E/F) we will follow the approach of D. Rohrlich developed in [8]. Let =
be a continuous complex finite-dimensional representation of Gal(K /F) with real-valued
character and let 7 = Ind}. 7 denote the representation of Gal(K /K) induced by 7. We
will need the following formula ([8], p. 321):

det 7(—1)
det m(—1)

Note that Resk oz is the representation of W(K /F) attached to E considered as an
elliptic curve over F' by extension of scalars, so that if 7 = 1p, then (2.1) implies

W(E, ) = W(E/F)det r(—1).

Let i be an additive character of K. Since o = Ind% ¢ (see Lemma 1.7 above), by the
inductive properties of root numbers (see e.g., [8], p. 316, formula (1.4)) we have

(22)  W(E/K) = W(o)=W(Indg ¢,¢x) = W(¢,u)W (Indi 1y, vx) =
= W(¢a ¢H)W(XH/K7 ¢K),
where ¢y = g o Try k.

Lemma 2.1. Let 7 = Indk 7. If H C F, then

4 imT . .
(2.3) W(E=T)=< ;) det (1), 5:{%, if H/K ramified.

(2.1) W(E,7)=W(op®7)=W((Resk o) @)

0, if H/ K unramified,
where (%) is the quadratic residue symbol of x € K. In particular,

-1\’ FK] .
W(E/F) = Al o=l o Zf H/K ramzﬁed,
L 0, if H/K unramified.

Proof. The calculation is the same as on p. 321 in [§], which we repeat for the sake of
completeness. Recall that o = Indg ¢. We have Resk 0 = ¢ @ ¢~ with ¢ = Res; ¢, since
o is symplectic. Since 7 has real-valued character, using properties of root numbers we
have

W ((Resk 0) @ 7) = det(n ® ¢)(—1) = det w(—1)¢(—1)FHldimm
where ¢(—1) = xm/x(—1) (by Lemma 1.3) and xp/x(—1) = (%) if H/K is ramified,
xu/k(—1) = 1if H/K is unramified. Hence (2.3) follows from (2.1). O

For the rest of the paper we assume that H ¢ F,ie., FNH = K. Let L = FH,
A = Res’; ¢, and let ¢» be an additive character of F. Note that Resk o = Ind% \ and

W(E/F) =W (Resk op) = W(Resk (05 @ w'/?)) = W(Resk 0),
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so that by (2.2) we have
(2.4) W(E/F) = WA )W (xe/r, ¥r),
where 7, = ¥p o Try p.

Lemma 2.2. Let ¢ denote the ramification index of a minimal extension of K over which
E has good reduction. If p > 5, then

W(E/F) = (L)W (B/K) "M,

where

1,  otherwise.

o {0, e|e(F/K),

Proof. 1t is known that if p > 5, then H is unramified over K and ¢ is tame, i.e., a(¢) = 1.
Suppose up/x € OF satisfies uz/K € Ok and H = K(up/k). Recall that o = Indgqﬁ is
symplectic and irreducible, hence ¢|xx = xu/x by Lemma 1.3. This implies A|px = x1/r,
so that by Lemma 1.4 applied to ¢, A and (2.4), we have

W(E/K) = <_1)a(¢)¢<uH/K),
W(E/F) = (1) XN ug/x) = (—1)" N (upx)FH.

Since a(¢) = 1, this implies W(E/F) = (—1)* WKW (E/K)FE]L - Clearly, a()\) < 1
and a(A\) = 0 if and only if € divides e(F/K). O

3. CASE WHEN H/K IS UNRAMIFIED

We keep the notation of Section 1. In this section we assume that E has potential good
reduction over K, o is irreducible and wildly ramified, p = 3, and H/K is unramified.
Then Gal(N*""/H""") = (a), where the order |a| of a is 3 or 6, and let ¢ be a one-
dimensional complex continuous representation of W(K /H) such that ker(¢|;,,) = Iy, so
that ¢(a) is a primitive 3rd root of unity if |a| = 3 and ¢(a) is a primitive 6th root of unity
if |a| = 6 (such ¢ exists because ¢ is induced by a character of H* and ker(og|r,.) = In).

Proposition 3.1. Assume that H is unramified over K, o = Ind% ¢, and ¢ is wildly
ramified. Suppose uy/x € O satisfies u%,/K € Ok and H = K(ug)x). If F is a finite
Galois extension of K and \ = Resk ¢, then

(3.1) a(A) = (a(¢) — )[F : K]+ 1 mod 2
and

(3:2) W(E/F) = (=1)" @@= DER g () KT = (=) R (B /KR,
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Proof. Recall that ¢ = Ind% ¢ is symplectic and irreducible, hence ¢|xx = Xu/k by
Lemma 1.3. This implies A|px = xz/r, so that by Lemma 1.4 applied to ¢, A and (2.4),
we have

W(E/K) = @4yw¢me%
W(E/F) = (—1)(1()\))\(UH/K) = (_1)@(/\)¢(UH/K)[FK]
Thus (3.1) implies (3.2) and it is enough to prove (3.1). Assume now that Gal(N“""/ H""") =

Z/3Z, so that N*"" = M"". Denote L = FH. Note that by Lemma 1.9 we have
L’UJlT’ m MU/FLT’ — H’LLTL’I".

Let F' be the maximal tamely ramified extension of K contained in F, let L = FH,
and let \; be the restriction of ¢ to L. Denote ¢; = e(L/H) = e(F/K). By Lemma 1.2,
since a(¢) > 1, we have a(\;) = (a(¢) — 1)e; + 1. Since p = 3 and f(F/K) is odd, we
have e; = [F : K| mod 2, so that

(3.3) a(M) = (a(¢) — D[F : K]+ 1 mod 2.

Assume now that F is a (totally ramified) Galois extension of F of degree 3. We will
show that a(\) = a(\;) mod 2. Indeed, let T'= LM, T = LM. Since LN M = H, we
have the following diagram of field extensions:

2 3

F L

3

T

3 3

~ 2 ~ 3 ~

F—L—T
Moreover, Gal(T/F) = S; and ), is a faithful representation of Gal(T/L). Let G =
Gal(T/L) = (Z/3Z) x (Z/37). Ramification groups of G have the form

G:GOZGlz"':GtDGt+1:{1} or
(3.4) G=Gy=G1= =G DGy1=" =Gy D Gryep1 = {1},

where Gy = Z/37Z. 1t is easy to see that depending on the embedding of Gy, into G
we have either
(1) a(As) = a(N), or
(2) a(M) =14+t+3,a(A) =1+t +s, or
(3) a(\) =1+t+3, a(A) =1+t

Since a(A;) is an integer, a(A;) = a(A) mod 2 in cases (1) and (2). Case (3) occurs when
ramification groups of G have form (3.4) and G;;; embeds diagonally into G. Assume
that this is the case. Let a denote a generator of Gal(T/ Z?), let b denote a generator of
Gal(L/L). Then we can identify G' with (a) x (b) via the natural isomorphism given by
restrictions and without loss of generality we can assume that Gy = (ab). Let ¢ = &5
be a Frobenius of F. Since Gal(T/F) = S5 and Gal(L/F) = Z/67Z, we have cac™' = a™!
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and cbc™! = b. Denote I' = Wy /Iy and A = W; /Ir. Then
L2 ((a) x (b)) @ (c), A= ({a) x (b)) x ().

Let ¢ denote a one-dimensional complex representation of A given by 1(a) = £ for a
primitive third root of unity &, 1(b) = 1(c®) = 1, let u be a one-dimensional complex
representation of I' given by u(a) = pu(c) = 1, u(b) = £, and let p = Ind} ¢ = Ind% ¢, so

that
s =(§ ) =g 1) so=(1 )

Then it is easy to check that on one hand, a(p® u) = 2(¢ +1) + 5 and on the other hand,

a(p @ ) = a(Indj(v @ Res} p)) = 2a(¢) ® Resg p),
which implies that s is even and hence a(\;) = a(A) mod 2 in case (3) as well.
Assume now that F is an arbitrary Galois extension of K. If F is tame over K, then (3.1)

follows from (3.3). Otherwise, since Gal(F/ F) is a 3-group, there exists a totally ramified

Galois extension F” of I’ contained in I’ such that F'is a totally ramified Galois extension
of F' of degree 3. Note that F" N H = K, because F'N H = K, hence [F'H : F'| =2
and e(F'H/F') = 1. Also, (F'H)"" N M""" = H""" because L' N M"" = H""" so
that FHN M = H and e(F'M/F'H) = 3. Finally, using the results above together with
the induction on the degree of F over I, we get a(\) = a(\;) mod 2, which together with
(3.3) proves (3.1) in the case when Gal(N“""/H""") = 7 /3.

Assume now that Gal(N"""/H"") = 7Z/6Z. Since M"*"" ¢ L""" by Lemma 1.9,
A is wildly ramified, hence a(\?) = a()\) and we can apply the results for the case
Gal(Nvr JHY) = 7,/37 above. Thus

a(A) = (a(¢*) — D[F : K]+ 1 mod 2,
where a(¢?) = a(¢), so that (3.1) follows. O

Remark 3.2. Note that ¢(uH/K) does not depend on the choice of uy/ k. Indeed, recall

that o = Indg ¢ is symplectic and irreducible, hence by Lemma 1.3 we have ¢|xx = xu/k-
Thus ¢(up k) does not depend on the choice of up/x by Remark 1.5.

4. CASE WHEN H/K 1S RAMIFIED

We keep the notation of Section 1. In this section we assume that E has potential good
reduction over K, o is irreducible and wildly ramified, p = 3, and H/K is ramified. We
distinguish two cases: L = F'H is unramified over F (equivalently, the ramification index
e(F/K) of F over K is even) and L is ramified over F' (equivalently, e(F/K) is odd).
Proposition 4.1 below treats the first case and Theorem 4.3 below treats the second.

Proposition 4.1. Let H be ramified over K and let o € Oy satisfy o € Ok, valg a = 1,
and H = K(«). Let L be unramified over F (equivalently, e(F/K) is even). Then

(41) W(E/F) = (~1)@ 5 o)1)
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Moreover, if F' is Galois over K, then

(4.2) a(A) = (a(¢) — 1)€(F2/K) +1= e(F/K) + 1 mod 2
and
(4.3) W(E/F) = (—1)+ 521 (F/Qa),

Proof. Let wr be a uniformizer of F. Since e(F/K) is even, we have a = uwh. for

k= @, u € OF, u* € OF, and L = F(u). Recall that ¢ = Ind} ¢ is symplectic and

irreducible, hence ¢|xx = xm/x by Lemma 1.3. This implies A|px = xr,/r, so that by
Lemma 1.4 applied to A and (2.4), we have

W(E/F) = (=1)*™ - A(u).
Here A(u) = AMa)A(@r) ™", where Awr) = x1/r(wp) = —1 and (4.1) follows.

Let F; be the maximal tamely ramified extension of K contained in F, let L, = F,H,
and let \; be the restriction of ¢ to L;. Since L, is unramified over F}, Proposition 3.1
implies

a(A) = (a(N) — D)[F : Fy] + 1 mod 2.

Let e; = % = e(Ly/H). Using Lemma 1.2 and taking into account that a(¢) is even

(by Lemma 1.1), we have
a(A) = (a(¢p) —1)es +1 =€+ 1 mod 2.
This implies (4.2).
Finally, from (4.1) and (4.2) we have
W(E/F) = —¢(a) .

Also, ¢(a?) = xa/r(—1) = (=1)7F/®) gince o® € K, a € K, and ¢|gx = xu/k. Since
[F': K] is even, we have

d(a) P = p(a2) 5 = (1) E/ ST ()@
and (4.3) follows. O

Remark 4.2. Note that ¢(a)"*%] does not depend on the choice of o. Indeed, let 3 € Op
satisfy 5% € Ok, valg o = 1, and H = K(3). This implies that & = uf3 for u € O Since
[F: K] is even and ¢|gx = xu/kx (by Lemma 1.3), we have

[F:K] [F:K]

o(u) " = o(u?) 2 = Xy () =1,

since u? = Np g (u) is in the kernel of x k.
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Theorem 4.3. Suppose e(F/K) is odd and e; is the ramification index of the mazximal
tamely ramified extension of K contained in F. Assume in addition that F is Galois over
K. Then there exists « € Oy (that depends on E and does not depend on F') such that
H = K(a), a®> € O, valga =1, and

(4.4) W(E/F) = (—1)"ref (F/Qs)plF:K] g ) [F:K],

where 1 is given by Lemma 1.7 (it depends on E and does not depend on F') and

2

%, ife; =2 mod3

@l ife, =1 mod3 odd, ife; =5 or7 mod 12
a = =
even, ife; =1 or 11 mod 12.

In particular,
W(E/K) = —n¢(a)
and

W(E/F) = (—1) K+l (FQ)yy (g /|0 FE],

Proof. Clearly, it is enough to prove (4.4). For that we will choose a special ¥ and
calculate separately W (x./r, ¢¥r) and W (A, ¢1) in (2.4).

The root number W(x./r,1r). Let g be a generator of Gal(M/H) (recall that
M = K(E[2]) and Gal(M/H) = Z/3Z) and let A, B, C denote the z-coordinates of the
2-torsion points on E such that g(A) = B, g(B) = C. Let A2 denote a fixed quadratic
root of A satisfying

A'? = (A= B)(B-C)(C - A),

let A% denote a fixed quadratic root of A2 and let N = K(E[2], AY*) with our choice
of A4, We can extend ¢ to an element of order 3 of Gal(N/H), then consider g as an
element of Gal(N"""/H""") via the natural isomorphism Gal(N"“""/H""") = Gal(N/H)
given by the restriction, and finally regard g as an element of W(K/H)/Iy via the natural
embedding Gal(N*" /H"") «— W(K/H)/Iy. In particular, g(AY*) = AY4 Let ¢x
denote a character of K whose restriction to Ok is given by

Vi (a) = ¢lg)” "EmD oz e O,

where ¥ denotes the image of z in K under the quotient map.

Let op = Resk 0 = Ind% \, so that o is the analogue of ¢ for the elliptic curve over F
obtained from E by extension of scalars. Denote P = LM and T"'= LN. By Lemma 1.9,
the natural restriction map

is an isomorphism. Hence op is irreducible by Lemma 1.3. Let g € Gal(T"""/L*"") be
the preimage of g under . We consider g as an element of W(K/L)/Ir via the natural
embedding Gal(T"" /L") — W(K/L)/Ir. Thus T = F(E[2],AY*) with the above
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choice of A4 § fixes each element of F“"" G(A) = B, §(B) = C, g(AY*) = AY* and
A(g) = ¢(g). Let 1 denote a character of F' whose restriction to O is given by
U(x) = (ﬁ(g)_Trﬁ/lFa(j), x € Op,
and let ¥z be a character of F' given by
Vr(r) = Y(e).
(Recall that e; is the ramification index of the maximal tamely ramified extension F; of K

contained in F.) Let ®7 € W(K/T) be a Frobenius. Then by a property of root numbers
(see e.g., [7], Proposition on p. 143) we have

(4.5) W(XL/Fa Yr) = XL/F(et)W(XL/F>w)-
On the other hand, it follows from [4] that
(4'6) W(XL/F,@/)) = _)‘(CDT)'

Indeed, denote
u —Trzm (w)
G= = F/¥3 s
EA ( F) ¢(9)
ue(F)x

where <%> is the quadratic residue symbol of u € F'. Using the definition of Wxw e ),
one can check that

(4.7) W(xr/r, ) =C1- G,
where (] is a real positive number. It follows from Proposition 5.7 on p. 618 in [4] that
(4.8) G = —Cy- A\(Pr),

where (5 is a real positive number (note that in [4] instead of A the author uses a character
of L* that induces Res) o). Since both W (xz,r,¥) and A\(®r) are of absolute value 1,
(4.7) and (4.8) imply (4.6). Finally, (4.5) and (4.6) give

Wxese, ¥r) = =xu/r(e)M(®Pr).

Note that since Gal(K /T""") is in the kernel of A\, \(®7) does not depend on the choice
of &p. Let f = f(F/K). Note that f = f(T'/N), which follows from the assumptions
that e(H/K) =2, ¢(F/K) is odd, and ¢ is wildly ramified together with Lemma 1.9. Let
dy € Gal(K/N) be a fixed Frobenius. There exists d € Iy such that ®7 = &% d, hence
AN@r) = ¢(®n) =1/ and

(4-9) W(XL/F7 @DF) = —XL/F(et)Uf-

The root number W (A ¢). Given L, = F;H we define characters ¢y and ¢, of H
and L, respectively, via

Yy = ko TFH/K, Y =yro TTL/F-
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Note that
vr(r) = ¢lg) Y,z e Op,
vr(x) = olg)" s v e O,
Yr(z) $lg) > Tm® z e 0,

so that n(yx) = n(vr) = n(Yu) = n(¢r) = —1 and
Yr(x) = YgoTry u(x), xe€ O,
Yp(r) = YgoTrp/k(x), x€Op.
Clearly, @y is a Frobenius of both Gal(K/H) and Gal(K /K). We fix uniformizers wy
and wg of H and K, respectively, corresponding to ®y via the local class field theory.

Analogously, we fix uniformizers w; and wr of L and F, respectively, corresponding to
®1 via the local class field theory. In particular, we have

WK = NH/KWH, Wr = NL/FwL-
Let 6 = Res?; 0, where @ is defined by Lemma 1.8. Then
é(wL) =0(wu) =+, f=[(F/K)=[f(L/H),
and
g(wL)2 _ 72f _ (_1)f(L/Q3)'

Let a € Oy satisfy H = K(a), o® € Ok, and valya = 1, and let e = ¢(F/K). By
Lemma 1.9, A is not tame and hence a(\) and a(¢) are even by Lemma 1.1. We denote
a(A) = K, a(¢) = m. To calculate W (A, 1) we follow Rohrlich’s approach, namely make
use of the Frohlich-Queyrut’s formula as follows. Note that L = F(«). Since ¢ was chosen
so that (¢ ® 0)|xx = 1k, we have (A ® 0)|px = 1 and hence

WO ®0,91) = Ma)(e) = ¢(e)" - 0(a) ",
where the first equality follows from Theorem 3 on p. 130 in [2]. On the other hand, since
a(d) =1 and n(y) = —1, by the results on p. 546 in [1], we have
W()\ ® é? @ZJL) = é(’z)_lw()\? wL)7

where z € L satisfies val,(z) =1 — x and

(4.10) A(1+0b) =vr(zb), for any b € L with valg(b) > k/2.
Hence,

(4.11) W) = 6(a)FK - 0(a) 5. G(z).

Let y € H* with valy(y) = 1 — m satisfy

(4.12) o(1+a) =¢u(ya), for any a € H with valy(a) > m/2.

Lemma 4.4. We have
(4.13) 0(z) = 0(y)’.
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Proof. See Section 5 below. O

Let n = a(¢)/2 = m/2. Note that ¢~'(1 + awl 'b) is an additive character in b € O
and hence there exists u € K™ such that

¢ (1 + aw'y b)) = i (ub), Vb€ Ok.

Moreover, valg v = 0, so that u € OF. Thus there exists a € H depending on ¢, ¥,
and our choice of wg such that H = K(a), a® € Ok, valy a = 1, and

(4.14) ¢ (1 + awwi b)) = Yi(b), Vb€ O.

In particular, it follows from our choices of ©¥x and wy that a in (4.14) depends on E
and does not depend on F'. Taking into account that valy (aw?{lb) > n for any b € Ok
and using (4.12) we get

Y (b) = (1 + awi 'b) = Yy (yawi 'b).
n—1 _

Hence yawh ' = 1 mod py (since n(vy) = —1) and 6(y) = 6(a)~*. This together with
(4.11) and (4.13) yields

(4.15) WA, 1) = ¢p(a)FEL L g(a)FKles
We now prove (4.4). It follows from (2.4), (4.9), and (4.15) that
(4.16) W(E/F) = _anL/F(et)¢<a)[F:K]9(a)[F:K}—etf‘

Let a = uwy for some u € Oy;. Note that 0(wgy) = 7, 9|O§ has order 2, and [F : K|—e;f
is even, so that

(4.17) O(a)lFKlmeef — AIFK]—euf

Assume f(F/Qs) is even. Then xp,p(e;) = 1. Also, using Lemmas 1.7 and 1.8, it is
easy to check that y*Kl=ef = 1 and nf = nlF*Kl so that (4.4) follow from (4.16) together
with (4.17).

Assume f(F/Qs) is odd, so that both f(F/K) and f(K/Qs) are odd. Then n? = —1

and we choose v = 7, which gives

: —eét et71 :
nf+[F-K} f:(—l) 3 n[FK].

Calculating (—1)%7271 and xp/p(e;) = (%) explicitly, we get (4.4). O

5. PROOF OF LEMMA 4.4

In this section we keep the notation and assumptions of the previous section. We
consider three cases: 1) F' is tamely ramified over K (equivalently, L is tamely ramified
over H), 2) F is a totally ramified Galois extension of K of degree 3 (hence, L is a totally
ramified Galois extension of H of degree 3), and 3) the general case.
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L is tamely ramified over H. Note that in this case we have L. = L, and hence
Y, = ¢y o Trpyg on Op. Since by assumption ¢ is not tame, by Lemma 1.2 we have
k = (m — 1)e; + 1. This implies

valpy = valp z = (1 — m)e;.
For any b € L with valy(b) > (m — 1)e; using (4.10) we have
(5.1)  ¥r(zb) = AM1+b) = ¢(Nr/m(1+0)) = ¢(1+ Trrym(b) +V), V€ H,
where valy,(Trz/u (b)) > me;/2 and valg, (V') > me;. Thus
valy (Trp (b)) > m/2, valg(b') > a(¢), and yb € O,
hence by (4.12)
(5.2) (1 + Tr/a(0) + ) = Yu(y Troyu (b)) = Yu(Tro/u(yb)) = Pr(yb).
Therefore, comparing (5.1) and (5.2) we get ¢ (2b) = ¢ (yb) or, equivalently,
brl(z —m)h) = 1

Since the last equation holds for all b € p(mel)et, we conclude that

(5.3) valp((z — y)@" V) > 1.

val

Let y = uw ('Y, 2 = v} for u,v € OF. Then (5.3) implies u = v mod p;, and hence
(5.4) 0(2) = O(cor)™ Y - f(u) = O(y) = O(y)!LH),

L is a totally ramified Galois extension of H of degree 3. Let T'= LN. We first
study the relation between a(¢) and a(A). In particular, we will show that a(\) > a(¢).
For that we analyze the higher ramification groups of Gal(7"""/H"""). Denote

P = Gal(N"""/H"")=7/27 x Z]3Z,
Q = Gal(L"""/H""")=7/3Z,
G = Gal(T""/H"""),
C = Gal(T"" /L") = 7)27 x 7./ 37
(here we used Lemma 1.9). The higher ramification groups of P are
P=PFPD>P =---=PF,D P, ={1},

where P; = 7Z/37, n is even (as follows from the results on the action of inertia groups
on higher ramification groups), m = 1+ n/2, and since m is even, we have n/2 is odd.
Let R = Gal(L"""/K""") =2 Z /27 x 7,/37. Then the higher ramification groups of R are

R:R()DRl:"':RaDRa+1:{1},

where Ry = Z/3Z and « is even. Then the higher ramification groups @; of @ have the
form Q; = Q N R;, so that

Q=Qo="=Qa D Qa1 = {1},
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where « is even. Finally, the higher ramification groups of C' are

where C = Z /37, § is even, k = 1 + 0/2, and since k is even, we have ¢/2 is odd. Since
LY N N = H"" the restriction maps give the isomorphism

i G =5 Gal(N™™ /H™) x Gal(L™™ / H"™),

so that G = Z/27 x (Z/3Z)? is an abelian group of order 18. As a result, the higher
ramification groups of GG can have two forms:

(55) G:GODGlz“‘:GtDGt+1:{1},
where G| =2 Z /37 x 7/37Z, t is even, or
(5.6) G=Gy DG = =G DG1="=GCs O Gryop1 = {1},

where G| =2 Z /37 x )37, Gy+1 = Z/3Z, t is even, and s is divisible by 6. We will show,
in particular, that (5.5) does not occur.

Assume that (5.5) holds. By comparing the higher ramification groups of G' with the
higher ramification groups of its quotients () and P, it is not hard to see that in this case
we have o« = t/2, n = t, which is a contradiction, since by above « is even and n/2 is odd.

Assume that (5.6) holds. There are three sub-cases depending on the embedding of
Gii1 =2 ZJ37 into Gy = Z/3Z x Z/3Z. Let S C N be a quadratic extension of H such
that S"""/H""" is the maximal tamely ramified subextension of N*""/H""". Again, as
in the previous paragraph, by comparing the higher ramification groups of G' with the
higher ramification groups of its subgroup C' and quotients () and P, it is not hard to see
that

a= é +5 n=t, § =t, if p(Gyr) = Gal(L*™/H""),
(5.7) a=3 n=t+3z, 6=t+s, if p(Gy1)= Gal(N"""/S"T),
a=3+3g n=t+3 0=t otherwise.

Thus, in the third sub-case in (5.7) we get &« = n/2, which is a contradiction, since by above
a is even and n/2 is odd. Hence u(Gyyq) = Gal(L*" /H*") or u(Gyyq) = Gal(N™ /S4mT)
and a(\) > a(9).

Remark 5.1. It turns out that both first two cases in (5.7) can occur. Explicit examples
of elliptic curves over K = Q3 can be found in [3].

Note that since L is wildly ramified over H, by our choice ¥y = ¢y, on Og. Let x € L
with valy(z) > k — 1. Then

(5.8) Yr(zz) =A1+2z)=¢ (Npu(l+2)).
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By Lemmas 4 and 5 on p. 83 in [9] we have

2

k+2a+1
3 .
(Here, for r € R the symbol [r] denotes the largest integer < r.) In both cases when
w(Gii1) = Gal(L*" /H"") or u(Giy1) = Gal(N*"" /S, using formulas (5.7) and a(\) =
k=1+09/2,a(¢) =m =1+n/2, it is easy to check that I; > m. Let

k-1 1—k 3(1—m) X
r=aw] , z=ww; ", y=uw, , a€ O, w,ue Of.

Assume that u(Gyypq) = Gal(L*" /H"""). In this case we have kK = m, Il > m, and
valg Npp(z) > k —1=m —12>m/2. Thus using (5.8) and (5.9) we get
(5.10) dr(2x) = ¢ (1+ Nyym(2)) = oy Npym(z)).

Note that the group Gal(L/H) coincides with its a-th ramification subgroup, where a > 1,
so that g(w;)w; ' =1 mod py, for any g € Gal(L/H). Then easy calculation shows that

TI'L/H(Z') = 0 mod P%, l2:

yNL/H(x) = yNL/H(a) NL/H(wL)”*1 = ua® mod pr.

Thus, (5.10) implies aw — ua® € ker¢p. Let f = f(L/Qs3). We have u¥ = u mod py, and

f f-1 f-1 f-1
wa® = v a® — v a4+ v a=v* amod kery,

since it follows from the definition of ¢, that w3 a® — u¥ 'a € kert,. This implies
a-(w—u?"") € keryy for all a € Op and hence w = v* ™" mod py, (because n(¢y) = —1).

Since the restriction of 4 to O7 has order 2, we have
0(y) = 0(w)0(wr)*" ™ = 0(w)0 ('™ = O(w)*0(w,)* ™ = 0(=)°.
On the other hand, 0(y) = 0(y)?, since y € H*. Finally, recall that 6(3)*
B € W(K/H), hence
(5.11) 0(z) = 6(y).
Assume now that p(Gypq) = Gal(N*/S*""). In this case I = m — 1 > m/2 and
valg Np/p(z) > k —1 > m. Hence, using (5.8) and (5.9) we get

(5.12) Yr(zx) = ¢ (1 + TrL/H(:L’)) =Yr(yTrr u(x)).

Note that without loss of generality we can assume w € Oj;. Indeed, since L is to-
tally ramified over H, there exists wy € Oj; such that w —wy € py. Then ¢ (zz) =
Y (wewwl ™ z) (because n(vy) = —1) and 0(z) = O(wyw: ") (because a(f) = 1). For any
a € Oy equation (5.12) yields

= 1 for any

a-(w—yTryp(@f™") € Op Nkeryy
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and hence w = yTrL/H(wz’I) mod py. Our next step is to calculate yTrL/H(w’Z’l).
Denote wy, = w, k — 1 = j, and let g be a generator of Gal(L/H), so that

TrL/H(wj) = + g(w) + ¢* (=)’

Note that valy(y) + j + 2o = 0. We have g(w) = w(l + cw®) for some ¢ € O] and
g(c) = ¢ mod p¢*t!. Using this, it is easy to check that

(5.13) Trpyn(@’) = @ + @ (1+ o) + g(@) (1 + g(c)g(w)*) =
= @/(3+ 3cjm™ + Zj(a + j)@**) mod PJ;FZ&H-

Let b = e(H/Qs). Then e(N/Qs) = 6b and e(L/Q3) = 3b. It is known (see e.g., [9], p. 72,
Exc. 3c) that

n < %6(]\[/@3) and a < %G(L/Qa),

which implies ¢ + § < 3b and since s # 0, we conclude that 2 = ¢ < 3b. In other words,
valy 3 > 2« and it follows from (5.13) that

yTrr (@) = uc®j(a+ j) mod py.
Recall that j =k —1=2 =1L +% o =1 and since s = 0 mod 3, we have

w=yTrpp(w’) = 2670 mod py.

Since w is a unit, we see that ¢ is not divisible by 3 and since the restriction of 6 to O
has order 2, we have

0(2) = 0(w)i(wr)™" = 0(2)0(u)f(wy) "

Recall that y = uwi(l_m). Also, 1 — k —3(1 —m) = t, where t = 2 and « is even, so t is

divisible by 4 and hence

9(’@[/)1_'i = é(wL)S(l—m)'
Thus,
6(=) = 0(2)8(y) = 6(2)8(y)".

Writing y € H* as the product of a unit in Oy, and wVHalH Y and taking into account that

0(2) = (—1)TH/Q) 9(wy)? = (—1)TH/®) valyy = 1 — m is odd, and the restriction of
6 to O} has order two, we get 6(2)0(y)? = 1. Therefore,

(5.14) 0(z) =0(y).

General case. We now assume that F' is an arbitrary finite Galois extension of K.
Let F; be the maximal tamely ramified extension of K contained in F'. Since the group
Gal(F/F;) is a p-group with p = 3, it has a quotient that is a cyclic group of order 3, hence,
there exists a finite Galois extension Fy of F; contained in F' with Gal(Fy/F;) = Z/3Z.
We put L, = F\H, L, = Ly and for each i € {0,1} denote ¢; = Reski ¢, 6; = Resk; 6,
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Yo = Yy o Trp,/g. Also, let 9y be a character of L, such that ¢, = v, on Op, and let
z; € L be the analogues of z for ¢;, i.e., we have
¢i(l+a) =Yi(za), ae L], valp,(a) > al(e;)/2.
(Note that 1); is non-trivial and a(¢;) is even by Lemma 1.9 and Lemma 1.1.) Using the
inductive hypothesis on the order of Gal(L/L;) = Gal(F/F;) together with (5.11) and
(5.14), we get )
0(2’) = 91(2’1) = 00(20).
Finally, using (5.4) we have
0(2) = 0o(20) = 0(y)"".
6. EXAMPLE OF A NON-GALOIS F/K

We keep the notation of Section 1 and assume p = 3, E has potential good reduction
over K, op is irreducible and wildly ramified.

Lemma 6.1. Let H be unramified over K and let ug/x € OF satisfy u%{/K € Ok and
H = K(up/k). Suppose F is a degree 3 extension of K such that the Galois closure I
of F' over K 1s totally ramified over K. Then there exists t € N such that

W(B/F) = (=1)"(umx) ",

where

(6.1) e {a(aﬁ), if F/K is Galois.

a(p)+t, if F/K is not Galois.

In particular, if F' is Galois over K, then W(E/F) =W (E/K). If F is not Galois over
K, then W(E/F) = (=1)'W(E/K) and both cases t is even and t is odd can occur.

Proof. The case when F' is Galois over K is done in Proposition 3.1. Suppose F' is not
Galois over K, so that Gal(F9/K) = S;. By Proposition 4 and its proof on p. 320 in [§]
we have
(6.2) W(E/F) = (—1)287)/270() gy 1 YD,
where 7 = Ind; 1. Let S/K be the maximal tamely ramified subextension of F'9/ K, i.e.,
[S:K]=2 LetT=FIM, H=SH, L=FH, and M = SM. By Lemma 1.9 above,
M is not contained in L and hence we have the following diagrams of field extensions:

2

3 3

F9 i T ( Fg)unr — junr Tunr
3 3 3 3 3 3
2 2 2 2 2 2
K——H—"M Runr —— unr —2— ppunr
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Let 1 be a character of S* such that ker u = Gal(K/F9), let ji = ResSH L, ¢ = Resg 0.

Then a(¢) = 2a(¢) — 1 by Lemma 1.2 and hence a(¢) is odd. Also, it is easy to check
that p|xx = lx and hence a(p) = a(z) is even by Lemma 4 on p. 132 in [2]. Let
G = Gal(T*" /H""") = S5 x 7,/37. Ramification groups of G have the form

(63) G:GoDGlz"':GtDGt_H:{l} or

(6.4) G=GyDG =-=GDG1="=0Gpys D Grye1 = {1},

where Gy = Gal(T*"/H"") = 7./3Z x Z/3Z and in (6.4) we have Gyyy = Z/3Z. It
is easy to see that in case (6.3) and in case (6.4) with G;y; embedded diagonally into
Gy, we have a(¢) = a(ji), which is a contradiction, since by above one number is odd
and the other is even. Thus (6.3) does not occur and in (6.4) we have either G =
Gal(T" /L") or Gypq = Gal(T* /M™7). If Gy = Gal(T** /L"), then we have
a(@) =alp®@p) =1+1t+ 3, a(fr) = 1+t Since a(¢) is odd and a(f1) is even, we
conclude that both ¢ and a(¢ ® ji) are odd. Analogously, if Gy = Gal(T™" /M“"), then
a(@) =1+t a(it) = a(¢ ® fi) = L+t + £, so that both ¢ and a(¢ ® i) are even.

On the other hand, 7 = Ind% 1p =2 15 + Indf{ w1 and using the inductive properties of
function a(—) one can see that

a(0 ©7)/2 = a(r) = a(6) + a(d © i) = a(¢) + t mod 2,
so that using (6.2) we have A = a(¢) + ¢ mod 2 in (6.1).

We now show that both cases t is even and t is odd can occur. Let K = Q3 and let
B =Gal(FI/K) = S;, C = Gal(M/H) = Z/3Z. Then the ramification groups of B and
C are

B:B()DBl:"':BaDBaJrl:{l}, Bng/?)Z,
0200201220/@DC§+1:{1}
Thus a(p) =14 « and a(¢) = 14 5. By the previous paragraph we also have two cases:
(1) a(p) =1+t, a(¢p) =1+ 3(t+5) or
(2) a(p) =1+t+%5, a(¢) =1+ L.
On the other hand, a@ < e(F9/Q3)/2 = 3, 8 < e(M/Q3)/2 = 1.5 (see e.g., 9], p. 72,

Exc. 3c). Thus § = 1 and since a(p) is even, & = 1 or a = 3. Furthermore, by comparing
a(p) and a(¢) in terms of o, B with those in terms of ¢, s, we have two cases

(1) a=t, f=3(t+%) =1 hencea=t=1,or

(2) oz:t—i—g,ﬂ:%:l, hence t =2, a = 3.

Consider the following elliptic curves over Qs:
E: vy +aoy+y=a—a>—515+5,
By iy +y=2a"
By +y=21°—1.
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Let A, A1, and A, denote the minimal discriminants of E, Fy, and Fy, respectively. It is
shown in [3] that E, E}, and E, are of the Kodaira-Néron reduction type II, valg, (A) =
a(op) =4, valg, (A1) = a(og,) = 3, valg,(As) = a(og,) = 5. It is not hard to check that
this implies, in particular, that E satisfies the hypothesis of Lemma 6.1. Also, denote
M; = Q3(F;[2]), ¢ = 1,2. Then one can check that Gal(M;/Q3) = S3 and M; is totally
ramified over Q3. For i € {1,2} let ¢; denote the analogue of ¢ for E; (note that each ¢;
is wildly ramified), M; will play a role of F¥ in our notation above, and let a; denote the
analogue of « for M;. From a(og,) = 3 and a(og,) =5 we can find a(¢1) = 2, a(pa) = 4.
Moreover, note that a(¢;) = a; + 1, so that oy = 1, as = 3. Hence by cases (1) and (2)
above there exist non-Galois cubic extensions F;/Q3 C M;/Qs such that ¢(F;) = 1 and
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