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Abstract—We study admissible orthogonal and symplectic representations of the Weil–Deligne
group W ′(K/K) of a local non-Archimedean field K . As an application of the obtained results we
show that the root number of the tensor product of two admissible symplectic representations of
W ′(K/K) is 1.
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1. INTRODUCTION
In this paper, we study admissible orthogonal and symplectic representations of the Weil–Deligne

group W ′(K/K) of a non-Archimedean local field K. The basis of our investigation is the fact that
each admissible indecomposable representation of the Weil–Deligne group has a unique irreducible
subrepresentation. From the definition of admissible representations of the group W ′(K/K) it follows
immediately that each admissible representation of the group W ′(K/K) is a direct sum of admissible
indecomposable subrepresentations. In turn, it is known that each admissible indecomposable repre-
sentation of the group W ′(K/K) is of the form α ⊗ sp(n), where α is an irreducible representation of
the Weil group W(K/K) of the field K, n is a positive integer, and the representation sp(n) is given by
formula (3.2) on p. 49. One can easily show that α⊗ sp(n) has a unique irreducible subrepresentation. In
other words, the socle of the representation α ⊗ sp(n) is irreducible. Therefore, it is natural to begin the
study of admissible orthogonal and symplectic representations of the group W ′(K/K) with the study of
orthogonal and symplectic representations (of a group G over a field k) which can be written as direct
sums of indecomposable subrepresentations with irreducible socles (see Theorem 2.1). As a result, we
have obtained the following theorem.

Theorem 1.1. If σ′ is an admissible minimal symplectic or orthogonal representation of the
group W ′(K/K), then either

σ′ ∼= (β ⊗ sp(m)) ⊕
(
β∗ ⊗ ω1−m ⊗ sp(m)

)
(1.1)

for some positive integer m and irreducible representation β of the group W(K/K), or

σ′ ∼= α ⊗ sp(n) (1.2)

for some positive integer n and irreducible representation α of the group W(K/K) such that the
representation

α ⊗ ω
n−1

2

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

is symplectic if σ′ is symplectic and n is odd,

orthogonal if σ′ is symplectic and n is even,

orthogonal if σ′ is orthogonal and n is odd,

is symplectic if σ′ is orthogonal and n is even.

(1.3)

Here a minimal symplectic (or orthogonal) representation is a representation which cannot be
written in the form of an orthogonal sum of its nonzero invariant subrepresentations, β∗ means the
representation contragradient to a representation β, and ω is the one-dimensional representation of the
group W(K/K) defined by (3.1).
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2. REPRESENTATIONS WITH IRREDUCIBLE SOCLES

Let k be a field and G a group. Recall that the socle of a representation σ : G → GLk(U) (or of a
k[G]-module U ) is the k[G]-submodule of U equal to the sum of all simple k[G]-submodules of U . If U
has no simple submodules, the socle of U is assumed to be zero. We will denote the socle of a module U
by soc(U). Note that the socle of a module U is simple if and only if U has only one simple submodule.

A representation σ of a group G over a field k is called indecomposable if it cannot be written as a
direct sum of nonzero invariant subrepresentations. Otherwise we will say that σ is decomposable.

We will say that an orthogonal or symplectic representation of a group G over k is minimal if it
cannot be written as an orthogonal sum of nonzero invariant subrepresentations. It is clear that each
finite-dimensional orthogonal or symplectic representation is an orthogonal sum of minimal orthogonal
or symplectic subrepresentations, respectively.

Theorem 2.1. Let σ be a finite-dimensional minimal orthogonal or symplectic represen-
tation of a group G over a field k which can be written as a direct sum of indecomposable
subrepresentations with irreducible socles. Let U be the space of the representation σ and 〈· , ·〉
a nondegenerate invariant form on U . Then either σ is indecomposable, or U ∼= V ⊕ V ∗, where
V is an indecomposable submodule of U and V ∗ is the module contragradient to V . Moreover,
an isomorphism of k[G]-modules λ : V ⊕ V ∗ → U exists with the following property: if 〈· , ·〉′ :
(V ⊕ V ∗) × (V ⊕ V ∗) → k is the form on V ⊕ V ∗ defined by

〈x, y〉′ = 〈λ(x), λ(y)〉, x, y ∈ V ⊕ V ∗,

then the forms 〈· , ·〉′|V and 〈· , ·〉′|V ∗ are degenerate and 〈· , ·〉′ : V × V ∗ → k is the standard form
given by the relation

〈u, f〉′ = f(u), u ∈ V, f ∈ V ∗.

Proof. Let

U = U1 ⊕ · · · ⊕ Us ⊕ Us+1 ⊕ · · · ⊕ Us+m,

where each Ui is an indecomposable submodule of the module U with simple socle. Assume that the
first s modules U1, . . . , Us have maximal dimension n among all submodules Ui, so that dimU1 =
· · · = dim Us = n and dimUi < n for any s + 1 ≤ i ≤ s + m; φ : U → U∗ is the isomorphism defined by
the form 〈· , ·〉, i.e., φ(u) = 〈u , ·〉, u ∈ U ; ψ : U∗ −→ U∗

1 ⊕ · · · ⊕ U∗
s+m denotes the natural isomorphism

between U∗ = (U1 ⊕ · · · ⊕ Us+m)∗ and U∗
1 ⊕ · · · ⊕ U∗

s+m. Let αij : Ui −→ U∗
j , for each i and j, be the

homomorphism of k[G]-modules defined by the diagram

U
ψ◦φ �� U∗

1 ⊕ · · · ⊕ U∗
s+m

πj

��
Ui
��

��

αij �� U∗
j ,

where πj is the projection to the jth summand. If i exists such that αii is an isomorphism, then the
form 〈· , ·〉|Ui is nondegenerate. Consequently, the module Ui and its orthogonal complement in U (with
respect to the form 〈· , ·〉) are mutually orthogonal invariant subspaces of the space U . Since σ is minimal,
it follows that U = Ui and U is indecomposable.

Thus, we can assume that, for all i, the mapping αii is not an isomorphism, i.e., the form 〈· , ·〉|Ui is
degenerate for each i.

Let us show that among the mappings α11, α21, . . . , αs1 there is at least one isomorphism. In fact,
since each Ui has a unique simple submodule, it follows that each U∗

i has a unique maximal (proper)
submodule. Therefore, if all αi1, 1 ≤ i ≤ s + m, are not surjective, then each αi1(Ui) is contained in a
unique maximal submodule of the module U∗

1 , which contradicts the fact that the composition π1 ◦ψ ◦ φ
is surjective. Thus, i exists such that αi1 is surjective and 1 ≤ i ≤ s (by the assumption on dimensions
of the spaces U1, . . . , Us). Without loss of generality we can assume that i = 2, i.e., the mapping α21
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is an isomorphism. Let us prove that, in this case, the form 〈· , ·〉|U1⊕U2 is nondegenerate. Then the fact
that the representation σ is minimal will imply that U ∼= U1 ⊕ U∗

1 and the form 〈· , ·〉 has the property
indicated in the assumptions of the theorem.

Assume that the form 〈· , ·〉|U1⊕U2 is degenerate, i.e., K = ker (〈· , ·〉|U1⊕U2) is not equal to zero. Let
pi : U1 ⊕ U2 → Ui, i = 1, 2, denotes the projection to the i-th summand. Since K is not zero, it follows
that either p1(K), or p2(K) is not zero.

Consider the case when p1(K) �= 0. Denote by K1 the kernel of the form 〈· , ·〉|U1 . Since, by
assumptions, K1 and p1(K) are not equal to zero, we have soc(U1) ⊆ K1 and soc(U1) ⊆ p1(K). The
following two cases are possible:

(1) soc(U1) ⊆ K,

(2) soc(U1) �⊆ K.

In case (1), for any x ∈ soc(U1) and y ∈ U2, we have 〈x, y〉 = 0, which implies that 〈·, y〉|soc(U1) = 0,
i.e., the element 〈·, y〉|U1 = α21(y) belongs to the maximal submodule (U1/ soc(U1))∗ of U∗

1 , which
contradicts the fact that the homomorphism α21 is surjective.

In case (2), x ∈ soc(U1) and y �= 0 ∈ U2 exist such that x + y ∈ K. Taking into account that
soc(U1) ⊆ K1, for any z ∈ U1, we have 〈z, y〉 = 〈z, x + y〉 = 0, which contradicts the fact that the
homomorphism α21 is injective.

Thus, p1(K) = 0. Consequently, K ⊆ U2, which again contradicts the fact that the homomor-
phism α21 is injective.

Remark. If k = C, then Theorem 2.1, with suitable changes, can be applied to finite-dimensional
minimal unitary representations, where by a unitary representation we mean a C[G]-module admitting
a nondegenerate invariant Hermitian form (not necessarily positive definite). In more detail, if σ : G →
GLC(U) is a finite-dimensional minimal unitary representation, then, in the statement of Theorem 2.1,
the C[G]-module V ∗ should be replaced by the C[G]-module V̌ , where the G-module V̌ coincides with
the G-module V ∗ and the multiplication by constants in V̌ is given by the formula

a · φ = aφ, a ∈ C, φ ∈ V ∗.

3. PROOF OF THEOREM 1.1

Let K be a non-Archimedean local field with residue field k. Let K be a fixed separable algebraic clo-
sure of K, and let Kunr be a maximal unramified extension of K contained in K. Let I = Gal(K/Kunr)
be the inertia subgroup of the group Gal(K/K), and let Φ be the preimage of the inverse Frobenius
automorphism under the decomposition mapping

π : Gal(K/K) −→ Gal(k/k).

By a representation σ of the Weil group W(K/K) we mean a continuous homomorphism

σ : W(K/K) → GLC(U),

where U is a finite-dimensional complex vector space (for the definition of the Weil group W(K/K),
see [1], § 1). Let ω : W(K/K) −→ C

× be the one-dimensional representation of the group W(K/K)
given by

ω|I = 1, ω(Φ) = q−1, (3.1)

where q = card (k).

By a representation σ′ of the Weil–Deligne group W ′(K/K) we mean a continuous homomorphism

σ′ : W ′(K/K) → GLC(U),
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where U is a finite-dimensional complex vector space; it is also assumed that the restriction of σ′ to the
subgroup C of the group W ′(K/K) is complex analytic (for the definition of the Weil–Deligne group
W ′(K/K), see [1], § 3).

It is known that there exists a bijection between the representations of the group W ′(K/K) and
the pairs (σ,N), where σ : W(K/K) → GLC(U) is a representation of the group W(K/K) and N is a
nilpotent endomorphism on U such that

σ(g)Nσ(g)−1 = ω(g)N, g ∈ W(K/K).

In what follows we identify σ′ with the corresponding pair (σ,N) and write σ′ = (σ,N). In this case, a
representation σ of the groupW(K/K) is identified with the representation (σ, 0) of the groupW ′(K/K)
([1], § 3).

For a positive integer n, we denote by sp(n) = (σ,N) the special representation of the group
W ′(K/K) of dimension n, i.e., the representation of this group in C

n (with the standard basis
e0, . . . , en−1) given by

σ(g)ei = ω(g)iei, 0 ≤ i ≤ n − 1, g ∈ W(K/K),
Nej = ej+1, 0 ≤ j ≤ n − 2, (3.2)

Nen−1 = 0.

We will say that a representation σ′ = (σ,N) of the group W ′(K/K) is admissible if the representation
σ is semisimple ([1], § 5).

Applying Theorem 2.1 to admissible minimal unitary, orthogonal, and symplectic representations of
the group W ′(K/K) and taking into account the Remark to Theorem 2.1, we obtain

Corollary. Let σ′ be an admissible minimal unitary, orthogonal, or symplectic representation of the
group W ′(K/K). Let U be the space of the representation σ′, and let 〈· , ·〉 be a nondegenerate invariant
form on U . Then either σ′ ∼= α ⊗ sp(n) for some irreducible representation α of the group W(K/K) and
a positive integer n, or U ∼= V ⊕ Ṽ , where V ∼= β ⊗ sp(m) for a some irreducible representation β of the
group W(K/K) and a positive integer m, Ṽ = V ∗ if the form 〈· , ·〉 is bilinear, and Ṽ = V̌ if the form 〈· , ·〉
is sesquilinear. What is more, there exists an isomorphism of C[W ′(K/K)]-modules λ : V ⊕ Ṽ → U

with the following property: If 〈· , ·〉′ :
(
V ⊕ Ṽ

)
×

(
V ⊕ Ṽ

)
→ C is the form on V ⊕ Ṽ defined by

〈x, y〉′ = 〈λ(x), λ(y)〉, x, y ∈ V ⊕ Ṽ ,

then the forms 〈· , ·〉′|V and 〈· , ·〉′|Ṽ are degenerate and 〈· , ·〉′ : V × Ṽ → C is the standard form given by

〈u, f〉′ = f(u), u ∈ V, f ∈ Ṽ .

Proof. It is clear that σ′ is a direct sum of admissible indecomposable subrepresentations. What is more,
it is known that each admissible indecomposable representation of the group W ′(K/K) is isomorphic to
the representation α⊗ sp(n) for some irreducible representation α of the group W(K/K) and a positive
integer n ([2], proposition 3.1.3). It is easy to verify that if W is the space of the representation α, then
W ⊗ Cen−1 is the unique simple submodule of the space W ⊗ C

n of the representation α ⊗ sp(n), i.e.,
soc(α ⊗ sp(n)) is irreducible. Thus, Theorem 2.1 and Remark to it can be applied to admissible minimal
unitary, orthogonal, and symplectic representations of the group W ′(K/K).

Proof of Theorem 1.1. From Corollary it follows that if a representation σ′ is decomposable, then

σ′ ∼= (β ⊗ sp(m)) ⊕ (β ⊗ sp(m))∗

for some positive integer m and irreducible representation β of the group W(K/K). It is easy to verify
that

(β ⊗ sp(m))∗ ∼= β∗ ⊗ ω1−m ⊗ sp(m)
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([1], § 3, proposition (iii)), which implies (1.1).

Assume now that a representation σ′ is in the form (1.2). Note that the representation α ⊗ ω
n−1

2 is
either orthogonal, or symplectic. In fact, since σ′ is self-contragradient, we have

α ⊗ sp(n) ∼= (α ⊗ sp(n))∗ ∼= α∗ ⊗ ω1−n ⊗ sp(n).

By virtue of the uniqueness of decomposition of an admissible representation of the group W ′(K/K)
into irreducible subrepresentations ([1], § 5, corollary 2), we have α ∼= α∗ ⊗ ω1−n or, which is equivalent,
α ⊗ ω

n−1
2 ∼=

(
α ⊗ ω

n−1
2

)∗. Since the representation α ⊗ ω
n−1

2 of the group W(K/K) is irreducible, it

follows that α ⊗ ω
n−1

2 ∼= ρ ⊗ ωs for some irreducible representation ρ of the group W(K/K) with finite
image and s ∈ C ([3], proposition 4.10). Thus, ρ ⊗ ωs ∼= ρ∗ ⊗ ω−s. Therefore, ωs has finite image (one
can verify this, for example, calculating the determinant). Consequently, the representation α ⊗ ω

n−1
2

has finite image. Since it is self-contragradient and irreducible, it is either orthogonal, or symplectic. In
addition, the representation ([1], § 7)

ω
1−n

2 ⊗ sp(n)

{
is orthogonal if n is odd,

is symplectic if n is even.

By Corollary, this proves Theorem 1.1.
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