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Abstract

Generalizing Atiyah extensions, we introduce and study differential abelian tensor categories
over differential rings. By a differential ring, we mean a commutative ring with an action of a Lie
ring by derivations. In particular, these derivations act on a differential category. A differential
Tannakian theory is developed. The main application is to the Galois theory of linear differential
equations with parameters. Namely, we show the existence of a parameterized Picard—Vessiot
extension and, therefore, the Galois correspondence for many differential fields with, possibly,
non-differentially closed fields of constants, that is, fields of functions of parameters. Other
applications include a substantially simplified test for a system of linear differential equations
with parameters to be isomonodromic, which will appear in a separate paper. This application is
based on differential categories developed in the present paper, and not just differential algebraic
groups and their representations.
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1. Introduction

Classical differential Galois theory studies symmetry groups of solutions of linear differen-
tial equations, or equivalently the groups of automorphisms of the corresponding extensions of
differential fields; the groups that arise are linear algebraic groups over the field of constants.
This theory, started in the 19th century by Picard and Vessiot, was put on a firm modern footing
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by Kolchin [43]. In [46], Landesman initiated a generalized differential Galois theory that uses
Kolchin’s axiomatic approach [44] and realizes differential algebraic groups as Galois groups.
The parameterized Picard—Vessiot Galois theory considered by Cassidy and Singer in [10] is
a special case of the Landesman generalized differential Galois theory and studies symmetry
groups of the solutions of linear differential equations whose coefficients contain parameters.
This is done by constructing a differential field containing the solutions and their derivatives with
respect to the parameters, called a parameterized Picard—Vessiot (PPV) extension, and studying
its group of differential symmetries, called a parameterized differential Galois group. The Galois
groups that arise are linear differential algebraic groups, which are defined by polynomial differ-
ential equations in the parameters. Another approach to the Galois theory of systems of linear
differential equations with parameters is given in [7], where the authors study Galois groups for
generic values of the parameters.

The tradition in classical differential Galois theory has been to assume that the field of con-
stants of the coefficient field is algebraically closed [43, 67, 49]. Cassidy and Singer follow
the spirit of this tradition. For example, as in [10, Section 3], consider the differential equation
oy f = ﬁ f. The solutions of this equation will be functions of x, which also depend on the pa-
rameter ¢. If x and ¢ are complex variables, these solutions are of the form a - x', a € C(r), and
the field generated by the solutions together with their derivatives with respect to both x and ¢ is
C(x,1,x',10g(x)). The automorphisms of this field over C(x, r) are given by non-zero elements
a in C(¢) that satisfy the differential equation 6,(5%“)) = 0. However, as explained in [10], this
group does not have enough elements to give a Galois correspondence between subgroups of the
group of automorphisms and intermediate differential fields. This leads Cassidy and Singer to
require that the field of d,-constants is a d,-closed differential field (or, more generally, that the
field of functions of the parameters is differentially closed).

Recall that a differential field is differentially closed if it contains solutions of consistent
systems of polynomial differential equations with coefficients in the field. However, this require-
ment is an obstacle to the practical applicability of the methods of the parameterized theory. A
similar phenomenon occurs in the classical differential Galois theory: if the field of constants
is not algebraically closed, a Picard—Vessiot extension might not exist at all (see the famous
counterexample of Seidenberg [69]); therefore, there are no differential Galois group and Galois
correspondence if this happens. Since the beginning of the theory [43], it has been a major open
problem in Picard—Vessiot theory to determine to what extent one can avoid taking the algebraic
closure of the field of constants. In the present paper, we are able to remove the assumption that
the field of constants has to be differentially closed in order to have a Galois correspondence in
the parameterized case.

With this aim, following [13], we use the Tannakian approach to linear differential equa-
tions. In particular, in the usual non-parameterized case [67], we show in Theorem 2.2 that,
under a relatively existentially closed assumption on the field of constants (which includes the
case of formally real fields with real closed fields of constants, as well as fields that are purely
transcendental extensions of the fields of constants), one can always construct a Picard—Vessiot
extension for a system of linear differential equations. To treat the parameterized case, which is
our main interest, we develop a theory of differential categories over differential rings and the
corresponding theory of differential Tannakian categories. Here, by a differential ring, we mean
a commutative ring together with a Lie ring acting on it by derivations (this is also often called
a Lie algebroid). The theory of differential Tannakian categories allows us to show that a PPV
extensions exists under a much milder assumption (relatively differentially closed) on the field
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of constants than being differentially closed, Theorem 2.5. This assumption is satisfied by many
differential fields used in practice, Theorem 2.8.

The importance of the existence of a PPV extension is that it leads to a Galois correspon-
dence, Section 8.1. The Galois group is a differential algebraic group [8, 9, 44, 62, 11, 55, 56, 71]
defined over the field of constants, which, after passing to the differential closure, coincides with
the parameterized differential Galois group from [10], Corollary 8.10. The Galois correspon-
dence, as usual, can be used to analyze how one may build the extension, step-by-step, by ad-
joining solutions of differential equations of lower order, corresponding to taking intermediate
extensions of the base field. For example, consider the special function known as the incomplete
Gamma function y, which is the solution of a second-order parameterized differential equation
[10, Example 7.2] over Q(x,#). Knowing the relevant Galois correspondence, one could show
how to build the differential field extension of Q(x, f) containing y without taking the (unneces-
sary and unnatural) differential closure of Q(z).

The general nature of our approach will allow in the future to adapt it to the Galois theory of
linear difference equations, which has numerous applications. Differential algebraic dependen-
cies among solutions of difference equations were studied in [31, 32, 33, 18, 20, 19, 21, 17, 16,
26]. Among many applications of the Galois theory, one has an algebraic proof of the differential
algebraic independence of the Gamma function over C(x), [33] (the Gamma function satisfies
the difference equation I'(x + 1) = x - I'(x)). Moreover, such a method leads to algorithms, given
in the above papers, that test differential algebraic dependency with applications to solutions of
even higher order difference equations (hypergeometric functions, etc.). General results on the
subject can be found in [1, 52, 65, 77, 78, 76].

It turns out that the results of the present paper, including the new theory of differential
categories not restricted to the case of just one derivation, lead (see [25]) to a new understanding
of isomonodromic systems of parameterized linear differential equations [59, 58, 10, 51, 50, 70]
allowing one to substantially simplify the test for isomonodromicity generalizing the classical
results [37, 38]. This, in turn, has become a part of a new algorithm [57] in the PPV theory.

Let us compare the present paper with some previously known results. The existence of a
PV extension with a non-algebraically closed field of constants was considered by a number of
authors. In particular, the case when the Galois group is GL,, the base field is formally real,
and the constants are real closed was solved positively in [72], while the case of the field R(z)
has been also studied in [22]. In the case of one derivation, differential Tannakian categories
were defined and studied in [64, 63, 41]. In the present paper, we define differential Tannakian
categories over fields that may have many derivations. A similar approach in the case of one
derivation was independently developed in [40]. Also, we do not choose a basis of the space of
derivations, allowing us to give a functorial description of the constructions involved. One reason
that this generalization is needed was explained in [5], in the context of Coleman integration. The
paper [55] considers the case of several derivations but chooses a basis in the space of derivations
and uses a fiber functor to give the axioms of a differential Tannakian category. On the contrary,
the axioms in the present paper need to be and are given independently of the fiber functor.

It turns out that [81], in the case of one derivation, one can relax the differentially closed
assumption, and just ask that the field of constants be algebraically closed in order to guarantee
the existence of a PPV extension, by using the more straightforward method of differential ker-
nels [47]. This approach was initiated by M. Wibmer who first applied difference kernels [12, 48]
to study differential equations with difference parameters [80]. While not including all the cases
from [81], the method presented in our paper gives the existence of PPV extensions in many other
new situations important for applications. For instance, in the case of the incomplete Gamma

4



function, if one used the differential kernels approach, one would have to take the algebraic
closure Q(7) instead of just Q7).

Now we give more details about our method. To apply the Tannakian approach in the case
of parameterized linear differential equations, one needs to develop a theory of differential Tan-
nakian categories over differential fields. For this, one needs first to describe what a differential
abelian tensor category is, Definition 4.6. In other words, one needs to define what it means for
a Lie ring of derivations of a field & to act on an abelian k-linear category. The main subtlety
here is that one cannot “subtract” functors in order to give a straightforward definition. There are
two ingredients needed to overcome this difficulty. First, one uses the equivalence established by
Ilusie [35] between complete formal Hopf algebroids and differential rings, Section 3.7. Then,
one uses the formalism of the extension of scalars for categories, Section 4.1 and [24], [74], in
order to define the action of a complete formal Hopf algebroid over k on an abelian k-linear cate-
gory. This leads to the notion of a differential category. For example, the category of all modules
over a differential ring is a differential category. In this case, the differential structure is given by
the Atiyah extension [2].

The approach to differential categories via the action of Hopf algebroids on categories can
be generalized to many other situations, including the difference case, when the corresponding
Hopf algebroid is given by the difference ring itself. For the purposes of this paper, it is in fact
enough to consider only the degree two quotient of the formal Hopf algebroid. Having introduced
differential categories, one defines differential Tannakian categories, Definition 4.22, and proves
a differential version of the Tannaka duality between differential Hopf algebroids and differential
Tannakian categories, Proposition 4.25 and Theorem 4.27.

The main non-trivial example of a differential category in this paper is the category formed
by parameterized systems of linear differential equations, Section 5. In this case, the differen-
tial structure is given by what could be called a parameterized Atiyah extension. Based on this
construction, one shows that the category of PPV extensions is equivalent to the category of
differential fiber functors, Theorem 5.5. Thus, the problem of constructing a PPV extension is
equivalent to the problem of constructing a differential fiber functor. For the latter, we use a ge-
ometric approach. The main technical difficulty here is to obtain flatness of a certain differential
algebra over a differential ring after localizing this ring by a non-zero element. In general, this
seems to be unknown, however we prove this result in the special case of a Hopf algebroid, The-
orem 6.1, which is enough for our purpose. As an auxiliary result, we prove that a differentially
finitely generated differential Hopf algebra is a quotient of the ring of differential polynomials by
a differentially finitely generated ideal (one does not need to take a radical), Lemma 6.3. Besides,
Theorem 6.1 implies the existence of a differential fiber functor for a differential Tannakian cate-
gory over a differentially closed field. Finally, using simple algebro-geometric considerations, we
construct a differential fiber functor, thus, providing a PPV extension in the case of Theorem 2.8.

The paper is organized as follows. We start by describing our main results in the non-
parameterized case, Section 2.1, and the main parameterized case, Section 2.2. The proofs for the
parameterized case are postponed until Section 7. In the intermediate sections, we develop our
main technique as follows. In Section 3, we fix most notation used in the paper (Section 3.1) and
introduce differential rings, algebras, modules, PPV extensions, and jet-rings using the invariant
language convenient for the proofs of the main results. We then recall facts about extensions of
scalars for categories and introduce differential abelian tensor categories and differential functors
in Section 4. We use this to define parameterized Atiyah extensions in Section 5 and prove in
Theorem 5.5 that the categories of PPV extensions and differential functors are equivalent. Sec-
tion 6 contains the main technical ingredient, Theorem 6.1, needed for the proofs of the main
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results shown in Section 7. Finally, in Section 8, we discuss the parameterized differential Galois
correspondence for arbitrary fields of constants and the behavior of the Galois group under the
extensions of constants (see also [58]). For the convenience of the reader, we finish by giving the
necessary background on Hopf algebroids and the usual Tannakian categories in the appendix,
Section 8.2.

2. Statement of the main results
2.1. Non-parameterized case

Following P. Deligne [13], let us recall how Tannakian categories can be used to construct
(non-parameterized) Picard—Vessiot extensions for systems of linear differential equations. For
simplicity, we consider differential fields with only one derivation and we use a more common
notation (K, 0) instead of (K, K - d) as in Definition 3.1. So, let (K, d) be a differential field with
a derivation 0 and the field of constants k := K of characteristic zero.

A system of linear d-differential equations over K is the same as a finite-dimensional differen-
tial module M over the differential field (K, d). A Picard—Vessiot extension for M is a differential
field extension (K, d) C (L,d) without new d-constants such that there is a basis of horizontal
vectors in L®k M over L and L is generated by their coordinates in a basis of M over K (see also
Definition 3.25).

Definition 2.1. A field k is existentially closed in a field F over k if, for any finitely generated
subalgebra R in F over k, there exists a morphism of k-algebras R — k (see [23, Proposition
3.1.1] for the equivalence with a more standard definition).

Note that, if F = k(X) for an irreducible variety X over k, then k is existentially closed in F' if
and only if the set of k-rational points is Zariski dense in X. In particular, k is existentially closed
in F in the following cases:

o the field & is algebraically closed and F is any field over k;
o the field k is pseudo algebraically closed and is algebraically closed in F;
o the field F is a subfield in a purely transcendental extension of k;

o the field F is real with k being real closed (in this case, one applies the Artin—-Lang homo-
morphism theorem, [6, Theorem 4.1.2]).

Also, there is a range of non-trivial examples coming from various special geometrical consider-
ations. In the case when K is real, & is real closed and the differential Galois group is GL,,, the
following result is also proved in [72] by explicit methods.

Theorem 2.2. Suppose that k is existentially closed in K. Then, for any finite-dimensional
differential module (M, V ;) over (K, 9), there exists a Picard—Vessiot extension.

The construction of a Picard—Vessiot extension is based on the theory of Tannakian categories
(Section A.2) and uses the following two results from [13].

Proposition 2.3. [13, Proof of Corollaire 6.20] Let C be a Tannakian category over a field k
such that C is tensor generated by one object and there is a fiber functor C — Vect(K) for a
field extension K D k. Then there exists a finitely generated subalgebra R in K over k and a fiber
functor C — Mod(R).
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According to the notation of Section A.2, (M)g is a full subcategory in the category of all
differential modules over (K, d) generated by subquotients of objects of type M®" ® (M")®". The
following statement uses that char k = 0, which implies that any algebraic group scheme over k
is smooth.

Proposition 2.4. [13, 9.5, 9.6] If there exists a fiber functor w : {M)g — Vect(k), then there
exists a Picard-Vessiot extension for (M, V y).

Proof of Theorem 2.2. We put C := (M)g. By definition, the category C is tensor generated
by the object (M, V,,). Consider the fiber functor C — Vect(K) that forgets the differential
structure on a differential module over (K, d). By Proposition 2.3, there exist a finitely generated
subalgebra R in K over k and a fiber functor w : C — Mod(R). Since k is existentially closed
in K, there exists a homomorphism of k-algebras R — k. As shown in [13, 1.9], for any object X
in C, the R-module w(X) is finitely generated and projective. Hence,

wo : C — Vect(k), X k®p w(X)
is a fiber functor on C. We conclude the proof by Proposition 2.4. O

The main goal of the present paper is to make a parameterized analogue of the above reason-
ing. As an application, we obtain a construction of a parameterized Picard—Vessiot extension in
arange of cases when the constants are not differentially closed.

2.2. Main results: parameterized case

The following is a parameterized analogue of Theorem 2.2. We use notions and notation
from Section 3.

Theorem 2.5. Let (K, Dk) be a parameterized differential field (Definition 3.14) over a differ-
ential field (k, Dy) (Definition 3.1) with chark = 0. Suppose that there is a splitting Dy (Defini-
tion 3.15) of (K, D) over (k, Dy) such that (k, Dy) is relatively differentially closed in (K, K®k5k)
(Definition 3.11, Remark 3.16).

Then, for any finite-dimensional differential module (Definition 3.19) over (K, Dgx) (Defini-
tion 3.14), there exists a parameterized Picard—Vessiot extension (Definition 3.27).

Remark 2.6. The existence of a PPV extension implies the existence of a parameterized dif-
ferential Galois group, which is a linear differential algebraic group, together with the Galois
correspondence (Section 8.1).

Remark 2.7. According to our definition of a parameterized differential field, derivations from
Dy do not act on the field K. Having the splitting D; from Theorem 2.5, we can replace the
differential field (k, D;) with the differential field (k, Dk) so that derivations from Dj act on K
(Remark 3.16). This allows us to consider Ek—Hopf algebroids of type (K, H) over k and produce
an analogue of the proof of Theorem 2.2.

Theorem 2.5 is proved in Section 7.1. The following result describes two rather broad cases
when the hypotheses of Theorem 2.5 are satisfied.

Theorem 2.8. Let (K, Dg) be a parameterized differential field over a differential field (k, Dy)
with char k = 0. Suppose that one of the following conditions is satisfied:

1. There exists a splitting 5k of (K, Dg) over (k, Dy) such that
7



o the structure map Dx — K ®; Dy induces an isomorphism between Bk and 1 ® Dy,
o The field K is generated as a field by Ky := KP* and k,
o the field ky := kP* is existentially closed in Ky (Definition 2.1).

2. The field k is existentially closed in K and the map Dg ;. — Dery(K, K) is an isomorphism.

Then the parameterized differential field (K, D) over (k, Dy) satisfies the hypotheses of Theo-
rem 2.5. Thus, for any finite-dimensional differential module over (K, Dk i), there exists a PPV
extension.

Theorem 2.8 is proved in Section 7.2.
Remark 2.9.

1. In general, fields generated by two subfields may have a complicated structure. However,
condition 1 in Theorem 2.8 implies that Ky ®, k is a domain and K = Frac(Ko ®, k).
Indeed, by Lemma 8.7, the differential algebra Ko ®, k over (k, D) is Di-simple, that is,
contains no Dy-ideals, whence the morphism Ky ®, k — K is injective, which yields the
required statement.

2. Condition 2 in Theorem 2.8 is equivalent to requiring that k be existentially closed in K,
dimg(Dgyk) = tr. deg(K/k), and map the Dk — Der(K, K) be injective.

Here is a series of examples that satisfy the hypotheses of Theorem 2.8.

Example 2.10. Let the bar over a field denote the algebraic closure. All fields K below are sub-
fields in the algebraic closure of the field C(xy, ..., Xy, 11, ..., 1,); all fields k below are subfields
in the algebraic closure of the field C(zq,...,1,), and, except for Examples 2 and 3, we put

Dg =K -0y +...+K-0,,+K-0,+...+K-0,, Dp:=k-0,+...+k-0,,.
We obtain Dgjx = K -0y, + ...+ K- 0,,. In Examples 1, 2, 5, 3, and 4, we put
Di:=k-8, +...+k-8, C Dyg.

The following parameterized differential fields (K, Dg) over (k, Dy) satisfy the hypotheses of
Theorem 2.8:

1. If K = Frac (K, ®g k), where Kj is a finite extension of Q(x1,...,%y,) and k is an al-
gebraic extension of @(tl, ..., 1), then (K, Dg) satisfies condition 1 with ky = @ being
algebraically closed.

2. If K = Frac (Kj ®@k), where K is a finite extension of @(xl,xz) and k is an algebraic
extension of @(rl, ..., 1), then (K, Dg) satisfies condition 1 with

DK = K (axl -‘r)(jzaxZ) + K 6,] +...+ K . a[n, DK/k = K (axl + xzaxz)s

and with kg = Q being algebraically closed.
3. If K = k(xi,...,x,), where k is an algebraic extension of Q(t,...,t,) such that Q is
algebraically closed in k, then (K, Dg) satisfies condition 1 with Ky = Q(xy,. .., Xxy), ko =

Q.



4. If K = Frac (Kj ®g k), where K is a finite extension of R(x,..., x,,) such that K, a real
field, and £ is an algebraic extension of R(7y,.. ., f,) such that R is algebraically closed in
k, then (K, D) satisfies condition 1 with kg = R.

5. If K = Frac (K, ®g k), where K is a finite extension of R(xy,..., x,,) such that K, a real
field, and k is an algebraic extension of R(#y, 7, #3) such that R is algebraically closed in %,
then (K, Dg) satisfies condition 1 with

Dg:=K-0y +...+K-0, +K-(1,0, + V20,8, + V3130,,),
Dk =k- (tla,l + \/El‘zatz + ‘/513(9[3),

and with ky = R, [68, Remark 4.9].

6. If k is an algebraic closure of Q(zq,...,t,) and K is a finite extension of k(xi, ..., X,),
then (K, Dg) satisfies condition 2.

7. If k is a real closure of Q(¢y,...,1,) with respect to some ordering and K is a real finite
extension of k(xy, ..., x,,), then (K, Dg) satisfies condition 2.

3. Differential rings and jet rings

We do not claim any originality of most of the definitions and constructions in this section, for
example, see [35, Section 1.1], [3, §1], [13, 9.9], [34] for Section 3.2, see any standard reference
about modules with connections for Section 3.4, see [10] for Section 3.5, [35, Section 1.2,1.3],
[4, §2], [30, §16], [60, 61, 66] for Section 3.6 and Section 3.9, [35] for Section 3.7, and see
any standard reference about the Lie derivative for Section 3.10. The definition of a differential
object (Definition 3.35) generalizes the well-known notion of a stratification on a sheaf, [4].

Only the definition of a parameterized differential algebra (Definition 3.14) seems to be new.
However, we have decided to fix the notation and notions concerning differential rings, differen-
tial modules over them, PPV extensions, and jet rings. Note that the more commonly used name
for the notion from Definition 3.1 is a Lie algebroid, but we use the term differential ring, which
seems to be more standard in differential algebra. There is a direct generalization of differential
rings as defined below from rings to schemes replacing modules by quasi-coherent sheaves.

3.1. Notation

First let us fix the notation that we use in the paper.

e Given data D, we say that an object O associated with D is canonical if its construction
does not depend on the choice of any additional structure on D (for example, the choice of
a basis in a vector space). Usually, this implies that O is functorial in D in the reasonable
sense.

o All rings are assumed to be commutative and having a unit element.
e Denote the category of sets by Sets.

¢ Given a non-zero element f in aring R, denote the localization of R over the multiplicative
set formed by all natural powers of f by R;.

e Given two rings R and S, denote their tensor product over Z by R® S.
9



Given a ring R and two R-bimodules M and N, their tensor product is denoted by M ®z N,
where M and N are considered with the right and left R-module structures, respectively.

For rings R and S, denote the set of all derivations from R to S, that is, additive homomor-
phisms that satisfy the Leibniz rule, by Der(R, S). If R and S are algebras over a ring «,
denote the set of all k-linear derivations from R to S by Der,(R, S). Note that Der(R, S)
and Der,(R, S) have canonical S-module structures. Also, Der(R, R) and Der, (R, R) are
Lie rings.

Given a ring homomorphism R — S and an R-module M, denote the extension of scalars
S ®r M also by M. If only one R-module structure on S is considered, we put the new
scalars on the left in the tensor product, that is, we use the notation S ®g M. If two R-
module structures on S are considered, then we usually refer to them as right and left
structures and use the notations S ®g M and M ® S for the corresponding extensions of
scalars.

Given a ring homomorphism R — S and a morphism f : M — N of R-modules, we denote
the extension of scalars for f from Rto S by idg ®f, S ®g f, or fs, that is, we have

SQf:SOM—->S®N or fs:Mg— Ng.

For a field K, denote the category of vector spaces over K by Vect(K). Denote the full
subcategory of finite-dimensional K-vector spaces by Vect*(K).

For a ring R, denote the category of R-modules by Mod(R). Denote the full subcategory
of finitely generated R-modules by Mod/*(R).

For a ring R, denote the category of R-algebras by Alg(R).

For a Hopf algebra A over aring R, denote the category of comodules over A by Comod(A).
Denote the full subcategory of comodules over A that are finitely generated as R-modules
by Comod/4(A).

For an affine group scheme G over a field k, denote the category of algebraic representa-
tions of G over k by Rep(G) (they correspond to comodules over a Hopf algebra). Denote
the full subcategory of finite-dimensional representations of G over k by Rep®®(G).

Given a category C and objects X, Y in C, denote the set of morphisms from X to Y by
Hom¢(X, Y). Put End(X) := Home(X, X).

Given exact sequences

0 x Lyt ,z 0
0 x 2,y 2,z 0

in an abelian category, denote their Baer sum by Y +g Y’, that is, we have

Y+pY =Ker(B-F :Y®Y - Z)/Im(ea® -’ : X > YY)

10



3.2. Differential rings

Definition 3.1. A differential ring is a triple (R, Dg,6g), where R is a ring, Dy is a finitely
generated projective R-module together with a Lie bracket [ - ,- ] : Dg X Dg — Dg, and 6y :
Dg — Der(R, R) is a morphism of both R-modules and Lie rings such that, for all @ € R and
01,0, € Dg, we have

[01,a0:] — ald1,02] = Og(01)(a) 3,.

For short, we usually omit 6 in the notation. Thus, a differential ring is denoted just by
(R, Dg), and
0(a) := gr(0)(a) a€R, e Dg.

Let RPx denote the subring of Dg-constants, that is, the set of all a € R such that, for any 0 € D,
we have d(a) = 0.

Remark 3.2. In most of the situations that we have here, it is enough to consider differential rings
(R, Dg) with Dg being a finitely generated free R-module.

Recall that, for an R-module M, its second wedge power /\iM is the quotient of M ®z M over
the submodule generated by all elements m ® m, where m € M. Given m,n € M, the image of
m ® n under the natural map

M®g M — AGM

is denoted by m A n. There is a canonical morphism of R-modules
A(MY) = (AZM)". pAg > tmAn e pmg(n) - pngm))
where MV := Homg(M, R). If M is finitely generated and projective, then /\IZQM is also finitely
generated and projective and the above morphism /\IZQ(M V) > (/\I%M)v is an isomorphism.
Definition 3.3. For a differential ring (R, Dg), we put Qp := D,Ve and define additive maps
d:R—> Qp, am {0 da)}

d: Qg = ARQr, @ {01 Ay > 81(w(D))) - B2(w(B))) — w([81,82))) ey

foralla € R, w € Qg and 9y, 05 € Dg.
In the notation of Definition 3.3, for all a, b € R and w € Qp, we have
d(ab) = adb +bda, d(aw)=adw+daAw, and d(d(a)) =0.
Remark 3.4. The map d is well-defined for all wedge powers of Qg,
d: ALQg — ARTOR,

and this defines a dg-ring structure on AzQg. Actually, to define a differential ring structure
on R with Dy being a finitely generated projective R-module is the same as to define a dg-ring
structure on ARQg with the natural product structure and grading, where, as above, Qp = D,g,
[35, Remarques 1.1.9 b)]. Namely, given d, we put

d(a) := (da)(9),
and define the Lie bracket [0y, 0;] such that it satisfies the condition
w([81,02]) = 01(w(02)) — 02 (w(81)) — (dw)(91 A O2)

foralla € R, 0,01,0, € Dg, and w € Q.
11



Example 3.5.

1. Let R be the coordinate ring of a smooth affine variety X over a field k and put Dy :=
Deri(R, R). Then the pair (R, Dy) is a differential ring with Qg, /\IZQQR, and d being the
modules of differential 1-, 2-forms on X, and the de Rham differential, respectively.

2. Letdy,...,0, be formal symbols that denote commuting derivations from a ring R to itself
(possibly, some of the 9;’s correspond to the zero derivation). Then the pair

(R,R-01®...®R-0,)

defines a differential ring.
3. The data
(K,K- (20, +0,)+K -9,)

with K := C(x,y, z) and natural 8 do not define a differential ring because of the lack of a
Lie bracket.

4. Let g be a finite-dimensional Lie algebra over a field K. Then (X, g) is a differential field
with the zero .

5. Let R — S be an embedding of rings and Dy be a finitely generated projective R-sub-
module and a Lie subring in the R-module of all derivations d : § — § with d(R) C R.
Let

Or : Dr — Der(R,R)

be defined by the restriction to R of derivations from S to itself. Then (R, Dg,6g) is a
differential ring with, possibly, non-trivial kernel and image of 6.
6. Let (R, A) be a Hopf algebroid (Section A.1). Put

I:=Ker(e:A—>R) and Qg:=1/I*

Then the cosimplicial ring structure on the tensor powers of A as an R-bimodule defines a
dg-ring structure on ARQg. Explicitly, for any a € R, the element da € Qr = I/ I? is the
class of

r(a)—l(a)el.

For any w € Q, the element
dw € /\?QQR

is defined as follows. Let @ € I be such that its class in Qg equals w. One takes the class
of the element
W1 -A@+1@0el®gl

in the quotient Qg ®g Qg and then one applies the canonical map
Qr ® Qr — AZQr

to obtain dw. By Remark 3.4, the dg-ring structure on Q, defines a differential ring (R, Dg)
with Dp = Q}é. See more details about this example in [35, Proposition 1.2.8].

Note that, for any differential field (K, Dg) with char K = 0 and injective 8¢ : Dx — Der(K, K),
there exists a commuting basis for Dk as shown in [44, p. 12, Proposition 6] and Proposition 3.18.
However, we prefer not to choose such a basis and to give coordinate-free definitions and con-
structions. In particular, here is a definition of a morphism between differential rings.

12



Definition 3.6. A morphism between differential rings (R, Dg) — (S, Ds) is a pair (¢, ¢.), where
¢ : R — § is aring homomorphism and ¢, : Qg — Qg is an R-linear map such that ¢, commutes
with d, that is, for all ¢ € R, w € Q, we have

d(p(@) = ¢.(da) € Qs and  d(p.(w)) = ¢.(dw) € AFQy,

where we denote the R-linear map
AEQR — A2Qg

induced by ¢. for short also by ¢.. The second condition,
d(p.(w)) = ¢.(dw),

is called the integrability condition. For short, we sometimes omit ¢, in the notation. A mor-
phism (¢, ¢.) is strict if the S -linear morphism

S ®r Qr — Qg
induced by ¢, is an isomorphism.

Taking the dual modules, one obtains an explicit definition of a morphism between differ-
ential rings in terms of derivations. The pair (¢, ¢.) from Definition 3.6 corresponds to a pair
(¢, D), where ¢ : R — S is a ring homomorphism and

DthDs —)S®RDR

is a morphism of S-modules. Sometimes we refer to D, as a structure map associated with a
morphism between differential rings. The first condition,

d(¢(a)) = ¢.(da),
is equivalent to the equality
Ae(@) = )" b+ ¢(3()) @)
for all a € R and 0 € Dg, where

D@ =) bi®d;, bi€S,deDy

The integrability condition is equivalent to the equality

D,([0,6]) = Z Ac)®6; - Z 5(b)) ® 0; + Z bic; ® |0:, 6] 3)
j i i

for all 9,6 € Dg, where
D)= ) ¢;®6;, ¢;€S, ;€ Dp.
J
The morphism (¢, ¢.) is strict if and only if D,, is an isomorphism.

Remark 3.7.
13



1. In the notation of Definition 3.6, assume the injectivity of the canonical map
S ®g Dr — Der(R,S)

induced by the ring homomorphism ¢ : R — §. Then it follows from (2) that the morphism
Dy, as well as ¢., is unique if it exists. In particular, the above injectivity assumption holds
if R is a field and 6 is injective.

2. In the notation of Definition 3.6, it follows from (3) that the S -submodule Dy g := Ker(D,,)
in Dy is closed under the Lie bracket, that is, if D,(8) = D,(6) = 0, then

D,(18,6)) = 0.

Therefore, we obtain a differential ring (S, Ds,g) with the map Dg/g — Der(S,S) induced
by 95 .
3. If (R, dg) and (S, ds) are two rings with derivations, then a morphism of differential rings

(R,R-9g) — (S,S - 0s)

is given by a ring homomorphism ¢ : R — S and an element b € S such that, for any
a € R, we have

Js(¢(a)) = b - p(Or(a)).

Thus, up to a rescaling, this is the usual definition of a morphism between differential rings
with one derivation.

Example 3.8. For a field , consider the rings R := k[x,y,z], S := k[x, y], the modules
Dgr:=R-0,+R-0,+R-20;, Ds:=S5-0,+S -0,
and the ring homomorphism ¢ : R — S being the quotient by the ideal (z) € R. Then we have
Qr=R-dx+R-dy+R-(1/7)dz, Qg =5 -dx+S§ -dy.
Given polynomials f, g € S, consider the morphism of R-modules
0. 1 Qr > Qg, dxdx, dy—dy, (1/7)dze fdx+ gdy.

Then (¢, ¢..) satisfies
¢«(d(@) = d(¢.(a))

for all a € R. Further, (¢, ¢.) satisfies the integrability condition if and only if 8, f = 0,g, because
d((1/29d2) = 0, d(@.((1/2)d2) = (~0,f +5yg) - dx A dy.

3.3. Differential algebras

In the present paper, we consider several types of algebras over differential rings. The first
type is the most general one.

Definition 3.9.
14



e Given a morphism of differential rings (R, Dg) — (S, Ds), we say that (S, Dy) is a differ-
ential algebra over (R, Dg).

o A morphism between differential algebras over (R, D) is a morphism between differential
rings that commutes with the given morphisms from (R, Dg).

Definition 3.10. Given a differential ring (S, Ds) and a morphism of rings R — S, we say that
(S, Dy) is differentially finitely generated over R if there are finite subsets £ C § and A C Dg
such that any element in S can be represented as a polynomial with coefficients from Im(R — )
in elements of the form

((91 ~...-0,,)a, (9,-€A, acx,

and the product stands for the composition of derivations.
The following is a differential version of Definition 2.1.

Definition 3.11. Let (k, D;) — (K, D) be a morphism between differential fields. We say that
(k, Dy) is relatively differentially closed in (K, Dg) if, for any differential subalgebra (R, Dg) in
(K, Dg) over (k, Dy) such that (R, Dg) is differentially finitely generated over k and the morphism
(R,Dr) — (K, Dkg) is strict, there is a morphism (R, Dg) — (k, D) of differential algebras
over (k, Dy).

The following type of algebras corresponds to the usual notion of a differential algebra.
Definition 3.12.

e Given a strict morphism of differential rings (R, Dg) — (S, Ds), we say that (S, Dg) is a
Dg-algebra over (R, Dg) (or simply over R).

e Denote the category of Dg-algebras over (R, Dg) by DAIg(R, Dg).

e If a Dg-algebra (S, Dg) over a differential ring (R, D) is differentially finitely generated
over R, then we say that S is Dg-finitely generated over R.

e Denote the Dg-algebra freely Dg-generated over R by the finite set 7', ..., T, that is, the
ring of Dg-polynomials in the differential indeterminates T,...,T,, by R{T, ..., T,}.

For short, we usually omit Dy in the notation of a Dg-algebra over R, because it is recon-
structed by the isomorphism
D¢ZDS — S ®g Dp.

Given d € Dg and b € S, we put
ab) := 0s(D;' (1© 0))(b).

We have that S is Dg-finitely generated if and only if there is a finite subset £ C S such that any
element in S can be represented as a polynomial with coefficients from Im(R — S) in elements
of the form

@1...0,)a, 0,€ Dy, acX.

Equivalently, there is no smaller Dg-subalgebra over R in S containing X.
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Definition 3.13. A Dg-algebra S over a differential ring (R, Dg) is of Dg-finite presentation over
R if there is an isomorphism of Dg-algebras over R

S =R{Ty,....Ty}/1,
where [ is a Dg-finitely generated ideal.

The following type of algebras is needed to work with parameterized differential equations.

Definition 3.14. A differential algebra (R, Dg) over a differential field (k, Dy) is called parame-
terized if the structure map D — R ®; Dy is surjective and we have k = RP%* where Dy /i 1s the
kernel of the structure map.

Given a parameterized differential algebra (R, Dg) over (k, Dy), one has the differential ring (R, Dg/x)
(Remark 3.7(2)).

Definition 3.15. A splitting of a parameterized differential algebra (R, Dg) over a differential
field (k, Dy) is a finite-dimensional k-subspace Dy in Dy closed under the Lie bracket on Dy such
that the structure map Dg — R ®; Dy induces a surjection

Bk—)DkE 1® Dy.

Remark 3.16. In the notation of Definition 3.15, put ER = R®; Ek and consider the differential
field (k, D), where D; — Der(k, k) is defined as the composition

Dy — Dy — Der(k, k).

We obtain a commutative diagram of differential rings with the bottom horizontal morphism
being strict:
(k7Dk) E— (R$DR)

l |

(k.Di) —— (R.Dg).
Example 3.17.

1. Let
{ax,lv LR ax,m’ al,l’ LI at,n}

be formal symbols that denote commuting derivations from a field K to itself and let &
be the field of {01, ..., 0y, }-constants. Denote the restriction of d; from K to k by 9,;,
1 < i < n. Then (K, Dg) is a parameterized differential field over (k, Dy) with

Dk:=K-0,,®..0K-0,,0K-3,,®...0K-d,,,
Dy Z=k~at,1®...®k'am, DK/kIK-C()XJ@...@K'ax,n.

2. Let (k, Dy) be a differential field and Dy be the image of the map
6 : Dy — Der(k, k).

Then (k, Ek) is a parameterized differential field over (k, D).
16



Actually, Example 3.17(1) is quite general as the following statement shows.

Proposition 3.18. Let (K, Dk) be a parameterized differential field over a differential field (k, Dy.)
with char k = 0 and injective g and 0. Then we are in the case of Example 3.17(1), that is, there
exists a commuting basis

{0x1s e OxmsOrts ooy Orn}

of D over K such that
Dy=k-0+...+k-0n, Dgn=K-0c1+...+K-08,, where 8;;:=0,.

Proof. We follow the idea of the proof of [44, p. 12, Proposition 6]. First, there are sets of
formal variables {x,} and {3} such that K is an algebraic extension of the field k({x,}) and k
is an algebraic extension of the field Q({zg}). Since chark = 0, these algebraic extensions are

separable, whence there are uniquely defined commuting derivations {9, } and {(9,/,} from K to
itself. Note that we have

Dery(K, K) = ]—[ K-8, Der(K.K)= ]—[ K-d,, @ ]_[ K-d,.
a a B

In what follows, by a coordinate subspace in Der(K, K), we mean a product of some of (possibly,
infinitely many) (K - d,,)’s and (K - 9;,)’s.

Since 0k is injective, we can consider Dk and Dg as K-subspaces in Dery(K, K) and
Der(K, K), respectively. Let U C Dery(K, K) be a maximal coordinate subspace such that

U ﬂDK/k =0.

Explicitly, U is spanned by some of d,,’s in the sense of infinite products. Since Dk is a
finite-dimensional K-vector space, the composition

Dk — Deri(K, K) — Deri(K, K)/U

is an isomorphism of K-vector spaces (finite-dimensionality of D/ is important here, because
we allow U to be only a coordinate subspace in Der;(K, K), not an arbitrary one).

Further, let V c Der(K, K) be a maximal coordinate subspace such that V. N Dg = 0 and
V O U. Explicitly, the basis of V in the sense of infinite products, as above, is obtained by
adding some d,,’s to the basis of U. Since 6 is injective, we have

D[(/k = Dery(K, K) N Dg c Der(K, K).
Together with the finite-dimensionality of Dk over K, this implies that the composition
Dg — Der(K, K) — Der(K,K)/V

is an isomorphism of K-vector spaces. Denote this isomorphism by a.
Let 7 be the composition

-1
Der(K, K) — Der(K, K)/V ——— Dg.
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Since V N Dery(K, K) = U, we have the following commutative diagram with injective vertical
maps
Dy — Deri(K,K) —— Dern(K, K)/U

! ! !

Dy —— Der(K,K) —— Der(K,K)/V.

Therefore,
n(Dery(K, K)) C Dgjg.

Finally, consider the finite sets of all indices {;} and {8;} such that the corresponding deriva-
tions d, and dy, do not belong to V. Then the elements

8,” = n(ﬁm), él»j = ﬂ(aﬁj)

form a basis in Dg. Since the subspaces U and V are coordinate, this is a commuting basis, as
required. 0

3.4. Differential modules
We define differential modules as follows.
Definition 3.19.

o A Dg-module over a differential ring (R, Dg) (or simply over R) is a pair (M, Vy,), where
M is an R-module and
VM M- QR ®r M

is an additive map such that, for all « € R and m € M, we have
Vulam) =da®m +a- Vy(m)

and the composition

M~ Qpex M —2s A2Qper M
is zero, where Vy : Qg ® M — A2Qp ®g M is defined by
Vu(w®m) :=dw®m—w A Vy(m)
forall m € M and w € Qp.
e The condition Vj; o Vy, = 0 is called the integrability condition.
e We put MPr := Ker V.

o A morphism between Dg-modules ¥ : (M, V) — (N,Vy) is a morphism of R-modules
Y : M — N that commutes with V. For short, we sometimes omit V,, in the notation.
Denote the category of Dg-modules over R by DMod(R, Dg). Denote the full subcategory
of Dg-modules over R that are finitely generated as R-modules by DMod/*(R, Dy).
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Equivalently, a Dg-module over a differential ring (R, Dg) is a pair (M, pys), where M is an
R-module and py; : Dg — Endz(M) is an R-linear morphism of Lie rings such that for all d € Dy,
a € R, and m € M, we have

pu(0)am) = a- py(9)(m) + d(a) - m.

Further, an R-linear map ¥ : M — N is a morphism of differential modules if and only if, for all
m € M and 0 € Dg, we have

¥ (om(9)(m)) = pn(9) (Y (m)) .

We sometimes omit py, and use just d(m) to denote py,(9)(m).

Remark 3.20. If M and Dy are finitely generated free R-modules, then a choice of bases in
Dy and M over R gives an equivalent definition of the Dg-module structure on M in terms of
connection matrices.

Definition 3.21. Given Dg-modules (M, V) and (N, Vy) over R, the Dg-module structures on
the tensor product M ®g N and on the internal Hom module Homg(M, N) are defined by

Viuenmen) :=m®Vy(n) + Vy(m)®n € Qp @ M Qg N,

Viomm,n(P)(m) := Vy(P(m)) — P (Vy(m)) € Qp @ N
forallm e M,n € N, and ¥ € Homg(M, N) (we use the canonical isomorphism Qg ®x M Qg N =
M ®r Qr ®& N and write ¥ instead of idg, ®&'¥ to be short).
Note that
(M ®r N,Vygn) and (Homg(M,N), VHomm,n))

are well-defined as Dg-modules over R, namely, the integrability condition holds for them. The
tensor product on Dg-modules defines a tensor category structure on DMod(R, Dg) with the
internal Hom object being defined as above (Section A.2).

Remark 3.22. A Dg-algebra S over R is the same as an R-algebra S with a Dg-module struc-
ture Vg on S over R such that the unit and multiplication maps are morphisms of Dg-modules
over R. Given Dg-algebras S and T, we obtain a Dg-algebra structure on S ®; T following
Definition 3.21.

The extension of scalars for differential modules is defined as follows.

Definition 3.23. Let ¢ : (R, Dg) — (S, Ds) be a morphism of differential rings and (M, V,,) be
a Dg-module over R. Then the extension of scalars of (M, V) from (R, Dg) to (S, Dys) is the
Dg-module

(MS =S ®r M, VMS) ,

where, for allm € M and a € S, we have:
VMS(a®m) =a-(p. ®1idy)(Vyy(m)) +da®@m e Qs Qg M = Qg ®5 M.
Equivalently, for all 9 € Dg, m € M, and a € S, we have

Py D) @a@m) := " (ab) ® pu(@i)(m) + d(a) @ m € Ms,
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where
D¢(8)=Zbi®6i, b; €S, 0; € Dg.

Note that (Mg, V) is well-defined as a Dg-module over S, namely, the integrability condition
holds for it.

Example 3.24. In the notation of Example 3.8, consider the rank one R-module M = R - e with
the Dg-module structure over R defined by

Vu(e) :==(1/z)dz®e.
Then the pair (Mg, V), with
Vi, (e) =dx® fe +dy ® ge,

satisfies the integrability condition if and only if 8, f = d.g, that is, if and only if ¢, satisfies the
integrability condition.

3.5. Parameterized Picard—Vessiot extensions

First, let us give the definition of a non-parameterized Picard—Vessiot extension in terms of
differential fields as defined above.

Definition 3.25. Let (K, D) be a differential field and M be a finite-dimensional Dg-module
over K. A Picard-Vessiot extension for M, or, shortly, a PV extension for M, is a Dg-field
(L, Dp) over K (in particular, we have a field extension K c L and D; = L ®k D) such that the
following conditions are satisfied:

1. We have KPx = [P:,

2. There is a basis {mj,...,m,} of My over L such that all the m;’s belong to (Mp)Pr.

3. There is no smaller Dg-subfield over K in L containing the coordinates of the m;’s in a
basis of M over K.

In particular, the canonical morphism
Ly M — My
is an isomorphism, where k := KPx = [Pt

Example 3.26. Consider the differential field (K, g) with zero 8k, where g is a finite-dimensional
Lie algebra over K. Let V be a finite-dimensional g-module over K, that is, V is a finite-
dimensional representation of g over K. Let G be the smallest algebraic subgroup in GL(V)
such that its Lie algebra contains the image of the representation map py : g — gl(V). The field
L of rational functions on G is a g-field over K: g acts on L by translation invariant vector fields
on G through py. The g-field L is a Picard—Vessiot extension for V.

Let (K, Dg) be a parameterized differential field over a differential field (k, D) and let (L, D)
be a Dg-field over K. Then we obtain a morphism of differential fields

(k, D) = (L, Dp)
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as the composition of the morphisms (k, D;) — (K, Dg) and (K, Dx) — (L, D). The isomor-
phism Dy = L ®k Dk induces an isomorphism

Dy = L®k Diyi,

where, as in Definition 3.14,
DL/k = KCI'(DL d L®k Dk)

Thus, (L, Dy i) is a Dgy-field over K.
The following definition of a parameterized Picard—Vessiot extension essentially repeats the
corresponding definition from [10].

Definition 3.27. Let (K, D) be a parameterized differential field over a differential field (k, Dy)
and M be a finite-dimensional Dg/,-module over K.

o A parameterized Picard—Vessiot extension for M, or, shortly, a PPV extension for M, is a
Dg-field (L, Dy) over K such that the following conditions are satisfied:

1. We have KPxiw = LPui,

2. There is a basis {m,,...,m,} of M; over L such that all the m;’s belong to (M )P*,
where M, is a Dyjr-module over the Dy -field L (see the discussion preceding the
definition).

3. There is no smaller Dg-subfield over K in L containing the coordinates of the m;’s in
a basis of M over K.

o A morphism between PPV extensions is an isomorphism between the corresponding Dg-
fields over K. Let PPV(M) denote the category of all PPV extensions for M.

Note that, in the notation of Definition 3.27, we have LPt# = k, that is, (L, D;) is a param-
eterized differential field over (k, Dy). If chark = 0 and (k, Dy) is differentially closed, then all
PPV extensions for a given Dg-module are isomorphic, [10, Theorem 3.5] (see examples of
PPV extensions therein).

In the case of Example 3.17(1), Definition 3.27 becomes equivalent to the definition of a
PPV extension as given in [10]. It makes sense to consider PPV extensions, because they lead
to a reasonable Galois theory for integrable systems of differential equations with parameters.
Namely, as shown in [10], a PPV extension defines a parameterized differential Galois group,
which is a differential algebraic group over (k, Dy).

In addition, there is a Galois correspondence between differential algebraic subgroups and
PPV subextensions, see Section 8.1 for the case when (k, D) is not necessarily differentially
closed. To investigate the parameterized differential Galois theory, one also needs the notion of
a PPV ring.

Definition 3.28. Let (K, Dg) be a parameterized differential field over a differential field (k, Dy),
M be a finite-dimensional Dg/-module over K, and L be a PPV extension for M. Let m; € M be
as in Definition 3.27. A parameterized Picard—Vessiot ring associated with L is a Dg-subalgebra
in L generated by the coordinates a;; of the m;’s in a basis of M over K and the inverse of the
determinant 1/ det(a;;).
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3.6. Jet rings

The proof of the main result, Theorem 2.5, requires an appropriate notion of a differential
Tannakian category over a differential field that goes along with the notion of a differential mod-
ule. Since it seems not possible to give a direct analogue of Definition 3.19 in a more general
setting, one needs another approach to differential modules. Actually, Dg-modules over a differ-
ential ring (R, Dg) turn out to be comodules over an object similar to a Hopf algebroid, namely,
the 2-jet ring PIZe (Definition 3.30). This approach has a natural version with R-modules replaced
by other objects over R, e.g., Hopf algebras over R or abelian R-linear tensor categories. The
latter leads to the notion of a differential object (Definition 3.35).

Let (R, Dg) be a differential ring.

Definition 3.29. A 1-jet ring is the abelian group P1le := R® Qp with the following commutative
ring structure:

a-b=ab, a-w=aw, and w-n=0, a€R, w,nely
(recall that Qg = D).

Consider two ring homomorphisms I, 7 : R — P1]e given by
l(a):==a and r(a):=a+da, a€R
Thus, P}e is an algebra over R ® R. Explicitly, for all a,b € R and w € Qg, we have
lla)- b+w):=ab+aw and (b+ w)-r(a):=ab+aw + bda.

It follows that Qp is an (R® R)-ideal in P11e~ The homomorphismr : R — P}e provides a canonical
right R-linear splitting
Pp = R® g,

which differs from the left R-linear splitting. It follows that Plle is a finitely generated projective
R-module with respect to both R-module structures.

Definition 3.30. A 2-jet ring P% is the subset in P} ® P} that consists of all elements
al+1®w+wel —n,

where a € R, w € Qg, and n € Qp ®r Qf are such that dw equals the image of 77 under the natural
map
Qr ®r Qr — A2Qg.

Put I to be the set of elements in Pl?e with a = 0.

Remark 3.31. Note that, according to our notation, the tensor product Plle ®r PIIe involves both
left and right R-module structures on P11e-

Example 3.32. Let (R, Dg) be as in Example 3.5 (1). Then
Pg = (R& R)/J?,

where J is the kernel of the multiplication homomorphism R ®, R — R. If 2 is invertible in R,
then P; = (R®y R)/J°, [4].
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Let us list some important properties of the 2-jet ring. One can show that Plze is an (R ® R)-
subalgebra in P,le ®R lee with respect to the “external” R-modules structures. This defines two
ring homomorphisms from R to P2, which we denote also by / and r. Explicitly, we have

lla)y=a®1l and r(@)=a®l+1Qda+da®l.
Denote the natural embedding by
A: Py — Py ®g Py, 4)

and put also
e:P,le—>R, a+wa.

Note that A and e are morphisms of algebras over R ® R. Both compositions

id

p2__A P1®P1L>P1

R = F'p OR R%,d R
1d-e

coincide with the surjective morphism of (R ® R)-algebras
P,23—>P11Q, @®1+1w+w®1—-n) - a+w. o)
The kernel of this homomorphism equals the kernel of the natural map
Qg ®r Qg — A2,

which is, by definition, the second symmetric power Sym?e Qr of Qg. Since Sym,2e Qp is a finitely
generated projective R-module, PI% is a finitely generated projective R-module with respect to
both R-module structures, being an extension of Pk by Symlze Qg. We also denote the map P12e —
R defined as the composition

P — Py SR

by e. Explicitly, we have
ea®l+1ow+wel—-n) =a.

Thus, we have Iz = Ker(e).
A morphism between differential rings ¢ : (R, Dg) — (S, Dg) defines a homomorphism of
(R ® R)-algebras
(Pi = gaEBtp,,.) : P}e - P;.

The integrability condition for ¢ is equivalent to the fact that the ring homomorphism
P,®P, : Py ® Py — P§ ® P§
sends P% to P%. Indeed, for any element
IQw+w®1 —nePz,
the element

(PhoP)low+wel-n)=18¢w) +e(wel-e.a0)
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belongs to P§ if and only if d(¢.(w)) equals the image of ¢.(77) under the natural map
Qs ®5 Qs — A2 Qs,
while the latter coincides with ¢, (dw). Thus, we obtain a morphism of (R ® R)-algebras
P, : Py — P§.

One can show that Pi commutes with the morphisms /, , A, and e.

Remark 3.33. Assume that 2 is invertible in R (in particular, char R # 2). Then there is a section
1
A2Qp < Qp ®r Qr, W] Awy > §(w1®w2—w2®w1) (6)

of the natural quotient map
Qp ®r Qr — /\IZQQR7

and PIZe is generated as a subring and a left (or right) submodule in PIIe ®r P}e by all elements of
type
Wy =10w+w® 1l -dw, wek.

In addition, I is generated by (w) for all w € Qg and Sym% Qr =1Ig - Ig.

3.7. Differential rings vs. Hopf algebroids

Let us cite some relations between differential rings and Hopf algebroids from [35]. The
content of this section is not needed for the rest of the text, but we have decided to include it for
the convenience of the reader.

Given a differential ring (R, Dg), we have defined a 2-jet ring PIZe in Section 3.6. Actually, the
construction depends only on the 2-truncated de Rham complex

R d Qr d /\éQR

associated with (R, D) (Definition 3.3).

Conversely, let (R, A?) satisfy the similar properties as (R, Pi) does. Namely, call a 2-
truncated Hopf algebroid with divided powers a pair of rings (R, A?) (A? is just a notation for
aring) together with the following data: two ring homomorphisms I, 7 : R — A%, a morphism of
(R ® R)-algebras e : A> — R, amap of sets y : I — A%, where I := Ker(e), and a morphism of
(R ® R)-algebras

A:A* - AT A,
where
Al =A% P =TTy,

We require that, for all a € R, x,y € I, we have

yax) = @y(x), y(x+y) =y@x) +xy+y@), [-1%=0,

and the compositions
A e®id
_—
A2 ——=Aleg Al T A!
id ®e
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are equal to the canonical surjection A> — A!, where e also denotes the canonical morphism
A' 5 R. In particular, for P2 we put

yl®ew+w®l-n) :=wd w.

It follows that there is an antipode map A> — (A?)’ that satisfies the usual properties. An anal-
ogous construction to the one from Example 3.5(6) provides a 2-truncated de Rham complex
associated with R,Az). This implies that the category of 2-truncated Hopf algebroids with di-
vided powers is equivalent to the category of 2-truncated de Rham complexes.

Further, as shown in Remark 3.4, there is a way to construct a differential ring based on a
2-truncated de Rham complex with finitely generated projective Qg. The Jacobi identity for the
Lie bracket is equivalent to the vanishing of the composition

dod: Qg — A3Qz.

This gives an auxiliary condition on the corresponding 2-truncated Hopf algebroids with divided
powers, which can be explicitly written in terms of a certain ring A®> (which is a 3-jet ring in
the case of PIZQ), [35, 1.3.5]. This condition is similar to the associativity condition for a Hopf
algebroid (Section A.1).

It follows from [35, Proposition 1.2.8] that the category of 2-truncated Hopf algebroids with
divided powers, with I/1?! being a flat R-module, and with the associativity condition is equiva-
lent to the category of 2-truncated de Rham complexes with Qg being a flat R-module and with
vanishing

dod: Qg — A3Qz.

Also, the category of 2-truncated de Rham complexes with Q being a finitely generated projec-
tive R-module and with vanishingdod : Qz — /\iQR is equivalent to the category of differential
rings.
Recall that a formal Hopf algebroid is defined similarly to a Hopf algebroid with A being
a pro-object in the category of (R ® R)-algebras. A formal Hopf algebroid (R, ;f) with divided
powers on
I=Ker(e:A— R)

is complete if the natural map
A — “lim”A /1"
—
is an isomorphism. It follows from [35, Théoreme 1.3.6] that the category of 2-truncated Hopf
algebroids with divided powers, with I/I?! being a flat R-module, and with the associativity
condition is equivalent to the category of complete formal Hopf algebroids with divided powers
and with I/1?! being a flat R-module.

In particular, the category of differential rings over Q is equivalent to the category of complete
formal Hopf algebroids (R,A\) with R being a Q-algebra and I/I? being a finitely generated
projective R-module. For example, if Dg = R-d and R is a Q-algebra, then, for the corresponding
complete formal Hopf algebroid (R, A), the ring A equals the ring of formal Taylor series R[[#]],
and we have

la)=a, r(a)= Zai(a)/i!, and A =1®r+t®1.
i=0
In other words, the formal Hopf algebroid (R,X) is given by the action of the formal additive

group @a on Spec(R).
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It seems that, in general, formal Hopf algebroids that are complete with respect to the usual
powers I’ correspond to iterative Hasse—Schmidt derivations on the differential side.

Assume that all Dg-modules over R that are finitely generated over R are projective R-mo-
dules (for example, this holds if R is a field). Then the category DMod/*(R, D) is a Tannakian
category with the forgetful fiber functor

DMod**(R, Dg) — Mod(R).

It seems to be a non-trivial problem to give an explicit description of the corresponding Hopf
algebroid (R, A) in terms of Dg, whose formal completion is the complete formal Hopf algebroid
associated with (R, Dg).

3.8. Differential objects

The pair (R, P%) resembles a Hopf algebroid (Section A.1). The main difference with a Hopf
algebroid is that A does not send P%e to the tensor square of itself. However, one can define a
comodule over (R, Pzze) in the same way as one defines a comodule over a Hopf algebroid. In the
present paper, we use a generalization of this notion.

Let M be a category cofibred over commutative rings, that is, for each commutative ring R,
there is a category M(R) and, given a ring homomorphism R — S, there is a functor

S ®r — : M(R) = M(S),

called an extension of scalars, compatible with taking composition of ring homomorphisms (for
more details, see [27]).

Example 3.34. M(R) can be the category of R-modules, R-algebras, Hopf algebras over R, Hopf
algebroids over R, etc.

We will now define differential objects, generalizing stratifications on sheaves from [4].
Definition 3.35.

e A Dg-object in M over (R, Dg) (or simply over R) is a pair (X, €7), where X is an object
in M(R) and
e :X® P PiegX

is a morphism in the category M(Pi) such that the following two conditions are satisfied.
First, we have
R®p: & = idy,

where the P,ze—module structure on R is defined by the ring homomorphism e : Pzze - R.
Put

( 1._ pl 2). ¥ @n PL = Pl @n X

€y - R ®p§ Ex)- ®r R > Lp ®r X,

where the Pi-module structure on P}e is given by the canonical surjection Pi - P}e. The
second condition says that the composition of morphisms in M(PIIe ®r P}?)

oy (Phonrh) (PhoxPh)ey ek
X@®g Ph® P, ——————— Pr@ X® P, —————— PL®r Ph®r X
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is equal to the extension of scalars
1 1 2
(Pk ®r Py) ®p €3,

where the P2-module structure on P} ® P} is given by the ring homomorphism A.

e The morphism 6)2( is called a Dg-structure on X.
o A morphism between Dg-objects in M over (R, Dg) is a morphism between objects in
M(R) that commutes with €2.

Remark 3.36. Perhaps, a more conceptually proper way to define a differential object would
also involve the 3-jet ring to encode the associativity condition (Section 3.7), but the present
definition will be enough for our purposes. However, all examples that arise in the paper satisfy
the associativity condition.

Definition 3.37. We say that a cofibred category M over rings has restrictions of scalars if, for
any ring homomorphism R — S, there is a functor M(S) — M(R), called a restriction of scalars,
that is right adjoint to the extension of scalars. We usually denote the value of the restriction of
scalars functor in the same way as its argument.

Thus, for all objects X in M(R) and Y in M(S), there is a functorial isomorphism
HomM(R)(X, Y)= HomM(S)(S ®r X,Y).

Also, the restriction of scalars defines an object S ®g X in M(R), which is functorial in § and X:
given a homomorphism of R-algebras ¢ : S — T and a morphism f : X — Y in M(R), we have
the morphism in M(R)

e f:SX->TRRY.

In particular, we have a canonical morphism X — § ®g X in M(R) given by the ring homomor-
phismR — S.

Example 3.38. The cofibred categories of modules and algebras have restrictions of scalars,
while the cofibred categories of Hopf algebras and Hopf algebroids do not have restrictions of
scalars.

Given an object X in M(R), by R(PIZe ®g X), denote the object in M(R) defined as follows: first
one takes the extension of scalars P% ®g X with respect to the right morphism r : R — Pi and
then applies the restriction of scalars with respect to the left morphism / : R — PIZQ. The proof
of the following proposition is a direct application of the adjointness between the extension and
restriction of scalars.

Proposition 3.39. Suppose that a cofibred category M over rings has restrictions of scalars.
Then a Dg-object in M over (R, Dg) is the same as a pair (X, ¢§) where X is an object in M(R)
and

% X — R(P12e ®r X)
is a morphism in M(R) such that

(e®idy) o ¢% = idy
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and the following diagram commutes in M(R):

X ¢—§(> R(P%e ®r X)

¢le A® idxl

W(Pher X) 225 (PL ek Py ax X),

where qb)l( is the composition of ¢>§( with the morphism
R(P%e ®r X) — R<P11e ®r X).
In Section 4.3, we use the following statement.

Proposition 3.40. Suppose that a cofibred category M over rings has restrictions of scalars.
Then, for any Dg-object X in M over R, the morphism 6)1( in M(P}e) is an isomorphism.

Proof. The proof is similar to that for a Hopf algebra or a Hopf algebroid. The idea is that
(R, P}Q) corepresents a groupoid in the category of R-algebras with a two-step filtration, where
the filtration on P}, is given by P} D Qg. More precisely, put

P}e®11ep}e3=(P11a®RP}e)/(QR®RQR), l:Pllg_)<P]1g)s, a+wra-w,

where, as in Section A.1, the superscript s denotes the interchange of the left and right R-module
structures. The homomorphism
A: Py — P ®x Py

induces a homomorphism
Py = Py @ Py,
also denoted by A.
Let us construct an inverse to 6)1( explicitly. Denote the composition in M(R)

x 2 #(Ph ® X) 2 (x o Ph),

by . We will prove that E)l( o i equals the morphism
X - (P @k X),

given by the ring homomorphism r : R — PL. This would imply that €} is inverse to the
morphism in M(P}lz) from P}e ®r X to X ®r P11e that corresponds by adjunction to ¥, thus, e}( is an
isomorphism.

By the adjunction relation between € and ¢, the composition

1
€x

T (xex P, —— (Py@xrX),

R(Pllg ®r X) E—
is equal to the composition
idp ®¢p}
R(PIR ®r X) _ R(Plle ®p Pk ®r X)
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Since X is a Dg-object, we have
(A®idy) o ¢} = (idp®¢Y) 0 ¢y : X — p(Pk ® Pf & X).
Applying the ring homomorphism
Pk ®k Pk — Py ® Pp,
we obtain that both compositions

o idp ®¢)
X s R(PIIQ ®r X) —; R(Pllg ®11e P}i ®r X)
AQidy

are the same. Further, as for Hopf algebroids, we have
(1-idp)oA=roe: Py — P,

where we consider
. pl 1 o1 pl
A: Py — Py ®g Pp.

Finally, the composition e o ¢)‘( : X — X is the identity. All together, this implies the needed
statement about €y o 1. O

Remark 3.41. It is not clear whether the morphism ¢§( must be an isomorphism in the general
case.

3.9. Examples of differential objects
Definition 3.35 is motivated by the following statement.

Proposition 3.42. Given an R-module M, a Dg-module structure on M over R is the same as a
Dg-structure on M as an object in the cofibred category of modules.

Proof. The cofibred category of modules has restrictions of scalars. Hence, by Proposition 3.39,
a Dg-structure on M as an object in the cofibred category of modules is given by an R-linear
morphism

¢ M — p(Ph & M)

that satisfies the conditions therein. Assume that V,; is a Dg-module structure on M. Consider
the map
¢hy M — Prog M, m> 1®m—Vy(m). (7)

The Leibniz rule for V), is equivalent to the left R-linearity of ¢1lv1- Also, we have
(e ®idy) o ¢y, = idy .
Note that the cokernel of the injective map

A: P: — P ®g Pk
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is a projective R-module, being an extension of Qg by /\iQR. Therefore, the map
A®idy : Py ® M — Py ® Pr®r M
is injective. The integrability condition for V,, is equivalent to the fact that the image of the
composition
oY | ideg), . .
M —— PR®RM Emm— PR®RPR®RM

is contained in PIZe ®g M. To see this, take any m € M and set

Vu(m) = Zwi ®m;, w;€ g, mi €M.
i

Then the element

(id@¢))(41,0m) = (id ®¢54)[1 wm- Z e mi] i

= 1®1®m—z1®wi®mi_zwi®1®mi+Z(l)i@VM(mi)

belongs to P2 ®g M if and only if

Z dw;, @ m; = Z w; AN Vy@m;) € /\%QR ®r M.
i i

Finally, put
¢ = (id@g),) o 4,

to be the obtained map from M to P% ®x M.
Conversely, assume that qﬁ%,[ is a Dg-structure on M. Then the formula

Vy(m) == 1®m— ¢, (m)
defines a Dg-module structure on M over R. O

Example 3.43.

1. A Dg-object over R in the cofibred category of algebras is the same as a Dg-algebra over R.

2. A Dg-Hopf algebra over R is a Hopf algebra A over R such that A is a Dg-algebra over R
and the coproduct, the counit, and the antipode maps are morphisms of Dg-algebras.

3. Given a differential ring (x, D,), a D,-Hopf algebroid over « is a Hopf algebroid (R, A)
over « such that R and A are D,-algebras over « and (I,r, A, e,1) are morphisms of D,-
algebras over «.

Here is an application of this approach to differential structures.

Proposition 3.44. Let A be a Dg-algebra over R such that A is also a Hopf algebra over R.
Suppose that the coproduct map is a morphism of Dg-algebras over R. Then the counit and
antipode maps are also morphisms of Dg-algebras over R, that is, A is a Dg-Hopf algebra over
R.
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Proof. Since the coproduct map is differential, the morphism
€ :P2®r A — A®g P:

commutes with the coproduct maps in the corresponding Hopf algebras Plze ®r A and A ®g PlzQ
over Pg. Therefore, it commutes with the counit and the antipode maps (for example, see [79,
Section 2.1]). L]

In Section 4.2 we use the following statement.

Lemma 3.45. Let (R, A) be a D-Hopf algebroid over a differential ring (x, Dy). Then the com-
position of the isomorphisms of abelian groups

A®g P2 — Pi — PR A
is an isomorphism of R-bimodules.

Proof. Let ¢ : R — A denote the left homomorphism. The left R-module structure on A ® P12Q
corresponds to the R-module structure on Pi given by the composition

RS a5 P2

The left R-module structure on P,za ®g A corresponds to the R-module structure on Pi given by

the composition
! P;

2
R Py

2
Py.
Since ¢ is a morphism of differential rings, Pi is a morphism of R-bimodules. In particular, the

compositions above coincide. Therefore, the left R-modules structures on A ®g PlzQ and Plzi, ®r A
are the same. The proof for the right R-module structures in analogous. [

3.10. Lie derivative
In Section 5, we use the Lie derivatives defined on jet rings. Let (R, Dg) be a differential ring.
Definition 3.46. A weak Dg-module is an R-module M together with a morphism of Lie rings
pum : Dr — Endz(M)

that satisfies the Leibniz rule with respect to the multiplication by scalars from R (thus, a Dg-
module is a weak Dg-module such that p,, is R-linear). Morphisms between weak Dg-modules
are defined similarly to morphisms between Dg-modules. As with differential modules, we some-
times omit py, and use just d(m) to denote py(9)(m).

Remark 3.47. As in Definition 3.21, given two weak Dg-modules, one can show that the Leibniz
rule defines a weak Dg-structure on their tensor product.

Definition 3.48. Given 0 € Dy and w € Qg, define the Lie derivative as follows:
Ly(w) := d(w(d)) + (dw)(0 A —) € Q,

where (dw)(0 A —) denotes the element in Qf = DX that sends any 6 € Dg to (dw)(0 A 0).
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The notation Ly(w) instead of d(w) avoids confusing the Lie derivative with the result of the
pairing between Dg and Qg. It follows from the definition of dw that, for any ¢ € Dg, we have

Ly(w)(§) = d(w(§)) — w([0, ). 3
Also, one can show that, for any a € R, we have
Lis(w) = aLy(w) + w(0)da. ©))

The Lie derivative defines a weak Dg-structure on Qg. By linearity, we obtain a weak Dg-
structure on Pp = R & Qpg:

da+ w) :=0d()+ Ly(w), a€R,weQg,d e Dpg.
It follows that r : R — P1]e is a morphism of weak Dg-modules. Since
d(d(a)) = Ly(da) foralla e R, 0 € Dg,

we have that [ : R — lee is a morphism of weak Dg-modules. The Leibniz rule for Ly on Qg
implies that the multiplication morphism

P}, ®g Ph — P

is also a morphism of weak Dg-modules.
Remark 3.49. By the Leibniz rule, the Lie derivative extends to a weak Dg-structure on A2Qp,
which we also denote by Ls. One can show that Ly commutes with the map d : Qz — /\IZQQR.
This implies that the subring

P2 C PL®g Pk

is preserved under the action of Dy via the weak Dg-module structure on P}e ®r lea-

4. Differential categories
4.1. Extension of scalars for abelian tensor categories

Our aim is to apply Definition 3.35 of a differential object with X being an abelian R-linear
tensor category. For this, we need to use extension of scalars for such categories associated with
homomorphisms of rings. Let us briefly describe this. One can find more details, for example, in
[15, p. 155], [54, p. 407], and more recent papers [24] and [74].

We use the terminology from Section A.2. We fix a commutative ring R, a commutative
R-algebra S, and an abelian R-linear tensor category C. According to our definitions, this means
that, in particular, the tensor product in C is right-exact and R-linear in both arguments.

Definition 4.1. The extension of scalars of C from R to S is an abelian S -linear tensor category
S ®g C together with a right-exact R-linear tensor functor

Sk -:C—->SeC

that is universal from the left among all such data, that is, for any abelian S -linear tensor category
D, taking the composition with S ®g — defines an equivalence of categories:

Fun}®(S ® C,D) — Fun®(C,D), Fr Fo(S & -),

where Fung’® denotes the category of right-exact S -linear tensor functors (similarly, for Fun;@).
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We usually denote the extension of scalars just by S ®g C (keeping in mind that we also
fix the functor S ®g —). Let us describe some general properties of the extension of scalars for
categories. First, consider a homomorphism of R-algebras § — T and assume that the extensions
of scalars S @z C and T ®s (S Qg C) exist. Then T ®s (S ®g C) is equivalent to the extension of
scalars T ®g C.

Further, the category S ®g C is functorial in S and C in the following way. Let ¢ : S — T be
a homomorphism of R-algebras, D be an abelian R-linear tensor category, and F : C — D be a
right-exact R-linear tensor functor. Assume that both § ®x C and T ®g D exist. Then we obtain
a right-exact S -linear tensor functor

pRF :S®C—->TeD

defined by the universal property of S ®g C applied to the right-exact R-linear tensor functor

cLop I, re .

The assignment F — ¢ ® F is functorial in F. If ¢ : T — U is a homomorphism of R-algebras,
& is an abelian R-linear tensor category, G : D — & is a right-exact R-linear tensor functor, and
U ®g & exists, then there is a canonical isomorphism between tensor functors:

WeG)o(p@F)=op)®(GoF).

Sometimes, we also denote idg ®F by S ®g F. Also, we have that ¢ ® idg = § ®g — for
¢ : R — §. We hope that this coincidence will not make any confusion.
In Definition 4.9, we will need a slight generalization of the previous functor ¢ ® F'. Namely,

let
R — §

! ls

U——T

be a commutative diagram of rings, D be an abelian U-linear tensor category, and F : C — D be
aright-exact R-linear tensor functor. Assume that both S ®¢ C and T ®y D exist. Then, similarly
to the above, we obtain a right-exact S -linear tensor functor

YQF:S®rC—ToyD.
If (S ®r U) ®y D exists, then we have
(p® F)(X) =T B seu) F(X). (10)

The following important result is proved in [74, Theorem 1.4.1] (see also [15, p. 155] and
[54, p. 407]).

Theorem 4.2. Let C be a Tannakian category over a field k and k C K be a field extension. Then
there exists the extension of scalars K ®; C.

Further, recall that an S -module in C is a pair (X, ax), where X is an object in C and

ay : S — Endq(X)
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is a homomorphism of R-algebras. Morphisms between §-modules in C are naturally defined.
Given an R-module M and an object X in C, define

M er X
to be an object in C such that there is a functorial isomorphism of R-modules
Hom¢g(M ®g X, Y) = Homg(M, Home(X, Y)). (11D

The object M ®g X is well-defined up to a unique isomorphism if it exists. If an R-module M is
of finite presentation, that is, there is a right-exact sequence of R-modules

Ream L) Re)n M 0,

then, M ®g X exists for any X. By (11), for an S-module (X, @yx) in C, the homomorphism ayx
defines a morphism
ax S ® X - X.

The following result is extensively used in what follows. Its proof can be found in [13, 5.11],

where an equivalent approach to the extension of scalars for categories is used (see also [74]
and [24]).

Proposition 4.3. Let C be an abelian R-linear tensor category. Suppose that S is of finite presen-
tation as an R-module. Then the abelian S -linear tensor category of S -modules in C is equivalent
to the extension of scalars S ®g C and the functor S ®g — sends X to S ®g X.

Example 4.4. If S is of finite presentation as an R-module, then the extension of scalars category
S ®r Mod(R) is equivalent to the category Mod(S) and the functor § ®g — coincides with the
usual tensor product functor.

Example 4.5. Let M be an R-module of finite presentation. Put S := R@® M, where an R-algebra
structure on S is uniquely defined by the condition M - M = 0. An S-module in C is the same as
an exact sequence

0-X -X-X"-0

together with a morphism
fx:Mer X" — X'

Namely, with an S -module (X, @yx), we associate X" := M - X and X" := X/(M - X), where M - X
is the image of the morphism
ay - Mep X — X.

If S-modules (X, ax) and (Y, ay) correspond to the data

05X 5X->X"-0, fx:MerX' —-X,;
0-Y >5Y—>Y' -0, fy: MY —Y,

then their tensor product (X, ax) ® (¥, a@y) in S ®¢ C is defined as the cokernel of the morphism

by ®idy —idxy ®by : M Qr (X®Y) > XQ®Y,
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where by is defined as the composition

MepX —— MepX' —2 s X X,

and similarly for by. In particular, if the tensor product in C is exact in both arguments and the
morphisms fy, fy are isomorphisms, then (see also [41, 5.1.3]) the tensor product (X, ax)®(Y, ay)
corresponds to the Baer sum of the exact sequences

0->Mer(X'Q®Y')—> XY -X"QY" =0,
0-X"9MRY') > X'"Y - X"®Y" — 0.

4.2. Differential abelian tensor categories

Throughout this subsection, we fix a differential ring (R, Dg). We use constructions from
Sections 3.8 and 4.1. Recall that the jet rings P, P5, and Py ®g P} (Definition 3.30) are finitely
generated projective R-modules with respect to both left and right R-module structures. Hence,
they are of finite presentation as R-modules and there is an extension of scalars from R to Plze for
abelian tensor categories (Definition 4.1 and Proposition 4.3).

Consequently, Definition 3.35 gives the notion of a Dg-object over R in the cofibred 2-
category of abelian tensor categories, or a Dg-category over R for short. Here “morphisms”
between tensor categories are tensor functors. The main difference with the case of a usual cofi-
bred category as in Definition 3.35 is that, instead of considering equalities between morphisms,
one should fix isomorphisms between tensor functors.

Further, there are also restrictions of scalars between PIZe and R for abelian tensor categories
(this follows from the definition of the extension of scalars for categories, Definition 4.1). Propo-
sition 3.39 remains valid in the case of a cofibred 2-category instead of a cofibred (1-)category.
Thus, one has an equivalent definition of a Dg-category over R in terms of ¢’s instead of €’s. We
prefer to use the definition in terms of ¢’s. Note that Definitions 4.6 and 4.9 below have a more
explicit equivalent form, see Section 4.3 (also, compare with [24, Example 12], where the case
of the coaction of a Hopf algebra on a category is considered).

Similarly to Section 3.8,

R<P12q ®r C)

denotes the abelian tensor category P12e ®g C considered with the R-linear structure obtained by
the left ring homomorphism /: R — Plzq.

Definition 4.6. A Dg-category over (R, Dg) (or simply over R) is a collection (C, (Z%, O, ‘I’C),
where C is an abelian R-linear tensor category,

(bé :C— R(P}ze ®r C)
is a right-exact R-linear tensor functor,
D¢ : (e®@ide) o ¢p — ide

is an isomorphism of tensor functors from C to itself (recall that e : sz — R is a ring homomor-
phism), and
We : (A® ide) o ¢ — (idp1 ) © 6
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is an isomorphism between tensor functors from C to P,le ®r P,le ®gC, where ¢é is the composition
of q)é with the functor

P12Q®RC—> P}g®RC.
For short, we usually denote a Dg-category (C, q%, (DC,‘PC) just by C. We call the collec-
tion ((z%, Oc, ‘I’C) a Dg-structure on C.

In other words, @ is an isomorphism between the composition

% ®i
c —5 Plepc 25, ¢

and the identity functor from C to itself, while the isomorphism ¥¢ makes the following diagram
of categories to commute:

% ,
c —— PexC

¢lcl A® idcl

1 drede 1
PR®RC —_— PR®RPR®RC.

Example 4.7. The category Mod(R) of R-modules has a canonical Dg-structure given by the
composition of R-linear tensor functors (see also Example 4.4)
~on 2 2
Mod(R) — Mod (P3) = p(P2 @z Mod(R)).

Explicitly, for an R-module M, we put

$r(M) := (M &x P,%)R, @)
in P2 ®; Mod(R), where

a : P52 — Endg (M ®r P%)

is the natural homomorphism. In other words, ¢§(M) is the Atiyah extension of M (see also
Proposition 4.15 and Remark 4.16 (1)).

Example 4.8. The «-linear category Comod(R, A) of comodules over a D,-Hopf algebroid (R, A)
over a differential ring (x, D,) (Example 3.43(3)) has a canonical D,-structure given by the com-
position of «-linear tensor functors

Comod(R, A) ﬁ) « Comod (R & P2, A®, P%) =~ , Comod (Pf ® R, P? ®, A)
= K(Pﬁ & Comod(R,A)).

Explicitly, given a comodule M over A, we define an A-comodule structure on ¢§(M) as the
composition

$r(M) > $p(M ®g A) = (M @ A® Py, = (M g Py 8 A), = ($5(M) 8 A)

where the non-trivial isomorphism in the middle is defined as in Lemma 3.45. Thus, the functor
¢§ extends to a D,-structure on the category Comod(R, A). If one does an explicit calculation in
the case when (k, D, ) is a differential field with one derivation, R = «, and A is a D,-Hopf algebra
over «, then one recovers the formula from [62, Theorem 1].
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We will define differential functors now.
Definition 4.9.

o Let ¢ : (R,Dg) — (S, Ds) be a morphism of differential rings, C be a Dg-category over
R, and D be a Dg-category over S. A differential functor from C to D is a pair (F, 1),
where F : C — D is aright-exact R-linear tensor functor and

r : (P2@ F)o gt — ¢hoF

is a isomorphism between tensor functors from C to P_Zg ®s D such that ®; commutes with
D4 via [1p and ¥ commutes with Wy, via [1r. For short, we usually denote a differential
functor (F, I1F) just by F. We call [ a differential structure on F.

o A morphism between differential functors is a morphism between tensor functors @ : F —
G that commutes with the IT’s.

Denote the category of differential functors from C to D by Fung (C, D).

In other words, the isomorphism ITr makes the following diagram of categories commutative:
F
C S D
| %)
2 Fee 2
PR®RC _—_— PS ®s D.
Example 4.10.
1. Given a morphism of differential rings (R, Dg) — (S, Dy ), the extension of scalars functor

S ®r — : Mod(R) —» Mod(S)

is canonically a differential functor.
2. Given a D,-Hopf algebroid (R, A) over a differential ring («, D,), the forgetful functor

Comod(R,A) —» Mod(R)

is canonically a differential functor, where we consider the Dg-structure on Mod(R) with
Dg := R®; Dy.

3. Given a D,-Hopf algebroid (R, A) over a differential ring (x, D,) and a morphism of D,-
algebras R — S, the extension of scalars functor

S ®r — : Comod(R,A) » Comod(S, sAs)
is canonically a differential functor.

The following statement is needed in the proof of Theorem 5.5.

Lemma 4.11. Let C, D, and & be Dg-categories, F : C — D be a functor, and G : D — & be
a fully faithful differential functor. Then there is a bijection between differential structures on F
andGo F.
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Proof. If F is a differential functor, then G o F is also a differential functor, being a composition
of differential functors. Conversely, suppose that G o F is a differential functor. Consider the
diagram of categories:

c X5 o L5 &
%] )| %)
P2@rC St P2er D sl P2 @ &.

Since G o F is a differential functor, we obtain an isomorphism between tensor functors

(idp: ®G) o (idp: ®F) 0 ¢ — ¢t oGoF.
Further, since G is a differential functor, we obtain an isomorphism between tensor functors

¢‘280G0F;> (idP§®G)o¢§)oF.
Taking the composition, we obtain an isomorphism between tensor functors
(idp2 ®G) o (idp2 ®F) 0 ¢ - (idp ®G) o g7, o F.

Since G is fully faithful, the functor idplzz ®G is also fully faithful. Therefore, we obtain an
isomorphism between tensor functors

IF : (iszze ®F) o g’% — (f)é oF.
It follows that this indeed defines a differential structure on F'. O

We also use extensions of scalars for differential categories in the proof of Theorem 5.5.

Proposition 4.12. Let ¢ : (R,Dg) — (S, Ds) be a morphism between differential rings, C be a
Dg-category over R, and suppose that the extension of scalars category S ®g C exists (Defini-
tion4.1).

1. There is a canonical Dg-structure on S ®g C such that the functor
Sk -:C—->S®C

is canonically a differential functor.
2. Let D be a Dg-category over S. Then taking the composition with S ®g — defines an
equivalence of categories:

Funj(S ®& C,D) — Fun}(C,D), Fr Fo(S@®-).
Proof. To prove statement 1, define the functor
Bieuc 1S ®rC — P5 ®s (S @ C) = Ps @ C

by the universal property of S ®z C applied to the right-exact R-linear tensor functor
2 2 o

¢C 5 P¢®ldc >
C— PRr®rC — P;®rC.

This also defines a differential structure on the functor S ® —. To prove statement 2, one applies
the universal property of § ®g C directly. O
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Remark 4.13.
1. Applying Proposition 4.12 to C = Mod(R), we obtain that the canonical functor
S ®r Mod(R) — Mod(S)

is a differential functor between Dy -categories (Example 4.7) provided that S ®x Mod(R)
exists.
2. Given Dg-categories C and D over R and a differential functor F : C — D, the functor

SRRF:SQC—->SkD

is canonically a differential functor between Djg-categories over S provided that S ®g C
and S ® D exist.

3. Both Definition 3.23 and the construction from Proposition 4.12(1) are particular cases of
extensions of scalars for differential objects.

4.3. Definitions in the explicit form

The following technical result provides an explicit information about objects of type q%(X),
where X is an object in a Dg-category C. Recall that we have a decreasing filtration by ideals in
P2 (see Definition 3.30 for Ig)

Pz D I > Symi Qg O 0

and canonical isomorphisms
P3/Ig =R, Ig/SymzQp = Q.

Lemma 4.14. Let C be a Dg-category over R. Then, for any object X in C, there are functorial
isomorphisms (see Section 4.1 for Qr g X):

be(X)/Ip-¢3(X) = X, Ir-¢3(X)/ Symy Qp-¢a(X) = Qp@pX, Symy Qe-¢3(X) = Symy Qr@gX.
Proof. The isomorphism @ yields the first isomorphism, because
(e ®ide) (93(X)) = $20/Ik - $2(X).

Hence, the P%e-module structure on q%(X) defines surjective morphisms

« B
Qr®k X — I - $5(X)/ Symz Qg - ¢3(X),  Symg Qr ®& X — Symy Qg - ¢2(X),
where we use that
IR-IRCSymIZQQR and IRSymIZQQR =0.

Let us prove that « is injective and, thus, is an isomorphism. By the definition of ¢IC (Defini-
tion 4.6), we have

$c(X) = ¢E(X)/ Symy Qg - ¢7(X).
Thus, we need to show that the corresponding morphism

Qr @ X - ¢L(X)
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is injective (see also Example 4.5). By Proposition 4.3, the right-exact R-linear tensor functor
¢('3 :C—- R(P,le ®r C)
defines a right-exact P}e—linear tensor functor
eé : C® P — PR ®g C
such that, for any object X in C, we have a functorial isomorphism
$e(X) = €)(X &g Py).

Further, the proof of Proposition 3.40 remains valid in the case of a cofibred 2-category instead

of a cofibred (1-)category. Thus, eé is an equivalence of categories and, in particular, is exact.

On the other hand, since ®@¢ is an isomorphism, we have an isomorphism of tensor functors
1o
R ®p1 €¢ = id¢

from C to itself, where we consider the ring homomorphism e : P}? — R. Explicitly, this means
that, for a P}e-module Y in C such that Qp acts trivially on Y, there is a functorial isomorphism
eé(Y ) = Y (Proposition 4.3). Therefore, applying Eé to the injective morphism in C ®RP}e

X®r Qr — X ®g Plle
given by the split embedding Qg C P1le (and using that X ® Qr = Qg ® X), we show the

injectivity of y. Now let us prove that § is injective and, thus, it is an isomorphism. Consider the
object

Z := (idp ®¢0)(46(X))

in P,le ®r PIIe ®g C. We have a commutative diagram in C

Sym2 Qp @ X —2— Sym2 Qg - g2(X)
4l g
02X —s Q2.7

where # is given by the action of P,le ®r P}e on Z (we use that X = Z/(Ig - Z) and Q%z -Ig = 0),
the morphism f is defined by the embedding

Symz Qg — Q27

and the morphism g is induced by the isomorphism ¥¢. Using the injectivity of y for X and for
q%(X), we obtain that 4 is injective. Since

QF?/ Symy Q = AfQr

is a projective R-module, f is also injective, which implies the injectivity of 3. O
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Now let us give a more explicit (though, a longer) definition of a Dg-category. First, consider
only the functor (blc. In this case, the situation is similar to the previously known differential
Tannakian category over a field with one derivation [63, Definition 3], and [41, Definition 5.2.1].
For simplicity, we assume that the tensor product is exact in C.

Proposition 4.15. Let C be an abelian R-linear tensor category such that the tensor product is
exact. Then to define a right-exact R-linear tensor functor

¢é :C— R(Pllg ®r C)
together with an isomorphism between tensor functors
D¢ : (e®@ide) 0 ¢ — ide

is the same as to define the following data:

1. A functor Até, : C — C together with a functorial exact sequence

0 —— Q@& X —— AtL(X) X 0 (12)

for any object X in C;
2. An isomorphism
Atl(1) — Preg 1,

where we consider the right R-module structure on P}e, such that exact sequence (12)
coincides with the natural exact sequence for X = 1:

0 —— Ol —— Pregl 1 0,

and, for any a € R — End¢(1), we have
At} (a) = la),

where we denote elements of R (respectively, in P}e ) and their images under the morphisms
to End(1¢) (respectively, to End(P}e ®g 1)) in the same way;
3. A functorial isomorphism with the Baer sum

AL(X®Y) — (AL(X) 8 ) + (X ® Aty(Y)) (13)

Jor all objects X and Y in C that respects commutativity and associativity constraints in C
and the splitting of
Atl(1) = Pr e 1

given by the canonical right R-linear splitting P,le = R® Q.

Proof. Given ¢, let At} be the composition of ¢), with the forgetful functor Py ® C — C
(Proposition 4.3). Then Example 4.5 and Lemma 4.14 (namely, its part that concerns the first
two adjoint quotients) imply the needed statement. O

Remark 4.16.
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1. The notation At is explained by an analogy with the case C = Mod(R) (Example 4.7),
when the corresponding functor coincides with the Atiyah extension:

Ath(M) = (M & P}Q)R

for an R-module M. In particular, for a Dy-Hopf algebra A or a D-Hopf algebroid (R, A)
over k, we have that
Aty(M) = (M & Py),,

where C = Comod(A) or C = Comod(R, A) (Example 4.8) and M is an A-comodule.

2. To give the functor Atc is the same as to give an object of type (Qg[1], @) in the category
of Kihler differentials for the derived category of C as defined in [53].

3. To be strict, we distinguish between a P}e-module (Y, ay) in C and the corresponding object
Y in C, which makes the difference between ¢1C(X ) and At'C(X ).

To define a Dg-category in these terms, let us first discuss several properties of the functor
At,:C—C.

It is not tensor and is not R-linear. For any object X in C, Até.(X ) is canonically a P}Q-module in
C with respect to the right R-module structure on lee (Example 4.5). For any a € R, we have

Atg:(a) =a-da,
where a acts on objects in C, being a scalar from R, and
da € Oz C Py
acts on Até(X) as the composition

AL > X 225 0p e X — ALLX).

Further, for any X in C, the object At} (At5(X)) is a (Pk ® Pk)-module in C. Consider the
filtration by ideals:

Pk ®g Pk D(QR ®g Pk + Pk ® QR)DQR®R Qr D 0. (14)

This defines a decreasing filtration on Até (Atlc(X)). By exact sequence (12), the corresponding
adjoint quotients are as follows:

X, (QRr(RX)D(QrerX), Qr®rQrrX.

In addition, the Baer sum isomorphism (13) (or, equivalently, the tensor property of ¢IC) implies
that there is a product map

m : At (ALL(X)) ® At (A(Y)) > Aty (A(X @ 1)).

We will use the following technical result. By a filtered ring, we mean a ring A together with
a decreasing filtration

A=FA>F'A>... suchthat F'A-F/Ac F*A.
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Lemma 4.17. Let A be a finitely filtered ring, f : M — N be a morphism between A-modules
(possibly, between A-modules in an appropriate abelian tensor category). Suppose that

g’ f : g®M — g°N
is an isomorphism and, for any i, the canonical morphism
gr'A Qg4 a’N — gr' N
is an isomorphism. Then f is an isomorphism.
Proof. We have surjective morphisms
ar'A ®gr04 a’M — gr'M.

By the hypotheses of the lemma, their compositions with gr' f is an isomorphism. Thus, gr' f is
an isomorphism. Since A is finitely filtered, we conclude that f is an isomorphism. O

Proposition 4.18. Let (C, At(IJ) be as in Proposition 4.15. Then to define a Dg-structure on C
with ¢'C being given by Atlc is the same as to define a functorial Plze-submodule

A (X) c At (A (0)

such that, for all X and Y in C, the following is satisfied:

1. The map m sends At}(X) ® At(Y) to AL(X ® Y);
2. The adjoint quotients of the intersection of Até (X) with the above filtration on Até. ( Até.(X )
are contained in
X, Qr®rX, Sym:QgezX,

where we consider the diagonal embedding
QrOr X = (Qr®r X) & (Qr ®r X)
and the natural embedding
Symz Qg ® X < Qp ®r Qr O X;
3. The induced map from Até(X) toX = gr’ Atlc (Até(X)) is surjective.
Proof. Given a Dg-structure q%, let Até be the composition of ¢>(23 with the forgetful functor
Pr®rC—C.

Since ¢é is a tensor functor and we have an isomorphism of tensor functors V¢, Até satisfies
statement 1. Also, by Lemma 4.14, we have statements 2 and 3.

Conversely, let Até satisfy statements 1, 2, and 3. To construct the isomorphism ¥, we need
to show that the natural morphism

p: (P ®r Py) ®p AR(X) — At (Atp(X))
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is an isomorphism. Note that u is a morphism between (P,le ®r P}e)—modules in C. Consider the
filtration on the source and target of u given by filtration (14). By statements 2 and 3, the natural
morphism

AZX)/Ir - AG(X) - X

is an isomorphism. Therefore, the first adjoint quotient of the source of u is isomorphic to X
and gr'u is an isomorphism (being the identity from X to itself). By Lemma 4.17 applied to the
finitely filtered ring (P} ®g Pj), i is an isomorphism.

The tensor structure on the functor ¢é is given by the product map m. The fact that we obtain
an isomorphism follows from Lemma 4.17 applied to the finitely filtered ring PIZQ. Finally,

(]%,ZC—)PI%@RC

is R-linear with respect to the left homomorphism/: R — P2, because so is the functor gblc, and,
hence, (idp1 ®PL) © .. O

Definition 4.19. Given an object X in a rigid Dy-category C, let (X)g p denote the minimal full
rigid Dy-subcategory in C that contains X and is an closed under taking subquotients. We say
that the category (X)g p is Dy-tensor generated by the object X.

Remark 4.20. In the notation of Definition 4.19, C is Di-tensor generated by X if and only
if there is no smaller full subcategory in C containing X and closed under taking direct sums,
tensor products, duals, subquotients, and applying the functor Atlc (Section 4.3), because At% is
a subobject in Atlc (Atg:(X)). In addition, the category (X)g p is the union of all C;’s, where C; is

the subcategory in C tensor generated by (Até ) (X).
Remark 4.21.

1. Definition 4.6 is analogous to the definition of a group action on a category (for example,
see [14]) so that the isomorphisms ® and ¥ correspond to the unit and associativity con-
straints, respectively. We do not require the pentagon condition for ¥ in Definition 4.6 as
we are not considering P; (Section 3.7).

On the contrary, the compatibility condition between @ and ¥ makes sense in our set-up
and means that, for any object X in C, the following compositions coincide:

At (nx) Tad

AZ(X) = At (AL0) —5 Ah(X), A0 — At (AL(X)) — Ath(X),

where 7y : AtIC(X) — X is the morphism given by exact sequence (12). We do not require
this condition in Definition 4.6 as well. However, it holds for Examples 4.7, 4.8 and for
the differential category constructed in Theorem 5.1.

2. Suppose that D is of rank one over R and the compatibility condition from part 1 holds
for a Dg-category C. Then we have

Sym,ze QR = QR ®r QR
and, by a dimension argument, the embedding

AZ(X) — At} (At‘C(X))
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identifies Até(X) with the kernel of the morphism
At () = mpp ) 1 At (AEX)) = ALH(X).

Therefore, Até is uniquely defined by At),, or, equivalently, q% is uniquely defined up to a
canonical isomorphism by q%.

3. Suppose that F : C — D is a faithful differential functor between Dg-categories and the
compatibility condition from part 1 holds for D. Then this condition also holds for C.
In particular, if C is a Di-Tannakian category (Definition 4.22) over a differential field
(k, Dy), then the compatibility condition holds for C by the end of part 1. If, in addition,
dimg(Dy) = 1, then, by part 2, we see that Definition 4.22 is equivalent to the definitions of
a differential Tannakian category over a field with one derivation from [63, Definition 3]
and [41, Definition 5.2.1].

Let us discuss the relation between Definition 4.6 and the definition of a neutral differential
Tannakian category with several commuting derivations given in [55, Definition 3.1]. Suppose
that D is a free R-module generated by commuting derivations 0y, . ..,d4. Let wy, ..., w, be the
dual basis in Qz = Dy. There is an involution ¢~ of the (R® R)-algebra P}e ®r P11e uniquely defined
by the condition o-(w; ® 1) = 1 ® w; for all i. For example, for any

w:ZaiwieQR, a; € R,
i

we have
o-(1®w)=w®1+2wi®da,».

The subring of invariants under the involution o coincides with P2, because dw; = 0 for all
i. Further, for any i, the morphism of differential rings (R, Dg) — (R,R - 0;) induces the ring
homomorphism PIIe - P}, where P} denotes the 1-jet ring associated with the differential ring
(R, R - 0;). It follows that o induces a collection of ring isomorphisms
1 ~ pl 1
P! ®g P} = P @ P
that commute with o~ via the homomorphisms
I 1 I 1
Pr®g P — P; @ P;.
Next, let C be a Dg-category over R. Then, for any object X in C, the isomorphism

p: (P @k Py) ®p AG(X) — At (AL(X))

induces an involution oy on Atlc (Até(X)) such that the invariants of oy coincide with Até(X ).
For any i, the ring homomorphism P}, — P} induces a morphism

AtL(X) — ALl (X),

where we have a functorial exact sequence

0 X At} (X) X 0.
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Since the ring homomorphism
Py &k Pk = €D (P! &k P})
bJ

is injective, the natural morphism
Aty (Ap(X)) — @ At} (Ath(X))
iJ

is also injective. It follows that to define oy it is enough to specify a collection of isomorphisms
Sij At (ALX)) = At (At (X))

that should satisfy certain compatibility conditions. If, in addition, R = k is a field, C is a neutral
Tannakian category, and the fiber functor commutes with At' and sends the isomorphisms S ; j
to the corresponding isomorphisms in Vect(k), then §; ; satisfy the compatibility conditions and
define correctly Até as the equalizer in AtlC (Até,(X)) of all the isomorphisms S;;. Also, one
needs to require the Baer sum isomorphisms for At[1 to obtain the Baer sum isomorphism for
Até, which would preserve Até. The latter coincides with the definition of a neutral differential
Tannakian category as given in [55, Definition 3.1].

Finally, let us perform a calculation that we use in Section 4.4. Let (R, Dg) be a differential
ring with free Dg. Choose a basis 01, ...,d; in Dg over R and let wy, . .., w, be the dual basis in
Qg. Consider free R-modules

M=R-¢,®...®R-¢,, and N=R-fi®...®R- f,
and a morphism of R-modules ¢ : M — N given by a matrix 7. Then the morphism
Ath(d) : Ath(M) — Atp(N)

is given by the matrix

T 0 0 0
-0(T) T 0 0
—-04.1(T) O T O
—-04T) O 0o T

where we consider the basis
{el ®1,...,em®1,€i®ﬂ)j}, 1<i<m 1<j<d, in AgM) = (M®RP11€)R
with respect to the right R-module structure (Remark 4.16(1)) and the analogous basis in At}Q(N).

4.4. Differential Tannakian categories

Throughout this subsection, we fix a differential field (k, Dy) and use the notions and notation
from Section A.2. Let us define differential Tannakian categories.

Definition 4.22.
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o A Dy-Tannakian category over (k, Dy) (or simply over k) is a Dy-category C over k (Defi-
nition 4.6) such that C is rigid, the homomorphism k — End¢(1) is an isomorphism, and
there exists a Dy-algebra R over k together with a differential functor w : C — Mod(R)
(Definition 4.9).

e Given two differential functors w,n : C — Mod(R), denote the set of isomorphisms be-
tween w and 7 as differential functors by Isom®?(w, ).

o A neutral Dy-Tannakian category over k is a Dy-Tannakian category over k with a fixed
differential functor to Vect(k).

Remark 4.23. We use notation from Definition 4.22. Since the category C is rigid and any
differential functor is right-exact (Definition 4.9), we see that the functor w is exact [13, 2.10(1)].
In particular, w is a fiber functor from C to Mod(R).

Example 4.24. Let (R, A) be a D;-Hopf algebroid over k (Example 3.43(3)) such that A is faith-
fully flat over R ®; R. Since the forgetful functor

Comod®(R,A) — Mod(R)

is a fiber functor (Section A.1) and differential (Example 4.10(2)), the category Comod/*(R, A)
is a Dy-Tannakian category over k. In particular, if R = k and A is a Dy-Hopf algebra over k
(Example 3.43(2)), then the category Comod/¥(A) is a neutral D;-Tannakian category over k.

Given a Dy-Tannakian category C over k, a differential functor w : C — Mod(R), and a
morphism of Dy-algebras R — S, we put

ws :C—>Mod(S), XS ® wX).
Proposition 4.25. Let R be a Dy-algebra over k, C be a Dy-Tannakian category over k,
w,n : C — Mod(R)
be differential functors, and let A be the R-algebra that corepresents the functor (Section A.2):
Isom®(w,n) : Alg(R) — Sets, S — Isom®(ws, ns).
Then A has a canonical structure of a Dg-algebra over R such that A corepresents the functor
Isom®?(w, ) : DAIg(R, Dg) — Sets, S — Isom®P(wg, 75).

Proof. Firstlet us construct a Dg-structure on A. The idea is as follows. The collection (C, R, w, 17)
is a Dy-object in the (2-)category of collections that consist of a Tannakian category over k, a k-
algebra, and two fiber functors to modules over this algebra. On the other hand, the (pseudo-)
functor that assigns A to such a collection commutes with extensions and restrictions of scalars
between k and P]%. This defines a Dy-structure on A. Let us give more details. By the definition
of A, the P3-algebra A ®; P% corepresents the functor

Isom® (wplze, npi) : Alg (Pi) — Sets,
where, as above,

wp :C - Mod(P}), X w(X)® Pr, and np :C— Mod(PR), X - n(X) @ Py
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The functors wp2 and 772 are exact k-linear tensor functors. Moreover, wp2 is the composition of
the functor
—®kP]% IC—>C®/<P§

and the functor
w® P} : C&P; — Mod(R) & P{ = Mod (P}).

The analogous relations hold for P and n ® P]%. Hence, by Proposition 4.3, there is a canonical
isomorphism of functors from Alg (P%) to Sets:

Isom® (wp2. 72 ) = Isom® (w & PL.7 & P}). (15)
Similarly, the P3-algebra P4 ®g A corepresents the functor
Isom® ( PW.p2 77) : Alg (P,ze) — Sets
and we have an isomorphism of functors
Isom® (2.2 77) = Isom® (P} & w, P} @ 7). (16)
Again, by Proposition 4.3, the right-exact k-linear tensor functor
¢2:C— Pl C
defines a right-exact P,%-linear tensor functor
6(2: : C®sz —>P,%®kC.
In addition, the isomorphism I, defines an isomorphism of tensor functors
w®kP,% - (Pi@kw)oeé
from C ®kPi to Mod (PIZQ). Analogously, IT,, defines an isomorphism of tensor functors
n P,% SN (P% ®y 77) o eé.
This leads to a morphism of functors
Isom® (P,% ® w, P} & 77) — Isom® (a) & P2 & Pi)
Hence, by isomorphisms (15) and (16), we obtain a morphism of functors
A : Isom® (0,53 ) — Isom® (wpg. mpy )

By the corepresentability properties of A ®g P12e and P12e ®gr A, the morphism of functors A corre-
sponds to a morphism of Pi-algebras

€ 1 A®g P2 — P2 ®g A.
Since the isomorphisms ¥ and ®¢ commute with ¥x and @ via w and 7, the morphism ef‘

satisfies the required properties (Example 3.43(1)) to define a Dg-structure on A.
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Now let us prove the corepresentability property of A in the category of Dg-algebras. Let
S be a Dg-algebra, @ : ws — 15 be an isomorphism of tensor functors, and let f : A — S be
the corresponding morphism of R-algebras. We need to show that « is differential if only if f is
differential. Note that « is differential if and only if the map

As : Isom® (P§ w,p2 ’7) — Isom® (a)Pg , npg)
sends p2 @ to ap: . This is equivalent to the equality between the morphism
f®idp :A®g P2 — S ® P2
and the composition

2 Ei 2 idpi’ ®f 2 (eg)il 2
A®RPR E— PR®RA — PR®RS EEE— S®RPR.

The latter is equivalent to f being differential. O

Example 4.26. Let D, = k - 0, where 0 is a formal symbol that denotes the trivial derivation
from k to itself, K be a differential field over (k, Dy) such that k = K9, let C = DMod(K, Dx)
with Dg = K - 0, wy : C — Vect(k) be a fiber functor, and let w : C — Vect(K) be the forgetful
functor. Since the left and the right k-module structures on Pi coincide, C has the trivial Dy-
structure with

deM) =Py M=MeM

for a 9-module M over K. Since
2 ~ p2 ~ 2
wo(P} & M) = P} & wo(M) = wy(M) & P},

we see that wy is a differential functor. By Proposition 3.42, for any d-module M over K, there
is a canonical isomorphism of (K ® K)-modules

M ®k Py = Py ® M.

Since
(Pk ®k M)

we obtain that w is a differential functor. Let A be the K-algebra that corepresents the functor

K= (Pi B M)K ’

Isom® (K ®; —) © wg, w).

Proposition 4.25 provides a d-structure on A. This d-structure coincides with the one defined
in [13, 9.2] (note that the definition of a d-structure from [13, 9.2] works well for the whole
category DMod (K, Dg), not just a subcategory tensor generated by one object).

Theorem 4.27. Let C be a Dy-Tannakian category over a differential field (k, Dy), R be a Dy-
algebra over k, and let w : C — Mod(R) be a differential functor. Then there exists a Dy-
Hopf algebroid (R, A) over (k, Dy) such that A is faithfully flat over R ®; R and w lifts up to an
equivalence of Dy-categories over k

C — Comod®(R, A).
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Proof. Apply Proposition 4.25 to the differential functors ggr w and wger from C to Mod(R ®; R),
where, as above, for X in C, we put

(rer W)(X) := (R® R) ®r w(X) = R& w(X), (wrer)(X) :=w(X)® (R R) = w(X) & R.

This gives a differential algebra A over R®; R, where the differential structure on R®; R is defined
as on the tensor product of Dy-algebras (Remark 3.22). From the properties of the functor from
DAIg(R ®; R) to Sets corepresented by A, it follows that (R, A) is a Di-Hopf algebroid over k and
w lifts to a differential functor between Dy-categories

C — Comod®(R, A)

(Example 4.8). Finally, by [13, 1.12] (Theorem A.14), the latter functor is an equivalence of
categories and A is faithfully flat over R ® R. O

In particular, when R = k, Theorem 4.27 recovers [64, Theorem 2].
Now let us discuss finiteness properties of the algebra A from Proposition 4.25.

Proposition 4.28. In the notation of Proposition 4.25, suppose that C is Dy-tensor generated
by an object X (Definition 4.19). Then A is Dy-generated over R by the matrix entries of the
canonical isomorphism

w(X)a — n(X)

and the matrix entries of its inverse with respect to any choice of systems of generators of w(X)a
and n1(X)a over A.

Proof. This follows from Proposition A.13, Remark 4.20, and the calculation of At}Q(q)) at the
end of Section 4.3. O

Corollary 4.29. Suppose that (k, Dy) is differentially closed, chark = 0, and the category C is
Dy-tensor generated by one object. Then all differential functors from C to Vect(k) are isomor-
phic.

Proof. Let w,n : C — Vect(k) be differential functors. By Proposition 4.25, isomorphisms
between w and 7 as differential functors are in bijection with morphisms of Dy-algebras A — k.
By Proposition 4.28, A is Dy-finitely generated over (k, Dy). By [13, 1.12], A is non-zero, being
faithfully flat over k. Since chark = 0, there is a morphism from A to k (for example, see [76,
Definition 4] and the references given there), which finishes the proof. O

Finally, let us describe the differential structure on the ring A from Proposition 4.25 explicitly.
We use its notation. First, recall an explicit construction of A. Consider the R-module

F:= €D Homg(e(X),n(X))

Xe0b(C)
and the R-submodule T of F generated by all elements of type
(¥ o w(¢9)) @ (=n(¢) o ) € Homg(w(X), n(X)) & Homg(w(Y), n(Y)),

where ¢ € Home(X,Y), ¥ € Homg(w(Y),n(X)), and X, Y are objects in C. Then we have
A = F/T ([15]). For each object X in C, choose an R-linear section

sx 1 n(X) = Aty (7(X))
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of the morphism At,'e (n(X)) = n(X). By Remark 4.16(1) and Proposition 3.42, sy corresponds
to a, possibly, non-integrable Dg-structure on 7(X). This uniquely defines an R-linear morphism

tx : Atg (7(X)) — Qg & 7(X)
such that the canonical morphism
Qr ®r 11(X) = Aty (7(X))

is a section of fx and #x o sy = 0. Next, for any d € Dg, consider the additive map
9 : Homg(w(X), (X)) — Homg (w (Atp(X)) 7 (Atg(X))) ., 0) 1= sx0(8 ® idyex)) o tx 0 Atp(W),
where ¢ € Homg(w(X), n(X)) and we use the functorial isomorphism

w (AL(X)) — At (w(X)).

Taking the direct sum over all objects X in C, we get the additive map d : F — F. One can show
that 0 preserves the submodule 7 and defines a derivation on the R-algebra A. All together, this
defines a Dg-structure on A.

5. Parameterized Atiyah extensions
5.1. Construction

Throughout this section, we fix a differential field (k, D;) and a parameterized differential
algebra (R, Dg) over (k, Dy) (Definition 3.14). Recall that we have a differential ring (R, Dg/x),
where Dg/y is the kernel of the structure map Dg — R ®; Dy associated with the morphism of
differential rings (k, D) — (R, Dg). Put Qg := Dx/k.

Theorem 5.1. There is a canonical Dy-structure on the category DMod (R, Dgi) such that the
Sorgetful functor from the Dy-category DMod (R, Dg,i) over (k, Dy) to the Dg-category Mod(R)
over (R, Dg) is a differential functor.

Proof. We follow the explicit approach from Section 4.3. First, we need to construct a right-exact
k-linear tensor functor

¢1 : DMod (R, DR/k) e k(Pll( ®r DMod (R, DR/k))

together with certain isomorphisms between tensor functors. Then we need to functorially con-
struct a P?-submodule At*(M) in At' (At'(M)) satisfying several properties.

Recall that we distinguish between a P}c—module in DMod(R, Dg/i) and the corresponding
object in DMod(R, Dg/i), which makes the difference between ¢' and At' (Remark 4.16(3)). In
particular, ¢'(¢'(M)) is not well-defined, while At' (At'(M)) is well-defined. We call A*(M) a
parameterized Atiyah extension. The proof is divided into several steps.
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Step 1. Construction of ¢' (M)
Let M be a Dg/-module. Put

At'(M) = {m® 1+ Zm,- ® w; | V¢ € Dy, E0m) = Zw,»(g)m,»} cMegPh  (17)

where m,m; € M, w; € Qg. Here we use that Dg/, is an R-submodule in Dg, whence, w;(¢) is
well-defined. Equivalently, At' (M) is the kernel of the map

A:M®RP}Q—>QR//¢®RM, m®a+Zm[®w;r—>aVM(m)+da®m—Z[wi]®m,-, (18)
i i

where the brackets mean the application of the natural quotient map Qr — Qg . The Leibniz
rule for V,, implies that A is well-defined. Also, A is R-linear with respect to the right R-module
structure on M ®g P}e defined by the homomorphism r : R — P}Q. Hence, At'(M) is an R-
submodule in M ®g Py, with respect to r. Explicitly, we have

a-[m®1+Zmi®w,~]=am®l+m®da+2m,~®aw,~. (19)

Let us define a weak Dg/r-module structure on At'(M) (Section 3.10). Recall that we have a
weak Dg/-module structure on P}Q. Hence, we obtain a weak Dg/-module structure on the
tensor product M ®g Plli" We claim that the corresponding action of an arbitrary element d € Dg/
on M ®p P,le preserves Atl(M). Indeed, for any

m®1+zmi®wi € At'(M),

we have

a[m ®1+ Z m; ® w,-] =dm 1+ Z O(m;) ® w; + m; ® Ly(w;))
(see Definition 3.48 for Lj). Hence, we need to show that, for any £ € Dg/, we have

£@(m) = ) (@i(&) - dmy) + Ly(@))(©) - m).

L

By (8), the right-hand side is equal to

D (@i€) - dmy) + Hwil€)) - mi = wi(10, €] - my).

Further, by (17), the latter equals
0(&(m)) — [0, E1(m).

Thus, we conclude by the integrability condition for the Dg/-module structure on M. Let us
check that the above weak Dg/-module structure actually defines a Dg/r-module structure. For
all
acR, O€Dps, m1+ ) mew eAt (M),
L
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we have

aﬁ(m@l +Zmi®w,~] =a-(6(m)®1+Z(6(mi)®wi+mi®La(wi))]=

ad(m)® 1+ d(m) @ da + Z (O(m;) ® aw; + m; @ aLy(w;)) =

ad(m)® 1 + Z (wi(D)m; ® da + d(m;) ® aw; + m; ® aLy(w;)) =

adm)® 1 + Z (ad(my) ® w; + m; ® Lyg(w;)) = (aa)[m 1+ Z m® wi),

where we have used (9) and (19). Thus, we have shown that At' (M) is an object in DMod (R, Dg/x).
Now let us extend At'(M) to an object ¢'(M) in P} & DMod (R, Dgy), that is, let us define
a P,i—module structure on At' (M) with respect to the right homomorphism r : k — P,i. For this,
note that M ®¢ P} is a Ph-module. In addition, the multiplication by P} c P} preserves At'(M):
fork C P,i this follows from the existence of the R-linear structure on Atl(M ), while, for any

neQ and m®1+zm,»®w,-eAtl(M),

we have
(m®1+2mi®wi)-n:m®n
i

and n7(¢) = O for any € € Dgy. Moreover, the multiplication by P,i commutes with the Dg-
structure on At' (M), because the product on P}e respects the weak Dg/-structure via the Leibniz
rule (Section 3.10) and

ga+m=0

in the above notation. All together, this defines an object ¢! (M) in P}( ®x DMod (R, Dg/x).

Step 2. The functor M — ¢' (M)

It follows that ¢! (M) depends functorially on M. Moreover, the explicit description of ¢'(M)
from (17) implies a functorial exact sequence in DMod (R, Dgx):

O—)Qk®kM—>¢1(M)L>M—>O, ﬂ[m®1+2mi®wiJ=m.

1

It follows that the functor ¢' is exact. By construction, it is also k-linear with respect to the left
homomorphism [ : k — P,i, because the left R-linear structure on lee is involved in the tensor
product M ® Pk,
Let us show that the functor ¢' is tensor. Let M and N be Dgjr-modules. We have a natural
isomorphism
(M ® Py)@p (N® Pp) — (M @k N) & Pj.

This induces a map
¢' (M) ®p ¢'(N) — (M &g N) & Py.
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The Leibniz rule for the action of Dg/x on M ®g N implies that the image of this map lies in the
subset
¢'(M & N) € (M & N) @ Pg,

which defines a morphism of P}(-modules
m: ¢ (M) @p ¢'(N) = ¢'(M @ N).

Our aim is to show that m is an isomorphism. Note that the morphism 7 from above coincides
with taking modulo the ideal Q; C Pi. Also denote taking modulo the ideal in any Pi—module
by n. Then the morphism m commutes with the identity map from M ®g N to itself via the
corresponding morphisms 7. By Example 4.5, the kernel of 7 on

¢' (M) ®p ¢'(N)

is equal to
Q. ®r (M ®g N).

It follows that the morphism m induces the identity map from Q; ®; (M ® N) to itself on the
kernels of &r. Therefore, m is an isomorphism, which fixes a tensor structure for the functor ¢'.
Also, we obtain an isomorphism of tensor functors

(e®id)o ¢! = id,

where, as above, e : P,i — k is taking modulo €.

Step 3. Construction of At*(M)
Put
AP(M) := At' (At (M)) N M & Py € M ® P ® Pj.
By Remark 3.49, the subring
P} C Py ® Py

is preserved under the action of Dg/, whence Atz(M) is a weak Dg/-module. Besides, as
shown above, At' (At'(M)) is a Dgjr-module, whence A2(M) is also a Dgjr-module. Since
At' (At'(M)) is preserved under the right multiplication by P} & P}, we obtain that At*(M) is
preserved under the right multiplication by

P} (Py & P) N PR
Since multiplication by P}( ®p Pi on At' (At'(M)) commutes with the Dpgj-structure, multi-
plication by Pi commutes with the Dg/-structure on At*(M). Thus, we see that At*(M) is a
P2-submodule in At' (At'(M)) in the category DMod (R, D).

It follows that At>(M) depends functorially on M. By Step 2, the tensor structure on At' o At!
is induced by the isomorphism

(M @k Py @k Py) ®(pie,pr) (N @ Py ®k Py) — (M &g N) @ (Pk ®% Pk).
Since P% is a subring in Py ® P}, we see that the product map

At' (At'(M)) @ At (AL (V) > At' (At (M & N))
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preserves At2.
Consider the filtration by ideals:

Pllc®kpli3(Qk®kP/£+P/i®ka)DQk®ka30-

This defines a decreasing filtration on At! ( At!'(M)) with the following adjoint quotients (see
Section 4.3 for more computational details):

M, (@ M)® (@ M), Q& Q& M.

Consider the intersection of this filtration with At*(M). Since At>(M) is contained in M ®g Pi,
the corresponding adjoint quotients are contained in

M, Q& M, SymlQ®M.

Hence, by Proposition 4.18, DMod(R, D) with the functor At isa Dy-category, provided that
the induced map
ACM) > M = gi° At (At‘(M))

is surjective.
Step 4. Surjectivity of A*(M) — M

Take any

meM and mol +Zm,-®wi € At'(M).
First, let us prove that there exists x € M ®g Qg ®g Qg such that the image of x under the map
M ®g Qg ®g Qr — M S AxQg
is equal to
y = Z m; @ dw;
and the image of x under the map
M ®g Qg ®r Qg — M ®r Qi ®r Qi
is equal to
z:i=- Z V(im;) ® w;,
where we apply the isomorphism
Qrik ®r M = M ®p Qp/k.
For short,
A= Qp® Qp, B :=Ker(Qg® Qr = AjQr).  C := Ker (Qg & Qi — Qg ®r Q).

We have the following exact sequence

A— (A/B)®(A/C) - A/(B+C) — 0,
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where the first map is given by the diagonal embedding and the second arrow is induced by
taking the difference. Since the R-modules

A=Qp@rQr, A/B=A3Qx, A/C=Qpu®rQr and A/(B+C) = A2Qu
are projective and, henceforth, flat, we obtain the exact sequence
M ®r Qr ® Qr — (M ®r /\12QQR) (&) (M ®r QR/k ®r QR) — M ®g AlzeQR/k - 0.

The integrability condition on M implies that y @ z is in the kernel of the rightmost non-zero
map (note that we have switched the tensor factors M and Qg unlike in Definition 3.19, whence
there is a sign change). Hence, by the exactness in the middle, there exists x with the required
properties.

Now let us show that the element

n=melel+ Yy mewel+ )y melew—xeMePyoy Py
i i

belongs to At>(M). Since x is sent to y, we see that n belongs to M ®g PIZQ. By the hypotheses,

m®1®1+Zm,~®wi®l e At'(M)® 1 C At'(M) & P}

Since x is sent to z, we see that the map
A®idp : M ®g Pg ® Pp — Qr ®k M ® Py

sends X, m; ® 1 ® w; — x to zero (recall that A is defined in (18)). Since P}e is a projective and,
therefore, flat R-module, we conclude that

Zmi®l®w,~—xeAt'(M)®RQR.

Therefore,
n € At'(M) ®g Pk,

It remains to check that
n e At' (At'(M)).

For this, we need to show that, for any & € Dg/, we have
f[m@ L+ > m ®w,~] =) wi® (me1) - x(-®&) e At' (M),

where
x(— ®§) €M Qg Qp = Homg(Dg, M)

sends any 0 € Dg to x(0 ® §) € M. By the explicit formula for the Dg/-module structure on
At' (M) given in Step 1, the left-hand side is equal to

Em@ 1+ Y Em)@wi+ ) m® Le(w;).
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By the explicit formula (19) for the R-module structure on At'(M) also given in Step 1, the
right-hand side is equal to

Dlw@me 1+ m@dw(é) - x(- 8 ).

Since
mel+ Zmi®wi e At (M),

we have that

Emel=) w@mel.
Further, by the definition of the Lie derivative, \:ve have
2 mi®Lew) = ) mi ®di@) + ) m® @dw)E A ).
Since x is sent to y, we have that

2, mi®[@w)(E A ) = X(E® )~ x(- BE).
Finally, since x is sent to z, we have that
XE®-)= =) fm)®w;
which shows the required equality.

Step 5. The forgetful functor DMod (R, Dg;x) — Mod(R)

It remains to show that the forgetful functor DMod (R, Dg;x) — Mod(R) is differential. By
Definition 4.9 and (10) from Section 4.1, it is enough to show that the canonical morphism of
P%-modules

Atz(M) ®(Pi®kR) Plze — M ®g Pi

is an isomorphism. This follows directly from Lemma 4.17 applied to the filtered ring Pi. O

Remark 5.2.

1. If (R, Dg) = (k, D), then we have DMod (R, Dg;x) = Vect(k). It follows from the con-
struction in Step 1 in the proof of Theorem 5.1 that the Dy-structure on DMod (R, Dgx)
given by Theorem 5.1 coincides with the usual Dy-structure on Vect(k).

2. There is a motivating example for the construction of a Dg,-structure on DMod(R, Dg/).
Let M be a Dg-module over R and put N := MP=* (Definition 3.19). Note that N is a
k-vector subspace in M. Moreover, there is a Dy-module structure on N over k defined as
follows. For @ € Dy, consider any lift d € Dy of 1 ® d with respect to the structure map
Dr — R ®; Dy. Then, for any n € N, put

An) = d(n).

In Theorem 5.1, M is replaced by the category Mod(R) and, correspondingly, N is replaced
by DMod(R, Dg/x). It seems that both constructions can be generalized for a wider class
of Dg-objects or categories instead of M or Mod(R).
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3. In [5, 1.6.3], one finds an alternative definition of the Dg/-module structure on At'(M) in
terms of lifts of the Dg/,-structure on M to, possibly, non-integrable Dg-structures on M.
The construction from op.cit. is given for families of varieties but it applies in the setting of
parameterized differential algebras as well. However, the approach to At!(M) from Step 1
of the proof of Theorem 5.1 seems to be more convenient to show that one, thus, obtains a
Dy-structure on DMod(R, Dg/x).

In Section 5.3, we use the following result.

Lemma 5.3. Given a morphism (R, Dg) — (S, Ds) of parameterized differential algebras over
(k, Dy), the extension of scalars functor (Definition 3.23)

S ®r — : DMod (R, Dg/x) — DMod (S, Ds /i)

is canonically a differential functor between Dy-categories over (k, Dy).
Proof. For a Dgj-module M, consider the morphism

M ®g Py = Ms ®s Py = M ® Py.
It follows that this morphism sends At' (M) to At'(My). Hence, the morphism

M ®g Py — Mg ®s P; = M ®g P
sends At?(M) to At>(Ms). Thus, we obtain a morphism of Pé -modules

AC(M) ®(Pexs) P2 — At(Mg).

By Lemma 4.17 applied to the filtered ring Pé, this is an isomorphism. O

5.2. Matrix description

Let us describe the differential structure on At!(M) in the case of a parameterized field explic-
itly. In the particular case when Dy is one-dimensional, this will coincide with the prolongation
functor from [64, Section 5]. Let (K, Dg) be a parameterized differential field over (k, D). Let
011,...,0.4 be abasis of Dy over k, and let

ax,b e »ax,p»at,b LIRS ’at,q

be a basis of Dk over K such that 5,,,- are sent to 1 ® d,; under the structure map Dx — K ®; Dy.

Let wyi,...,w:, be the dual basis in Q to 9, 1,...,0:,4, and let
ax,h e ax,[n W lyenns U)t,q
be the dual basis in Qg t0 d, 1, ..., 0xp, 5;,1, ... ,ét,q. Thus, we have ax,,’(éw) =0.
Let M be a finite-dimensional D/ -module over K and {ey,...,e,} be a basis of M over K.

For 0 € Dk, let Ay € Mat,,x,,(K) be the connection matrix on M [67, Section 1.2], that is, we
have
0(e) = —e- Ap,

where e := (ey,...,e,). Put A; := Ay, 1 < i < p. Then we obtain the following basis for
AtH(M):

_ _ P
fireor fmei®wy)y 1<i<m1<j<q (firorfu) = fo f:=E®1—ZE~A,-®EU.

i=1
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Proposition 5.4. In the above basis for At'(M), the connection matrix for d € Dy is equal to

As 0 ... 0 O
B A ... 0 O
: Dl Bi=—0u(A) - Aps) 1<i<q
By 0 ... Ay O
B, 0 ... 0 Ay

Proof. We use the construction of the differential structure on At'(M) as given in Step 1 of the
proof of Theorem 5.1. By definition, we have

0ei® wy ;) = d(e) @ wy

and

6(?) =—e-Ay®1— Zp:E . a(Al) ® Ex,i + Zplé “AAG® vai - Zp:E CA® La(ax,i).

i=1 i=1 i=1

On the other hand, by the definition of K-linear structure (19) on At' (M), we have

p
f.Aa:z.Aaez)l+E®dAa—ZE~Ai®A65x,i~
i=1

Since the action of 8 is well-defined on At' (M), the sum

p p
NF)+F-Ag==) 2 0A) @By~ ) - A;® Ly(@y;) + e @ dA,
i=1 i=1

belongs to M & € and, hence, it is uniquely determined by its values at all oy, ;- Bvaluating this
explicitly and using that w,;(d; ;) = 0, we obtain the needed result. O

5.3. PPV extensions and differential functors
The following statement is a parameterized version of [13, 9.6] (see also Proposition 2.4).

Theorem 5.5. Let (K, Dx) be a parameterized differential field over a differential field (k, Dy),
chark = 0, M be a finite-dimensional Dy ,-module over K. Then there is an equivalence of
categories

@ : PPV(M) — Fun?(C, Vect(k)),

where C := (M) p is the full subcategory in DMod(K, Dk/x) Di-tensor generated by M (Defini-
tion 4.19), where the Dy-structure on DMod(K, Dgyy) is as in Theorem 5.1.

Proof. First, let us construct the functor ®. Let L be a PPV extension for M. By construction,
the solution space functor

wy : C — Vect(k), X > X"

is k-linear. By definition of a PPV extension, there is a canonical isomorphism

L& wo(X) — X (20)
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in DMod(L, Dy ;). Therefore, the functor wy is exact and tensor. Let us show that wy is a
differential functor between Dy-categories over k. By Remark 5.2(1) and Lemma 5.3 applied to
the morphism (k, D) — (L, Dp),

L &, — : Vect(k) » DMod (L, D)

is a differential functor. Since the functor L ®; — is also fully faithful, by Lemma 4.11, it is
enough to prove that the composition

(L (207 _) o wq - C — DMod (L, DL/k)

is a differential functor. By isomorphism (20), this composition is isomorphic to the extension of
scalars functor
L®k —: C - DMod (L, DL/k)'

By Lemma 5.3, the L® — is a differential functor, which implies that wy is a differential functor.
We put (L) := wy. One checks that @ extends to a functor.

Now let us construct a quasi-inverse functor ¥ to ®@. Let wy : C — Vect(k) be a differential
functor. Consider the forgetful functor w : C — Vect(K). By Theorem 5.1, w is a differential
functor. By Theorem 4.2, there exists the extension of scalars K ®; C. By Proposition 4.12(1),
K ®; C has a canonical Dg-structure and, by Proposition 4.12(2), the functor w corresponds to a
differential functor

n: K ®; C — Vect(K)

between Dg-categories over K. By Remark 4.13(2), we also have a differential functor
K ®, wy : K®, C — K ®; Vect(k) = Vect(K)

between Dg-categories over K. By Proposition 4.25, the functor
Isom®? (K ® wo,1n) : DAlg(K, Dg) — Sets

is corepresented by a Dg-algebra A over K. We will show that A is a domain and L := Frac(A) is
a PPV extension for M. For this, we use analogous results from [13, 9]. By Proposition 4.25, A
as a K-algebra corepresents the functor

Isom®(K ®; wo,n) : Alg(K) — Sets.
By Definition 4.1, there is an equivalence of categories
Fun®(K & C, Vect(K)) — Fun}®(C, Vect(K)),

which sends K ®; wg to (K ®; —) o wy and sends 7 to w by the construction of 1. Therefore, A
corepresents the functor

Isom®((K ®; —) o wo, w) : Alg(K) — Sets. (21)

Let C; be the full subcategory in C tensor generated by (At )°i(M) and let A; be the K-algebra
that corepresents the functor

Isom® (K ® —) © wolc,» wlc,)-
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By Remark 4.20, the category C is a union of all C;’s, whence we have that

A =1limA,.
g

Each ring A; is a particular example of a ring considered in [13, 9.2], where it is denoted by
[(P,0). A Dg-structure on A; is defined in [13, 9.2]. Moreover, all morphisms

Ai—> A, i<,

are morphisms of Dg/-algebras over k, which defines a Dg/-structure on A. By Example 4.26,
this Dg/i-structure coincides with the one obtained from the Dg-structure on A. Thus, it follows
from [13, 9.3] that A is a domain and the field L := Frac(A), being a Dg-field over K, has
no new Dk i-constants. Since A corepresents functor (21), the embedding A < L induces an
isomorphism

L& wo(M) = M.
It follows from [13, 9.6] that this isomorphism identifies 1 ® wo(M) with MLD“k. Thus, we have

an isomorphism
D
LM, — M.

Hence, by Proposition 4.28, L is Dg-generated by the coordinates of horizontal vectors in a basis
of M over K, whence L is a PPV extension. We put W(wy) := L. One checks that ¥ extends to
a functor. The proof of the fact that @ and ¥ are quasi-inverses of each other is the same as the
proof of [13, Proposition 9.5]. L]

Remark 5.6. It follows from the proof of Theorem 5.5 and Proposition 4.28 that A as above is
equal to the PPV ring associated with L (Definition 3.28). Moreover, by the construction of A,
for any Dy-algebra R, there is a canonical isomorphism

Aut’* (R @ A/R & K) = Isom™ (wg, wp).

6. Definability of differential Hopf algebroids
6.1. Reduction to faithful flatness

The goal of this section is to prove Theorem 6.1. This technical result is needed for the proof
of Theorem 2.5.

Theorem 6.1. Let (K, H) be a Dy-Hopf algebroid (Example 3.43(3)) over a differential field
(k, Dy) with K being a field and chark = 0. Suppose that H is a Dy-finitely generated (Defini-
tion 3.12) faithfully flat algebra over K ®; K. Then there exist a Dy-finitely generated subalgebra
R in K over k and a Di-Hopf algebroid (R,A) over k such that A is a Dy-finitely generated
faithfully flat algebra over R ®; R and there is an isomorphism of Dy-Hopf algebroids over k

(K, kAk) = (K, H).
The following statement is not used in the paper, but we include it for its own interest.

Corollary 6.2. Let C be a Dy-Tannakian category over a differentially closed field (k, Dy) with
chark = 0. Suppose that C is Dy-tensor generated by one object. Then there exists a differential
(fiber) functor C — Vect(k).
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Proof. There is a Di-morphism from any Dy-algebra over k to a Dy-field over k. Thus, it follows
from Definition 4.22 that there is a differential functor C — Vect(K) for a Dy-field K over k.
Combining Theorem 4.27, Proposition 4.28, Theorem 6.1, Section A.1, and Example 4.10(3),
we obtain a differential functor C — Mod(R), where R is a Dy-finitely generated Dy-algebra over
k. Since char k = 0, there is a morphism from R to k (for example, see [76, Definition 4] and the
references given there), which finishes the proof. O

The proof of Theorem 6.1 uses the following statements.

Lemma 6.3. Let B be a Dy-finitely generated Dy-Hopf algebra over a differential field (k, Dy)
with char k = 0. Then B is of Dy-finite presentation over k (Definition 3.13).

Proof. By [8, Proposition 12], B is a quotient of the Hopf algebra of the differential algebraic
group GL,, that is, we have a surjective morphism of D;-Hopf algebras

C := K{T;}}[1/ det] - B.

Since C is of Dy-finite presentation, it is enough to prove that the kernel I of ¢ is Dy-finitely
generated. Let C, C C be the subring generated over & by all derivatives of T;; of order at most n
with respect to Dy. Put J,, := I N C,. Then J, is a finitely generated Hopf ideal [79, Section 2.1]
in the finitely generated Hopf algebra C, over k, because the comultiplication A : C — C ®; C is
a Dg-morphism.

Let I, be the Dy-ideal in C generated by J,. Again, since A is a Dg-morphism, [, is a
D,-finitely generated Hopf ideal in the Hopf algebra C over k. Therefore, I, is radical [79,
Theorem 11.4]. Since I = |, I,, by [42, Theorem 7.1], I = I, for some n, whence [ is Dy-
finitely generated. O

Lemma 6.4. Let (K, H) be a Dy-Hopf algebroid over a differential field (k, Dy) with K being a
field and char k = 0. Suppose that H is a Dy-finitely generated faithfully flat algebra over K ®; K.
Then H is of Dy-finite presentation over K ®; K.

Proof. Since H is Dy-finitely generated over K ®; K, we have that
B:=K QKoK H

is a Dy-finitely generated Dy-Hopf algebra over K. Therefore, B is of D;-finite presentation over
K by Lemma 6.3. Since Spec(H) is a Dy-pseudo-torsor under the group scheme Spec(B ®; K)
over K ®; K (Section A.2), we have an isomorphism of Dy-algebras over H:

B®yx H = H®kex H.

Hence, H ®kgx H is of Dy-finite presentation over H. By the hypotheses of the lemma, H is
faithfully flat over K ®;, K. The same argument as in the non-differential case (for example,
see [28, Proposition 2.7.1(vi)]) implies that H is of Dy-finite presentation over K ®; K. O]

Proposition 6.5. Let (R, A) be a Dy-Hopf algebroid over a differential field (k, Dy) with R being
a domain and chark = 0. Suppose that R and A are Dy-finitely generated over k and Ap + 0,
where F is the total fraction ring of R ®; R. Then there exists a non-zero element f € R such that
the localization yAy is faithfully flat over the localization Ry ® Ry.
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Proof of Theorem 6.1. By Lemma 6.4, H is of Dy-finite presentation over K ® K. A standard
argument implies that there is a Dy-finitely generated subalgebra R in K over k and a Dy-Hopf
algebroid (R, A) over k such that A is of Di-finite presentation over R ®; R and there is an iso-
morphism of D;-Hopf algebroids

(K, kAk) = (K, H)

over k. Since H is faithfully flat over K ®; K, we have Ap # 0. Hence, by Proposition 6.5,
localizing R by a non-zero element, we obtain that A is faithfully flat over R ®; R. O

Remark 6.6. Proposition 6.5 is implied by the following hypothetical statement: given a mor-
phism § — A between D-finitely generated algebras over k, suppose that there is a multiplicative
set £ C S such that the localization ~'A is faithfully flat over ~'S; then there is g € T such
that A, is faithfully flat over S,. The validity of this statement seems to be not clear, while its
non-differential version is well-known (for example, see [29, 8.10.5(vi), 11.2.6.1(ii)]). Proposi-
tion 6.5 provides the partial case of the above statement in the remark in which A comes from
the differential Hopf algebroid (R,A) and S = R ®; R.

The rest of the section is on the proof of Proposition 6.5, which we actually prove in Sec-
tion 6.3.

6.2. Auxiliary results

The following is a modification of [75, Proposition 5]. The authors are grateful to D. Trushin
for his suggestion to use this result.

Lemma 6.7. Let A be a Ds-finitely generated algebra over a differential ring (S, Ds) and
let ay,...,a, be its generators. Suppose that A is a domain. Consider the following (non-
differential) S -subalgebras in A:

Ay =8[01-...-0m)a))|0j€Ds, m<n, 1 <i<p]l, neN.

Then there exist a natural number N and a non-zero element g € Ay such that, for any n > N,
there is an isomorphism
(Arl+l)g = (An)g[Tlv ceen Tln]

of algebras over the localization (A,),, where the T|’s are formal variables.

Proof. Replacing S by its image under the homomorphism § — A, we may assume that this
homomorphism is injective and S is a domain. Let p be the kernel of the surjective morphism of
Dy -algebras over S

¢:B— A, yw—a,

where B := §{yi,...,y,} (Definition 3.12). Then p is a prime Ds-ideal. For a natural n, put
B, :=8[01-...-0)()|0j€Ds, m<n, 1 <i<p]cCB.

Then we have
A, = B,/(pNB,).

Since Dy is a finitely generated projective S -module, localizing S by a non-zero element, assume
that Dy is now a finitely generated free S-module. Let

Ds=8-61®...0S8 :6,.
63



Then we have
d

[6i6,1= > cldg, €S, 1<ij<d,
gq=1
which is exactly the situation considered in [34].
For every Dg-polynomial f € B\ §, we define its leader, separant, and initial as in [34,
Section 3.2]. More precisely, put

@ :={id)U{s;, -...-6;, |1 <ij<d. m>1}, M:={(6y;10€0,1<j<p}cCB,

and let the order of

Ojy+ea.t 0
be m. Thus, B is the ring of polynomials in elements of M. Consider an orderly differential
ranking on M [34, Definition 3.3], for example, the ranking that first compares the orders of two
elements in M and then compares lexicographically the y;’s and 6;’s. If uy € M is the leader of f
with respect to this ranking on M and

yieM

im

f:I,u;+...+IO,

where [;, 0 < i < r, do not contain uy, then the separant is S y := df/0uy and the initial I is I,.
Let £ C p be a characteristic set of p with respect to our ranking, [34, Section 6.3], and put
Wi={up|feX), Z:={0us|feX, 0€0, 0#id], X:=M\(ZUW), and g:=[ [1/S;.
fes
Note that g ¢ p, because the differential ideal p is prime. By [34, Section 6.1], for every f € p,
there exists g > 0 such that

g f =) i O, (22)

for some h; € B, 6; € O, f; € X, and n; > 0, where the polynomials %;’s are free of the elements

of Z. Let N € N be such that By > W, that is, N is the maximal order of the elements of W.

Since the ranking is orderly, this implies that ¥ C By. Further, Iy and S  belong to By for any

f € Z, because they are differential polynomials of order not exceeding N. Hence, § € By. Put
8= ¢(@).

We have that g # 0, because g ¢ p as shown above. Since, again, the ranking is orderly, the
localization A, is generated by (W), ¢(X), and 1/g over S. Moreover, if

feSWuX]cB
is such that ¢(f) = 0 in A,, then (22) implies that there exists g > 0 such that
§'fe®),
the (non-differential) ideal generated by X. Therefore,
A =S[WUX]/(Z)

as S-algebras. Thus, for every n > N, we have that (An+1)g is a polynomial ring over (An)g.
Precisely, we have
(An+1)g = (An),[T1,
where T := (¢(X) N A1) \ Ay, O]
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We use the following notation and conventions in our geometric constructions. Given mor-
phisms of schemes ¢ : ¥ — X and 7 : Z — X, denote the fibred product Y Xx Z by ¢*Z and the
projection to Y by ¢*m : ¢*Z — Y. Thus, there is a Cartesian square of schemes

wzZ —— Z

ol |
y —— x
The morphism ¢*r is usually called a base change of 7 by the morphism ¢. The notation ¢*Z is
correct, provided that 7 is the only considered morphism from Z to X.

Given a morphism of schemes ¢ : ¥ — X and an open or closed subscheme U C Y, denote
the restriction of the morphism ¢ to U by ¢|y. Given an open or closed subscheme W C X,
denote the restriction of ¥ to W, that is, the preimage ¢~!(W), by Yy, and denote the morphism
¢ly,, by

ow Yy > W

In particular, if x is a point in X, then Y, denotes the fiber of ¢ over x considered as a scheme
over the residue field k(x) at x.
Given a scheme X, denote the projection to the i-th factor by

pi: XxX-X, i=1,2.
Denote the projection to the product of the i-th and j-th factors by
Pij i XXXXX—->XxX, 1<i<j<3.

Given a scheme X and a field F, denote the set of F-points of X by X(F). That is, an element
in X(F) is a morphism of schemes Spec(F) — X.

Recall that a morphism is faithfully flat if and only if it is both flat and surjective. A base
change ¢*r of a (faithfully) flat morphism 7 by any morphism ¢ is (faithfully) flat. Further, if a
composition of morphisms of schemes

w5z -5 X,
is (faithfully) flat with A being faithfully flat, then x is (faithfully) flat. Also, we will use the
following fact.
Lemma 6.8. Consider a Cartesian square of schemes

o |

Yy — 5 x

Suppose that ¢ is faithfully flat and there is an open subset W C ¢*Z such that the morphism
(*mlw : W = Y is (faithfully) flat and the morphism (7*p)lw : W — Z is surjective. Then 7 is
(faithfully) flat. In particular, if ¢*r is (faithfully) flat, then r is (faithfully) flat.
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Proof. The morphism n*¢ : ¢*Z — Z is faithfully flat, being the base change of the faithfully
flat morphism ¢ by the morphism 7. Therefore, the morphism

(Tolw:W—>Z

is also faithfully flat, being both flat and surjective. On the other hand, the composition 7o (7*¢)|w
is (faithfully) flat, because it is equal to the composition of (faithfully) flat morphisms ¢ o (¢*7)|w.
Therefore, the morphism r is (faithfully) flat. O

Definition 6.9. Let G — X be a group scheme over a scheme X. Suppose that we are given an
action of G on a scheme 7" — X over X, that is, a morphism a : G Xx T — T that satisfies the
group action condition. We say that T is a pseudo-torsor under G if the morphism

(a,pry) :Gxx T > TxxT
is an isomorphism, where pr; is the projection to 7.

Lemma 6.10. Let p : G — X be a group scheme over a scheme X, and n : T — X be a pseudo-
torsor under G over X. Suppose that there exists an open subset V. C T such that the restriction
nly : V. — X is faithfully flat and the fibers of the morphism nly : V — X are dense in the fibers
of the morphism n : T — X. Then the morphisms p and ©t are faithfully flat.

Proof. The morphism p is surjective because of the existence of the unit section and the mor-
phism 7 is surjective, because the morphism 7|y is faithfully flat and, in particular, surjective.
Hence, one needs to show the flatness of p and 7.

With this aim, we construct a faithfully flat morphism ¢ : ¥ — X that satisfies the following
two conditions. The first condition is that there is an open subset W C ¢*G such that the mor-
phism (¢*p)|lw : W — Y is flat and the morphism (p*¢)|w : W — G is surjective. By Lemma 6.8,
this implies that p is flat. In particular, ¢*p is flat. The second condition on ¢ : ¥ — X is that
there is an isomorphism

¢0'G=o'T
of schemes over Y, thus, ¢*r is also flat. Again by Lemma 6.8, this implies that r is flat, which
gives the needed result.

Now let us construct the required morphism ¢ : ¥ — X. We claim that

Y=V, ¢:=nly,

satisfies all conditions above. Indeed, by the hypotheses of the lemma, ¢ is faithfully flat. Further,
since T is a pseudo-torsor under G, there is an isomorphism

GXXT;TXXT

that commutes with the right projection to 7. After the restriction to the open subset V C T, we
obtain an isomorphism
l// G X xV—>TxxV

of schemes over V. In the other notation, ¢ is an isomorphism ¢*G = ¢*T of schemes over Y.
Further, consider the open subset
VxxVcTxxV
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and put
W=y ' (VxxV)CGxxV =¢G.

The (right) projection VxxV — V is flat, being the base change of the flat morphism |y : V — X
by itself. Since ¢ is an isomorphism, the projection W — V is also flat, that is, we obtain the
flatness of the morphism

(@Plw:W—>Y.

It remains to prove that the morphism

©elw:W->G

is surjective. Take a point g € G. We need to show that the fiber W, is non-empty. Let F' denote
the residue field at g and put x := p(g) to be the corresponding F-point of X. The point g € G(F)
defines an automorphism of the scheme 7', over F, which we denote by the same letter g. By the
construction of W, we have the equality

W,=V.ng'V,cT,.

By the hypotheses of the lemma, V, is a dense open subset in T,, whence the latter intersection
is non-empty. O

Recall that an affine groupoid I' acting on an affine scheme X over « is a pair (X,I"), where
I' = Spec(A), X = Spec(R), and the pair (R, A) is a Hopf algebroid. It follows from the definition
of a Hopf algebroid that one has a morphism 7 : I' = X X X and a morphism of schemes over
XxXxX
m: pi,T X(x) Pyl = pisl.

Moreover, the morphism

(m, pr) = Pl X(xay ol = Pl X(xa) ol

is an isomorphism, where
pr: p,I’ X(x=) Pyl = p3aIl
is the projection. Consider the restriction I'y of T to the diagonal A C X x X, that is, we have
I’y = 77'(A). The morphism
aa A > A=X

defines a group scheme over X. Take the base change of the latter morphism by the projection
p1 - X X X — X and obtain the group scheme over X x X

p:G—- XXX, p:=pirs), G:=piTa).

It follows that 7 : I’ = X X X is a pseudo-torsor under G over X X X. We will need only affine
groupoids acting on affine schemes, so, one may suppose this in the following.

Lemma 6.11. Let m : ' — X X X be a groupoid acting on a scheme X. Suppose that there
are open subsets U C X X X and V C T such that for any i = 1,2, the fibers of the projection
pilu : U — X are dense in the fibers of the projection p; : XXX — X, the image n(V) is contained
in U, the morphism nly : V — U is faithfully flat, and the fibers of the morphism ntly : V. — U
are dense in the fibers of the morphism ny : I'y — U. Then the morphismn : T — X X X is

faithfully flat.
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Proof. The idea of the proof is to construct a faithfully flat morphism ¢ : ¥ — X X X such that
the base change

o' T oY
is faithfully flat and to conclude by Lemma 6.8. We are going to define the morphism ¢ as a
composition of two faithfully flat morphisms. First, consider the open subset

W=UxxU=(UXxX)NXxU)cXxXxX.

Since the open embedding W < X x X x X and the projection py3 : X3 — X*? are both flat,
their composition
pl3|W W-oXxX

is flat as well. Let us show that the morphism p;3|w is surjective. Take a point z on X X X. We
need to show that the fiber W, is non-empty. Let F' denote the residue field at z and put x; := p;(z)
to be the corresponding F-points in X. By the construction of W, we have the equality

W, =,U NU,, CXg,

where
nU = pl_l(x) nuU, U, := pgl(x) NU, and Xp := X X Spec(F).

By the hypotheses of the lemma, the open subsets ,, U and U,, are dense in Xy, whence their
intersection is non-empty. We conclude that the morphism

p13|W W-oXxX
is surjective, whence it is faithfully flat. Secondly, consider the morphism
poam i pyl = XXX XX

and put
Y= (p%F)W.

Let us show that the morphism (p;3”)w : Y — W is faithfully flat. There is a Cartesian square

Pyl — T

o |
XxXxX —2 5 XxX.

Changing X x X by the open subset U, we obtain a Cartesian square

Yy —— Iy

(Pismd | n|

w paslw U
Hence, it is enough to show that the morphism 7y : I'y — U is faithfully flat. With this aim,
consider the group scheme
p:G=piTa) > XxX
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as in the discussion before the lemma. Take the restrictions I'y = n~'(U) and Gy = p~' (V).
Note that the group scheme py : Gy — U over U, the pseudo-torsor nyy : 'y — U under Gy,
and the open subset V c I'y satisfy the hypotheses of Lemma 6.10. Therefore, the morphism
ny : Ty — U is faithfully flat, whence the morphism

(P%”)W Yo W
is faithfully flat as explained above. Put
¢ = pislw o (p;3n)w (Y > XXX

The morphism g is faithfully flat, being a composition of faithfully flat morphisms.
Now let us prove that the morphism ¢*7 : ¢*I" — Y is faithfully flat. For this, we use another
equivalent constructions of the morphism ¢*x. Consider the diagram of Cartesian squares

Dyl X (x) p Il ——  piI' —— T
| i |
j2N0 —pzi»XxXxX—LXxX.
This gives the diagram of Cartesian squares
(p&F)W Xw (pT3F)W - (pEF)W - T
| o~ |
(P27)y pslw

Y=(pyl), —— W — XxX

Since
¢l = (P§3ﬂ);(P13|W)*F,
we obtain that
o= (p73r)w Xw (p%l")w
and the morphism in question ¢*7 : ¢*I" — Y coincides with the projection
pr: (pT3F)W Xw (p%l")w - (p%l")w.

So, we are reduced to show the faithful flatness of the morphism pr.
Since (X, T) is a groupoid, there is an isomorphism

of schemes over p3.I" (see the discussion before the lemma). Thus, there is an isomorphism
(PDw xw (pT),, — (PisT),, w (P3sT),,

of schemes over (p3,I),,. This shows that faithful flatness of the morphism pr is equivalent to
the faithful flatness of the projection

pr’: (Pl Xw (P%F)W - (p;_%F)W'
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Finally, the morphism pr’ is the base change of the faithfully flat morphism 7ty : I'y — U by the
composition
Py
(P%F)W (Pm)y W Pizlw U

Therefore, the morphism pr’ is faithfully flat, which finishes the proof. O

Lemma 6.12. Let  : G' — G be a morphism between group schemes of finite type over a
scheme X, let m : T — X be a pseudo-torsor under G, n’ : T" — X be a pseudo-torsor under G,
andlet ¢ : T" — T be a morphism compatible with \ in the following sense: the diagram

G xxT' —— T’

W
GxxT — T

commutes. Let V. C T be an open subset and put V' := ¢~ ' (V). Suppose that the fibers of
the morphism ntly : V. — X are dense in the fibers of the morphism n : T — X and the mor-
phism ¢|y : V' — V is surjective. Then the fibers of the morphism

mly V' - X
are dense in the fibers of the morphismn’' : T' — X.

Proof. First, we reduce the lemma to a question about algebraic groups. Since the needed result
is fiber-wise and all data in the lemma are stable under a base change, we may assume that
X = Spec(F), where F is a field. Further, it is enough to show the density after the extension of
scalars to the algebraic closure of F. Thus, we assume that F' is algebraically closed. Taking an
F-point ¢’ on T’ and the point 7 := (') on T, we obtain isomorphisms G’ — T’ and G — T
that send ¥ to .

Therefore, we may assume that 7" = G’ and T = G. Finally, we may assume that the schemes
G and G’ are reduced. Summarizing, we have a morphism of algebraic groups ¢ : G’ — G and an
open dense subset V C G such that the morphism |y : V' — V is surjective, where V' = ¢~ !(V).
We need to show that V’ is dense in G”.

The image of the morphism ¢ is a closed subgroup in G (for example, see [73, Proposi-
tion 2.2.5]). On the other hand, this image contains the dense subset V, because the morphism

Yly V' >V

is surjective. Consequently, the morphism ¢ is surjective. It follows that all irreducible compo-
nents of the fibers of ¥ have the same dimension d := dim(G”) — dim(G).

Since V C G is a dense open subset and all irreducible components of G have the same
dimension dim(G), we see that all irreducible components of the closed subset Z := G\V C G
have dimension strictly less than dim(G). Therefore, all irreducible components of the closed
subset y~'(Z) ¢ G’ have dimension strictly less than d + dim(G) = dim(G’). Since

vV =G\y(2)

and all irreducible components of G’ have the same dimension dim(G”), we conclude that V’ is
dense in G’, which finishes the proof. O

70



6.3. Proof of Proposition 6.5

We are now ready to give a proof of Proposition 6.5. We use the geometric notation from
Section 6.2.

Proof of Proposition 6.5. We will localize the ring R over a finite set of non-zero elements and
then prove that the corresponding localization of A is faithfully flat over the obtained localization
of R ®; R.

Let {a;} be a finite set of Dj-generators of A over R ®; R and put Ay to be the (R ®; R)-
subalgebra in A generated by the set {a;}. Since L := Frac(R) is a field, by [13, 3.7, 3.8] (see also
[79, §3.3]), the images of a;’s in ;A are contained in a Hopf subalgebroid of (L, 1 A;) finitely
generated over L ® L. Therefore, localizing R by a non-zero element and enlarging the finite
subset {a;} C A, we obtain that (R, Ag) is a Hopf subalgebroid in (R, A).

For each natural n, put A,, to be the (R ®; R)-subalgebra in A generated by all elements of the
form

(81 et 6,,,)(ai), aj € Dy, m < n.

Since (R, A) is a differential Hopf algebroid, it follows that (R, A,,) is a Hopf subalgebroid in (R, A)
for all n. Put
X :=Spec(R), I :=Spec(4), T, :=Spec(A,).

Denote the groupoid morphisms by 7, : I, = X X X.

Since A is Dy-finitely generated over k, we see that I has finitely many irreducible compo-
nents [42, Theorem 7.5]. Applying Lemma 6.7 to each irreducible component of I', we see that
there exist a natural number N and an affine dense open subset Wy C I'y such that foranyn > N,
the morphisms

90n|W,, : Wn - WN

are faithfully flat, where W, := go;l(WN) and ¢, : I, —» 'y are the morphisms that arise in the
projective system formed by I',.
Since char k = 0 and R is a domain, the ring R ® R is reduced. Since the morphism

7TN|WN : Wy —)XXkX

is of finite type, by the generic flatness (for example, see [39, Proposition 7.91.7]), there is a
dense open subset U C X X; X such that the morphism nyly, : Vv — U is flat and of finite
presentation, where

Vy := Wy Ny ().

As Ap # 0, we may also assume that my|y, is faithfully flat. It follows that the morphisms
Tply, : Vo = U

are faithfully flat, where
Vii=¢,'(Vy), n>=N.

By [29, 9.5.3], replacing U with a dense open subset, we obtain that the fibers of the morphism
7TN|VN . VN - U
are dense in the fibers of the morphism

(v)v : Ty = U,
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because Wy is dense in I',,. Since R ®; R has finitely many irreducible components [42, Theo-
rem 7.5], we may assume that U is an affine dense open subset in X X; X. Localizing R by a
non-zero element, we obtain that, for any i = 1, 2, the fibers of the projections p;|y : U — X are
dense in the fibers of the projection

pi: XX X— X

(by the extension of scalars, this follows from the analogous statement about irreducible varieties
over fields). For each n, put

Gy = pi((Ta)a),

where A € X X; X is the diagonal. Then I', is a pseudo-torsor under the group scheme G,, over
X X X. The morphism of group schemes ¥, : G, — Gy induced by ¢, is compatible with the
morphism of pseudo-torsors ¢, : I, — I'y in the sense of Lemma 6.12. Since the fibers of the
morphism

anlvy : Vv = U

are dense in the fibers of the morphism (ny)y : (Ty)y — U, we see that, by Lemma 6.12, the
fibers of the morphism m,|y, : V, = U are dense in the fibers of the morphism

Ty = Ty = U.

We obtain that, for every n > N, the groupoid I, — X X; X and the open subsets V,, C T,
U c X % X satisfy all hypotheses of Lemma 6.11 (which is also true for schemes over a field k
with the product of schemes taken over k). Therefore, the morphism r,, is faithfully flat. In other
terms, the ring A, is faithfully flat over R ®; R. Since A = | J,, A,,, where A,, C A,+1, we conclude
that A is faithfully flat over R ®; R, which finishes the proof. O

7. Proofs of the main results
7.1. Proof of Theorem 2.5

We use the notation from Theorem 2.5. Let M be a finite-dimensional D/ ,-module over K.
Consider a Dy-structure on DMod(K, Dg/;) as in Theorem 5.1. Let C be the subcategory (M)g p
in DMod (K, D) Dy-tensor generated by M (Definition 4.19). By Theorem 5.5, to prove the
theorem, it is enough to construct a differential functor from C to Vect(k), which is our goal in
what follows.

First, we would like to apply Theorem 4.27 to the forgetful functor C — Vect(K) and, thus,
obtain a Dy-Hopf algebroid. The problem here is that, a priori, there is no D-structure on K.
To overcome this, the splitting Dy is introduced in the hypotheses of the theorem (see also Re-
mark 2.7). This allows to switch between the Dy-structure on C and the Dg-structure on K as
follows.

The morphism of differential fields (k, D) — (k, Bk) defines a~5k-structure on C by Propo-
sition 4.12 (1). Denote the category C with this Dy-structure by C. Thus, the identity functor
C — C is a differential functor from a Dy-category C to a 5k-category C. By Theorem 5.1, the
forgetful functor is a differential functor from the D;-category C to the Dg-category Vect(K).
Apply the extension of scalars along the vertical morphisms of the diagram from Remark 3.16 to
the forgetful functor C — Vect(K).
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By Proposition 4.12(2), we obtain a differential functor w from the Bk-category C to the D-
category Vect(K) (the latter category is with the usual Dg-structure as in Example 4.7). Recall
that _ _

DK =K ®k Dk
and K is a Bk-ﬁeld over k. Thus, we have a differential functor w : C — Vect(K) between
Bk—categories.

By Theorem 4.27, there exists a Bk-Hopf algebroid (K, H) over k such that H is faithfully flat

over K ®; K and w lifts up to an equivalence of l~)k-categ0ries

C — Comod®(K, H).

Since C is Di-tensor generated by one object, the Bk—category C is also Dy-tensor generated by
one object. Hence, Proposition 4.28 and the proof of Theorem 4.27 imply that H is Ek—ﬁnitely
generated over K ®; K. We apply Theorem 6.1 to (K, H) and obtain the corresponding Hopf
algebroid (R, A). The extension of scalars

K ®g — : Comod®*(R, A) — Comod*(K, H)
is a differential functor between Bk-categories (Example 4.10(3)). The forgetful functor
Comod*(R, A) — Mod(R)
is a differential functor, where we consider the BR-category structure on Mod(R) with
BR = RQ®y 5k

(Exa~mple 4.10(2)). We have that R is 5k—ﬁnitely generated over k, the morphism (R, FD}L—)
(K, Dg) is strict, where Dg := K ®; Dy, and (k, Dy) is relatively differentially closed in (K, Dg)
by the hypotheses of the theorem. Therefore, there is a morphism of differential rings (R, BR) -
(k, Dy). This defines a differential functor

Mod(R) — Vect(k), N k®gN

from the BR—category Mod(R) to the Dy-category Vect(k) (Example 4.10(1)). Summarizing, we
obtain a collection of differential functors

C — C — Comod(K, H) —2*"_ Comod*(R, A) — Mod(R) — Vect(k).

Since A is faithfully flat over R ®; R, the extension of scalars functor K ®g — is an equivalence
of categories (see [13, 1.8,3.5] and also Section A.1). All together, this defines a differential
functor from C to Vect(k), which finishes the proof.

7.2. Proof of Theorem 2.8
We need the following simple facts.

Lemma 7.1. Let Y be an irreducible variety over a field ko with char kg = 0, k be a field extension
of ko, and let Ky := ko(Y). Suppose that kg is existentially closed in Ky. Then, for any non-empty
open subset U C X := Y Xy, k, there exists a ko-point y on Y such that the k-point x :=y Xy, k of
X belongs to U.
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Proof. First note that, if the lemma is proven for an extension &’ of k, then this implies the lemma
for k. Thus, replacing k by its extension, if needed, we may assume that kT = ko, where I is the
group of all field automorphisms of k over kg, because char ko = 0. For a non-empty open subset
U c X, take its complement Z := X\U and consider the intersection

7 = ﬂ o(Z).
oell

The closed subvariety Z’ C X is invariant under I', therefore there exists a closed subvariety
W C Y such that Z' = W Xy, k. Moreover, W # Y, because Z’ c Z # X. Put V := Y\W, which is
a non-empty open subset in Y. Since ky is existentially closed in Ky, there exists y € V(kg). This
defines a k-point x := y X, k in X. If x € Z(k), then x € o(Z(k)) for any o € I'. Thus, x € Z’(k),
which contradicts to the fact that y is not in W. Hence, we obtain that x belongs to U. O

Lemma 7.2. Let k C K be a field extension and let ¢1,...,¢, : k — k be maps that are linearly
independent over k. Then ¢, ... ,p, are linearly independent over K considered as maps from k
to K.

Proof. Since ¢y, ..., ¢, are linearly independent over k, the image of the map

O:k—>k¥, f (@) on(f)),

spans all k®" over k. Therefore, the image of the composition of ® and the natural embedding
k®" c K®" spans all K®" over K, s0, ¢, ..., @, are linearly independent over K. O

Lemma 7.3. Let K be a Dy-field over a differential field (k, D;) with char k = O such that K is of
finite transcendence degree over k. Then any finite subset ¥ C K is contained in a Dy-subalgebra
R in K over k that is finitely generated as an algebra over k.

Proof. Let L be the Dy-subfield generated by X in K. It follows from [45, Theorem 5.6.3] that
L is a finitely generated field over k. Hence, there exists a finite set S C L such that~ C S and
L = k(S). It now follows from differentiating fractions that R := k[S U 1/T] C K satisfies the
requirement of the lemma, where T C K is the set of the denominators of Dy(S). O

Now, we prove Theorem 2.8 using its notation. Suppose that condition 1 of the theorem
holds. Then the structure map identifies Dy and 1 ® Dy, where Dy is given in condition 1. Hence,

(k, D) — (k, Dy)

is an isomorphism and K is a Dy-field. Let R be a Dy-finitely generated subalgebra in K over k.
We need to show that there is a morphism of Di-algebras R — k. By Remark 2.9(1), we have

K = Frac (Ko ®, k).

Let {a;/b;} be a finite set of Di-generators of R over k with a;,b; € Ko ®, k. Let Ry be the
subalgebra in K generated over k by the Ky-components of summands in a;’s and b;’s and put

fi= nb,-.
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Since K is the field of Dy-constants, Ry ®, k is a Dy-differential subalgebra in K over k. Hence,
R is contained in the localization (R ®, k) - By Lemma 7.1 applied to

Y := Spec(Ry), U :=Spec ((Ro ®k, k)f),

there exists a ko-point y on Y(kp) such that the k-point x := y Xy, k of X belongs to U. The point
x defines a morphism of k-algebras f : R — k. The kernel of f is generated by Dj-constants
in R, because Ky = KP*. Therefore, f is a morphism of Dy-algebras, and (k, Dy) is relatively
differentially closed in _

(K,K ®; Dy) = (K, K ®; Dk).

Now suppose that condition 2 of the theorem holds. Our first goal is to construct a splitting Dy
of (K, Dg) over (k, D;) such that the natural map K ®; D; — Dy is an isomorphism. With this
aim, we consider the “effective” quotients

DSY := Im(fk : Dg — Der(K,K)), D" :=Im(6 : Dy — Der(k, k))

of the differential structures Dk and Dy, respectively. It follows from Lemma 7.2 that the natural
map _
K ® DT — Der(k, K)

is injective. Therefore, the composition
Dx — K& Dy — K ®, D"
factors through Dif, that is, we have a commutative diagram
Dy —— K& Dy
D}ﬁ — K®y Diﬁ.

Hence, (K, DY) is a parameterized differential field over (k, DST). By condition 2 of the theorem,
we have ~
DK/k —> Derk(K, K)

Consequently, the natural K-linear morphism
Dy = Ker (D — K &, Dy) — Ker (DY — K &, D{") € Dery(K. K)
is an isomorphism. It follows that there is an isomorphism

Dy = D%ﬁ X (KeDs™) (K Q. Dy). 23)

Take commuting bases in D$T and DS from Proposition 3.18. Put D to be the k-linear span of
the basis in D‘;ff. Then 525 is a splitting of (K, Dzﬁ) over (k, Dzﬁ) such that
D =~ K &, DT

Put _ o
Dy := D" Xper Dy € Dk. (24)
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Since taking effective quotients is a morphism of Lie rings and by formula (3) from Section 3.2,
we have that Dy is closed under the Lie bracket on Dg. Thus, Dy is a splitting of (K, Dg) over
(k, D). Comparing (23) and (24), we see that

K @ Bk = Dg.

Note that, in this case, _
dimy (Dy) = dimg(Dk),

while, in the previous case (condition 1 of the theorem), dimy (Bk) could be less than dimg (D).
So, in this case, Dy could be “much larger”. Put

D := Ker (5k - Dk).

Then we have K ®; D = Dgyx.

Let (R, Dg) be a differential subalgebra in (K, Dg) over (k, D;) such that the morphism
(R,Dg) — (K, Dg) is strict and (R, Dg) is differentially finitely generated over k. Extending
R by a finite number of elements from K, we obtain that

Dr = R®; Bk
and Ris a 5k—ﬁnitely generated Bk—subalgebra in K over k. Since
dimK(DK/k) = dimk(Derk(K, K))

is finite, K is of finite transcendence degree over k. Hence, by Lemma 7.3, we may assume that
R is finitely generated as an algebra over k. By the hypotheses of the theorem, we have

DK/k = Derk(K, K)

Since char k = 0 and R is finitely generated, localizing R by a non-zero element, we may assume
that R is smooth over k and
R ®; D = Dery(R,R).

Since k is existentially closed in K, there is a homomorphism f : R — k of k-algebras. We
claim that f extends to a morphism of differential algebras (R, Dg) — (k, Dy) over (k, Dy). By
definition, to prove this, we have to construct a morphism of Lie rings

S:Dk—>5k =k ®g Dg
such that, for all 0 € D; and a € R, we have
A(f(a)) = f(s(9)(a)). (25)

We claim that, for any d € Dy, there is a unique s(0) € Dy that satisfies (25). Indeed, consider
the derivation ¢ from R to itself defined as the composition

R—L k2 & R

and consider any d € Dy such that d is sent to d by the surjective map Dy — Dy. The difference
& — 0k(9) is a k-linear derivation from R to itself, that is, it belongs to

R®; D = Dery(R, R).
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Put
5(0) =3+ £(6 - 0x(3)).
where f denotes also the map
R&, Dy ——— D
By construction, s(0) satisfies (25). The uniqueness of s(d) follows from the fact that if s(d) and
s(0)" in Dy satisfy (25), then s(9) — s(d)’ belongs to

Ker (R ®x Ek ﬁ1) Bk),

whose intersection with 1 ® Ek is trivial. By construction, the obtained map s : Dy — Ek is
k-linear. The uniqueness of s(d) implies that s is a morphism of Lie rings: given 01,0, € Dy,
the commutator [s(;), s(9,)] satisfies (25) with d = [0}, d;]. This shows that (k, Dy) is relatively
differentially closed in _

(K, Dk) = (K, K & Dy).

8. PPV extensions with non-closed constants

In this section, we discuss two aspects of PPV extension for parameterized differential fields
over an arbitrary differential field (k, Dy) (in contrast to the usual assumption [10] that (k, Dy) be
differentially closed).

8.1. Galois correspondence

We establish the Galois correspondence for PPV extensions. Basically, we use the classical
differential Galois correspondence for PV extensions. Also, we use the differential Tannakian
formalism, in particular, Theorem 5.5.

First, let us recall several notions concerning differential algebraic groups. Let (k, Dy) be a
differential field and G be a linear Dy-group, that is, G is a group-valued functor on DAIg(k)
corepresented by a Dy-finitely generated Dy-Hopf algebra U over k. A Dy-subgroup H in G is a
corepresentable group subfunctor H in G on the category DAlg(k). By [79, Theorem 15.3], this
corresponds to a surjective morphism U — V between D;-Hopf algebras over k. Hence, H is a
linear Dy-group.

Suppose that G acts on a Dg-algebra A, that is, we have a morphism of Dy-algebrasm : A —
A & U that satisfies the axioms of a comodule over a Hopf algebra. Let A be a domain and
L := Frac(A). We put

L° :={a/beLla,be A, b-ma)=a- mb)).

It follows that L is a Di-subfield in L.
Let (K, Dg) be a parameterized differential field over (k, Dy) and let M be a finite-dimensional
Dk r-module. Suppose that there exists a PPV extension L for M.

Definition 8.1. The parameterized differential Galois group of L over K is the group functor
Gal?)(L/K) : DAlg(k, D) — Sets, R +— Aut?’*(R®, A/R & K),

where A is a PPV ring associated with L (Definition 3.28) and we consider a Dg-structure on the
extension of scalars R ®; K as given by Definition 3.23.
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Lemma 8.2. The functor Gal’* (L/K) is corepresented by a Dy-finitely generated Dy-Hopf alge-
bra, that is, Gal’%(L/K) is a linear Dy-group.

Proof. By Theorem 5.5, the PPV extension L corresponds to a differential functor
w: (M)gp — Vect(k).
By Remark 5.6, the functor Gal”* (L/K) is canonically isomorphic to the functor
DAlg(k, Dy) — Sets, R +— Isom®?(wg, wg).

By Proposition 4.25, the latter functor is corepresentable by a D;-Hopf algebra U over k. By
Proposition 4.28, U is Dy-finitely generated. O

Note that one can also prove Lemma 8.2 more explicitly without using the Tannakian for-
malism.

Remark 8.3. It follows from Proposition 4.25, Theorem 5.5, and [13, 9.6] that L is a union of
(possibly, infinitely many) PV-extensions defined by the D «-modules ( At! )*'(M) and Gal’*(L/K)
with forgotten Dy-structure is the differential Galois group Gal?#*(L/K).

Recall the differential Galois correspondence in the case of arbitrary constants from [22,
Section 4]. Given a Hopf algebra U, an algebraic subgroup Spec(V) in Spec(U) corresponds to
a surjective homomorphism between Hopf algebras U — V.

Proposition 8.4. There is a bijective correspondence between algebraic subgroups H ¢ GalP**(L/K)
and D i-subfields K C E C L given by

Hw E:=LY, Ew H:=GaP’**(L/E).
The Galois correspondence in the parameterized case is as follows.

Proposition 8.5. There is a bijective correspondence between Dy-subgroups H ¢ Gal®%(L/K)
and Dg-subfields K C E C L given by

Hw— E:=L" Ew H:=GalP"(L/E).
Proof. By Proposition 8.4 and Remark 8.3, we only need to show that an algebraic subgroup
H c GalP’**(L/K)

is a Dy-subgroup in Gal?*(L/K) if and only if the corresponding Dy /;-subfield E C L is a D-
subfield. Suppose that E is a Dg-subfield. Then L is a PPV extension for the Dg-module Mg
over E, where Dg := E ®k Dg. Therefore, the corresponding Galois group H has a canonical
Dy-structure and corepresents a group subfunctor in G on DAIg(k) given by Definition 8.1. Thus,
H is a Dy-subgroup in G.

Conversely, suppose that H is a Dy-subgroup in G := Gal”*(L/K). Consider the extension of
scalars Gk from (k, Dy) to (K, Dg) for G (Definition 3.23). We have a Dg-subgroup Hg in G¢. By
the adjunction between restriction and extension of scalars (Definition 3.37) and Definition 8.1,
Gy acts on the Dg-field L over K and L = L¥x. By Proposition 8.4, we have E = L¥, whence,
E is an Dg-subfield in L. O
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The proof of the normal subgroup case uses the differential Tannakian formalism.

Proposition 8.6. Under the correspondence from Proposition 8.5, a normal Dy-subgroup H
corresponds to a PPV extension E over K, and we have an isomorphism of Dy-groups

GalP*(L/K)/H = Gal’*(E/K).
Proof. For short, put G := Gal®*(L/K). Let
w : {(M)gp — Vect(k)

be the differential functor that corresponds to the PPV extension L by Theorem 5.5. It follows
from Theorem 4.27 and the proof of Lemma 8.2 that w lifts up to an equivalence of Di-categories

(M)s,p — Rep®(G). (26)

Let H be a normal Dj-subgroup in G. Then Repfg (G/H) is a full Dy-subcategory in Repfg (G).
By [8, Proposition 15], G/H is a linear Dy-group, that is, there is a faithful finite-dimensional
representation of G/H over k. Let N be the corresponding D ,-module over K under the equiv-
alence (26). Taking the restriction of w to the subcategory (N)g p in (M)g p, by Theorem 5.5,
we obtain a PPV extension E for N, which is embedded into L as a Dg-subfield. Moreover, by
construction, we have an isomorphism

G/H = Gal’*(E/K).

We need to show that E is the subfield in K associated with H by the Galois correspondence, that
is, E = L. By Proposition 8.5, it is enough to show the equality GalP??(L/E) = H. It is implied
by the fact that Gal?s(L/E) is the kernel of the restriction homomorphism

Gal”*(L/K) = G — Gal’*(E/K) = G/H. 27)
Conversely, if E is a PPV extension of K in L, then H := Gal”#(L/E) is the kernel of the group

homomorphism (27), whence H is normal. O]

8.2. Extension of constants in parameterized differential fields

Now let us consider the behavior of PPV extensions and the corresponding differential cate-
gories under extensions of the differential field (k, Dy). Let (K, Dg) be a parameterized differen-
tial field over (k, Dy) with chark = 0. Let [ be a Dy-field over k (Definition 3.12). In particular,
we have a differential field ([, D;) with D; := [ ®; Dy. Since char k = 0, the field & is algebraically
closed in K and the ring

R:=1¢, K

is a domain (for example, see [36, Corollary 1, p. 203]). Denote the fraction field of R by L.
By Definition 3.23, R is a Dg-algebra over K. Therefore, L is a Dk-field over K and we have
morphisms of differential rings

(I, D)) = (R,Dg) — (L, Dy),
where Dp := R®g Dk and Dy := L ®k Dg. Also, we have
DR/I = Ker(Dgr > R®; D)) = R®x DK/k = [ Q D[(/k, DL/[ = Ker(D;, —» L®; D)) = LQg DK/k,

because the functors R ® — and L ® — are exact.
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Lemma 8.7. The Dg-algebra R over K has no non-zero Dg-ideals besides R itself.

Proof. Let I be a non-zero Dg-ideal in R and consider 0 # f € I with

n

f:Zc,@f,-, 0#ciel,0#f ek

i=1

such that c; ..., c, are linearly independent over k. Suppose that f has the minimal possible
number 7 among all non-zero elements in /. Take any 0 € Dgy;. Since df € I, we have

g:=Uefof-(1edf)f el

On the other hand,
of = ). ci®of;,
i=1
hence,
2= c®fdfi—ofi f)
i=2
has less summands than f. Therefore, g = 0. Since cy,...,c, are linearly independent over k,

we obtain that 8(f;/fi) = Oforall i = 2,...,n and for all d € Dg. Hence,
hi := fil fi € k = KPxr

and we have

f= [ancihi]®fl~

i=1

Thus, f is invertible in R and I = R. O

Lemma 8.8. Let P and P’ be Dg;-modules over R such that P is a finitely generated R-module
and let ¢ : P, — P} be a morphism between the corresponding differential modules over
(L, Dryp). Then we have

PR CP®I.

Proof. Consider the subset I C R that consists of all f € R such that, for all v € P® 1, we have
fo(v)e P 1.

It is readily seen that [ is an ideal in R. Moreover, since the module P is finitely generated over
R, the ideal I is non-zero. Take any 0 € Dgy,. Since the R-submodule P ® 1 C Py, is stable under
0 and ¢ is L-linear and commutes with 9, forall f e Iandv e P® 1, we get

of - ¢p(v) = 0(f - p(v)) — f - p(0v) € P’ ® 1.

Hence, I is a non-zero D i-ideal in R. By Lemma 8.7, we conclude that / = R. O
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Corollary 8.9. For all finite-dimensional Dg-modules M and M’ over K, the natural map
1 ® Homp,,, (M, M’) = Homp, , (M, M;)

is an isomorphism, where, for a differential ring (A, D), Homp, (-, —) denotes morphisms be-
tween differential modules over (A, D). In particular, we have

Dy

1@ MP¥e = M and 1=LP".

Proof. First, by Lemma 8.8 with P = My and P’ = My, the natural morphism
Homp, , (Mg, M) — Homp,, (M, M})

is an isomorphism. Since Dg;; = [®; Dk acts trivially on / and Mr = [®; M, we have canonical
isomorphisms:

Homp,, (Mg, My) = Homg(Mg, Myp)"*" = (I ® Homg (M, M"))®Ps = | @ Homp,, (M, M"). O

Thus, we see that (L, Dy ) is a parameterized differential field over (I, D;), and that there are no
non-trivial new solutions over L of linear D ,-differential equations given over K. The following
result is implied directly by Corollary 8.9 (more precisely, by its last assertion [ = LPur).

Corollary 8.10. Let M be a finite-dimensional Dk ,-module over K, E be a PPV extension for M,
and let A be the D-Hopf algebra of the parameterized Galois group of E over K. Then the Dy -
field F := Frac(I®; E) is a PPV extension for M and the D;-Hopf algebra of the parameterized
Galois group of F over L is A,.

By Theorem 5.5, Corollary 8.10 also follows from the following categorical statement, which
makes sense without the assumption of the existence of a PPV extension (or, equivalently, the
existence of a differential functor) and has interest on its own right.

Proposition 8.11. Let M be a finite-dimensional Dg-module over K. Then the differential
functor from a Dy-category over k to a Dj-category over | (Definition 4.19, Proposition 4.12, and
Theorem 5.1)

(M)ep = (Mp)ep, X+ X

induces an equivalence D;-categories
D : (& (M)op — (Mp)op-

Proof. It is known that Hom-spaces in the extension of scalars category [ ®; (M)g p are obtained
by taking / ®; — from the Hom-spaces in the category (M)g p ([54, p.407], [74]). Thus, it follows
from Corollary 8.9 that @ is fully faithful. Let us show that @ is essentially surjective. Any
object N in (Mp)e,p is a subquotient of Q;, for some object Q in (M)g p, that is, there are Dy, ;-
submodules

Ny C Ny € Q; suchthat N = N,/Nj.

Indeed, this is true for M}, and also this property is preserved under taking direct sums, tensor
products, duals, subquotients, and the functor At'. Put

P,-:=N,-ﬂ(l®kQ)CQL, i=1,2, and P:=P,/P,.
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We have
P; = lim (Pi N (V & Q)

where the limit is taken over all finite-dimensional over k subspaces V in /. Recall that objects in
[ & (M)e,p

are [-modules in the category of ind-objects in (M)g p ([54, p. 407], [74]). Therefore, P; and P
are objects in [®; (M)g p. Finally, ¥(P) = N, because L = Frac(/®; K), whence Ly P = N. [
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Appendix

Here we recollect several known definitions and results and fix some notation we extensively
use in the paper.

A.l. Hopf algebroids

There are many references concerning Hopf algebroids, for example, see [13, 1.6, 1.14].
Also, the book [39] is very useful. A Hopf algebroid is a pair of rings (R, A) with the following
data and properties. First, there are two ring homomorphisms / : R — A and r : R — A, that is,
A is an algebra over R® R. In particular, A is an R-bimodule with the left and the right R-module
structures given by the homomorphisms / and r, respectively. Further, there are morphisms of
algebras over R® R:

A:A—>AQrA, e:A— R, 1:A—> A"

According to our notation, the tensor product A ®g A involves both left and right R-module
structures on A. The ring R is considered as an algebra over R ® R via the multiplication on R.
In particular, we have the identities e o / = idg and e o r = idg. Also, A® denotes the same ring A
with the right and left R-module structures being the initial left and right R-module structures on
A, respectively, that is, we have

(l(f)a) = wa)r(f) and u(ar(f)) =IU(f)(a) forall feR, acA.

The morphisms (/, r, A, e, 1) are required satisfy the following set of axioms, which are similar to
the axioms in the definition of a Hopf algebra. The coassociativity axiom requires the equality
of the compositions
A A®id,
A—>AGrA T AQRA®RA.
idy ®A
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The counit axiom requires that both compositions

A e®idy
7 o
A—=AQ®rA T A
idy ®e

are equal to the identity. Finally, the antipode axiom requires that the following diagrams com-
mute:

A —2 1 AgpA A —2 AspA
le lz-idA J’e J’id,‘, -
R—"— A R—11\ A

In particular, it follows that ¢ is an involution and that e o 1 = e. Also, 1 is uniquely defined by A
and e. Note that a Hopf algebroid (R, A) with [ = r is the same as a Hopf algebra A over R.
A Hopf algebroid (R, A) defines a Hopf algebra B over R by the formula

B:=R ®(R®R) A.

Further, by the extension of scalars, B defines a Hopf algebra B ® R over R ® R. It follows
from the definition of a Hopf algebroid that Spec(A) is a pseudo-torsor under the group scheme
Spec(B ® R) over Spec(R ® R) (for example, see Definition 6.9).

A Hopf algebroid over a ring « is a Hopf algebroid (R, A) such that A and R are «-algebras,
the morphisms / and r are morphisms of k-algebras and the morphisms (A, e, 1) are morphisms of
algebras over R®,R. In this case, Spec(A) is a pseudo-torsor under the group scheme Spec(R®, B)
over Spec(R ®, R), where B is defined as above.

A comodule over a Hopf algebroid (R, A) is an R-module M together with a morphism of
A-modules

ey - MQRrA—>ARQRM

that satisfies two axioms, which are similar to the axioms in the definition of a comodule over a
Hopf algebra. The first axiom requires the equality

R®, €y =1dy,

where the A-module structure on R is defined by the ring homomorphism e : A — R and we use
that
ROA(M®rA) =R®4 (AQr M) = M.

The second axiom requires the equality of the composition

A Al
M®rA®rA ﬂ) AQ®r M Qr A ﬂ AQrARr M

to the extension of scalars
(ARrA)@s €y - MRRARRA > AQRA®r M,
where the A-module structure on A ®g A is given by the ring homomorphism A and we use that
(ARRrA) O MRrA)=2=MORARRA and (ARRA)Rs (ASRM)=ARr AR M.
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One proves that €), is an isomorphism. By adjunction between extension and restriction of
scalars, one obtains a left R-linear morphism

¢MiM—>A®RM,

and one can give an equivalent definition of a comodule in terms of ¢,;. Denote the category
of comodules over a Hopf algebroid (R, A) by Comod(R,A). Denote the full subcategory of
comodules over (R, A) that are finitely generated as R-modules by Comod/*(R, A).

Remark A.12. Given a Hopf algebroid (R, A) over a ring «, the pair (Spec(A), Spec(R)) defines
a category G fibred in groupoids over x-schemes. A comodule over (R, A) is the same as a
quasi-coherent sheaf on G, or, equivalently, a morphism of fibred categories from G to the fibred
category of quasi-coherent sheaves, [13, 3.3].

Given a morphism of rings R — S and a Hopf algebroid (R, A), there is a canonical structure
of a Hopf algebroid on the extension of scalars (S, gAs), where

sAs = ®S) ®rer) A.
The extension of scalars also induces a functor
Comod(R,A) —» Comod(S,sAs), M S Qg M.

If (R, A) is a Hopf algebroid over a ring x and «’ is an algebra over «, then (R,/,A,) is a Hopf
algebroid over «” with
Ry =« ® R and A, :=« ®A.

For a Hopf algebroid (R, A) over aring , suppose that A is a faithfully flat module over R®,R,
that is,
NP A ®Re,R) N

is a faithful exact functor on the category of modules over R ®, R. Then a very important fact
is that any R-finitely generated comodule M in Comod/*(R, A) is a projective R-module, [13,
1.9,3.5]. It follows that Comod/*(R, A) is a Tannakian category with the forgetful fiber functor

w : Comod®(R,A) —» Mod(R)

(Section A.2). Further, given a morphism of «x-algebras R — S, the extension of scalars sAg is
faithfully flat over S ®, S and the functor

S ®g — : Comod®(R, A) - Comod®(S, sAs)
is an equivalence of categories, [13, 1.8,3.5].

A.2. Tannakian categories

General references for Tannakian categories are [13] and [15]; also, an outline is given in [67,
B.3]. By a tensor category, we mean a category C together with a functor

CxC—-C, XY)—»X®Y, (A.1)
a unit object 1¢, and functorial isomorphisms

Xelc=2X, X®Y=2Y®X, X®(Y¥Y®Z) =(XeY)®Z
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that satisfy a set of axioms, which can be found in the references above. A functor F : C — D
between tensor categories is fensor if there are functorial isomorphisms

FX)®F(Y)=FX®Y), F(l) =1y (A.2)

that are compatible with the commutativity and associativity isomorphisms above. A morphism
between tensor functors, F — G, is a morphism between functors that commutes with the iso-
morphisms (A.2) for F and G. Denote the category of tensor functors between tensor categories
C and D by Fun®(C, D).

An internal Hom object Homc(X,Y) in a tensor category C is an object that represents the
functor from C to the category of sets U — Homg(U ® X, Y), that is, there is a functorial isomor-
phism

Hom¢ (U, Home(X,Y)) = Home(U ® X, Y).

An internal Hom object Homc(X, Y) is unique up to a canonical isomorphism if it exists. Denote
the internal Hom object Homc(X, 1) by X¥. An object X in C is dualizable if, for any object Y,
there exists the internal Hom object Homc(X, Y) and the natural morphism

X' ®Y - Homp(X,Y)

is an isomorphism, [13, 2.3]. A tensor category C is rigid if all objects in C are dualizable.
Let C and D be tensor categories. Then, for any tensor functor F' : C — P and any dualizable
object X in C, the object F(X) is also dualizable and the natural morphism

F(Home(X,Y)) > Homgp(F(X), F(Y))

is an isomorphism for any object Y in C, [13, 2.7]. If C is rigid, then any morphism between
tensor functors from C to P is an isomorphism, [13, 2.7].

Recall that, in an abelian category, morphisms between objects form abelian groups, there
is a zero object, there are finite direct sums of objects, and there are kernels and cokernels of
morphisms, satisfying some conditions. In particular, an analogue of the homomorphism theo-
rem for groups is satisfied. Also, in an abelian category, exact sequences are well-defined. A
functor F : C — D between abelian categories is (left, right)-exact if it sends (left, right)-exact
sequences to (left, right)-exact sequences.

By an abelian tensor category, we mean a tensor category such that the tensor product functor
is additive and right-exact on both arguments. Let F : C — D be a right-exact tensor functor
between abelian tensor categories with C being rigid. Then, the functor F is exact, [13, 2.10(1)],
and faithful, that is, injective on morphisms with the same source and target [13, 2.13(ii)].

For an abelian rigid tensor category C and an object X in C, denote the minimal full rigid
tensor subcategory in C that contains X and is closed under taking subquotients by (X)s. We say
that (X)g is tensor generated by X. It follows that (X)s is an abelian subcategory in C.

Let R be a commutative ring. An R-linear category C is an additive category C such that, for
all objects X, Y in C, the group of morphisms Hom¢(X, Y) is given with an R-module structure
and the composition of morphisms is R-bilinear, that is, induces morphisms of R-modules

Hom¢(X, Y) ® Home (Y, Z) —» Home(X, Z)

for all object X, Y, and Z in C. A functor F : C — D between R-linear categories is R-linear if
it induces R-linear maps
Hom¢(X,Y) —» Homgp(F(X), F(Y)).
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Denote the category of R-linear functors between R-linear categories C and D by Fung(C, D).

Given a tensor category C, a ring homomorphism R — End¢(1¢) induces an R-linear cate-
gory structure on C. By an R-linear tensor category we mean a tensor category with an R-linear
structure obtained as above. Equivalently, one requires that the tensor product functor (A.1) is
R-linear in both variables. For example, for a finite commutative group G, the tensor category
Rep(G) is k[G]-linear, but it is not a k[G]-linear tensor category with the tensor structure given
by the usual tensor product of representations. On the other hand, Rep(G) is a k-linear tensor
category.

A Tannakian category over a field k is an abelian rigid tensor category C with a fixed isomor-
phism End¢(1¢) = k such that there exist a k-algebra R and a right-exact k-linear tensor functor
w : C —» Mod(R). The functor w is called a fiber functor. It follows from the above that w
is exact and faithful. A Tannakian category C is neutral if, in the above notation, one can take
R = k, that is, there exists a fiber functor w : C — Vect(k).

Given a Tannakian category C and two fiber functors

w,n: C — Mod(R),

denote the set of all tensor isomorphisms between w and 1 by Isom®(w, n7). Given an R-algebra
S, one has the fiber functor

ws :C—>Mod(S), X+ S & wX).

Note that the functor wy is denoted by S ®g w in [13]. It is more convenient for us to reserve the
notation S ®g w for the extension of scalars of the functor defined in Section 4.1. The functor

Isom®(w, n) : Alg(R) — Sets, S > Isom®(ws, ns),

is corepresented by an R-algebra A, [13]. In particular, the identity map from A to itself corre-
sponds to a canonical isomorphism of tensor functors wy —> 4.

Proposition A.13. In the above notation, suppose that C is tensor generated by an object X.
Then the R-algebra A is generated by the matrix entries of the canonical isomorphism

w(X)a — n(X)a

and the matrix entries of its inverse with respect to any choice of systems of generators of w(X)a
and n(X)a over A.

Proof. Let B be a k-subalgebra in A generated by the matrix entries as in the proposition. We
need to show that B = A. Given projective B-modules P and Q, the extension of scalars map

Hompg(P, Q) — Homyu(Pa, O4)

is injective, because P and Q are direct summands in free B-modules and B is embedded into A.
Therefore, by the universal property of A, it is enough to prove that the canonical isomorphisms

w(Y)a — 1(¥)a

are defined over B, where Y runs through all objects in C. By the construction of B, this is true
for the tensor generator X. Further, this property is preserved under taking direct sums, tensor
products, and duals of objects in C.
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It remains to show that this property is preserved under taking subquotients, for which it
is enough only to consider subobjects. Assume that there is an isomorphism of B-modules
A w(Y)p — n(Y)p whose extension of scalars 1, is equal to the canonical isomorphism

w(Y)4 — n(¥)a.

Given a subobject Z C Y, consider the composition

1 w(Z)s = w(V)s > n(¥)p = n(¥/Z)s.

Since uy = 0 and w(Z)p, n(Y/Z)p are projective B-modules, we have that © = 0. Hence,
Aw(Z)p) = n(Z)p, which implies the needed condition for Z. O

Theorem A.14. Let C be a Tannakian category over k and let w : C — Mod(R) be a fiber
functor. Then there exists a Hopf algebroid (R, A) over k such that A is faithfully flat over R ®; R
and w lifts up to a tensor k-linear equivalence of tensor categories

C — Comod®(R, A).

That is, for any object X in C, there is a functorial in X structure of a comodule over (R, A) on
w(X) giving the above equivalence ([13, 1.12]).

In particular, for a neutral Tannakian category (C, w), there exists a Hopf algebra A over k
such that w lifts up to an equivalence between C and Comod/3(A) (equivalently, there exists an
affine group scheme G over k such that w induces an equivalence between C and Rep/2(G)). The
Hopf algebroid A from Theorem A.14 corepresents the functor

Isom®(rer W, Wrer) : Alg(R ®; R) — Sets,
where, as above, we put

(rer W)(X) := (R®; R) ®r w(X) = R& w(X), (wprer)(X) :=w(X)®r (R R) = w(X) & R.
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