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Abstract

We present a new upper bound for the orders of derivatives in the Rosenfeld-Grobner algorithm
under weighted rankings. This algorithm computes a regular decomposition of a radical differ-
ential ideal in the ring of differential polynomials over a differential field of characteristic zero
with an arbitrary number of commuting derivations. This decomposition can then be used to test
for membership in the given radical differential ideal. In particular, this algorithm allows us to
determine whether a system of polynomial PDEs is consistent.

In the case of one derivation, such a bound was given by Golubitsky, Kondratieva, Moreno
Maza, and Ovchinnikov (2008). The only known bound in the case of several derivations was
given by the authors of the present paper in 2016. The bound was achieved by associating
to the algorithm antichain sequences whose lengths can be bounded using the results of Ledn
Sanchez and Ovchinnikov (2016). In the present paper, the above result by the current authors is
generalized and significantly improved.

Keywords: Polynomial differential equations; differential elimination algorithms;
computational complexity

1. Introduction

The Rosenfeld-Grobner algorithm is a fundamental algorithm in the algebraic theory of dif-
ferential equations. This algorithm, which first appeared in (Boulier et al., 1995, 2009), takes as
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its input a finite set F' of differential polynomials and outputs a representation of the radical dif-
ferential ideal generated by F as a finite intersection of regular differential ideals. The algorithm
has many applications; for example, it can be used to test membership in a radical differential
ideal, and, in conjunction with the differential Nullstellensatz, can be used to test the consistency
of a system of polynomial differential equations. See (Golubitsky et al., 2008) for a history of
the development of the Rosenfeld-Grobner algorithm and similar decomposition algorithms.

The Rosenfeld-Grobner algorithm has been implemented in MaPLE as a part of the
DifferentialAlgebra package. In order to determine the complexity of the algorithm, we
need to (among other things) find an upper bound on the orders of derivatives that appear in all
intermediate steps and in the output of the algorithm. The first step in answering this question
was completed in (Golubitsky et al., 2008), in which an upper bound in the case of a single
derivation and any ranking on the set of derivatives was found. If there are » unknown functions
and the order of the original system is &, the authors showed that an upper bound on the orders
of the output of the Rosenfeld-Grobner algorithm is i(n — 1)!.

In this paper, we extend this result by finding an upper bound for the orders of derivatives that
appear in the intermediate steps and in the output of the Rosenfeld-Grobner algorithm in the case
of an arbitrary number of commuting derivations and a weighted ranking on the derivatives. We
first compute an upper bound for the weights of the derivatives involved for an arbitrary weighted
ranking; by choosing a specific weight, we obtain an upper bound for the orders of the deriva-
tives. For this, we construct special antichain sequences in the set Z’; oX{1,...,n} equipped with a
specific partial order. A general analysis of lengths of antichain sequences in the context of PDEs
began in (Pierce, 2014) and continued in (Freitag and Le6n Sdnchez, 2016) and (Ledén Sanchez
and Ovchinnikov, 2016). In the case of m > 2, we use results from (Ledn Sanchez and Ovchin-
nikov, 2016) to estimate the lengths of our sequences. For m = 2, we exploit the fact that the
constructed antichain has a special property, and this allows us to obtain better bounds.

We show that an upper bound for the weights of derivatives in the intermediate steps and in
the output of the Rosenfeld-Grobner algorithm is given by i f7 .1, where / is the weight of our in-
put system of differential equations, { fy, f1, f>, . . . } is the Fibonacci sequence {0, 1, 1,2, 3,5, ...},
and L is the maximal possible length of a certain antichain sequence (that depends solely on £,
the number m of derivations, and the number n of unknown functions). Together with the bound
for L, this gives us the final bound.

By choosing a specific weight, we are able to produce an upper bound for the orders of the
derivatives in the intermediate steps and in the output of the Rosenfeld-Grobner algorithm. Note
that this bound is different from the upper bounds for the effective differential Nullstellensatz
(D’ Alfonso et al., 2014; Gustavson et al., 2016a), which are higher and also depend on the
degree of the given system of differential equations. Our result is an improvement of (Gustavson
et al., 2016b) because it allows us to compute sharper order upper bounds with respect to specific
derivations than the previous upper bound did. In addition, our refinement in the case of m = 2
produces significantly improved upper bounds. For example, if n = 2 and h = 3,4,5, the
new bound is approximately 11, 842, and 107 times better, respectively, than the upper bounds
produced in (Gustavson et al., 2016b), see Section 6.1.

The paper is organized as follows. In Section 2, we present the background material from dif-
ferential algebra that is necessary to understand the Rosenfeld-Grobner algorithm. In Section 3,
we describe this algorithm as it is presented in (Hubert, 2003), as well as two necessary auxiliary
algorithms. In Section 4, we prove our main result on the upper bound. In Section 5, we prove
our refined upper bound in the case of m = 2. In Section 6, we calculate the upper bound for
specific values using the results of (Ledn Sanchez and Ovchinnikov, 2016). In Section 7, we give
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an example showing that the lower bound for the orders of derivatives in the Rosenfeld-Grobner
algorithm is at least double-exponential in the number of derivations.

2. Background on differential algebra

In this section, we present background material from differential algebra that is pertinent to
the Rosenfeld-Grobner algorithm. For a more in-depth discussion, we refer the reader to (Hubert,
2003; Kolchin, 1973).

Definition 1. A differential ring is a commutative ring R with a collection of m commuting
derivations A = {04, ...,0,} on R.

Definition 2. An ideal I of a differential ring is a differential ideal if da € I foralla € I, § € A.

Foraset A C R,let (A), V(A), [A], and {A} denote the smallest ideal, radical ideal, differential
ideal, and radical differential ideal containing A, respectively. If Q C R, then {A} = V[A].

Remark 3. In this paper, as usual, we also use the braces {a, ay, . . .} to denote the set containing
the elements ay, ay, . ... Even though this notation conflicts with the above notation for radical
differential ideals (used here for historical reasons), it will be clear from the context which of the
two objects we mean in each particular situation.

In this paper, k is a differential field of characteristic zero with m commuting derivations.
The set of derivative operators is denoted by

@:= {0 -+l 1 ij € Lzo, 1 < j < m.

For Y = {yi1,...,ya} a set of n differential indeterminates, the set of derivatives of Y is
QY :={0y:0€0,yeY}

Then the ring of differential polynomials over k is defined to be
k{Y} =k{y,...,y.} :=K[0y : Oy € OY].

We can naturally extend the derivations dy, . . ., d,, to the ring k{Y} by defining

9; (0 dlaye) =0 - 0 Gl

For any 0 = c’)"l‘ ‘.- ai,, € 0O, we define the order of 0 to be
ord(0) := iy + -+ + iy

For any derivative u = 6y € ®Y, we define

ord(u) := ord(6).

For a differential polynomial f € k{Y} \ k, we define the order of f to be the maximum order of
all derivatives that appear in f. For any finite set A € k{Y} \ k, we set

H(A) := max{ord(f) : f € A}. (D



For any 0 = 63‘ e a;,, and positive integers cy, ..., ¢y € Zsg, we define the weight of 6 to be
w(0) = w(ﬁi‘ (9;’;) =i+ + Cpde

Note that if all of the ¢; = 1, then w(8) = ord(#) for all § € ®. For a derivative u = 8y € OY,
we define the weight of u to be w(u) := w(6). For any differential polynomial f € k{Y} \ k, we
define the weight of f, w(f), to be the maximum weight of all derivatives that appear in f. For
any finite set A C k{Y} \ k, we set

W(A) := max{w(f) : f € A}.

Definition 4. A ranking on the set ®Y is a total order < satisfying the following two additional
properties: for all u,v € ®Y and all 0 € O, § # id,

u<6u and u<v = Ou<0Ov.

A ranking < is called an orderly ranking if for all u,v € ®Y,
ord(u) < ord(v) = u <.

Given a weight w, a ranking < on QY is called a weighted ranking if for all u,v € @Y,
wu) <wly) = u<.

Remark 5. Note that if w (3 ---}y) = iy + -+ + iy (that is, w(0) = ord(6)), then a weighted
ranking < on OY is in fact an orderly ranking.

From now on, we fix a weighted ranking < on @Y.
Definition 6. Let f € k{Y} \ k.

e The derivative u € OY of highest rank appearing in f is called the leader of f, denoted
lead(f).

o [f we write f as a univariate polynomial in lead(f), the leading coefficient is called the
initial of f, denoted init(f).

o [fwe apply any derivative 6 € A to f, the leader of 6 f is d(lead(f)), and the initial of 5f is
called the separant of f, denoted sep(f).

Given a set A C k{Y} \ k, we will denote the set of leaders of A by £(A), the set of initials of
A by 14, and the set of separants of A by S 4; we then let Hy = I4 U S 4 be the set of initials and
separants of A.

For a derivative u € ®Y, we let (OY)., (respectively, (@Y),) be the collection of all deriva-
tives v € ®Y with v < u (respectively, v < u). For any derivative u € @Y, we let A, (respectively,
Ag,) be the elements of A with leader < u (respectively, < u), that is,

Al =ANK[OY),] and Ag,:=ANK[OY)l
We can similarly define (®A)., and (®A),, where

OA:={0f:0€0,fecAl



Given f € k{Y} \ k such that deglead(f)( f) = d, we define the rank of f to be
rank(f) := lead(f)“.

The weighted ranking < on ®Y determines a pre-order (that is, a relation satisfying all of the
properties of an order, except for the property that a < b and b < a imply that a = b) on k{Y}\ k:

Definition 7. Given fi, > € k{Y} \ k, we say that
rank(f;) < rank(f>)

if lead(f1) < lead(f2) or iflead(f1) = lead(f2) and degye,qs,)(f1) < degeaq(s,)(f2)-

Definition 8. A differential polynomial f is partially reduced with respect to another differential
polynomial g if no proper derivative of lead(g) appears in f, and f is reduced with respect to g
if, in addition,

deglead(g) (f) < deglead(g)(g)-

A differential polynomial is then (partially) reduced with respect to a set A C k{Y} \ k if it is
(partially) reduced with respect to every element of A.

Definition 9. For a set A C k{Y}\ k, we say that A is:
e autoreduced if every element of A is reduced with respect to every other element.
o weak d-triangular if £(A) is autoreduced.

o d-triangular if A is weak d-triangular and every element of A is partially reduced with
respect to every other element.

Note that every autoreduced set is d-triangular. Every weak d-triangular set (and thus every
d-triangular and autoreduced set) is finite (Hubert, 2003, Proposition 3.9). Since the set of leaders
of a weak d-triangular set A is autoreduced, distinct elements of A must have distinct leaders. If
u € QY is the leader of some element of a weak d-triangular set A, we let A, denote this element.

Definition 10. We define a pre-order on the collection of all weak d-triangular sets, which
we also call rank, as follows. Given two weak d-triangular sets A = {Ay,...,A;,} and B =
{Bi1,..., By}, in each case arranged in increasing rank, we say that rank(A) < rank(B) if either:

o there exists a k < min(r, s) such that rank(A;) = rank(B;) for all 1 < i < k and rank(A;) <
rank(By), or

e r> sandrank(A;) = rank(B;) forall 1 <i < s.
We also say that rank(A) = rank(B) if r = s and rank(A;) = rank(B;) forall 1 <i < r.

We can restrict this ranking to the collection of all d-triangular sets or the collection of all
autoreduced sets.

Definition 11. A characteristic set of a differential ideal I is an autoreduced set C C I of minimal
rank among all autoreduced subsets of I.



Given a finite set S C k{Y}, let $* denote the multiplicative set containing 1 and generated
by S. For an ideal / C k{Y}, we define the colon ideal to be

I:8S%:={aek{Y}:ds € S™ with sa € I}.
If 1 is a differential ideal, then 7 : S is also a differential ideal (Kolchin, 1973, Section 1.2).

Definition 12. For a differential polynomial f € k{Y} and a weak d-triangular set A C k{Y},
a differential partial remainder f; and a differential remainder f, of f with respect to A are
differential polynomials such that there exist s € S, h € HY such that sf = fi mod [A] and
hf = f, mod [A], with fi partially reduced with respect to A and f> reduced with respect to A.

We denote a differential partial remainder of f with respect to A by pd-red(f,A) and a dif-
ferential remainder of f with respect to A by d-red(f,A). There are algorithms to compute
pd-red(f,A) and d-red(f, A) for any f and A (Hubert, 2003, Algorithms 3.12 and 3.13). These
algorithms have the property that

rank(pd-red(f, A)), rank(d-red(f,A)) < rank(f);
since we have a weighted ranking, this implies that

w(pd-red(f, A)), w(d-red(f,A)) < w(f).

Definition 13. Two derivatives u,v € OY are said to have a common derivative if there exist
¢, ¥ € O such that pu = Yv. Note this is the case precisely when u = 01y and v = 6,y for some
y € Y and 6,60, € ©.

Definition 14. Ifu = 8"1‘ e ﬁf,Ty andv = 8{‘ .- -8{}[’)} for some y € Y, we define the least common
derivative of u and v, denoted lcd(u, v), to be

led(u, v) = g0 . g dn)y,
otherwise we set 1cd(u, v) = 0 and, for any weight w, define w(0) = —1.

Definition 15. For f,g € k{Y} \ k, we define the A-polynomial of f and g, denoted A(f, g), as
follows. If lead(f) and lead(g) have no common derivatives, set A(f,g) = 0. Otherwise, let
¢, ¥ € O be such that

led(lead(f), lead(g)) = ¢(lead(f)) = ¢ (lead(g)),
and define

A(f, 8) = sep(8)p(f) — sep(f ().
Definition 16. A pair (A, H) is called a regular differential system if:
e A is a d-triangular set
e H is a set of differential polynomials that are all partially reduced with respect to A

e S, CH”



o forall f,g € A, A(f,g) € (BA).,) : H*, where u = lcd(lead(f), lead(g)).

Definition 17. Any ideal of the form [A] : H, where (A, H) is a regular differential system, is
called a regular differential ideal.

Every regular differential ideal is a radical differential ideal (Hubert, 2003, Theorem 4.12).

Definition 18. Given a radical differential ideal I C k{Y}, a regular decomposition of I is a finite
collection of regular differential systems {(Ay, H}), ..., (A, H,)} such that

I= ﬁ[A,-] L H®.
i=1

Due to the Rosenfeld-Grobner algorithm, every radical differential ideal in k{Y} has a regular
decomposition.

Definition 19. A d-triangular set C is called a differential regular chain if it is a characteristic
set of [C] : HY; in this case, we call [C] : HY a characterizable differential ideal.

Definition 20. A characteristic decomposition of a radical differential ideal I C k{Y} is a repre-
sentation of I as an intersection of characterizable differential ideals.

As we will recall in Section 3, every radical differential ideal also has a characteristic decom-
position.

3. Rosenfeld-Grobner algorithm

Below we reproduce the Rosenfeld-Grébner algorithm from (Hubert, 2003, Section 6). This
algorithm relies on two others, called auto-partial-reduce and update, which we also include.
We include these two auxiliary algorithms because, in Section 4, we will study their effect on the
growth of the weights of derivatives in Rosenfeld-Grébner.

Rosenfeld-Grébner takes as its input two finite subsets F, K € k{Y} and outputs a finite set
A of regular differential systems such that

(F}: K> = ﬂ [A] : H, 2)
(A,H)eA

where A= if 1 € {F} : K=.
If we have a decomposition of {F} : K* as in (2), we can compute, using only algebraic
operations, a decomposition of the form

(F): K™ = |[C]: HY, 3)

CeC

where C is finite and each C € C is a differential regular chain (Hubert, 2003, Algorithms 7.1
and 7.2). This means that an upper bound on (J gyeqa W(A U H) from (2) will also be an upper
bound on | Jcee W(C) from (3).

Rosenfeld-Grébner has many immediate applications. For example, if K = {1}, then
{F} : K* = {F}, so in this case, Rosenfeld-Grébner computes a regular decomposition of {F},
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which then also gives us a characteristic decomposition of {F} by the discussion in the previous
paragraph.

The weak differential Nullstellensatz says that a system of polynomial differential equations
F = 0 is consistent (that is, has a solution in some differential field extension of K) if and only if
1 ¢ [F] (Kolchin, 1973, Section IV.2). Thus, since Rosenfeld-Grébner(F, K) = @ if and only if
1 € {F}: K%, we see that F = 0 is consistent if and only if Rosenfeld-Grébner(F, {1}) # &.

More generally, Rosenfeld-Grébner and its extension for computing a characteristic decom-
position of a radical differential ideal allow us to test for membership in a radical differential
ideal, as follows. Suppose we have computed a characteristic decomposition

(F} = ﬂ[C] CHE.
CeC
Now, a differential polynomial f € k{Y} is contained in {F'} if and only if f € [C] : H} for all
C € C; this latter case is true if and only if d-red(f, C) = 0, which can be tested using (Hubert,
2003, Algorithm 3.13).
Rosenfeld-Grébner, auto-partial-reduce, and update rely on the following tuples of differ-
ential polynomials:

Definition 21. A Rosenfeld-Grobner quadruple (or RG-quadruple) is a 4-tuple (G, D, A, H) of
finite subsets of k{Y} such that:

o A is a weak d-triangular set, Hy C H, D is a set of A-polynomials, and
e forall f,g € A, either A(f,g) =0 or A(f,g) € D or
A(f,g) € OAUG).,) : HY

Tl

where u = led(lead(f), lead(g)) and H, = H,_, U (H \ Hy) N k[(OY)_,].

Remark 22. The RG-quadruple that is output by update satisfies additional properties that we
do not list, as they are not important for our analysis. For more information, we refer the reader
to (Hubert, 2003, Algorithm 6.10)

4. Order upper bound for arbitrary m
Given finite subsets F, K C k{Y}, let
h=W(F UK). “4)

Our goal is to find an upper bound for

‘W[ U (A UH)],
(A,H)eA

where A = Rosenfeld-Grébner(F, K), in terms of &, m (the number of derivations), and n (the
number of differential indeterminates). By then choosing a specific weight, we can find an upper
bound for ?{(U(A,H)Eﬂ(A U H)) in terms of m, n, and H(F U K).
We approach this problem as follows. Every (A, H) € A is formed by applying auto-partial-
reduce to a 4-tuple (&, 9,A’, H') € S. Thus, it suffices:
8



Algorithm: Rosenfeld-Grébner, (Hubert, 2003, Algorithm 6.11)

Data: F, K finite subsets of k{Y}
Result: A set A of regular differential systems such that:

o Ais empty if it has been detected that 1 € {F}: K™

e {F}: K*= [\ [A]: H® otherwise

(AH)eA

S ={(F, 2,9 K}

A= g,

while S # @ do

(G,D,A, H) := an element of S;

S=8\(G,D,A H);

if GUD = & then

| A := AU auto-partial-reduce(A, H);
else

-red(p’ A)’

if p ¢ k then
pi := p — init(p) rank(p) py := degieaq5)(P)P — lead(p) sep(p);
S := Su{update(G, D, A, H, p), (G U {py, sep(p)}, D, A, H U
{init(p)}), (G U (s, init(p)}, D, A, H));
end
end

end
S:=8:

end
return A,



Algorithm: auto-partial-reduce, (Hubert, 2003, Algorithm 6.8)

Data: Two finite subsets A, H of k{Y} such that (&, @, A, H) is an RG-quadruple
Result:

e The empty set if it is detected that 1 € [A] : H

o Otherwise, a set with a single regular differential system (B, K) with £(A) = £(B),
Hg C K,and [A] : H® = [B] : K*

B .= g,
for u € L(A) increasingly do
b := pd-red(A,, B);
if rank(b) = rank(A,) then
| B:=BU{b
else
| return (2);
end
end
K :=HpU{pd-red(p,B) : p € H\ Ha};
if 0 € K then
| return (2);
else
| return {(B,K)};
end

Algorithm: update (Hubert, 2003, Algorithm 6.10)
Data:
o A 4-tuple (G, D, A, H) of finite subsets of k{Y}

o A differential polynomial p reduced with respect to A such that (G U {p}, D, A, H) is an
RG-quadruple

Result: A new RG-quadruple (G, D, A, H)

u := lead(p);

Gy :={a € A|lead(a) € Ou};
A =A \ GA;

G :=GUGy;

D:=DU{A(p,a) | ac A}\{0};
H := H U {sep(p), init(p)};
return (G,D,A U {p}, H);
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¢ to bound how auto-partial-reduce increases the weight of a collection of differential poly-
nomials (it turns out to not increase the weight), and

e to bound W(G U DU A U H) for all (G,D, A, H) added to S throughout the course of
Rosenfeld-Grobner.

We accomplish the latter by determining when the weight of a tuple (G, D, A, H) added to S is
larger than the weights of the previous elements of S and bounding ‘W(G U D U A U H) in this
instance, and then bounding the number of times we can add such elements to S.

There is a sequence (G;, D;, A;, H;) corresponding to each regular differential system (A, H)
in the output of Rosenfeld-Grébner, where N = N ), such that (Gii1, Div1,Air1, Hiv1)
is obtained from (G;, D;, A;, H;) during the while loop, (G, Dy, Ao, Hy) = (F,2,2,K), and
(A, H) = auto-partial-reduce(Ay, Hy).

We begin with an auxiliary result, which is an analogue of the first property from (Golubitsky
et al., 2009, Section 5.1).

Lemma 23. For every f € A; and i < j, there exists g € Aj such that lead(f) € ©lead(g). In
particular, if p is reduced with respect to Aj, then p is reduced with respect to A; for all i < j.

Proof. Tt is sufficient to consider the case j =i + 1. If (G11, Di+1,Aiv1, Hi+1) was obtained from
(Gi, Dj, A;, H;) without applying update, then A; = A;;;. Otherwise, either f € A; \ G4, (we use
the notation from update), or f € Gy4,. In the former case, f € A;;; as well, so we can set g = f.
In the latter case, lead(f) € ®lead(p), so we can set g = p. O

We define a partial order < on the set of derivatives ®Y as follows. For u,v € @Y, we say
that u < v if there exists § € O such that fu = v. Note that this implies that u and v are both
derivatives of the same y € Y.

Definition 24. An antichain sequence in ®Y is a sequence of elements S = {sy,53,...} € QY
that are pairwise incomparable in this partial order.

Given a sequence {(G;, D;, A;, Hi)}fi o as above (where N = N4 ) for some regular differential
system (A, H) in the output of Rosenfeld-Grébner), we will construct an antichain sequence
S = {s1,$2,...} € OY inductively going along the sequence {(G;, D;, A;, H;)}. Suppose S ;_| =
{S1,...,s;-1} has been constructed after considering (Go, Do, Ag, Hp), . . ., (Gi-1, Di—1, Ai1, Hi_1),
where So = @. A 4-tuple (G;, D;, A;, H;) can be obtained from the tuple (G;-1, D;_1,Ai—1, Hi—1)
in two ways:

(1) We did not perform update. In this case, we do not append a new element to S .

(2) We performed update with respect to a differential polynomial p. If there exists s; € S ;_;
such that lead(p) < sy, we do not append a new element to S ;_;. Otherwise, let s; =
lead(p) and define S ; = {sy, ..., s;}. In the latter case, we set k; = i. We also set ko = 0.

Lemma 25. The sequence {s;} constructed above is an antichain in ®Y and, for all j > 1,
w(s;) < max |h, max w (Ied(s;, sk))), (@)
I<k<j

where h is defined in (4).
11



Proof. Leti < j. Assume that s; = s;. Then, p is not reduced with respect to Ay, which
contradicts Lemma 23. On the other hand, the case s; < s; is impossible by the construction of
the sequence, so {s;} is an antichain sequence.

We denote the maximal j € Z3 such that k; < i by anti-k;. For every j > 1, we set

F; = max (h, max w (Icd(sy, sk))) s
’ I<k<j
and Fy = 0. For all i > 0, let us set j = anti-k; and prove by induction on i that

(1 W(L'J(G, UD, UH») < F:
=0

®) ‘W(LiJA[) <Fj
=0

(3) Forevery g € |J A, there exists jo < jsuch that s;, € @lead(g).
=0

In the base case i = 0 = ko, we have
W(GoyUDyUHy) =h=F, and W(Ay) = WD) =0=F,.
There are two distinct cases for i + 1:

(1) Casei+1<kj (so anti-kiy;y = j). Then, (Git1, Dis1,Air1, Hiy) was obtained from
(Gy, Dy, A;, H;) in one of the following ways:

(a) We did not perform update. In this case, A;;; = A; and

W(Gis1 U Dy UHiy) < W(G; UD; U H)).

(b) We performed update with respect to a differential polynomial p such that lead(g) €
®lead(p) for some g € | J;_, A;. In this case,

WA < W(U A,).
=0

Moreover, due to the third inductive hypothesis, there exists jo < j such that s; €
®lead(g) c ®lead(p), and this proves the third hypothesis for i + 1. Then, for all
q € A; (t < i) with 5;, € @lead(g) for some j; < j,

w(A(p, 8)) < w(led(lead(g), lead(q))) < w(led(sjy, 5;,)) < Fja-

Since D;.1 \ D; consists of some of these polynomials, G;;+1 \G; C A;, and H;1 \ H; =
{sep(p), init(p)}, then

W(Gi+1 U Di+1 UHH—]) < Fj+1-

12



(2) Casei+1=kj (so now anti-k;,; = j+ 1). We performed update with respect to a

differential polynomial p that is a result of reduction of some p € G; U D; with respect to
A;. Then

W(Air1) < max(W(A;), w(p)) < Fj.
The third inductive hypothesis is satisfied since lead p = s;,1. Moreover, for every g €

tLJOAt with s, € ®lead(g) for some jy < J,

w(lcd(lead(g), lead(p))) < w (Ied(sj;, 541)) < Faa. (6)

Since D, \ D; consists of some of these polynomials, Gi+1 \ G; € A;, and Hiyy \ H; =
{sep(p), init(p)}, we have

W(Gi11UDjiy1 U Hiy) < max(W(G; U D; U H,), Fjyn) = Fjps.

Since w(s;) < W(A,) < F, this completes the proof of Lemma 25. O]

Corollary 26. Let {s;} be an antichain sequence satisfying (5). Then for all j > 1, w(s;) < hfj,
where {f;} is the Fibonacci sequence.

Proof. We will prove the statement by induction on j. For j = 1,2, the right-hand side of the
bound in Lemma 25 is equal to 4 < hfj. Consider j > 2. In this case,

w(s;) < max | A, max w (Ied(sy, sk))).
I<k<j

We have
w (led(sy, sp)) < wisp) +wsy) < hfjor +hfjoo = hf;.
Hence, w(s;) < max(h, hf;) = hfj. O
Letn = {1,...,n}. Define the degree of an element ((i1, ..., i), k) € Z’goxn tobeij+...+iy.

Given a weight w (6"1‘ .- (9;1) = cyi] + ...+ Cpiy on O, define a map from the set of derivatives
QY to the set Z, X n by

[jil‘ . a’myk = ((c1it, - .-y Cmim), k).

Note the degree of the image of 8y in Z> X n is equal to the weight of 8y in @Y.
Under this map, the partial order < on @Y determines a partial order < on ZZ ) X n by saying

((ils~--’im)’k)'\<((jls-u,jm)sl) — kzlandirgjrforallry I<r<m

Thus, every antichain sequence of ®Y determines an antichain sequence of Z’” x 1. Every
antichain sequence of Z7Z ) x 1 (and thus of ®Y) is finite (Pierce, 2014, Lemma 4. 4)

Given an increasing function [ Zsg > Zxo, we say that f bounds the degree growth of an
antichain sequence S = {sy,..., 8} C Z’;O x nif deg(s;) < f(i) for all 1 < i < k. By (Pierce,
2014, Lemma 4.9), there is an upper bound on the length of an antichain sequence of Z”’ X n
with degree growth bounded by f, and this bound depends only on m, n, and f. Let 8” be the
maximal length of an antichain sequence of Z’” X 1 with degree growth bounded by f

13



Theorem 27. Let F,K C k{Y} be finite subsets with h = W(F UK), L = ” o and A =
Rosenfeld-Grobner(F, K), where f(i) = hf;. Then

M{lj muHﬂ<hﬁ%

(A H)EA

Proof. Since w(pd-red(p, B)) < w(p) for any p € k{Y} and weak d-triangular set B, we have
W(BUK) < WA U H), where {(B, K)} = auto-partial-reduce(A, H). Hence, it suffices to
bound W(G U DU AU H) whenever the tuple (G, D, A, H) is added to S in Rosenfeld-Grébner.
By Corollary 26 and the correspondence between antichain sequences of @Y and Z%, X n,
we obtain an antichain sequence of Z% ) X n of degree growth bounded by /4 f;, so the length of
this sequence (and thus the sequence from Lemma 25) is at most L.
In the proof of Lemma 25, it is shown that for all i < N, for j := anti-k;, we have

L}auaumum> Fia.
=1

Since the largest possible j is the length of the antichain sequence (and this j is equal to anti-ky),
for every (G;, D;, A;, H;), we have

W(G;UD;UA; UH;) < Fryg.

We bound F;,; in the same way as in Corollary 26:

Fr < max (h max W(ICd(Sl,Sk))) hfp-1 + hfL = hfpa.

I<k<L+1

Since every (G, D, A, H) added to S is equal to (G;, D;, A;, H;) for some i,
wv[ g Q4UID] nmx(h max w(md@bsuﬁ hfiar. %
(AH)eA k<Lt

O

We can use Theorem 27 to bound the orders of the output Rosenfeld-Grébner. Let F, K C
k{Y} be two finite subsets, and define a weight w on ® such that

W(F UK) =H(FUK). (3

This can always be done by letting w(6) = ord(6) for all derivatives 6, but there are sometimes
other weights that lead to equation (8) being satisfied.

Example 28. We provide examples of differential polynomials f that arise as part of systems of
PDEs for which it is possible to construct a nontrivial weight w such that w(f) = ord(f). We
note that we are not applying Rosenfeld-Grobner o these examples; we simply present them to
demonstrate that there are nontrivial weights satisfying equation (8).

(1) Consider the heat equation

= (e +uy) =0, f(u):=0u-a- (aﬁu + éﬁu) € k{u},
14



where u(x,y,t) is the unknown, « is a positive constant, and k{u} has derivations
{0y, 0y, 0;}. If we define a weight w on © by

w(0.0)0F) =i+ j + 2k,
then w(f) = 2 = ord(f).
(2) Consider the K-dV equation

Gr + brax + 600, = 0. (@) 1= i+ 03¢ + 6406 € k(9),

where ¢(x, 1) is the unknown and k{¢} has derivations {0,, 0;}. Define a weight w on ® by
w(0.0]) = i+3j,

so that w(f) = 3 = ord(f).

Using Theorem 27, and (8), we obtain the following order bound for the output of Rosenfeld-
Grobner:
Corollary 29. Let F,K C k{Y} be finite subsets with h = H(F U K), L = L’;.m, A =
Rosenfeld-Grébner(F, K), where f(i) = hf; with{f;} the Fibonacci sequence. Let w (03' a 6£,,) =
ciiy + -+ + Cpuly be a weight defined on © such that W(FUK) = H(FUK). Then, forall g € A,

hfr

L

ord(g,d;) <

5. Refined bound for m = 2

In this section we give a refined weight bound for the Rosenfeld-Grobner algorithm for the
case of two derivations. Let ¢; and ¢, be positive integers and w be the weight defined by

w (8‘1’(33) = ci1a + cb.

Proposition 30. Let h > 0 and an antichain {sy, ..., sy} in Oy, where s; = 6‘;’”6;"'2)}, 1 <i<L,
be such that

w(s;) < max (h }nkax w(lcd(s;, sk))) . ©))
<k<j

Then either, for every i, 1 < i < L, we have
c1sit < foz—1 and  c28i0 < frez =2
or, for every i, 1 <i < L, we have

c28ip < oz =1 and  ci5i1 < fraz — 2.

15



Proof. We will prove the proposition by induction on s. If A =0, then L = 1, s;; = 512 =0, so
c1511=0< -1 and 512, =0< f53-2.

Now consider & > 1. First note that for all » > 1 and all ¢ > O,
Jr+ ¢ < frae (10)

This can be seen by applying, for all » > 1, f, + 1 < f.41, ¢ times. Assume that, for every j,
1 < j <L, s; > 0. In particular, this means that 2 > w(s;) > c;. The antichain sequence
{51,...,5.}, where

5 =007y, 1<j<L,
satisfies the inductive hypothesis for 4 — ¢ in place of A. Thus, we have the following two cases:
(1) Forevery j,1 < j<L,
c185j1 € fp—er2 =1 and 285 < fiee3 — 2.
This implies that for every j, 1 < j < L,
csjr=c1Sp+ D) < figrzta—1< fia -1
(the latter inequality follows from (10)), and
€28j2 = €252 < fu—ey+3 = 2 < fraz — 2.
(2) Forevery j,1 < j<L,
181 € fo—a+3—2 and 30 < fre2 — 1.
This implies that for every j, 1 < j < L,
cispp=c1Sn+ 1) < fierz + 1 =2 < frez -2
(by (10)), and
280 =282 < freeyr2 = 1 < fr2 — L.

The same argument works for the case in which s;, > 0 forevery j, 1 < j < L.

Hence, without loss of generality, we can assume that there exist jj, j», a, and b such that
1< ji<j<L,sj =08ys),= agy, and there is no j < j, with s;; = 0. We construct an
antichain sequence {51, ..., §;,_1} by the formula

~ Sit aSi2 ~ ~ .
5,=0,"9"y, Sii=si1—1, 5i2=si2;
this satisfies the inductive hypothesis for # — ¢; in place of . Again, we have two cases:
(1) Forevery i, 1 <i< ja, c13i1 < fieir2 — 1 and c25i2 < frc43 — 2.

(2) For every i, 1 <i< jz, 6‘15,',1 < fh—cl+3 —2and C2§i’2 < fh—cl+2 - 1.
16



In particular,
cra < Mmax(f—c;42 = 1, fimeyis = 2) + €1 = firqrz t 1 =2 < fro— 1,
the latter inequality is due to (10). In both cases, due to (10),

max w(lcd(sy, 1) < frmeye2 = 1+ fucei3 + €1 =2 = freera + €1 =3 < frz — 2.
J2

Due to (10), fio3 —2 > h+ f3 —2 = h. Hence
cob < max (h, max w (Icd(s;, sk))) < frez — 2.
I<k<j»

Since, forall i, 1 <i <L,
c18i1 <cia and casip < b
by the definition of an antichain sequence, the proof is complete. O

Similarly to Theorem 27, we can prove the following.

Corollary 31. Let F, K C kfy} (with respect to two derivations) be finite subsets with h = ‘W (F U
K) and A = Rosenfeld-Grobner(F, K). Then
w[ U (AUH>] < fies = 3.
(AH)eA

Proof. We will use inequality (7) from the proof of Theorem 27. In particular, it states that

W[ U AU H)] < max (h, max w (led(sy, sk))),
I<k<L+1
(AH)eA

where L is the length of the corresponding antichain {si, ..., s.}. By Proposition 30,
max (. max w0ed(sr, 50)) < fivz =1+ fius =2 = fira =3 O
I<k<L+1

Proposition 30 also allows us to significantly improve the bound from (Gustavson et al.,
2016b) for m = 2 and arbitrary n. We define the number b(n, h) recursively by

b(1,h) = h+1, b2h) = fiea—1+h, b, h) = hfyu_imer +bn—1,h)+1forn>2. (11)

The proof of the following proposition is similar to the proof of (Freitag and Ledn Sanchez, 2016,
Lemma 3.8).

Proposition 32. For every antichain sequence {si, ..., sp} in ®Y (with respect to two deriva-
tions), where Y = {yi1,...,y,}, satisfying

w(s;) < max |h, max w (Ied(s;, sk))), (12)
I<k<j

we have L < b(n, h).
17



Proof. We will prove the proposition by induction on n. For n = 1, it follows from (Freitag and
Ledn Sanchez, 2016, Lemma 3.7).
Assume thatn > 1. Forevery i, 1 <i < n, let

&g = mln{Jl S € @y,}

Reordering the y’s if necessary, we can assume that g; < g, < ... < g,.
First, we separately consider the case n = 2. By the definition of g,, the sequence
{S1,...,5g,-1} is an antichain sequence in ®y;. Proposition 30 implies that, for every i < j < g,

w(lcd(s;, 57)) < frea — 3,

S0 W(Sg,) < fura — 3. Hence, due to (Freitag and Ledn Sdnchez, 2016, Lemma 3.7), since
ord(s) < w(s),

Ovy N {st,..., 50} < frea — 2.

Thus, in total, there are at most & + 1 + f,.4 —2 = b(2, h) of them.

Now let n > 2. For every [, 3 < | < n, the antichain sequence {si, ..., g1} satisfies the
inductive hypothesis. Hence, its length, g; — 1, does not exceed b(/ — 1, h),so g; < b(I—1,h) + 1.
Thus, due to Corollary 26, for every [, 3 < I < n, there exists an element of {s,...,s.} N Oy,
of weight at most if,, < hfpu-1,,+1. Thus, the length of the antichain sequence can be bounded
using (Freitag and Le6n Sénchez, 2016, Lemma 3.7) as

L<(h+ 1)+ (fiwa =D+ > (hfwitiyer + 1) = bl h). O
=3

Corollary 33. Let F,K C k{Y} (with respect to two derivations) be finite subsets with h =
W(F U K) and A = Rosenfeld-Grébner(F, K). Then

W

L) @u H)] < s
(A, H)eA

Proof. The proof is the same as for Theorem 27 with b(n, h) from Proposition 32 as a bound for
the length of the antichain sequence. O

6. Specific values

6.1. m=2

When m = 2, we can use the results of Corollaries 31 and 33 to bound the weight of the
output of the Rosenfeld-Grobner algorithm.

If WF UK) = HF UK) = h, we can use Corollary 29 to produce perhaps sharper
bounds for the order of the elements of Rosenfeld-Grébner(F, K) with respect to particu-
lar derivations. In the examples that follow, we calculate upper bounds for ord(g,d;) for
g € Rosenfeld-Grébner(F, K), where w(c’)’i‘ 6;,1) = cyi] + ... + cpiy With ¢ equal to ei-
ther 2 or 3. We note that in the tables that follow, “N/A” appears whenever we cannot have the
given initial order & with given ¢; as part of the weight function.

18



(1) Assume m = 2 and n = 1. Then by Corollary 31, the weights of the output polynomials
are bounded by f;,+4 — 3, which results in the following table:

h 1 2 3145|617 8 9 10

Snra =3 2 4 10 | 18 | 31 | 52 | 86 | 141 | 230 | 374
ord(g,d1),c1 =2 | N/A 2 519 |15]26|43 | 70 | 115 | 187
ord(g,d1),c1 =3 | NJA | N/A| 3 | 6 | 10|17 |28 | 47 | 76 | 124

(2) Assume that m = 2 and n is arbitrary. Then by Corollary 33, the weights of the output
polynomials are bounded by 7 fy.n+1, With b(n, h) defined by (11). This results in the

following table:

n| h| bnh) R o1 ord(g,d1),c; =2 | ord(g,01),c1 =3
211 5 8 N/A N/A

212 9 110 55 N/A

213 15 2,961 1,480 987

214 24 300, 100 150,050 100, 033
215 38 316,229,930 158,114,965 105,409,976
311 14 610 N/A N/A

(3) Below is a table comparing the new weight upper bound 7, 1)+1 for m = 2 (via Corol-
lary 33) to the previous order upper bound f (53’;’2 + 1), where f(i) = hf;, given in (Gus-
tavson et al., 2016b) for some specific values of n and h. As discussed in Corollary 29,
given a specific weight w such that W(F U K) = H(F U K) and a weight upper bound,
we can produce order upper bounds with respect to each derivation that are no greater than

the weight upper bound.

n h Old: f(ﬂ'}z +1) | New: hfb(n,h).;.]
113 15 10
1|6 126 52
119 801 141
1|12 4,524 984
1115 23,955 4,178
2|1 8 8
2|2 178 110
213 32,838 2,961
2| 4 252,983,944 300,100
2|5 < 10'° 316,229,930
311 610 610
312 < 107 < 10%

6.2. m>?2

For an arbitrary number of derivations (m > 2), by Theorem 27, the weight of the output
polynomials of the Rosenfeld-Grobner algorithm is bounded above by Af;.; = f(L + 1), where
f@) =hfiand L = B}M In order to apply this result, we need to be able to effectively compute
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ﬁ;’m. (Pierce, 2014) only proved the existence of this number, without an analysis of how to
construct it. (Freitag and Ledn Sanchez, 2016) constructed an upper bound for m = 1,2. The
first analysis for the case of arbitrary m appears in (Leén Sanchez and Ovchinnikov, 2016).

Let f: Zso — Z3xo be an increasing function. Let us define a function Wy, : Zso X Z’;O —
Zx0 by the following relations:

lIlf,m(l.7 (0" . aOa Mm)) = i’
le,m(l_ 1’(M1a--~9ur909-~-30’um))

=W i ooty = 1, f@) = f = 1)+t + 1,0,...,0)), r<m—1u, >0,
le,m(i_ 1,(1/{1, .. »Mm))

= ‘{’f,m(ia (ul7 cees U1 — 17f(l) - f(l - 1) + Um + 1))’ Ump-1 > 0~

Proposition 34 ((Le6n Sanchez and Ovchinnikov, 2016, Corollary 3.10)). The maximal length
of an antichain sequence in Z'Z  with degree growth bounded by f does not exceed

Wrm(1, (f(1),0,...,0)).

Let us also define the sequence ¥, ¥, . . . by the relations ¥y = 0 and

Yivt = ¥pm(L (fi(1),0,...,0) + i, fix) == flx+ ).
Proposition 35 ((Leén Sanchez and Ovchinnikov, 2016, Corollary 3.14)). The maximal length

of an antichain sequence in Z’;O X n with degree growth bounded by f does not exceed yr,,.

Now, let us apply this technique to the function f(i) = hf;. Then, by Theorem 27, an upper
bound on the weights of the output of Rosenfeld-Grébner will be f(Q;'z,m + 1). In general, we
do not have a formula for ﬂ;m for arbitrary s, m, n that improves the one given in Proposition 35;
however, we can compute 53;’, , for some specific values of i, m, n.

(1) Assume that m = 3 and n = 1. We can construct the maximal length antichain sequence
of Z3>0 using the methods of (Leén Sanchez and Ovchinnikov, 2016) and the function
f(@@) = hf;, resulting in the following sequence:

(h,0,0),(h—1,1,0),(h—1,0,h+ 1),(h=2,2h +2,0),...,
(h - 2’ O’ hf2/1+6 - (h - 2))9 ceey (h - i’ h_fc,-_|+1 - (h - 1)3 0)3 ceey
(h—=1i,0,hfe, —(h=10)),...,(0,hf +1,0),...,(0,0,f,),
where the sequence c; is given by ¢o = 1 and for 1 < i < h,
ci=ci1+1+ hfc,»,1+1 - (h —0).
As a result, we see that the maximal length of an antichain sequence is equal to c¢;.

(2) Below is a table of some maximal lengths 53’;.‘”1 and weights f(L7 + 1), where f(i) = hf;,
form = 3,4, and 5:

m | n| h | length | weight
3111 3 3
3112 10 178
41111 5 8
5111 20 10,946
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7. Order lower bound

This section gives a lower bound for the orders of the output of Rosenfeld-Grdbner, coming
from the lower bound for degrees of elements of a Grobner basis from (Yap, 1991). To be
specific, we show that for m, h sufficiently large, there is a set of r differential polynomials
F C k{y} of order at most &, where K is equipped with m derivations, r ~ m/2, and Kk is constant
with respect to all of the derivations, such that if A = Rosenfeld-Grobner(F, {1}), then

fH[ U (AuH)]>h2’. (13)

(A, H)eA

The arguments presented here are standard, and we include them for completeness. We first note
the following standard fact about differential ideals generated by linear differential polynomials.

Proposition 36. Suppose F,K C k{Y} are composed of linear differential polynomials. Then
the output of Rosenfeld-Grébner(F, K) is either empty or consists of a single regular differential
system (A, H) with A and H both composed of linear differential polynomials.

Suppose now we apply Rosenfeld-Grébner to (F, {1}), where F consists of linear differential
polynomials, in order to obtain a regular decomposition of {F}. Since every element of F is
linear, [F] is a prime differential ideal, so by Proposition 36, we have

[F]={F}=[A]: H®

for some regular differential system (A, H), with A and H both composed of linear differential
polynomials. Since every element of A is linear, after performing scalar multiplications and
addition, A can be transformed to an autoreduced set A without affecting the leaders and orders
of elements of A. Since (A, H) is a regular differential system, A is a characteristic set of [F]. So,
it suffices to find a lower bound on the orders of elements of linear characteristic sets in k{Y}.
There is a well-studied one-to-one correspondence between polynomials in K[xy, ..., x,,] and
homogeneous linear differential polynomials in k{y} with m derivations and k a field of constants:

Z Cipnig X} X Zcil ..... in0) Oy, (14)

Any orderly ranking on ®y then determines a graded monomial order on K[x, ..., x,,].

Given a polynomial f € K[xi,...,x,], let f € k{y} be its corresponding differential polyno-
mial under (14). By the discussion above, if we have a collection of polynomials fi,..., f, €
K[xy,...,x,], we can construct a characteristic set C = {Cy,...,C,} of [f], e ,fr] C k{y} con-
sisting of homogeneous linear differential polynomials, and so each C; € k{y} is in fact equal to
g; for some g; € K[xy,..., x,].

Proposition 37 (cf. (Wu, 2005, page 352),(Gerdt, 2005)). With the notation above, {g1, ..., gs} C
k[x1,...,xy,] is a Grobner basis of the ideal I = (fi, ..., f).

By Proposition 37, we can thus find a lower bound for the orders of the output of Rosenfeld-
Grébner via a lower bound for the degrees of elements of a Grobner basis, as we do in the
following example.
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Example 38. This example demonstrates the lower bound (13) for the orders of the output of
Rosenfeld-Grébner. In (Yap, 1991, Section 8), for m,h sufficiently large, a collection of m
algebraic polynomials fi, ..., f, of degree at most h in m algebraic indeterminates, withr ~ m/2,
is constructed such that any Grobner basis of (fi,..., f,) with respect to a graded monomial
order has an element of degree at least h* .

As a result of the previous discussion, we have a collection of differential polynomials
F = fi,....f. € kly} of order h with m derivations such that any linear characteristic set
of [fi,..., f,]1 will contain a differential polynomial of order at least h*. Since in this case
{(A, H)} = Rosenfeld-Grébner(F,{1}) can be transformed into a linear characteristic set with-
out affecting the orders of the elements, this means that

HAUH) > h.
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