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Abstract The dimensionless bottom-up and top-down gradient functions in the
convective boundary layer (CBL) are evaluated utilizing long-term well-calibrated
carbon dioxide mixing ratio and flux measurements from multiple levels of a 447-m
tall tower over a forested area in northern Wisconsin, USA. The estimated bottomup and top-down functions are qualitatively consistent with those from large-eddy
simulation (LES) results and theoretical expectations. Newly fitted gradient functions
are proposed based on observations for this forested site. The integrated bottom-up
function over the lowest 4% of the CBL depth estimated from the tower data is about
five times larger than that from LES results for a ‘with-canopy’ case, and is smaller
than that from LES results for a ‘no-canopy’ case by a factor of 0.7. We discuss the
uncertainty in the evaluated gradient functions due to stability, wind direction, and
uncertainty in the entrainment flux and show that while all of these have a significant
impact on the gradient functions, none can explain the differences between the modelled and observed functions. The effects of canopy features and atmospheric stability
may need to be considered in the gradient function relations.
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1 Introduction
Observational studies indicate that potential temperature in the mixed layer is usually
well mixed under clear-air and convective conditions while the water vapour mixing
ratio is sometimes not well-mixed (Mahrt 1976). Wyngaard and Brost (1984) attempted
to interpret the cause of this phenomenon, and argued that the mean mixing ratio profile of a passive, conserved scalar is determined by the scalar surface and entrainment
fluxes, convective velocity scale, and convective boundary-layer (CBL) depth in horizontally homogeneous conditions. With dimensional analysis, they proposed top-down
and bottom-up gradient functions to generalize the flux–gradient relationship in the
CBL. The flux–gradient relationship is the basis of CBL parameterization in large-scale
numerical models (e.g., Wyngaard 1984; Holtslag and Moeng 1991), and can be used
to estimate the surface and entrainment fluxes of scalars from profile measurements
(e.g., Davis 1992; Davis et al. 1994) or vice versa. For example, the CBL flux-gradient
relationship might play a useful role in constraining regional carbon dioxide fluxes via
mixing ratio measurements from towers, most of which are within the surface layer.
The gradient functions have been evaluated using large-eddy simulation (LES)
in the CBL. For example, Wyngaard and Brost (1984) and Moeng and Wyngaard
(1989) evaluated these functions for a horizontally homogeneous, canopy-free CBL,
and Patton et al. (2003) studied the influence of a 25-m tall forest canopy (leaf area
index (LAI) of 2) on top-down and bottom-up diffusion and re-evaluated the gradient functions in the presence of a plant canopy using a nested-grid LES model. These
gradient functions, however, have not been previously quantitatively evaluated by
observations due largely to the difficulty in obtaining mixing ratio profile measurements with sufficient instrumental precision and temporal averaging to discern small
mean gradients in the presence of large convective fluctuations in the CBL (Davis
1992). In this study, we present estimates of the gradient functions calculated from
well-calibrated measurements of carbon dioxide (CO2 ) mixing ratios and fluxes at
multiple levels on a very tall tower. The estimated functions are then compared with
LES results and implications are discussed. Section 2 describes the experimental site
and data. We use a bootstrap sampling method and solve linear equations involving
the two gradient functions at different levels in Sect. 3. Results are presented in Sect.
4, and the analyses in Sect. 5 suggest that the CBL gradient functions are dependent
not only on height but also on atmospheric stability and canopy features.

2 Experimental site and data
The 447-m tall communication tower (WLEF) (45.9◦ N, 90.3◦ W) is located about
15 km east of Park Falls, Wisconsin, USA. The region is relatively flat with mixed
evergreen and deciduous forests; canopy height is about 20 m and LAI is about 3.4
with a standard deviation of 1.8 estimated from a MODIS (Moderate Resolution
Imaging Spectroradiometer) product (Source: http://www.fsl.orst.edu/larse/bigfoot).
The WLEF tower is part of the National Oceanographic and Atmospheric Administration’s tall tower CO2 monitoring network (Bakwin et al. 1998).
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Vertical turbulent fluxes of momentum, sensible heat, latent heat, and CO2 are
measured with the eddy-covariance technique at three levels (30, 122, and 396 m
above the ground level) of the tower (Berger et al. 2001; Davis et al. 2003); CO2 mixing ratio data, traceable to World Meteorological Organisation primary standards,
are collected at six levels (11, 30, 76, 122, 244, and 396 m) (Bakwin et al. 1998; Davis
et al. 2003). The CO2 mixing ratio measurements are made with a single infrared gas
analyzer that samples air from multiple inlets using an automated switching mechanism (Bakwin et al. 1998), and which eliminates systematic errors due to instrumental
offset. Mixing ratio measurements were initiated in 1994, and flux measurements in
1995, and this long record of extended vertical profiles of CO2 fluxes and mixing
ratios is unique globally. A 915 MHz boundary-layer profiler radar was deployed in
the region in 1998 and 1999, and reflectivity profiles from the radar were used to derive
the mixed-layer depth (Angevine et al. 1994; Yi et al. 2001). Hourly-averaged CO2
turbulent fluxes, CO2 mixing ratio profiles, and CBL depth collected from May to
September in 1998 and 1999 are used in the following analyses because the radar data
are primarily available only during this period. The CBL depth ranges approximately
from 380 to 2000 m, with the CBL well developed under fair weather conditions
(Yi et al. 2001). Approximately 50% of the available data (477 h) were measured
under strongly unstable conditions (L/h > −0.1, where L is the Obukhov length, h is
the CBL depth) (Fig. 1). Approximately 22%, 21%, 30%, and 27% of the available
measurements were made with winds from the north-east (NE), south-east (NE),
south-west (SW), and north-west (NW) directions, respectively. Mean wind speeds
at the 396-m level of the tower were about 7, 10, 10, and 8 m s−1 for the four wind
directions, respectively, during these hours.
3 Theory and method
The top-down and bottom-up diffusion hypothesis is described in detail by Wyngaard and Brost (1984) and Wyngaard (1987). Wyngaard and Brost (1984) presented
a similarity hypothesis and proposed the following equation to describe the mean
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Fig. 1 Distribution of atmospheric stability (expressed as the ratio of L to h) under which the gradient
functions are fitted using data from 447 h. The frequency of data with L/h < −0.8 is about 4%. The
median value of L/h is −0.104. Diamond and plus signs indicate the L/h values of Patton et al. (2003)
LES experiments for with-canopy and no-canopy conditions, respectively
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(passive, conserved) scalar mixing ratio gradient as the sum of bottom-up and topdown components in the CBL,
 z  wc
 z  wc
∂C
0
h
= −gb
− gt
,
(1)
∂z
h hw∗
h hw∗
where C is the mean mixing ratio of the scalar, wc0 and wch are the turbulent scalar
surface and entrainment fluxes, respectively, z is the altitude above the surface, and gb
and gt are dimensionless bottom-up and top-down gradient functions of dimensionless
height within the CBL; w∗ is the convective velocity scale (= [gQs h/θ0 ]1/3 ), where
θ0 and Qs are the mean virtual potential temperature and heat flux at the surface,
respectively, and g is the gravitational acceleration. Three assumptions were made in
this scaling argument. Firstly, differential advection (in the vertical) is negligible. Secondly, the convective layer parameters (CBL depth, convective velocity scale, scalar
surface and entrainment fluxes) vary slowly compared to the convective turnover time
(h/w∗ ) (i.e., the quasi-steady state assumption). Finally, the boundary layer is highly
convective. Wyngaard and Brost (1984) argued that the above assumptions are not
restrictive in many applications. Davis (1992) explored the range of these assumptions
and found them to be fairly robust for daytime conditions.
We select the CBL depth (h) to scale the altitude. To use multi-level CO2 mixing
ratio measurements on the tall tower, we partition the entire CBL vertically into n
equal intervals; the dimensionless length of each interval is δ = 1/n, the dimensionless
altitudes of mesh points are Z0 = 0, Z1 = δ, Z2 = 2δ, . . .., Zn = nδ = 1, where Zi
(i: from 0 to n) is the ith mesh point, and Z0 and Zn are the dimensionless altitudes of
the surface and the mixed-layer top, respectively. The mean gradient functions Gb (i)
and Gt (i) over the ith interval from Zi = iδ to Zi+1 = Zi + δ are,

1 Zi +δ
(2)
gb (Z)dZ,
Gb (i) =
δ Zi
and,
Gt (i) =

1
δ



Zi +δ

Zi

gt (Z)dZ.

(3)

With (2) and (3), the mean mixing ratio difference at time t over a dimensionless altitude interval from Zj to Zk (j < k), therefore, can be expressed by integrating Eq. 1,


wch (t) Zk
wc (t) Zk
gb (Z) dZ −
gt (Z) dZ
C(Zk , t) − C(Zj , t) = − 0
w∗ (t) Zj
w∗ (t) Zj

wc (t) 
= − 0 δ Gb (j) + Gb (j + 1) + · · · + Gb (k − 1)
w∗ (t)
−


wch (t) 
δ Gt (j) + Gt (j + 1) + · · · + Gt (k − 1) .
w∗ (t)

(4)

Given measurements of (a) CO2 mixing ratio at different levels, (b) h, (c)w∗ , (d) scalar
surface fluxes, and (e) entrainment fluxes at various times, we obtain a set of linear
equations involving Gb and Gt . If the number of the equations is equal to or greater
than the number of unknowns (2n), Gb and Gt can possibly be estimated by directly
solving the linear equations or by fitting an optimal solution with the least-squares
method.
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To consider the impacts of the canopy, a displaced vertical coordinate, (z − d)/h,
is used, where d is the zero-plane displacement height for momentum; this coordinate is used for comparing our results to LES results of Patton et al. (2003). Under
convective conditions, CO2 fluxes at three levels of the tower are extrapolated to
the effective surface and top of the CBL with the assumption of a linear flux profile,
giving estimates of the surface and entrainment fluxes. The first, second, and third
quartiles of the magnitude of the ratio of the entrainment flux to surface flux are 0.84,
2, and 5.7, respectively, for the analyzed hours in this study. CO2 mixing ratio profile
data provide the mean mixing ratio differences between levels (i.e., left-hand side of
Eq. 4). The dimensionless heights of the CO2 mixing ratio measurements (scaled by
h(t)) are rounded to the closest mesh points (Zi ). The convective velocity scale,w∗ ,
is calculated based on the measurements of the virtual potential temperature and its
vertical flux at the 30-m level on the tower, and the CBL depth.

4 Results
The zero-plane displacement height and aerodynamic roughness length are 16 m and
0.9 m during the summer (June through August), respectively, estimated under nearly
neutral conditions by fitting measured wind speeds at 30 m and 122 m to the logarithmic wind profile. In the early and late growing season (May and September), the
two variables are 15 m and 0.6 m, respectively. The CO2 mixing ratio at the effective
surface level is estimated with a quadratic polynomial fit to CO2 mixing ratios from
the six levels. We calculate the differences (i.e., left-hand side of Eq. 4) in CO2 mixing
ratios between the effective surface level and other higher levels. The total number of
available linear equations (i.e., Eq. 4) is 1609. To estimate the uncertainty of the calculation, we adopt a bootstrap sampling method (Efron and Tibshirani 1993; Davison
and Hinkley 1997), where we randomly resample the equations with replacements
(from the 1609 equations) for 2000 times with each sample being the same size as
the original sample (i.e., 1609 equations). Then the optimal solutions for Gb and Gt
are estimated by minimizing the residual error of each re-sampled equation set in a
least-squares sense. The 90% confidence intervals are constructed by finding the 5th
and 95th percentiles of the solutions at each level for the bootstrapping equation sets.
The gradient functions are evaluated in the lower half of the CBL with δ = 0.04 and
in the whole CBL with δ = 0.1, respectively. The lower resolution is used for the latter
case since data are sparse in the upper part of the CBL.
Figure 2 presents the median values and 90% confidence intervals of the estimated
mean gradient functions over each interval (Gb and Gt , filled circles) varying with
dimensionless height. The results are plotted at the midpoint of each interval, i.e.,
Zi + 0.5δ. The median value of Gb is about 118 over the interval from the roughness
height (above the zero-plane displacement height) to 4% of the CBL depth, and
decreases rapidly with height. Gb is close to zero (Fig. 2a) when the effective altitude
(z − d) is higher than 20% of the CBL depth, suggesting a higher mixing efficiency. In
the lower half of the CBL, top-down transport is highly efficient (Gt is close to zero,
Fig. 2b). Gb tends to be negative at higher levels of the CBL, as suggested by Moeng
and Wyngaard (1989), but the results are very scattered. The variation of the functions
with height is qualitatively consistent with theoretical expectations (Wyngaard and
Brost 1984) and LES results (Wyngaard and Brost 1984; Moeng and Wyngaard 1989;
Patton et al. 2003).
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Fig. 2 The median, 5% and 95% percentiles of the mean bottom-up (a) and top-down (b) functions
over each interval derived from the tower data (filled circles). Black filled circles represent the results
in the lower half part of the mixed layer estimated using a resolution of δ = 0.04. Gray filled circles
represent results in the upper half of the mixed layer using a resolution of δ = 0.1. Results from LES
(Patton et al. 2003) are shown by triangles (with-canopy case) and squares (no-canopy case)

Assuming that the gradient functions are smoothly varying, we fit the results (Fig. 2)
using power-law functions as adopted in the literature. If we interpret the mean gradient functions (Gb and Gt ) as gb and gt functions at the altitude of the mid-point of
each interval, good fits of the gb and gt functions to the median values estimated from
the tower data at each level are


z − d −1.20
gb (z) = 1.06
,
(5)
h
and,


z − d −2.27
.
gt (z) = 0.12 1 −
h

(6)

The fitted functions suggest that transport from the mixed-layer top and bottom may
be asymmetric (Fig. 3). When (z − d)/h is smaller than 20%, gt (1 − (z − d)/h) is
greater than gb ((z − d)/h), suggesting that mixing is more efficient in the region near
the bottom than near the top of the mixed layer. When (z − d)/h is larger than 20%,
both gb ((z − d)/h) and gt (1 − (z − d)/h) functions are small (< 10), and gt is smaller
than gb . It should be pointed out here that the fitted expressions represent the gradient functions averaged over the stability range of the available observations for this
specific site during the growing season.

5 Comparisons and discussion
This section compares the estimated gradient functions from the tall-tower data with
those from two LES experiments reported in the literature. We also compare the
gradient functions derived from the tower data under different conditions.
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Fig. 3 gb (a) and gt (b) functions fitted to LES results and to tower data (solid lines). Fitted LES
results are shown by dashed lines (no-canopy case) and dotted line (with-canopy case) (Patton et al.
2003). The LES gt function for the no-canopy case is nearly same as that for the with-canopy case

5.1 Comparisons with the gradient functions estimated from two LES experiments
Patton et al. (2003) used a nested-grid capable LES model to evaluate the gradient
functions in a horizontally homogenous CBL for with-canopy and no-canopy conditions, respectively. The nested grid system was used to resolve small-scale turbulence
near the surface as well as the impacts of a 25-m tall plant canopy. Three passive and
conservative scalars were added to the LES model to evaluate differences in topdown and bottom-up diffusion processes. Two of the scalars were used to calculate
the gradient functions. One scalar represented pure top-down diffusion, which had
zero surface flux and its only source was through entrainment. The top-down gradient
function (gt ) was calculated from the distribution of the scalar. The other scalar had
both surface and entrainment-induced fluxes, and, therefore, represented combined
top-down and bottom-up diffusion. The entrainment contribution was removed using
the calculated gt and hence the gb function was calculated from the vertical distribution of the second scalar using Eq. 1. All statistics were averaged over the horizontal
plane and over about three large-eddy turnover times. The gradient functions were
estimated when the stability parameter, L/h,was equal to −0.056 for the with-canopy
condition, and −0.04 for the no-canopy condition.
We compare the mean gb and gt values over each interval calculated from the
tower data with those from the above two LES experiments (triangle and squares in
Fig. 2). LES results of Patton et al. (2003) suggest that the bottom-up gradient function with the presence of a canopy is significantly smaller through the region below
0.1(z − d)/h (Fig. 2a) than that without the canopy. Our results, however, show that
the estimated Gb function from tower data is intermediate and closer to the LES
results for the no-canopy case than for the with-canopy case. In the lower part of the
CBL, Gt values derived from LES and the tower data are not statistically significantly
different. The fitted gradient functions are compared in Fig. 3. The gb values derived
from the tower data lie between those derived from LES with and without the plant
canopy below 0.03h, while larger than both LES-derived gb values above 0.03h. The
gt values fitted from the tower data are smaller than those derived from both LES
experiments.
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5.2 Discussion
Patton et al. (2003) found that the gradient functions are dependent on canopy features and suggested that such dependence cannot be fully described by introducing
a zero-plane displacement height into the relations for the gradient functions. This
could be one of the reasons explaining the differences in the gradient functions evaluated from LES and from the tower data because canopy features in the tower area
(e.g., LAI = 3.4) are different from those in both LES experiments (LAI = 2 and 0),
though it is hard to explain why the larger LAI around the tower would yield Gb near
the surface between the LES results.
Patton et al. (2003) also suggested that the functions might depend on atmospheric
stability, which is reasonable given that the original discussion of the gradient functions
(Wyngaard and Brost 1984) was limited to strongly unstable conditions. Additional
factors that could influence our results are variations in canopy structure as a function
of wind direction, and errors in our measurements of the entrainment and surface
fluxes. We test theses factors by breaking down the available observations into appropriate groups. In each case, we limit our comparison to Gb values in the lowest interval
(near the surface) due to large error bounds in the higher levels.
We first compare strongly unstable condition (−0.1 < L/h < 0) to weakly unstable
conditions (L/h ≤ −0.1), and the gradient functions are recalculated using data from
each category. The Gb values in the lowest interval are about 125 ± 10 and 103 ± 12
(hereafter, the error bar represents one standard deviation of the estimated Gb ) for
the weakly and strongly unstable conditions, respectively. The former is slightly larger
than the latter (68% confidence). This comparison implies that the gradient functions
may vary not only with dimensionless height but also with atmospheric stability, lending support to the Patton et al. (2003) suggestion. The LES results were obtained
under strongly convective conditions, while the tower results in Fig. 2 were obtained
from all data available under unstable conditions (−1 < L/h < 0). Due to the limited
data and large uncertainty, we are unable to provide a modification that incorporates a
stability parameter into the current gradient function relations based on these results.
This stability dependence moves our results towards the with-canopy LES results, but
does not resolve the large discrepancy.
Surface heterogeneity may affect scalar transport and mixing in the CBL, and might
account in part for large scatter of the evaluated gradient functions. We evaluate the
functions using data from different wind directions to test for variability due to the
effects associated with surface heterogeneity. We break down the data into four groups
in which the wind direction is from the NE, SE, SW, and NW directions, respectively,
noting that wind direction and stability are not significantly correlated. The gradient
functions are recalculated for each data group. The Gb values in the lowest interval
are about 90 ± 9 and 122 ± 10 when the wind is from the NE or SE direction and from
the SW or NW direction, respectively. While this does suggest potential dependence
on surface conditions, the dependence of fluxes on wind direction at the site is weak
(Davis et al. 2003), and the differences in Gb between observations and the LES are
significant regardless of wind direction.
The entrainment flux is estimated from three-level flux measurements in the lower
CBL. To estimate the importance of the uncertainty in the entrainment flux, we break
down the data into two groups based on the ratio of the estimated entrainment flux
to surface flux and recalculate the functions. One group includes data when the magnitude of this ratio ≤ 2; approximately 50% of the data fall into this group. For these
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data, Gb in the lowest interval is about 102 ± 8. The other group includes data with
the magnitude of the ratio > 2, and where Gb in the lowest interval is 131 ± 10.
The different flux ratio groups have no significant dependence on wind direction and
stability. Given that the gradient functions for passive scalars are independent of the
surface and entrainment fluxes as originally proposed, the difference in Gb under
the different flux ratios may be mainly due to errors in the estimated entrainment
flux. The large flux ratio implies relatively small surface fluxes, thus perhaps poorer
constraint on the bottom-up gradient function.
Finally, LES-derived gradient functions near the surface are the most dependent
on the subgrid-scale flux parameterization that is still uncertain. This might also partly
account for the difference between results from LES data and from the tower data.
None of the sources of uncertainty or variability in our estimated Gb values that
we were able to assess can reconcile the discrepancy between LES results and the
tower-derived functions.

6 Concluding remarks
We use multi-level observations of CO2 mixing ratios and fluxes at the WLEF tower
to estimate the mean bottom-up and top-down gradient functions under convective
conditions. A bootstrap sampling method is used to evaluate the confidence intervals
for our estimates. Bottom-up mixing is much more efficient (Gb is much smaller)
above the surface layer than within the surface layer. In the lower part of the CBL,
the top-down function derived from the tower data is small. Newly fitted functions
are proposed by fitting the data under unstable conditions (−1 ≤ L/h < 0) for this
forested site during the growing season. The bottom-up function near the surface
estimated from the tower data falls between the LES results for no-canopy and withcanopy conditions, despite the LAI in the region of the tower being larger than either
LES scenario. We evaluate the dependence of the functions on atmospheric stability,
wind direction, and entrainment to surface flux ratio. We find significant differences
in each case, but none is large compared to the discrepancy between observed and
LES-derived Gb values in the lowest layer of the CBL. How to incorporate canopy
and stability effects into the gradient function relations requires further investigating
in order to make them applicable more widely. Comparisons between the LES and
tower-derived gradient functions in the mid-CBL are inconclusive since the gradient functions are very small and uncertainty in the values derived from the tower
data is large. Additional observations at this site and other tall towers would help to
reduce uncertainty in the gradient functions. Remote sensing (e.g. Doppler lidar and
differential absorption lidar) may provide another means to obtaining more conclusive observations, though height-dependent biases in the data would need to be very
small.
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