INFINITESIMAL LIOUVILLE DISTRIBUTIONS
FOR TEICHMULLER SPACE

DRAGOMIR SARIC

1. INTRODUCTION

This paper is part of a project which undertakes to study Teichmiiller spaces of
hyperbolic surfaces with infinite area using Liouville currents. Liouville currents
have been a useful tool in the theory of Teichmiiller spaces of hyperbolic surfaces
with finite area. They were introduced by Bonahon [6] to give a more natural
description of Thurston’s boundary to the Teichmiiller space of a finite surface.
Given a Liouville current, it is possible to recover almost all information on the
corresponding point in the Teichmiiller space. For instance, Otal [13] uses Liouville
currents to show that the marked length spectrum of a negatively curved surface
determines its metric up to isotopy.

While the results of Bonahon [6] offer a better understanding of the geometry of
Teichmiiller spaces of finite surfaces, they have yet to be extended to Teichmiiller
spaces of infinite surfaces. The straightforward application of Liouville currents to
infinite surfaces is not possible because Teichmiiller spaces of infinite-type surfaces
are infinite-dimensional.

In this paper, we analyze variations of Liouville currents as we vary points in
the Teichmiiller space. It turns out that derivatives of Liouville currents are Holder
distributions. In order to prove this we introduce a new topology on the space of
Holder distributions. When restricted to measures, the new topology is different
from the standard weak* topology used by Bonahon [6]. In a related paper [15],
the author uses the new topology to propose a Thurston-type boundary for the
Teichmiiller space of an infinite surface. The existence of such boundary is known
only for Teichmiiller spaces of finite surfaces [9].

Consider an infinite surface X, in other words X is a Riemann surface whose
universal covering X is conformally equivalent to the hyperbolic plane H2 and
which has infinite hyperbolic area. An important example is X = H2. A Liouville
current is a covering group invariant measure on the space G(X ) of geodesics in
the universal covering X. The Liouville map

L:T(X) — {measures on G(X)}
is defined by L : m — L,, where m € 7(X) and L, is the Liouville current
corresponding to the class of hyperbolic metrics m. The topology on the Teichmiiller

space 7 (X) comes from its structure as a complex Banach manifold. In the paper
[15], one of the key points was to identify a natural topology on the space of
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measures on GG (X' ) for which the Liouville map is a topological embedding. When X
is a finite surface, such a topology is the classical weak* topology, but its definition
is more elaborate for an infinite surface. The construction of the natural topology
on the space of measures on GG (X ) is directly inspired by the results of the current
paper.

We investigate the differentiability of the Liouville map L. The space of geodesics
G(X) is a topological object associated to 7(X). It has no differentiable structure,
but it has a preferred class of Hélder equivalent metrics. The class of metrics allows
us to define Holder continuous functions on G(X). The space of Holder distributions
H(X) is the dual to the space of Holder continuous functions with compact supports
in G(X). The space of all measures on G(X) embeds, via integration, into H(X).
The space H(X) consists of all Holder distributions in (X) which are invariant
under the covering group.

We introduce a topological vector space structure on H(X ). We fix one metric in
the preferred class of Holder equivalent metrics on G(X). For the fixed metric and
for the given v, 0 < v < 1, we introduce the space H* (X) of Holder distributions on
v-Hélder continuous functions with compact supports in G(X). The space H” (X)
is a Banach space for v-norm || - ||, given by

Wi, = sup  [W(p)
(p,Q)€test(v)
where W € H”(X) and test(v) is the space of v-test functions. By our definitions
H(X) = No<cy<1H(X) and consequently H(X) C H”(X) for each v, 0 < v < 1.
Thus, the space H(X) inherits the family of v-norms || - [|,,, 0 < v < 1, and H(X)
is incomplete for any | - ||,. However, if we endow H(X) with the topology coming
from the family of v-norms || - ||,,, 0 < v < 1, then H(X) is a Fréchet space. In other
words, ’H(X’ ) is a metrizable, complete topological vector space with a translation
invariant metric and with a convex local base. The space H(X) as a subspace of
H(X) is also a Fréchet space.
We show the differentiability of L in the Fréchet sense.

Theorem 1. The Liouwville map L : T(X) — H(X) has a tangent map at each

mo € T(X). Namely, there is a continuous linear map
TooL : Ty T (X) — H(X)

such that, if B: A — T(X) is a chart locally modelling T (X) on a Banach space

and if B(qo) = my, then

LoB(go+h)=LoB(q)+ Tm,LoTyB(h)+o(h)
with limp_q % = 0 in H(X). The tangent map varies continuously with mgy €
T(X).

In particular, if ¢ — my, t € (—¢,¢€), is a differentiable curve in 7(X) with the
tangent vector v € T,,,, 7 (X) at t = 0, and if ¢ is a Holder continuous function with
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compact support, then the derivative % fg( %) ©d Ly, |1=0 exists and it is equal to
Tono L(v). The Holder continuity of ¢ is here crucial.

We also establish an explicit formula for the tangent map 7,,,L. To do so, we fix
an identification (X, mg) = H2. Then G(X) & R x R — A where A is the diagonal
of R x R. We realize the tangent vector v € Tino T (X) by a Beltrami differential A
on (X,mg) = H2.

Theorem 2. If t — my, t € (—€,€), is a differentiable curve in T(X) with the
tangent vector v € Tp,, T(X) at t =0, and if ¢ : G(X) — R is a Holder continuous

function with compact support then

T L)) = G (9|, = ~2Fe [ MO[ [ e dedy] dean,

where ( = §+in and the vector v € Ty, T (X) is realized by the Beltrami differential
A on H? 22 (X, my).

For finite surfaces, Theorem 1 was proved by Bonahon and S6zen [8]. They also
gave a representation of the tangent map in terms of shear coordinates for 7 (X).
A key ingredient in their proof is a Poincaré series argument which does not extend
to infinite surfaces. We consequently have to develop new techniques to deal with
infinite surfaces. Our method has the advantage of simultaneously proving the
differentiability for all surfaces, finite and infinite. Also, our approach is coordinate
independent.

The paper is organized as follows. In section 2 we give necessary background
on Teichmiiller theory. In section 3 we introduce the space of Holder distributions
and give it a Fréchet space structure. In section 4 we define the Liouville map. In
section 5 we prove Theorem 1 and Theorem 2.

2. TEICHMULLER THEORY

Let X denote a Riemann surface with the universal covering X conformally
equivalent to the hyperbolic plane H?. A Riemann surface is of finite type if it is
compact, or if it is compact with finitely many points removed, and it is of infinite
type otherwise. The Teichmiiller theory is different in the finite and in the infinite
case. In the finite case the Teichmiiller space is finite-dimensional, and in the non-
finite case the Teichmiiller space is infinite-dimensional. Our methods work in both
cases.

We fix an isometric identification of the universal covering X with the hyperbolic
plane H2. The fundamental group 71(X) is then identified with a Fuchsian group
I, and the identification X 2 H? induces an isometry X = H?2 JT. The Teichmiiller
space T(X) of the Riemann surface X is the space of equivalence classes [f] of
quasiconformal maps f : H?> — H? such that fI'f~! = I'y is a Fuchsian group.
The boundary of the hyperbolic plane d,H? is identified with R = RU {o0}. Two
such maps fi and f; are equivalent if fi|g = © o f|g for some Mébius map ©. A
quasiconformal map f which conjugates I' to another Fuchsian group is said to be
I-invariant.
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A Beltrami differential p on an open set 0 C C is a measurable function on 2
with [|pt]|ee < 00. A Beltrami coefficient i on an open set 0 C C is a measurable
function on  with ||u]|e < 1. To any quasiconformal map f of H? is associated a
Beltrami coefficient p defined by the Beltrami equation fz = pf,. If f is I-invariant
then

W () L) —

for all v € I' and for all z € H?. Conversely, given a Beltrami coefficient ; which
satisfies (1), there exists a unique quasiconformal map f* : H? — H? which is onto,
and which satisfies the Beltrami equation with the given u, and which fixes 0, 1
and co. Such quasiconformal map f* conjugates I" onto another Fuchsian group
Isu. Any other quasiconformal map H? — H? with the same Beltrami coefficient
1 but which does not fix 0, 1 and oo differs from f* by postcomposition with a
Mobius map. More details on quasiconformal maps can be found in [1], [11] and
[12], among others.

Let M (T) be the space of all Beltrami coefficients on H? which satisfy (1). Solving
the Beltrami equation for each p € M(T') and taking the equivalence class of the
solution, we obtain a continuous map from M(T) onto 7 (X). The solution to the
Beltrami equation in the most general form was given by Ahlfors and Bers (see [3]
and [1]). For more on the Teichmiiller theory see, for example, [1], [11], [2], etc.

The Teichmiiller space 7 (X) is a complex Banach manifold. The manifold struc-
ture was given by Bers [5] in the following way.

The space B(T") of holomorphic quadratic differentials for T' consists of all holo-
morphic functions ¢ in the lower half plane H? which satisfy ¢ o 'y(z)vl (2)? = q(2)
for all z € H? and for all v € T, and define ||¢|[pr) = [¢(2)y*||c < oo where
y = Im(z).

Fix u € M(T). Define a Beltrami coefficient i on C by fi(z) = u(z) for z € H?
and fi(z) = 0 for z € H?. Solve the Beltrami equation for /i in C. The solution f,
which fixes 0, 1 and oo is conformal in the lower half plane H? because its Beltrami
coefficient is 0 on H? . We form the Schwarzian derivative of f,

11

fu (2) THON
(7))

L) 2\[f(2)

S(fu)(z) = qu(z) ==

for z € H2.

Bers defined map B~ : M(I') — B(T') by B~'(1) = g, and showed that
B~(11) = B~'(up) if and only if [f#1] = [f#*]. Thus B! factors through a map
B! from 7(X) to B(T'), which is an embedding onto an open bounded subset A
of B(T'). The map B! is consistent with a Banach manifold structure on 7 (X),
namely B~ is a single chart for 7(X).

Ahlfors and Weil defined a mapping from B(I") to Beltrami differentials on H?
which satisfy (1) by

(2) AW(q) = —2y%q(Z)

for ¢ € B(I'). Beltrami differentials A in the image of AW are called harmonic
Beltrami differentials. Note that

1
(3) lallz) = FlIAlle
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for A = AW(q). By (3), if [|¢| 5ry < & then AW(q) = A € M(T), in other words A
is a Beltrami coefficient on H? which satisfy (1). Ahlfors and Weil proved (see [4],
[1] or [11]) that

S(fx) =4q
for all ¢ with [|¢|| gry < 2 where A = AW(q). Thus the inverse image B of 7! on
the neighborhood {¢; ||¢||pry < 3} of 0 € B(T') is given by

(4) B(q) = [f*]

where A = AW(q).

To describe the tangent space of 7(X), we consider a one parameter family of
Beltrami coefficients p + tA € M(T'). The equivalence classes [f#+**] of the one
parameter family of solutions f**** to the Beltrami equations with coefficients
i+t gives a path in 7 (X). For a fixed z € C, the map f*+*(2) is differentiable
in t. Its derivative f*[)\|(z) := 4 futtX(2)|;—o represents a tangent vector at the
point [f#] € T(X).

A Beltrami differential A on f*(X) is a measurable function on H? with | A||ec <
oo which satisfies

(2)

Aoy (z)— =Xz

()55 =)

for all v € I'pu and for all z € H2 The space of tangent vectors at [f*] € T (X)
can be identified with the space of equivalence classes of Beltrami differentials on

fH#(H?) = H2. Two Beltrami differentials A\; and Ao are equivalent (A; ~ o) if
) = ) (2)

for all z € R. We denote by A/ ~ the equivalence class of a Beltrami differential \.
The image of the path [f#+**] in the chart B~! is a differentiable path through
the point B~'([f*]) = q,. The tangent vector at g, to the path B~1([f*T}]) is
a holomorphic quadratic differential ql’) € B(T) and it maps to the tangent vector
A/ ~ at [f*] under the tangent map Ty, B.
By (2) and (4) we get

=2

B(tq) = [f*"]
for A = AW(q). Thus the tangent map Tp8 at the base point 0 € B(T') is given by

(5) ToB(q) = AW(q)/ ~

for ¢ € B(T").
Any K-quasiconformal mapping f of C is %—Hélder continuous, i.e.

(6) k(f(21), f(22)) < Clk(z1, 22)] %

for every 21,29 € ((AI, where C' is a constant and k is a Riemannian metric on the
sphere C. We say that a family of K-quasiconformal maps is uniformly Hélder
continuous if (6) holds for all mappings in the family with the fixed constant
C > 0 and with the fixed metric k. There is a useful criteria for a family of
K-quasiconformal mappings to be uniformly Holder continuous. Namely, a family
of K-quasiconformal mappings is uniformly Holder continuous if and only if there
exist three points 2y, 2, 23 € C and constant Cy > 0 such that E(f(z), f(z)) > Ch
for all mappings f in the family (see [12]).
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3. HOLDER DISTRIBUTIONS

We define an angle metric on the boundary 9. X = R of the universal cover
X =~ H2. Fix a base point Z; € X. The angle distance between bl, bg € 0o X~R
is the angle at 21 between the hyperbolic geodesic rays connecting =1 to by and by.

In general, given any set M with two metrics p; and ps on it, we say that p; is
Holder equivalent to po if there exists C' > 0 and v, 0 < v < 1, such that

ém(w y)v < po(z,y) < Cpi(a,y)”

for all z,y € M. If v =1 in the above inequality, then we say that p; is Lipschitz
equivalent to po.

The angle metric on the boundary Do X depends on the choice of Z; € X.
Two different choices give Lipschitz equivalent metrics. But this is not the end of
ambiguities. Since we are interested in the Teichmiiller space 7 (X) we also change
the hyperbolic metric on X such that the identity map on X is quasiconformal.
We can identify boundaries of universal coverings for different hyperbolic metrics
my and mo, 800()2,7711) & 000()27m2) = R. The identifying map is Holder bi-
continuous with respect to the angle metrics for different hyperbolic metrics. This
follows from the fact that quasiconformal maps of H? extend to quasisymmetric
maps of R. Both classes of maps are Holder continuous (see [1] or [12]). For this
reason, we consider X 2 H? with class of metrics on da (X) 22 0o H? = R which are
Holder equivalent to the standard angle metric, where the standard angle metric
on R is the one corresponding to the choice of base point i € H2.

By the above identifications, the space of oriented geodesics G( ) in X is iden-
tified with R x R — A = G(H?). Let d be the product metric on R xR— A coming
from the standard angle metric on R. We consider the class of all metrics d; which
are Holder equivalent to d, i.e. for each d; there exists C' > 0 and v, 0 < v < 1,
such that

%dl((x’y)v (Qfl,yl))%’ < d((x,y), (xhyl)) < Odl((x7y)’ (Ilayl))y

for all (z,9), (z1,51) E R xR — A,
A function ¢ : G(X) — R is Holder continuous with respect to metric d if there
exists C > 0 and v, 0 < v < 1, such that

oz, y) — ez, y1)] < Cd((@,y), (x1,1))"

for all (z,vy), (z1,y1) € G(X') If we want to specify the Holder exponent of ¢ then
we say that ¢ is v-Holder continuous function.

For the standard metric d in the above class, we consider the space H (X) of all
Hélder continuous functions ¢ : G(X ) — R with compact support. Since in our
class of metrics any other metric d; is Holder equivalent to d, it follows that any
¢ € H(X) is also Holder continuous for any d; in our class. Thus the space H(X)
is an invariant for the above class of metrics. The idea of considering such space
and linear functionals on it is due to Bonahon [7].
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We fix the standard metric d. If ¢ is a v-Hélder continuous function with compact
support, then the v-norm of ¢ is given by

el = max{max|eo((z, y))l

)

sup  |o(x,y) — (@1, y1)ld((z,y), (z1,91)) "}
(z,9)#(z1,91)

where (z,9), (z1,51) € R x R — A.
The set test(v) consists of all pairs (p, Q) where

Q = [a7b] X [C7d]
with

(a—c)(b—d) _

(a—d)(b—rc)

and ¢ is a v-Holder continuous function with respect to d whose support is in @
such that

lpoOqll, <1,

where ©¢ is a Mobius transformation which maps —2, —1, 1 and 2 onto a, b, ¢

and d, respectively. Note that the existence of such ©¢ follows from the condition

(a=c)(b—d) _ 2.
(a—d)(b—c) .

We are ready to define our main object H(X) and a family of v-norms on it
using test(v). The set H(X) consists of all real linear functionals W on the vector
space H(X) such that SUP(, 0)etest(v) IW ()| < oo for each v with 0 < v < 1.

Further, the set H(X) consists of all T-invariant W € H(X), namely W (po~y) =

W(ep) for all v € I and for all ¢ € H(X). }
We fix v and denote by H”(X) the vector space of all functions in H(X) which
are v-Holder continuous. The space H”(X) consists of all real linear functionals

W on H”(X) such that sup(,, oyetest(v) [W(¥)| < 00. We introduce the v-norm on
HY(X) by
(7) W, = sup  [W(p)|

(p,Q)€etest(v)

for W € H”(X). The v-norm is a norm on H”(X) because any ¢ € H”(X) can be
written as a finite linear combination of functions in test(v). It is not hard to see
that H”(X) is a Banach space for the v-norm.

The space H”(X) consists of all functionals in H* (X) which are I-invariant and
H”(X) is also a Banach space for the v-norm.

Assume v > v. Any v/ -Hélder continuous function with compact support is v-
Holder continuous. Thus we have the inclusion H” (X) c H*(X). Forp € /3 (X),
we get

(8) el < D el

where D is the diameter of the support of ¢.
If (¢, Q) € test(v') then the diameter of the support of ¢ o O is % and by (8)

(9) test(v') C (;r)y,_ytest(l/).
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Thus all linear functionals W € H*(X) restrict to functionals in i (X). Using
convolutions it is easy to show that H” (X) is dense in H”(X) for the v-norm.
Consequently, the map H”(X) — H” (X) obtained by the restriction of W &

’

H”(X) to its action on H” (X) is one to one. We get the inclusion H*(X) C
MY (X). Then H(X) = Noey<1H*(X) and H(X) = Noep<iHY (X).

The restriction of W € H(X) to the space H”(X) gives inclusion H(X) C
H”(X). By the existence of this inclusion, the space H(X) has the v-norm on it.
The topology on H(f( ) is the coarsest topology which makes v-norms, 0 < v < 1,
continuous. The vector space ’H(f( ) is a complete topological vector space for this
topology. The topology on H(X) is the subspace topology with respect to H(X)
and H(X) is a complete topological vector space.

By (9), for " > v, we conclude that

—v +v
(W e HXRIWI, <k > W en: Wl < (5) o

Thus, the family of %-norms7 for n =1,2,3,..., gives the same topology on H(X)
as the family of all v-norms with 0 < v < 1. This implies that H(X) is metrizable,
complete topological vector space. Further, the v-norms give convex local basis.
Thus H(X) is a Fréchet space (see [14]).

A positive Radon measure a on G(X) defines a real linear functional on H(X).
For ¢ € H(X), we set a(p) = fG()?) pda. We say that a measure « is bounded
if supa(fa,b] x [¢,d]) < oo where the supremum is over all [a,b] X [c,d] with

% = 2. If a is bounded then a € H(X). In this case
lfly < sup a(fa, 8] x [¢, d])

where the supremum is over all [a,b] X [¢, d] with % = 2. If, in addition, o
is [-invariant then o € H(X).

4. THE LIOUVILLE MAP

For [f] € T(X), we define the Liouville measure of [a, b] X [c,d] as

@) = SO — £(d)
L e bl Levdl) = log {0y = Fay) (70) = 70

By continuity, we can set Lis({a} x [c,d]) = Lis([a,b] x {c}) = 0. The quantity

—-f
—f

— =

a
a

Lif) can be extended to a positive Radon measure on G(f( ). To see this, we recall
that an elementary computation (see Bonahon [6]) gives

dxdy
Ly (la,b] x [e,d :/ —
[d]([ > le-d) [a,b] X [c,d] (x —y)?

We define the extension of Li;q to be the measure with the density (jf‘ng. Since
Lig)([a, 0] x [¢,d]) = Lya ([f (a), f(B)] % [f(c), f(d)]) we define
dxdy
L A:/ dwdy
[f]( ) ) (z —y)2

for any Borel set A € G(X).
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Further, the measure Ly is bounded because f is quasiconformal (see [1] or
[12]), and it is I-invariant because f is I-invariant. We define the Liouville map

L:T(X)— H(X)

by
L([f]) = Lyp.
Recall that the cross-ratio of a quadruple (a, b, ¢, d) of points in Ris given by
(a—c)(b—d)
b,c,d) = —————=.
er(abed) = o —0)

Note that, for the base point [id] of 7(X), Li;q) is the logarithm of the cross-ratio.

5. DIFFERENTIABILITY

The Liouville map L : T(X) — H(X) maps the possibly infinite-dimensional
Banach manifold 7 (X) to the topological vector space H(X), equipped with the
family of v-norms (7) for 0 < v < 1. For a fixed v, we consider the Banach
space H"(X), which contains H(X), and we use the same letter L to denote the
extension L : T(X) — HY(X). We consider the differentiability of L for each v
with 0 <v < 1.

As we noted in Section 2, the Bers map B : A — T(X), where A is a bounded
neighborhood of 0 in B(T"), gives a global chart for 7(X). We want to construct
a linear map Tj L : T 7T (X) — H”(X) such that, if ¢ = B~!([f]) € A, the map
Ty LoT,B: B(I') — H"(X) is continuous and

LoB —LoB(q) —TinLoT,B(qg1 — q)
(10) i 10 Blar) — LoBlg) — TipyL o TyBlas — gl
n—a g — Q||B(F)
We begin with the following:
Special Case: [f] = [id]

Let [f'}] be a variation at [id], where \ is a harmonic Beltrami differential. Let
a; = L([f*]). To prove the special case, it suffices to prove that Tiiq L is linear,
and Tj;q L o ToB is continuous, and

LoB(q) — LoB(0)—TygL oToB(q)|.
- Lo Bla) ~ Lo B(O) ~ Tag L o TyB(a)]
a—0 lall )

By (3) and by (5), to show that Tj;qL o ToB3 is continuous it is enough to show
that
(12) [T LA~ < CllAlos
for fixed constant C' and for any harmonic Beltrami differential \.

Let ¢;» = B71(t\) with A harmonic. Since A is harmonic, ¢\ is harmonic and
consequently, AW (q;x) = tA. Then ToB(q:x) = tA/ ~ by (5). By (3) and above we
get
(13) [tAlloo = 2llgell B(r)-

We replace ||g:a||gry with [t] - [l in (11). By the definition of map L, by (13)

and by (5), to show (11) it suffices to show that

[ eday — [ @dag — tTig LN/ ~) (@)
tIAlloo

=0.

=0.

(14) lim sup
t—0 p€Etest(v)

=0
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uniformly in A as long as ||A||« is bounded.
To begin, we prove the differentiability of [ ¢day in ¢.

Lemma 5.1. Let [f**] € T(X) be a variation at [id], where \ is a harmonic Bel-

trami differential. Let oy = L([f*]). Then there is a W € H"(X) such that

d
5 [ edadica =W(e)

for all (p, Q) € test(v).
Proof. Fix (p, Q) € test(v). Let ©; be the Mobius mapping such that ©,0 f* 00

fixes 0, 1 and oo.

On [-2,—1] x [1, 2] the standard metric d; is Lipschitz equivalent to the metric
in which the distance between (z,y) and (z1, 1) is equal to max{|z —z1|, |y —y1|}.
Thus, in our arguments, we can replace d with such.

We remind the reader that f* stands for the unique quasiconformal map H? —
H? with Beltrami coefficient ;1 and which fixes 0, 1 and oco. If we replace f** with
0, o f* 0 ©¢ the Beltrami coefficient of ©; o f** 0 O¢ is tA’, where A (¢) := Ao

©0(C) 99 for ¢ € H2 by the chain rule. Then |[A]oo = ||A'[|oc and ©40 f 00 =

05 (<)
f“‘, by uniqueness of the solution to the Beltrami equation.
Let us divide [-2, —1] into 2" equal size intervals [a;_1, a;], fori = 1,2,3,...,2™.
Namely ayg = —2, agn = —1 and a; = —2 + # Divide [1,2] into 2™ equal size
intervals [cj_1,¢;], for j =1,2,3,...,2". Here cp =1, con =2 and ¢; = 1 + 2]7

This defines 4™ boxes E;; = [a;—1,a;] X [¢j—1,¢;] for 4,5 = 1,2,3,...,2". The
union of all the E; ; is equal to [—2, —1] x [1,2], and each pairwise intersection of
two E; ; either is empty or is {a;} X [¢j_1,¢;] or is [a;—1,a;] X {¢;}. In particular,
the intersection of two distinct F; ; has zero mass for the Liouville measure L[ FN
Define a step function approximation (¢,,Q) to the function (¢, @) by setting
©n 009 = 2223:1 PijXE; ;> Where p;j = (p 0 ©q)(zs,y;) for an arbitrary geodesic
(xi,y;) € E;j, and where XE; ; denotes the characteristic function of E; ;. Note
that o, is not defined on a set of measure zero (the pairwise intersections of the
E; ;), which is not important for the integration. Let the measure 8, = (0g). (o)
be the pull back of a; by ©¢. Then by change of variable we get [ ¢day— [ ppday =
J¢00qdB; — [ noOqdB;. )
We want to prove that 4 [odoy exists. Recall that the derivative 4 f* (2)

exists, for ¢ such that |[t\'||o < 1 and for each fixed z € C. By the definition of 3,
and by the invariance of the cross ratio with respect to Mobius transformations,

[P (aim1) = S (o)™ (@) = £ ()]
[P (i) = 2 (eI (o) = £ (1))

Thus the derivative 4 3;(E; ;) exists because 3;(E; ;) is the composition of differ-
entiable functions. Consequently, each [ ¢,da; is differentiable and

B(E; ;) = log

d o d
% pndoy = Z pz‘,j%ﬁt(EiJ)'

4,J=1
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We form the series

/goldat —i—Z |:/§0n+1dat —/cpndat}
n=1

and note that its n-th partial sum is f pnday. Using the above change of variable
and the fact that ¢ is v-Holder continuous we obtain

‘/godat—/gondat <
on

(15) Y. sup poOq(w,y) - pislBi(Ei,) <
i,j=1 (z,y)EE; ;

1 1
Wﬁt([_z, _].] X [1,2]) = Wat([aqb] X [C7 d})
Thus [ ¢, da; converges to [ pda; as n — oco. By a familiar theorem from calculus,
to show that % f wdag|i=o exists it is enough to show that the series

d d
(16) pn <p1dat—|—z [dt/¢n+1dat T /gpndat]

converges uniformly for ¢ in a small neighborhood of 0. )
For this purpose we use the infinitesimal Teichmiiller theory. Define f#[\|(z) =
4 frt (2)]—o and fIN](2) = 4 f*(2)]1=0. We recall a formula of Ahlfors [2]

(17) FU = fIL A o f
where )
() -1
By — z iz
EN= D17 0
From Wolpert’s formula [16] for the variation of the cross ratio we get
d
20t (Big)le=0 =

(18)

2p. (@i —ai)(¢j1 = ¢;)
_ /H M e ) — g€ —e) “

where ¢ = £ + .
Let af = f** (a;) and ¢ = f (¢;). By (17) and (18) we get
d
L BB ) =
dtﬁt( 'Lv])
2 (af_y —a})(ch 1 - C;)

— “Re iy i
re [ 1 MO e @ =)

We estimate |% [ pnsrday — % [ pnday|. By (19) and by the definition of ¢, we
get

(19)

d&dn.

%/(pndat = —%Re/}le Lt)‘l)\/(()x
(20) 2" t t\( At t
pij(a;_y — a; )(CJ 1 Cj)
déd
2 (€ —ai_)(C—af)(C —c_1)(C—cj) s

4,5=1
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To obtain ¢,41 from ¢, we divide each of the intervals [a;_1,a;] and [¢;_1,¢;]
into two equal subintervals. For the convenience of the notation we write F; ; =
Ut 1 Bik,jk where Eip jx = [ag—1)k; @ik] X [¢(j—1)ks k) and where a;, equals a; or
a;—1 or the midpoint of [a;_1,a,] and, similarly for ¢;,. We fix (zir,yjx) € Eik,jk

and define Dik,jk = @(%’k’ yjk)- Then ¢, 410 @Q = Zm‘=1 Zi:l Pik,jkXE;k ji+

Since ¢ is v-Holder continuous we get |p; ; — pik,ji| < 7207 = 4%721, . Then by (20)
we get
d d 4n r
a _a < A
’dt/wndat dt/ganﬂdat <= 1L A oo X
(21) meve {|(afy yy, — aly) (el uy — )l x

maX{/ 1 :lﬁdﬁ t i }
.5,k H2 |C_ a(ifl)kHC _aikHC _C(',l)kHC - jk‘

J

For t small, the family f”‘l has constant of quasiconformality close to 1. Also the
family f** fixes 0, 1 and oo by the definition. Thus the family f** is uniformly
Holder continuous with the Holder exponent w close to 1. Then

Ci

(22) |a€i—1)k - a?kHCEj—l)k - C;k| < Anw
for fixed constant C7.

By an elementary integration (see Gardiner-Lakic [11, section 3.4]) we get

dédn
< Cy 4+ Csn
/]H[2 |C - afi_l)kHC - afk”c - Cl(tj_l)kHC - c§k|

for fixed constants Cy and C3. In more details, we divide the domain of the inte-
gration H? into four sets: A; = {¢ € H%|¢| > R}, A> = {¢ € H%|¢ — al,| < 1},
Az = {¢ € H?; |§—c§k| <1} and Ay = H?—(A;UA3UA3), for R large. The integral
over Aj is of the order of R~2. After using the substitution (afk—afi_l)k)z = (—aly,
the integral over As becomes

/ dxdy
oS o —— |2(z = 1)|”

ot
k= 1)k

(23)

Using the uniform Hélder continuity of the family f** , the above integral is less
that or equal to Cy + Csn. A similar inequality holds for the integral over As. The
integral over Ay is of the order of R?. For fixed R > 0, we get (23).

We choose ¢ small enough such that § +w —1 > 0. By (21), (22) and (23) we
get

= d d N = n
S i [ o= G [onnatad < QLN 1 3 i

n=1
for fixed constant C' > 0. It follows that the series (16) converges uniformly and
absolutely for small ¢, and its sum is bounded by a constant independent of (50, Q) €

test(v). Thus the derivative & [ pdoy|i—o =: W(p) exists and W € H”(X). Be-
cause «ay is I-invariant, it follows that W is I'-invariant. Thus W € H¥(X). O

In the following Lemma, we keep the notation W(p) = 4 [ odoy|i—o, and A
denotes a harmonic Beltrami differential.
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Lemma 5.2. The map Tj;q7T (X) — HY(X) defined by Ti;q L(N/ ~) = W is linear
and continuous. Further,

[ eday — [ edag — tW (p)

=0
tIM oo

(25) lim sup
t—=0 petest(v)

uniformly in X as long as ||| s bounded.
Proof. In the inequality (24), we put ¢ = 0 to obtain

Tiag) LV ~) (@) = W ()] < Cl|Alloo

for fixed constant C' > 0 and for all (p, Q) € test(v). Thus Tj;q L is bounded.
The Liouville map L can be approximated by a sequence of maps L,, given by

La([f))(p) = / nda

where @ = L([f]) and (p,, Q) is a step function approximation to (p,Q) as in
Lemma 5.1. Then the maps L, are differentiable maps of 7 (X) into H"(X).
The tangent map Tj;q L is linear, because it is the limit of linear maps T;q) Ly,
Again, by the same theorem from calculus as in Lemma 5.1, to show (25) it
is enough to note that the series (16) in Lemma 5.1 when divided by |[A||cc con-
verges uniformly in A and ¢ for ||A||o bounded and ¢ in a small neighborhood of 0
independently of (¢, Q) € test(v). That is easily seen from the inequality (24). O

This concludes the proof that L is differentiable at the point [id].

General Case:
Let oy = L([f***]), where [f***}] is a variation at [f*]. Following Ahlfors [2],
we write
fu+tA — fp(t) o fH
where p(t) = {%(&—5)2} o (fM)~1. Let a, = L([f*®V]) = Lo} Then
(f")se; = ap where (f*),op(A) = a,(f*(A)) for any Borel set A ¢ G(X). It

follows that
/@dat :/sw(f“)’lda;

for (¢, Q) € test(v). Let Q = [a,b] x[e, d] with cr(a, b, ¢, d) = 2. The quasiconformal

~

map f* maps any four points on R with the cross ratio 2 onto four points with
the cross ratio k; bounded from above by constant k£ > 2 and bounded from below
by 1+ % The constant k& depends only on the quasiconformal constant of f* (see
[12]). Then the function ¢ o (f#)~! has its support in f*(Q) = [f*(a), f*(b)] x
[f*(c), f*(d)] such that

1+% <ecr(f"(a), fH(b), f*(c), f(d)) < k.

Denote by O, the Mdébius mapping which maps [~ki, —1] x [1,k1] onto f*(Q)
where 1 < k1 < k. Then (©g)~" o (f#)~" 0 ©f maps —ki, —1, 1 and k; onto
—2, —1, 1 and 2, respectively. As we vary over all Q = [a,b] x [¢,d] in G(X) with
cr(a,b,c,d) = 2, we obtain a family of quasiconformal maps (©g) o (f*)™ o 05
The constant of quasiconformality is bounded for the whole family because it is
equal to the constant of quasiconformality for f#. The family is normalized to
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map —1, 1 and k; onto —1, 1 and 2, respectively, where k1 > 1 is bounded away
from 1 and co. The boundedness of k; follows from the condition cr(a, b, c,d) = 2
and the fact that f# is quasiconformal. The family {(©¢g) " o (f#)™' 0 ©{;Q =
[a,b] X [¢,d] with er(a,b,c,d) = 2} is uniformly Holder continuous with the Hélder
exponent vy (see [12]). Therefore,

le o (F)7 0Ol < llp o Oqllull(©g) ™ o (f*) ™ 0 OF]I7, -
By the above inequality ¢ o (f#)~! 0 ©f is vv;-Holder continuous with

lp o (f) 7" 0Oy < C

where C'= maxq [|(©q) ™" o (f*) "' 0 O4]|7, -

We define test*(v) to be the set of all (¢ o (f*)~1, fA(Q)) with (¢, Q) € test(v).
Note that the arguments in the Special Case [f] = [id] are still valid if we replace
test(v) by test*(v). It follows that L is differentiable at any [f#] if it is differentiable
at the base point [id] of 7(X). Thus general case is proved.

Remark 5.1. We point out one surprising feature of our result. A quotient space of
Zygmund bounded functions is the tangent to the Teichmiiller space. The space of
Zygmund bounded functions is a subset of the space of Holder continuous functions.
In general, the dual of a subset contains the dual of a set. Thus, it would be expected
that in order to describe the tangent space to the Teichmiiller space we need the
space of Zygmund distributions which contains the space of Holder distributions.
However, we showed that it is enough to consider Holder distributions.

We can use estimates and techniques of Lemmas 5.1 and 5.2 to obtain an explicit
expression for the tangent map T};q L at the base point [id] of 7(X).

Lemma 5.3. The tangent map T, L : T, (T (X)) — HY(X) at the base point [id] is
given by the formula

Tia) LA ~)(p) =

2 o(r,y)
~ e /]HI M) [/c(m (€ —x)%(¢ —y)? dady dicn

where X is a Beltrami differential representing a tangent vector at [id], where
(¢,Q) € test(v), where ¢ = £ +in € H? and where (z,y) € G(H?) = RxR—A.
Proof. Let E; ; = [ai—1,a;] X [¢j—1, ¢;] be a subset of [—2, —1] x [1,2] as in Lemma
5.1. Note that
(27) / dxdy _ (ai—1 —a;)(cj—1 — ¢;) .

B, C=2)2(C—y)?  ((—aim)((—a)(C —¢-1)(C —¢j)

Then the expression under the integral in (20), for ¢ = 0, can be written as

4 n 00 (xvy)
A w—Qd dy =: g,(0).
(28) ©) [—2,—1]x[1,2] (C—2)%(¢ —y)? e 9a(0)

(26)

Further, the series

[t @tacan+ 3 [ lania(€) = n©lacn
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converges by the proof of Lemma 5.1. In more details, the right hand side of (21)
is greater than [i, [gn+1(¢) — gn(¢)|dédn. By the sequence of inequalities that lead
to (24) we get that the right hand side of (21) is less than the right hand side of
(24). Thus the convergence of the above series follows.

The convergence of the above series implies the convergence of the series |g1 (¢)|+
5% 1 gs1(C) — gn()] in ae. sense. The sum §(C) = [g1(C)] + 3202, lgns1(C) —
gn(Q)] is an integrable function and |g,(¢)] < g(¢) for all n and almost all {. Note
that g, ({) converges to

/ poOq(z,y)
NG / P2 drdy
[—2,—-1]x[1,2] (C—2)*(¢C —y)?
in a.e. sense. By the Lebesgue’s dominated convergence theorem we get that

Jigz 9n(Q)dédn — [112 g(¢)dEdn as n — oc.
We define

(ai-1 —ai)(cj—1 —¢))

(€ —ai1)(¢ —ai)(C—cj—1)(C —¢j)

K(C?%‘—han(}j—hcj) =

Wolpert [17] noticed that
K(¢ai-1,ai,¢j—1,¢j) = K(O((); O(a;-1),

L N2
6(a:), 0(c;-1)0(c;)) (6'(€))
for any Mdbius transformation ©. Then by (29) and by the definition of X', we get

- n(Oq(z,1)) ’
gy 9 U{zuxu,z} B 6o @i6a0—Baw ]
% ANO())|OL(C) -

Note that the integral in (30) does not change if we integrate over G(X) because
©n 0 O has its support in [-2, —1] x [1,2]. By a substitution of variable (z ,y) =
©¢(z,y) in the integral in (30) and above we get

(29)

_ ‘Pn(xlvy/)
(31) 9 (¢) ‘{/m 000 — 2 ]00(0) ]
< A(©0(0)OL ()P

To obtain(26), by (31) it is enough to do a change of variable ¢ = ©¢(¢) in the
integral —%Re ng 9gn(¢)d€dn and let n — co. O

dmldy/} X

Remark 5.2. In the integral formula (26) the change of the order of integration is
not allowed. The double integral would diverge. We also note that the proof of the
convergence of (26) strongly depends on the fact that ¢ is Holder continuous. The
double integral in (26) does not converge if we replace ¢ by an arbitrary continuous
function with compact support. Thus the image of the tangent map 7};4 L does not

contain measures on G(X).

Remark 5.3. Gardiner [10] defines a map from the Beltrami differentials to the
space of distributions on G(f( ). The image of the map consists of absolutely con-
tinuous measures to the Euclidean measure dzdy on G(X) = R x R — diag. The
formulas (20) and (21) in [10] are similar to the formula in Lemma 5.3, but the



16 DRAGOMIR SARIC

space of test functions in [10] consists of only smooth functions. In the same pa-
per, it is described the process of inverting the map using the Bers’s reproducing
formula [5]. We note that similar process would give the inverse of Tj;q) L.

Using the change of the base point of 7(X) as in the discussion of the differen-
tiability in the General Case, we give the tangent map at any point [f#] € T (X).
Let [} be a variation at [f#]. Then L") is a Beltrami differential on f*(X).

Proposition 5.1. The tangent map T.L : T.7T(X) — HY(X) at the point [f*] is

given by the formula

Tipu L(LHN) ~)(p) =

2pe [ o (") )
Jre [ A“)[/Gm = oie = pyriods]dsdn

We establish the continuity of Tjs. L on the Teichmiiller space 7 (X).

Lemma 5.4. The tangent map T.L : T.7T (X) — HY(X) wvaries continuously with
/] € T(X).

Proof. By the discussion in the General Case, it is enough to show that T} L varies
continuously at [id].

Let A be a harmonic Beltrami differential. We consider variations [f'*] and
[f#+tA] at [id] and at [f*], respectively. The tangent vectors to these variations are
A/ ~ and L*X/ ~ at [id] and at [f*], respectively. The tangent vector L*\/ ~ is
the parallel translation of A/ ~ on T.7 (X'). To prove that T} L varies continuously
at [id] it is enough to prove that ||Tj;q L(A/ ~) = Tipu L(L* A/ ~)||, is small for [f#]
close to [id] independently of A/ ~ as long as ||A]|« is bounded.

Let (p,Q) € test(v). Given n, define (p,,Q) € test(v) to be the step func-
tion approximation to (¢, Q) as in the proof of Lemma 5.1. Let a; = L([f*}])
and let of = L([f*T*}]). Define 8; = (0¢g)«(ay) and Bi' = (0g).(c}’). Then
Jpday = [poBOgdB and [@day = [¢ o OgdBl. In the proof of Lemma 5.1
we showed that 4 [¢,day — <4 [@doy as n — oo uniformly in ¢ and inde-
pendently of (¢, Q) € test(v). By the discussion in the General Case it is true
that 4 [p,da) — 4 [@dal as n — oo uniformly in ¢t and independently of
(p, Q) € test(v).

In Lemma 5.2 we defined L, ([f])(¢) = [ ¢nda where o = L([f]). By the above

convergence,
Tiiag Ln (M) ~) () = T LA ~)(¢)
and

Tiguy Ln(L*N) ~) () = Tipu L(LEA/ ~) ()
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as n — oo independently of (¢, Q) € test(v). By above and by the triangle inequal-
ity we get

Tl LV ~)(9) = Ty LA ~)(9)| <
[T LOV ~)(9) = T LV ~)(0)| +
[T LV ~)(9) = Tipm L LA/ ~)(@)|

Ty La(LA ~)(9) = T LILA ~)(0)]

(32)

+

To prove the lemma it is enough to show that for any n there exists a neighborhood
of [id] in T (X) which depends on n such that for [f#] in this neighborhood

(33) [ Tia Ln(V ~)(@) = Tip Ln(L#A) ~)(9)

is small. To show that (33) can be made arbitrary small we estimate

(34) ‘%ﬁt(Ei,j)h:o - %ﬁf(ﬂ‘,j)h:o‘
where E; ; = [a;—1, ai] X [¢j—1,¢;] are defined in Lemma 5.1. Note that
%ﬂt(Ei,j”t:O = f[)\](a;:f : fj[i\}l(cjl) _
fN(ai-1) = fN(e)) N FIN(@:) = fIN(ey)  FIN(ai) = fIN(ej-1)
and
Aoy M@y = Py (@) = f )
i Pl = e T e fHa) — ey
N FUIN@) = FN(e) (@) = FAN(ei-1)
fr(ai) — fr(cj) fr(ai) = frej—1)

To estimate (34) we estimate

fN(aim1) = fIN(e—1)  fPN(aim1) = fAA(eioa)
a;—1 — Cj_1 fr(ai—1) — fr(cj-1)

and other three corresponding differences in the expressions for
4 3,(E; j)|t=0 and 4 B4 (E; ;)|i—o. Since f#H is an analytic function of y and A
it follows that |f[\](ai_1) — f*[N(a;_1)| is small for |[u] s small. For the same
reason |a;—1 — f*(a;—1)| is small for ||p4]|co small. Thus (35) can be made arbitrary
small for ||p|loo small independently of a;, i =1,2,...,2" and of ¢j, j = 1,2,...,2™.
Then we can make (34) arbitrary small for ||p]|e small. Also, we can make (33)
small for [f#] close enough to [id] depending on n.

Finally, to make (32) small we choose n big enough and small enough neighbor-
hood of [id] depending on n. The lemma follows. O

(35)

Theorem 1 and Theorem 2 follow directly from Lemmas 5.1, 5.2, 5.3 and 5.4.
Acknowledgements. I would like to thank Francis Bonahon for his useful com-
ments.
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