GEODESIC CURRENTS AND TEICHMULLER SPACE

DRAGOMIR SARIC

ABSTRACT. Consider a hyperbolic surface X of infinite area. The Liouville
map L assigns to any quasiconformal deformation of X a measure on the
space G(f() of geodesics of the universal covering X of X. We show that the
Liouville map £ is a homeomorphism from the Teichmiiller space 7 (X) onto
its image, and that the image £(7 (X)) is closed and unbounded. The set of
asymptotic rays to £(7 (X)) consists of all bounded measured laminations on
X. Hence, the set of projective bounded measured laminations is a natural
boundary for 7 (X). The action of the quasiconformal mapping class group on
T (X) continuously extends to this boundary for 7 (X).

1. Introduction

Teichmiiller spaces are studied extensively. At this point, we have a good un-
derstanding of the geometry of Teichmiiller spaces of finite area hyperbolic surfaces
as well as of infinite area hyperbolic surfaces. However, little is known about the
geometry at infinity of Teichmiiller spaces of infinite surfaces.

The geometry at infinity of Teichmiiller spaces of finite area hyperbolic surfaces
is well-developed. Thurston [15], [7] introduced a natural boundary to Teichmiiller
spaces of finite surfaces. In the case of a finite surface, Thurston’s closure of the
Teichmiiller space is a compact space homeomorphic to the closed unit ball in
Fuclidean space of an appropriate dimension. The action of the mapping class group
on the Teichmiiller space extends continuously to an action by homeomorphisms
on Thurston’s compactification.

In this paper we study the asymptotic geometry at infinity of Teichmiiller spaces
of infinite area hyperbolic surfaces. We introduce a Thurston-type boundary to
Teichmiiller spaces of infinite surfaces. At present such boundary was known to
exist only for finite surfaces. The action of the mapping class group continuously
extends to Thurston-type closure of the Teichmiiller space of an infinite surface,
but the closure is not compact.

The crucial ingredients in proofs of the above results for finite surfaces were
lengths of simple closed geodesics and intersection numbers. These techniques
cannot be used in Teichmiiller spaces of infinite surfaces. The notion of Liouville
currents is the essential tool that allowed us to introduce a Thurston-type boundary
for Teichmiiller spaces of infinite surfaces.

Liouville currents for finite surfaces were introduced by Bonahon [2]. He used
Liouville currents to give a different description of Thurston’s boundary for the
Teichmiiller space of a finite surface. Liouville currents are also defined for infinite
surfaces. However, this is where the similarity between the finite and the infinite
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case stops. The infinite case requires more saddle topology on the space of Liouville
currents than the finite case. Our considerations, in a related paper [13], has led
us to such topology. Equipped with the new topology and using new techniques
adapted for the infinite case we prove the existence of a Thurston-type boundary
for infinite surfaces.

From now on, we assume that X is an infinite surface. In other words, X is a
Riemann surface which has an infinite area hyperbolic metric compatible with the
complex structure. The Teichmiiller space 7 (X) is infinite-dimensional as opposed
to the Teichmiiller space of a finite surface which is finite-dimensional. Consequently
7 (X) is not locally compact and any closure of 7 (X) by adding points at ”infinity”
cannot be compact.

Liouville currents on X are positive measures on the space of geodesics G ()N( ) of
the universal covering X of X which are covering group invariant. By the definition,
the Liouville map associates to any point of 7(X) a Liouville current on X. The
image of the Liouville map is contained in the space of bounded measures on G (X' ).
Bonahon [2] used classical weak* topology on the space of measures on G(X) for
the case of a finite surface. The fact that 7(X) is locally non-compact suggests
that we need a more delicate topology on the space measures on G’(f( ) when the
surface X is infinite.

In a related paper [13], we proved that the Liouville map is differentiable in the
appropriate sense. To describe the derivative of the Liouville map, we introduced
the space of Holder distributions H(X) as follows. The space of geodesics G(X)
is identified to S' x S' — diag. The identification is not unique and any two
identifications are Holder equivalent. Thus, S x S! —diag comes equipped with the
family of Holder equivalent metrics. The space H(X) of Holder continuous functions
with compact supports in G (X ) is well-defined independently of a particular metric
in the family. For a fixed metric in the family, we introduce the space test(v) of
v-Hoélder continuous test functions, 0 < v < 1. The space H(X) is the dual
to H(X) such that W € H(X) if SUP (. 0)etest(v) W ()| < oo for each Holder
exponent v, 0 < v < 1. The space H(X) of Holder distributions for X consists
of all W € H(X) that are covering group invariant. For a fixed v, we introduce
the v-norm |[W|l, = sup, g)etest(v) |W ()| on H(X). The family of v-norms gives
H(X) the structure of a complete metrizable vector space. The author [13] proved
that the Liouville map

L:T(X)—H(X)
is differentiable for the topology on H(X) coming from the family of v-norms.

The space of measures on G(X) embeds into H(X) via integration. This sug-
gested that the proper topology on the space of measures is the restriction of the
topology on H(X).

We use the family of v-norms in analyzing global properties of the Liouville map
L. As first result, we proved that £ : 7(X) — H(X) is a topological embedding
whose image is closed and unbounded.

Theorem 1. The Liouville map L : T(X) — H(X) is a homeomorphism onto its
image. The image L(T (X)) of T(X) is closed and unbounded in H(X).

The space £(7 (X)) has no "new” natural boundary points in H(X) because it
is closed. On the other hand, since £(7 (X)) is unbounded we can define a natural
boundary at ”infinity” to be the set of equivalence classes of ”controlled” paths
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that leave every bounded subset of £(7 (X)). Since H(X) is a topological vector
space, we instead define a boundary of 7(X) to be the set of rays asymptotic to
unbounded paths in £(7(X)). We say that a ray tW, ¢ > 0 and W € H(X), is
asymptotic to L(7T (X)) if there exists a path oy € £(7 (X)) such that tay — 3 as
t — oo in the topology of H(X). The path oy € £(7 (X)) asymptotically converges
to the ray tW, ¢t > 0. The set of asymptotic rays to £(7 (X)) in H(X) forms a
natural boundary for 7 (X).

In the next theorem we identify asymptotic rays to £(7 (X)) with the space of
projective bounded measured lamination PMLy(X) of X. We define a Thurston-
type boundary for the Teichmiiller space 7 (X) of an infinite surface X to be equal
to PML, (X)

Theorem 2. The Teichmiiller space T (X) has a Thurston-type boundary which is
equal to PMLy(X).

More precisely, if tW € H(X) is an asymptotic ray to L(T (X)) then W = (3 for
some B € MLy(X) — {0} and conversely, given B € MLy(X) — {0} there exists
a path ap € L(T (X)) such that %at converges to 3 as t — oo in the topology of
H(X).

We say that £(7 (X)) is asymptotic to MLy(X). In order to specify the topol-
ogy on the closure 7 (X) U PML,(X) of the Teichmiiller space 7 (X), we use the
projection map 7 from H(X)— {0} onto the unit sphere S} for a fixed v-norm. The
space £(7 (X)) is homeomorphic to its image under 7 on the unit sphere S.. To
each element of PML,(X), there is exactly one corresponding element on S:. The
topology on 7 (X)UPML,(X) is by the definition the induced topology from S..
We prove that the topology of the closure is independent of the chosen sphere S},
O<v <L

For a finite surface, Thurston [7] showed that the action of the mapping class
group extends continuously to the boundary of the Teichmiiller space. We show
that this is also true in the infinite case.

Theorem 3. The action of the quasiconformal mapping class group QMCG(X)
extends continuously to the boundary of T(X) and each element of QCMG(X) is
a homeomorphism of the closure of T (X).

Given a bounded measured lamination 8 € MLy(X) and [fy] € T(X) there
exists an earthquake path in 7 (X) with the initial point [fy] and with the measure
tG, t > 0. It is natural to expect that the endpoint of the above earthquake path is
8] € PMLy(X).

Theorem 4. Let [f] € T(X) be an earthquake path with the initial point [fo] €
T(X) and with the measure t3, t > 0. Then the earthquake path [f:] converges to
8] € PMLY(X) ast — oo in the topology of the closure of T(X).

We make a connection between going to infinity in 7 (X) toward a boundary
point [§] € PMLy(X) and the lengths of simple closed geodesics on X that intersect
B. Namely, in Theorem 4.5 we show that if [f;] — [5] as ¢ — oo then the length of
simple closed geodesics on f;(X) which intersect § goes to infinity. However, the
converse is not true due to the fact that on an arbitrary X we do not have enough
simple closed geodesics.
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The paper is organized as follows. In Section 2 we introduce the space of Holder
distributions and remind the reader about measured laminations, earthquakes and
Teichmiiller spaces. In Section 3 we define the Liouville map, describe its basic
properties and prove Theorem 1. In Section 4 we define asymptotic rays to the
image of the Teichmiiller space to be boundary points and give a topology for the
closure. Then we proceed to prove Theorems 2,3 and 4. In Appendix we give basic
lemmas on the distortion of the Liouville mass of a box under simple earthquakes.
These lemmas are heavily used in the proof of Corollary 4.1 which gives the second
part of Theorem 2.

2. Preliminaries

The unit disk, the complex plane and the Riemann sphere are only simply con-
nected Riemann surfaces, up to conformal equivalence. The Uniformization The-
orem states that any Riemann surface X has exactly one of the three as a holo-
morphic universal covering space. We consider only Riemann surfaces which have
the unit disk A for the universal covering. The unit disk admits a canonical hyper-
bolic metric and this metric projects to the unique hyperbolic metric on X which
is compatible with the complex structure. Conversely, given a hyperbolic metric on
X there exists a complex structure on X unique up to conformal equivalence which
is compatible with the metric. A Riemann surface is finite if the unique hyperbolic
metric compatible with the complex structure has finite area. A Riemann surface
is infinite if the hyperbolic metric has infinite area.

2.1. Angle Metrics. A hyperbolic metric on a surface X lifts to a unique hyper-
bolic metric on the universal covering X of X. Given a hyperbolic metric on X we
define the boundary s, X of X as follows. Fix a point & € X. The boundary ds, X
is the set of geodesic rays from Z. It can be shown that this definition does not
depend on the choice of & (see [6]). The boundary 9., X is homeomorphic to S*
and the homeomorphism can be obtained by continuously extending an isometry
between X and A to their boundaries.

A geodesic for a hyperbolic metric on X has two distinct endpoints on 9. X.
Conversely, given two distinct points on D X there exists a unique geodesic in X
whose endpoints are equal to them. Thus, the space G(X) of oriented geodesics
in X is identified with 9,0 X x 05X — diag, where diag denotes the diagonal of
O X X 000X
Definition 2.1. Let M be any set. Let d; and ds be two metrics on M. Then
metric dy is Holder equivalent to metric ds if there exists C > 0 and v, 0 < v < 1,
such that )
oh(@y)™" < di(z,y) < Cda(z,y)"
for all x,y € M. If v =1 in the above inequality then dy is Lipschitz equivalent to
da.

We define an angle metric on 9, X. Fix # € X. The distance between a and b
on ds X is given by the angle at & between the geodesic rays with the initial point =
and with the terminal points @ and b. This metric depends on the choice of Z € X.
The metrics that arise from two different choices are Lipschitz equivalent.

However, there are more ambiguities in the definition of an angle metric to
consider. Let X; be a Riemann surface and let f : X; — X be a quasiconformal
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map. A lift f Xi — X of fis a quasiconformal mapping and hence a quasi-
isometry for the hyperbolic metrics on X; and X (see [5]). Then f maps geodesics
in X; onto quasi- geodesics in X. The mapping f extends to a Holder bi-continuous
map between 9., X; and d., X for the angle metrics on X; and on X (see [1] or
9]).

An angle metric on Do X gives the product metric on G(X) &~ 9o X X 0o X —diag.
The lift f maps G(X;) onto G(X) and it is Holder bi-continuous for the product
metric. Thus we can identify G(X;) with G(X) if we consider the class of Holder
equivalent product metrics to a fixed product metric on G(X ).

From now on we fix identification X = A. Then d,,X = S! and G(X) =
S! x 8! — diag. The unit circle S' has the standard angle metric. The distance
between z,y € S! in the standard angle metric is the angle at the origin between
the radius which ends at = and the radius which ends at y. We denote by d the
standard product metric induced on S' x 8! — diag by the standard angle metric.
Then we consider G(X) = S' x S' — diag with the class of product metrics d;
which are Holder equivalent to d.

2.2. Hoélder Distributions. If a function ¢ : G(X) — R is Holder continuous
with respect to one metric in the above class then it is Holder continuous with
respect to any other metric. Therefore, the Holder continuity of functions from
G(X) to R is independent of the specific metric. The space H(X) consists of all
Holder continuous functions ¢ : G ()~( ) — R with compact support. For a v-Holder
continuous function ¢ in H(X), in the standard product metric d, we define its
v-norm by

[oll, = max{max |¢(z,y)|,sup |p(z,y) — p(z1,y1)|d((z,y), (x1,91)) "}

where the maximum inside the brackets is over all (z,y) in G(X) and where the
supremum is over all distinct (z,y), (z1,51) € G(X). The space H”(X) consists
of all v-Hélder continuous functions ¢ : G(X) — R in the metric d with compact
support. Then H(X) = U<, <1 H”(X).

Definition 2.2. The cross-ratio of a quadruple (a, b, ¢, d) is given by cr(a,b, c,d) =

(a—c)(b—d)
(a—d)(b—c) "

For our purposes it will be convenient to consider a subset of the set of Holder
continuous functions with compact support. We consider v-Holder continuous func-
tions in the metric d whose support is in a box Q := [a,b] x [¢,d] C G(X) with
cr(a,b,e,d) = 2. Let ©¢g be the Mobius transformation which maps —i, 1, ¢ and
—1 onto a, b, ¢ and d, respectively. Such ©¢ exists because cr(a,b,c,d) = 2.
We introduce the set of test functions test(r) to be the set of all (¢, Q), where
¢ : G(X) — R is a v-Holder continuous functions on G(X) whose support is in
Q = la,b] x [c,d] with cr(a, b, ¢,d) = 2 and such that || 0 Ogll, < 1.

We introduce the space H(X) of Holder distribution on X using test(v). The
space H(X) consists of all real linear functionals W on H(X) such that

sup  [W(p)| < o0
(9. Q)Etest(v)
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for all 0 < v < 1. The supremum depends on the Holder exponent v in general.
For a fixed v, we define v-norm of W € H(X) by

Wi, = sup  [W(p)|.
(¢.Q)Etest(v)
The family of v-norms makes H(f( ) into a topological vector space.

The space H”(X) consists of all real linear functionals W on H"(X) such that
W1, = sup, 0)etestv) W ()| < oo. The v-norm makes HY(X) into a Banach
space. By restricting the elements W € H(X) to the space H”(X) we obtain
an inclusion of H(X) into H”(X). Further H(X) = No<,<1H”(X) and the space
H(X' ) is a Frechét space. The idea of introducing above spaces comes from a related
paper [13]. For the proofs of properties of these spaces see the above paper.

The action 71(X) on X is by isometry. Since we fixed isometry X = A we
identify m (X) with a Fuchsian group I' such that X = A/I". The space H(X) of
Hoélder distributions on X consists of all W € H(X) such that W (g o y) = W(yp)
for all 4 € T and for all p € H(X). The space H”(X) consists of all W € H"(X)
such that W(go~y) = W(y) for all v € T and for all ¢ € H”(X). The space H”(X)
is a Banach subspace of H”(X) and the space H(X) is a Fréchet subspace of H(X).

We define the Liouville measure L on G(X). Let

(a—c)(b—d)

(a—d)(b—c)

for a box Q = [a,b] x [¢,d] C G(X) = S* x S* — diag and let
L({a} x [¢,d]) = L([a, 0] x {c}) = 0.

L([a,b] x [¢,d]) := log = log cr(a,b, ¢, d)

It is possible to extend the quantity L to a positive Radon measure on G(X ).
Bonahon [2] showed that L is extendible to a smooth measure with the density
%. Note that the definition of L is independent of an identification X = A
because the cross-ratio is invariant under Mébius transformations.

In the light of the definition of the Liouville measure we can define test(v) to
consists of all (¢, Q) where ¢ : G(X) — R is v-Hélder continuous function with
support in a box @ = [a, b] X [¢, d] whose mass is log 2 with respect to the Liouville
measure and such that || 0 O], < 1.

Consider a positive Radon measure o on G(X). The measure «a is bounded if
sup a(Q) < oo

where the supremum is over all boxes Q = [a,b] x [¢,d] € G(X) with L(Q) = log 2.
We introduce the norm of a bounded measure « as

| = sup a(Q)
where the supremum is over all boxes @ = [a,b] X [¢,d] with L(Q) = log2. For

¢ € H(X) we define

It is easy to see that if « is a bounded measure then o € H(f( ). Thus the space of
positive bounded measures a naturally embeds into the space of Holder distribu-
tions H(X). If « is I'-invariant then a € H(X).
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2.3. Measured Laminations. If the support of a positive measure 3 on G(X )
consists of non-intersecting geodesics then ( is called a measured lamination. For
technical reasons we require that measured laminations are invariant under the
self map of G(X ) which changes the direction of each geodesic. The support of 3
is a geodesic lamination, namely a closed set which can be written as a union of
non-intersecting geodesics. The space of all bounded measured laminations on X
is denoted by MLy(X). The space MLy(X) consists of all T-invariant elements
of MLy(X). In MLy(X) — {0} we define the projective equivalence relation by
A1 ~ Ag if there exists ¢ > 0 such that Ay = tAs. The projective class of A is
denoted by [A]. The set of all projective bounded measured laminations is denoted
by PME;,(X ). The set of all projective bounded measured laminations invariant
under I' is denoted by PMLy(X).

2.4. Teichmiiller Space. Using the identification X 2 A it is customary to define
the Teichmiiller space 7 (X) as a space of all quasiconformal maps f : A — A such
that f o~ o f~! is a Mdbius transformation for all v € I' modulo an equivalence
relation. Two such quasiconformal maps f; and fy are equivalent if there exists a
Mobius mapping © such that © o fi|g1 = fao|g1. We write [f] for the equivalence
class of f.

Equivalently, we can define 7 (X) to be the space of all quasisymmetric maps h
of S fixing —3, 1 and ¢, and such that hyh~! is a Mobius map for all v € T.

2.5. Earthquakes. Thurston [14] introduced left (and right) earthquakes. We
consider only left earthquakes. The (left) earthquake map E is a mapping from
ML (X)X T(X) onto T(X) (see [14], [8] or [12]). The restriction of the earthquake
map to {#} x T(X) is called a left earthquake with the measure 8 € MLy(X).
For a fixed [f] € 7(X) and for a fixed 8 € MLy(X) the image of {(¢3,[f]) €
MLY(X) x T(X); t > 0} under the earthquake map is called an earthquake path
with the measure t3 and with the parameter ¢ > 0. The above earthquake path
has the initial point [f].

An earthquake for a finite measured lamination is called a finite earthquake.
A simple earthquake is an earthquake for a measured lamination whose support
consists of only one geodesic.

We define E(8, [id]) : A — A, where [id] € T(X) is the base point. By taking
the restriction of E(f, [id]) to S* we obtain a point in 7 (X). Assume first that the
support of 8 has finitely many geodesics {g1,g2,...,9n}. The connected compo-
nents of the complement of the support of 3 are called gaps of 5. Finite measured
lamination § has finitely many gaps {G1,Ga,...,Gr}. We fix one gap, say Gj.
Finite earthquake Ej := E(f, [id]) is the identity on this gap. For any other gap
G; we connect it to G1 by a geodesic arc s. The arc s intersects finitely many
geodesics g;,, ¢ = 1,2,...7 of the support of 3 given in order from G; to G;. We
orient g;, to the left as seen from G;. Denote by A;, the hyperbolic translation
with the oriented axis g;, and with the translation length §(g;,). Earthquake Eg
on G,, is given by Eg|G,, = Aj, 0 Aj, 0---0A; . Note that finite earthquake Ej3 is
not continuously extendible to g;. To make earthquake defined on the whole A we
set Eg on g; to be equal to Eg|G;, where G, is the gap adjacent to g; from the left
as seen from G;. Then Eg: A — A is onto and one to one but it is not continuous.
The extension of Eg to S! is continuous and moreover it is a quasisymmetric map.
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We normalize FEg by postcomposing it with a Mébius transformation such that it
fixes —i, 1 and i, and we obtain an element of 7 (X).

The earthquake Ejg := E(f,[id]) for non-finite bounded measured lamination
0 is defined as the limit of finite earthquakes with finite measures approximating
non-finite measure 3. By taking the Teichmiiller class of a I'-invariant extension of
Es|S! we get a point in 7(X).

If [f] € T(X) is not the base point [id] then we define E(3,[f]) = f o E(S, [id]).
It is easy to see that E (8, [f]) = E(f*(8),[id]) o f where f*(3) is the push-forward
of B to f(X) = A.
Definition 2.3. We say that some quantity b, is of the order a, if there exists
C > 1 such that

1
6an S bn é Can'

3. Embedding of 7 (X)

In this section we define the Liouville map £ : 7(X) — H(X) and investigate
its global properties.

Given [f] € T(X) we construct a measure o on G(X). Denote by h the extension
of f to S! and note that h is a bi-Holder continuous map of S onto itself. Thus h
maps Borel sets in G(X) = S x S — diag onto Borel sets in G(X). Define

(1) a(B) = L(h(B))

for all Borel sets B C G(X) The measure « is called a Liouville current. By the
definition, the Liouville map £ : T(X) — H(X) is given by L([f]) = .

Given two different [f] and [f1] in 7(X) it is easy to see that we get different
measures on G(X). Consequently, the Liouville map is injective.

Bonahon [2] proved that any Liouville current o = L([f]), [f] € T (X), satisfies

(2) efa([a,b]x[c,d]) + efa([b,c]x[d,a]) -1

for all boxes Q = [a,b] x [¢,d] C G(X).

Conversely, if «a is a measure which satisfies (2) then « is obtained as in (1)
from some homeomorphism h of S (see [2]). The homeomorphism & is unique
up to post-composition with a Mobius map. If « is a bounded measure which
satisfies (2) then h is obviously a quasisymmetric map. Consequently h extends to
a quasiconformal map f of A onto itself and « is a Liouville current.

Remark 3.1. One might expect to have a bound from below to the set {a(Q); L(Q) =
log 2} in the definition of a bounded measure « in order to be able to claim that
h is quasisymmetric. But, for o obtained from some homeomorphism h of S! as
in (1), if supa(Q) = M < oo then inf o(Q) = M; > 0 where the supremum and
the infimum are over all boxes @ with L(Q) = log2. This fact is easily proved by
considering Q = [a,b] x [¢,d] and Q = [b, ¢] x [d, a], simultaneously.

We show that f : A — A can be chosen to be I'-invariant if « is I'-invariant.
By the existence of Barycentric extension [4] it is enough to show that hyh~! is a
Mobius map, for all v € T'. Since « is T-invariant we obtain that a(y(Q)) = a(Q)
for all boxes Q = [a,b] x [¢,d] C G(X) and for all 4 € . By the definition of & and
by the above invariance we get

L(y(Q)) = L(W(Q))
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for all boxes Q C G(X).
The above inequality is equivalent to

L(hyh™1(Q1)) = L(Q1)

for all boxes Q; C G(X). Thus the map hyh~! preserves the cross-ratios hence it
is a Mobius map. Consequently [f] € 7 (X).

We gather above results into a theorem.
Theorem 3.1. The Liouville map L : T(X) — H(X) is well-defined and one to
one. The image of T(X) consists of all bounded T -invariant measures o € H(X)
which satisfy (2) for all bozes [a,b] % [¢,d] € G(X). O

We need the following technical lemma:
Lemma 3.1. Let [fo] € T(X), k > 1 and € > 0 be given and let L([fo]) = ao.
Then there exists a neighborhood N ([fol; k,€) of [fo] in T(X) such that

(@) — o (Q)] < e

for all o = L([f]) with [f] € N([fo]; k,€) and for all Q = [a,b] X [c,d] with log(1 +
) < L(Q) < logk.
Proof. By definition, a K-quasiconformal map f satisfies

(3) %m(a, b,c,d) <m(f(a,b,c,d)) < Km(a,b,c,d)

where m(a, b, ¢, d) is the module of the quadrilateral whose sides lie on S* and whose
vertices are elements of (a,b,c¢,d), and where f(a,b,c,d) = (f(a), f(b), f(c), f(d))
(see [1] or [9]).

The module m(a,b, c,d) is a continuous function of the cross-ratio cr(a,b, ¢, d)
and vice versa. In particular, the cross-ratio cr(a,b, c,d) is a uniform function of
m(a,b,c,d), for m(a,b, c,d) in a compact set. Consequently, if 1+k% < er(a,b,c,d) <
kl then

1

4
W Cl)
where C(k1) is a constant depending on k;. Also m(a,b,c,d) — 0 if and only if
cr(a,b,c,d) — 1, and m(a,b,c,d) = 1 if and only if ¢r(a, b, ¢, d) = 2.

By (3) and by (4) we can choose k; big enough such that

(5) {Q@:log(1+7) < L(Q) < logh} € {Q:log(1+ 1) < L(f; Q) < loghn).

Let g be a (14 6)-quasiconformal map. By (3), for § small enough, the difference
m(g(a,b,c,d)) —m(a,b,c,d) is small for all (a,b, c,d) which satisfy (4). Thus, for
d small enough, by the uniform continuity of ¢r(a, b, ¢, d) in m(a,b, c,d) and by (4)
we get

< m(a,b,c,d) < C(ky)

(6) ler(9(a,b,e,d)) = er(a,b,e.d)| < 3

for all (a,b,c,d) which satisfy 1 + % < ¢r(a,b,c,d) < ki. The constant § > 0
depends on k£ and e.

We choose a neighborhood N ([fol; k, €) of [fo] in 7 (X) such that [f] € N([fo]; k, €)
if fofy'isa (14 6)-quasiconformal. From (6) we get that

(7) er(fo fal(a,b, ¢,d)) —cr(a,b,c,d)| <

[N e
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for all a,b, c and d satisfying (4). We divide (7) with cr(a,b, ¢,d) and get

L _o(fofy'(ab.cd)
14+e€e cr(a, b, c,d)

for all (a, b, c,d) satisfying 1 + k% < cr(a,b,c,d) < ky and for all [f] € N([fol; k,€).

From the above inequality we get

®) L a(f@bed)

L+e C?"(fo(a,b, C, d))

for all (d,i), ¢,d) = f(fl(a, b,c,d) with 1 4+ ki < er(a,b,c,d) < ky and for all f €

N([fol; k€.
By taking the logarithm in (8) and noting (5) we get the conclusion. O

<l+e

We proceed to prove the continuity of the Liouville map.
Theorem 3.2. The Liouville map L : T(X) — H(X) is continuous.
Proof. Let [fo] € T(X) and let £ : [fo] — ap. Fix 0 < v <1 and fix € > 0. Let
(¢,Q) € test(v) where Q = [a,b] X [c,d] with L(Q) = log2. Then O¢ : S* — St is
the Mobius mapping which maps —i, 1,7 and —1 onto a, b, c and d, respectively. We
define [y to be the pull-back of the measure g by Og, i.e. Sy = (0¢g).a0 = oOq.
Let N([fo; ?17 213) be a neighborhood of [fo] in 7(X) as in Lemma 3.1. In
particular, [f] € N([fo]; —&—, ) implies that

en%fl
) 00(@) ~ ()] <

for all boxes Q which satisfy % < L(Q) < log?2 where constant C' > 0 is to be
given later, and where £ : [f] — a. Let 8 = (0g).a.

Divide arc [—i,1] € S* into n equal subarcs [a;_1,a;], for i = 1,2,...,n with
ap = —i and a,, = 1. Divide arc [i,—1] C S! into n equal subarcs [cj_1,¢;], for
ij=1,2,...,n with ¢g =7 and ¢, = —1. We form boxes B = [ai_l,ai] X [Cj_l,Cj}
for i, = 1,2,...n. Note that U}, ;E;; = [~4,1] x [i,—1] and each pairwise
intersection of two E;; either is empty or is {a;} x [¢j—1,¢;] or is [a;—1,a;] X {¢;}.
Thus, the intersection of two distinct Fj; ; has zero mass for the measures 8y and

B

The diameter of each [a;_1, a;] and of each [¢;_1, ¢;] in the standard angle metric
on St is %/2 Since the arcs [a;—1,a;] lie in the fixed interval [—i, 1] and the arcs
[cj—1,¢;] lie in the fixed interval [¢, —1] the Liouville measure of E;; = [a;—1, a;] X

[¢j—1,¢;] is comparable to ;. By (9) we get

’ 1
(10) |B(Eij) — B (Bij)| < 3
Note that
(11) J edog = [0 Oqdf

[ pda = [ ¢oBOqdps.
We define a step function approximation ¢, 00¢ = szzl PijXE;; t0 poOq, where
pij = po00Og(gi;) for a fixed geodesic g;; € E;;. By the Hélder continuity of o Og
we obtain

(12) poOg — > pijxe,| <

(m/2)"

ny
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Integrating the expression ¢ 0 ©g — > pi;jXE,; and using inequality (12) we get

" | [0o0ads— [ ono0qam| < T2 sy 11x i, -1)
13 ;
| [ #o00as— [ ono0ads| < T2 p1-i 1) x i -1,

We estimate ‘ Jndag — [ (pnda’. Using the definition of ¢, we get

(14) ‘/Sﬁndao - /gonda‘ < Z Ipij| - |Bo(Eij) — B(Eij)l-
Further by (10) we get
(15) Z pijl - [Bo(Eij) — B(Eij)| < Z % = %

ij=1
From (14) and (15) we obtain

(16) ‘/cpndao—/gonda’ < %

Using the triangle inequality

}fcpdao - fgoda’ < ‘fgodao - fgondao‘—l—
’fgondoco — fgonda‘ + ’ [ pnda — f(pda’

and inequalities (13) and (16) we obtain

(18) ‘/(pdao — /godoz‘ < @[ao(@) +a(Q)] + %

n

(17)

Since [fo] is fixed, there exists a constant Co > 0 such that ao(Q) < Cy and for any
a as above a(Q) < C3 + 1 by inequality (9). Thus the right side of (18) is smaller
than e for n big enough. Hence

‘/gpdaof/gada’<e

for all o in the image under £ of a sufficiently small neighborhood of [fo] and for
all (¢,Q) € test(v). This means that « is close to ap in the topology of H(X).
Thus L is continuous. O

It remains to prove the continuity of £71.
Theorem 3.3. The map L1 : L(T (X)) — T (X) is continuous.
Proof. Fix ay € L(7(X)). We show the continuity of £L~! at ag. By the definition
of the topology on H(f( ) it is enough to show the continuity of £~ for one v-norm.
Fix 0 < v < 1. Let £ : [fo] = ao and fix €(v) > 0. Let U, be the e(v)-

neighborhood of ag in £(7(X))) for the v-norm, namely a € U, if

sup‘/gadao - /goda’ < €(v)

where the supremum is over all (¢, Q) € test(v).
First, we show that £71(U,(,)) is bounded in 7(X). To see this it is enough to
show that there exists a constant M > 0 such that

a(@) <M
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for any a € U,y and for all boxes Q = [a,b] x [c,d] with L(Q) = log2. Assume on
the contrary that there exists a sequence of measures a,, € U,y and a sequence of
boxes Qp = [an, by] X [cn,dn] € G(X) with L(Q,) = log2 such that a,(Q,) — oo
asn — oo. Then we can subdivide [a,, b,] X [¢n, d,,] such that we get a new sequence
of boxes Q, = [a,,,b,] x [¢,,,d,,] C @, for which L(Q,) — 0 and a,(Q,,) — o as

n — co. Let ©,, be a Mdbius transformation such that ©;! maps [a,,,b,,] X [c,,, d, ]
close to the geodesic (¢'%, i) € G(X) in the sense that ©;(a,,) and ©;(b,)
converge to ¢/, and ©;1(c,) and ©;1(d,,) converge to e!T as n — oo for the
standard angle metric. It is obvious that for n large we can find a sequence of
functions ¢,, such that the support of ¢, o ©, is in [—i,1] x [i,—1], @, > 0,
o, =1on @;1(62;) and ||, 0Oy ||, < 2. Thus (5, 0, ([—4,1] x [i, —1])) € test(v).
Consequently [ eday, > %an(Q;) — 00 as n — oo. But this is a contradiction
with oy, € Ue(py. Thus L71(Ug(,) is bounded in 7 (X).

Let Ds = [—ie®, 1le7%] x [ie", —1e~®] and Bs = [—i,1] x [i,—1] — Ds for § > 0
small. Let Q = [a,b] X [¢,d] be any box such that L(Q) = log2. As in Section
2, B¢ is the Mobius transformation which maps —i, 1, ¢ and —1 onto a, b, ¢
and d, respectively. We define function ¢ as follows: ¢ o Og(e™®,e®) = 1 for
(e, %) € Ds; 0 Og(e™, ) =0, outside [—i, 1] x [i, —1]; and p o Og(e'®, ™) =
min{\x—%"\,|x—§7r|,\y—%|,|y—7r|} fOI‘ (eix7eiy) c Bg.

It is clear that || 0 Og|, = 67%. We define @5, 0 Og = §"p 0 Og. Then
s © Ogll, =1 and consequently (¢s.,,Q) € test(v).

Let £ : [f] = a and let 8 = (©q).a for a € Ug,). We proved above that
[f] lies in a bounded subset of 7(X), i.e. there exists a bound on the constant of
quasiconformality for all such f. Consequently we can choose § small enough such
that
(19) Bo(Bs) + B(Bs) < E
Since ag, @ € U,y and (ps,,, Q) € test(v) we get

(20) ’/@a,udao —/cpg,yda‘ < e(v).

By the definition of @5,

‘ S psdag — [ 905,ud04’ > ‘ JB, Ps.0©OQdBo — [5 @5 0 OqdB|—
5" - |Bo(Ds) = B(D5).

The right side of the above inequality is greater than or equal to

(22) 8" - 1fo(Ds) — B(Ds)| = 6" - (Bo(Bs) + B(By))-

Combining (20), (21) and (22) we obtain

|Bo([=2,1] x [5, =1]) = B([—4, 1] x [i, —1])| <

By the above inequality and by (19) we get

20(Q) — Q)] < €

for e(v) = €-. This implies that [f] is close to [fo] for € small enough. Thus £~
is continuous. O

Theorem 3.4. The image L(T (X)) of L is closed and unbounded.

(21)

c(v)
61/

+ 2[B0(Bs) + B(Bs)].
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Proof. In the proof of Theorem 3.3 we showed that £~(U) is bounded for U
bounded subset of £(7(X)). Hence £(7 (X)) is unbounded because 7(X) is un-
bounded.

We show that £(7 (X)) is closed. By the same method as in the proof of Theorem
4.1 one can show that an element (3 in the closure of £(7 (X)) is a positive measure.
The measure 3 is bounded because it is an element of H(X) and it is T-invariant
because it is the limit of a I'-invariant measures «;. Because a; — [ as t — oo,
there exists tg > 0 such that {a;;t > to} is a bounded set in H(f( ).

Let [fi] € T(X) such that L£([f:]) = oz. Then {fi;t > to} have a bounded
constant of quasiconformality. We choose representatives f; of [f;] such that f; fixes
—i, 1 and ¢. Then a subsequence of f; converges uniformly on compact subsets to
a quasiconformal map g which fixes —i, 1 and .

Let 81 = L([g]) and let Q = [a,b] X [¢,d] be any box. Then at(Q) — [1(Q)
as t — oo by the pointwise convergence of f; to g. Consequently, a;(p) — B1(p)
ast — oo for all p € H ”(5( ). By the uniqueness part of Riesz Representation
Theorem, we get 5 = (1. Thus § € L(T (X)) and £(7 (X)) is closed. O

Theorem 1 follows directly from Theorems 3.1, 3.2, 3.3 and 3.4.

4. Closure of 7(X)

In this section we use the embedding of 7(X) into H(X) to define a natural
boundary to the Teichmiiller space. By Theorem 3.4, the image £(7 (X)) is closed
and unbounded. The idea is to use asymptotic rays to £(7 (X)) in H(X) to intro-
duce a boundary at infinity for £(7 (X)). By the definition, this boundary will be
a boundary for 7 (X).

A ray tW, for W € H(X) and for ¢t > 0, is asymptotic to L(7T (X)) if there exists
a path a; € L£(7(X)) such that toy converges to W as t — oo in the topology of
H(X). A different parametrization of the path «; might give a path 04; such that
%a; does not converge in H(X).

To avoid ambiguities which arise from reparametrizations and to give a topology
on the closure of 7(X), we introduce the projectivization of H(X). Namely, the
space of projective Holder distributions PH(X) cousists of equivalence classes of
elements in H(X) — {0} where W7 ~ Wy if there exists A > 0 such that W, =
AWs. Let m @ H(X) — {0} — PH(X) be the natural projection map given by
m(W) = W/ ~. The space PH(X) has the quotient topology. There is a one to
one correspondence between PH(X) and the unit sphere S} in H(X) for a fixed v-

norm, 0 < v <1, given by I(W/ ~) = HVI{,V” . The unit sphere S} has the subspace

topology inherited from H(X).

Proposition 4.1. The map I from the projective Holder distributions PH(X) to
the unit sphere St in H(X) for a fized v-norm, 0 < v < 1, is a homeomorphism.
Proof. The map I is one to one and onto. It remains to show that I is continuous
and open.

To show that I is continuous, it suffices to show that I om : H(X) — {0} — S}
is continuous. The map [ow : W — ﬁ is continuous if it is continuous for a
sequence of v,-norms where v, — 0 as n — oo. In a related paper [13], we prove
that

T\V— M
(23) lelu < (5) el
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for all (p,Q) € test(v) and for all p < v. By (23), if (¢,Q) € test(v) then
(5 Ve, Q) € test(p) for p < v. We fix W € H(X) — {0} and v, < v. A
neighborhood of W consists of all W such that |[W — W1, < e. By the remark
following (23), |[W — Whll, < (5)""""e. This implies that [|[W||, and ||[Wy][, are
close depending on €. By the triangle inequality

W Wi 1 1 1
- < W[, ( - )+
H Wl Wl s Wl Wil ™ WAl

The right hand side of the above inequality is as small as we want for v, fixed and
for € > 0 small enough. This proves the continuity of I o w. Consequently, I is
continuous.

We show that I is open. Let U/ ~ be an open subset of PH(X) where U =
7~ YU/ ~) is an open subset of H(X). Let W/ ~ be any point in U/ ~. Let
W € U be one point in 7=1(W/ ~). Since U is open, there exists vy, 0 <
v;1 < 1, and € > 0 such that Ny = {Wy;|[W — Wi|l,, < €} C U. Then the
set WNW = {H\I//vvﬁv |W — Wi|l,, < €} is an open neighborhood of %
H(X). Thus, (WNW) N Sl is an open neighborhood of % in S! and it is

contained in the image of U/ ~ under I. The map I is open. O

The map I ow : H(X) — {0} — S! when restricted to £(7 (X)) is one to
one. To see this note that any o € L(7 (X)) satisfies equation (2). Then A, for
A # 1 cannot satisfy (2). We show that the restriction of I o7 to L(7T (X)) is a
homeomorphism onto its image.

W = Wi,

in

Proposition 4.2. The map I o when restricted to L(T (X)) is a homeomorphism
onto its image.

Proof. Since I o 7 is one to one, it is enough to show that I o 7 is continuous and
open.

By Proposition 4.1, I o : H(X) — {0} — S! is continuous and consequently its
restriction is continuous. The arguments in the proof of Proposition 4.1 show that
I o7 is open. Thus, the restriction of I o 7 is open in the relative topology of the
restricted domain. Consequently, the map I o7 is a homemorphism onto its image.
O

We introduce a boundary for 7(X) using the image of £(7 (X)) on the unit
sphere S1. Namely, a boundary point for T(X) is by the definition a boundary
point of (I om)(L(T(X))) on S.. Since S} is identified with PH(X) the boundary
is a subset of projective Holder distributions PH(X). Because L£(7 (X)) is closed,
each boundary point corresponds to an asymptotic ray to £(7 (X)).

In the definition of the boundary there is a choice of a Holder exponent v,
0 < v < 1. We show that the boundary is well-defined, namely independent of
v. Assume that v and v are two different Holder exponents. Proposition 4.1
gives two homeomorphisms I, : PH(X) — S} and I,, : PH(X) — S.. Then
I, o(I,)~' : S, — S, is a homeomorphism under which we identify images
of L(T(X)) in S} and S} . Then the boundary of (I, o m)(£(7(X))) in S} is
homeomorphically identified with the boundary of (I,,, o 7)(L(7(X))) in S}, .

The closure of T (X) equals the closure of (I o 7)(£(7(X))) in S} where 7(X)
is homeomorphically identified with its image (I o 7)(£(7(X))) in SL. We just
observed that two closures obtained by taking different Holder exponents are home-
omorphic.
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An interesting property of the topology on H(X) is that when restricted to
positive measures it can be described by using only one v-norm. More precisely,

Proposition 4.3. Let || - ||, be a fized norm on H(X). When restricted to subspace
of positive measures, the topology induced by the v-norm is the same as the induced
topology from H(X).

Proof. Let a be a fixed positive measure and let v; < v. In the proof of Theo-
rem 3.2, we showed that we can approximate in the supremum norm any (¢, Q) €
test(v1) by step functions ¢, with supports again in Q. Each ¢, can be approx-
imated in the supremum norm by differentiable function ,, which has derivative
bounded in terms of n and sup |¢,, — ¥, |. Thus we established a ”uniform” density
of H”(X) in H"'(X). More precisely, each (p,Q) € test(v1) can be approximated
by ¥, € H”(X) where ||, ||, is bounded in terms of n. By again the proof of The-
orem 3.2, this is enough to claim that any neighborhood of « in ry-norm contains
a neighborhood of « in v-norm. O

In the following theorem we show that the boundary of 7 (X) is a subset of
PML(X).
Theorem 4.1. The boundary for T(X) is contained in the space of projective
bounded measured laminations PMLy(X).
Proof. In what follows, it will be convenient to consider asymptotic rays to £L(7 (X))
as boundary points. Let v be a fixed Holder exponent. We assume that tW, ¢t > 0
and W € H(X), is an asymptotic ray to £(7 (X)). There is no loss of generality if
we assume that ||W]|, = 1. Then there exists a path [f;] € 7 (X) with the following

1

properties. The path a; = L([f¢]) satisfies Ta; & — W as t — oo in the v-norm

and ||oy||, — oo as t — oo. The fact that £(7 (X)) is closed forces |Joy||, — oo as
t — oo. Otherwise, ||at||, being bounded imply that a positive multiple of W is in
L(T(X)). For convenience of notation we assume that ||az||, = t.

Then %ozt — W as t — oo in the v-norm. Namely, for any € > 0 there exists g
such that

(24) ‘%/gpdat —W(p)| <e

for t > to and for all (p,Q) € test(v). The inequality (24) holds for any ¢ €

HY(X) but the constant ty = to(¢) depends on the function ¢, if ¢ is not a test
function. This follows from the fact that any ¢ € H”(X) can be written as a linear
combination of finitely many elements of test(v).

By the definition of H(X), the set {W(p); (¢, Q) € test(v)} is bounded. We

show that there exists M > 0 such that
1

(25) L@ < M
for all boxes Q = [a,b] X [¢,d] with L(Q) = log2 and for ¢ > 1. Assume not.
Then we can find sequences {Q, = [an,bn] X [cn,dn]}S2; and {t,}52; such that

+ay, (Qn) — o0, L(Q,) — 0 and t, — oo as n — oo. Thus, for n big enough we

can find (i2,, Q") € test(v) with @, = § on Q, C Q" and @, > 0. Then, by (24),
for t,, > tg we have

1 1
Wion) 2 o [ endar, = 5an, (Qu) — e
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and consequently W(p,) — oo as n — oo. This gives contradiction with W €
H(X). Thus (25) holds.

We show that W can be extended to act on real continuous functions with
compact support in G(X). Let 9 be a continuous function on G(X) with compact
support. We use a sequence of convolutions with "bump” functions with supports
around the ”origin” (1,1) in S x S! shrinking to (1, 1) to get a sequence of smooth
approximations ¢, to ¢ in the topology of L*> (G(X)) This could be made precise
by choosing identification S* x S = R x R and bump functions with supports
around (0,0). We note that the support of each ,, is compact subset of G(X) and
all supports of the sequence {,,} are contained in a fixed compact set K if we choose
the supports of ¢, small enough. Denote by supp( ) the support of a function .
Thus ||¢) — @nllee — 0 as n — oo where @, € H”(X) with supp(p,) C K. Taking
©n in inequality (24) we get

(26) E/%dat W(gn)| <€

for t > to(n). Given n and m, we define t,, ,,, = max{to(n), to(m)}. Then

1
Wion) = Wom)| < [Wen) = 7 [ oudan, [+

1 1 1
do — do )
trm /@n tn,m tom /@m toom | T t)

/(pmdatn,m - W(@m) .

n,m

The fixed compact set K can be covered by finitely many boxes @;,i = 1,2,...,7
with L(Q;) = log2 for each i. Then by (26) and by (25) the right hand side of the

M-r-L(K)

above inequality is less than 2e + “Nlon — ©mlloo. Thus W(y,) is a Cauchy

n, m

sequence. We define W (1)) = lim, oo W(¢y). The extension W of W is a linear
functional on the set of continuous functions with compact support. The functional
W is positive on all ¢ > 0, ¢ € HY(X) because it is the limit of 1 + [ pday > 0.
Further, W is positive on all 1 > 0, ¥ continuous with compact bupport, because
W (%) is the limit of W (,) > 0 as n — oo with ¢,, € H(X) and W (,,) > 0. Thus
W is a positive linear functional on the set of continuous functions with compact
support. By the Riesz Representation Theorem (see [10]) there exists a unique
positive Radon measure g on G(X' ) which represents W.

The measure (3 is bounded. To see this we take an arbitrary Q = [a,b] X [c,d]
with L(Q) = log 2. There exists ¢ € H”(X) such that 0 < ¢ <1, o =1 on Q and
L(supp(p)) < 1. The support of ¢ can be covered by two boxes whose Liouville
mass is log2. By (24) and by (25) and by the above, there exists ty(¢) such that
for t > to(p)

1
W(@):/@dﬁﬁg/@dat+e§2M—|—e.

Since 8(Q) < [ dB < 2M + € the measure 3 is bounded.

It remains to show that the support of 8 consists of a geodesic lamination.
Assume on the contrary that geodesics g1 and g in the support of § intersect.
We find @ = [a,b] X [c,d] such that @ contains g; in its interior and such that
Q1 = [b,¢] x [d,a] contains go in its interior. Let ¢ > 0, ¢ € H”(X) is nonzero
on gi. Then [ ¢df is nonzero. Consequently o (Q) — oo as ¢ — oo otherwise
[edB = limy_.o 1 [ pday = 0. Similarly oy (Q1) — oo as t — co. Since oy is in
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the image of 7 (X), by Theorem 3.1 we have

eat(Q) 4 pmae(Q1) — 1

The above equality together with a;(Q) — oo and a4 (Q1) — o0 as t — oo gives
contradiction. Thus the support of G consists of non-intersecting geodesics. O

We proceed to prove that every [3] € PMLy(X) is in the boundary of 7 (X). Let
[f:] be the earthquake path in 7(X) starting at the identity with the earthquake
measure ¢3. Denote by a; the image of [f;] in H(X).

We prove several lemmas which are needed for the proof of the above.

For the box [—i,1] x [i, —1] of geodesics we consider the first coordinate in the
product to be the horizontal direction and the second coordinate to be the wvertical
direction.

Lemma 4.1. Let 8 be a geodesic lamination with ||| = 1. There exists a subset
E, of [-4,1] x [i, —1] with the following properties:
1. B(E,) is of the order X
2. E, is a union of n — 1 vertical and n — 1 horizontal strips of the widths of order
1

2
§, Each vertical and each horizontal strip intersect in a small box; we take centers
of all such bozxes, and the centers of the intersections of strips with the sides of
[—i,1] % [¢,—1], and the vertices of [—i,1] x [i,—1] to form the bozes A;;. We
obtain n? bowes A;; and L(A; ;) is of the order 5 for each (i, j).
Proof. We use the upper half plane model H2. We replace [—i, 1] x [i,—1] by
[—2,—1] x [1,2]. If we prove the Lemma for [—2,—1] x [1,2] it will follow for
[—i,1] % [i, —1] because the standard angle metric on S! is Lipschitz equivalent to
the Euclidean metric on a compact set of R. We divide segments [—2, —1] and [1, 2]
into n segments of the same length using the division points =g = -2, z, = —1,
T =—2+ %, i=1,2,...,n—1 for [-2,—1] and the division points yo = 1, y,, = 2,
yi =1+ %, j=1,2,...,n—1 for [1,2]. Further, we divide each of the segments
[zi—1, ;] and [y;j_1,y;] into n segments of the same size with the division points

) =2, 2l =3, 2F = 1‘1;14-%, k=1,2,...,n—1for [z;_1, ;] and the division
points yjo» =Yj-1, Y5 = Y, y;‘ = yj_1+ ,Thg, h=1,2,...,n—1for [yj_1,y;]. We
form n vertical strips Vj, = U, [a:f_l, ok x[1,2] for k = 1,2,...,n and n horizontal
strips Hp, = U}_[-2,-1] x [y;-’fl,y;‘] for h = 1,2,...,n. The union of V}, covers

[—2,—1] x [1,2] and each point is covered at most twice. Hence Y ,_, B(Vi) < 2.
There exists at least one k such that 3(Vz) < 2. Fix such k. The same holds
for some h, i.e. B(Hp) < % We define E,, as the union of Hy and V}. Then

k=1, k
B(E,) < %. Let a; = % be the midpoint of [mffl,aﬁf] fori=1,2,...,n—1;

h—1 h
and let ag = —2 and a,, = —1. Let ¢; = % be the midpoint of [y}, y"] for

i=1,2,....,n—1;and let ¢ =1 and ¢, = 2.

The points (a;, ¢;), (@, ¢j+1), (@it1,¢;) and (a;+1,cj41) are vertices of the rect-
angles A, ; for 4,5 = 0,1,2,...,n — 1. The difference between the x-coordinates
of the vertices of A; ; is of the order % The same holds for y-coordinates of the

vertices of A; j. Thus we get that L(4; ;) is of the order 2. O
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Qi1

FIGURE 1. Case §(A4; ;) # 0

We keep the notation of the previous lemma and compare $ou(4; ;) to B(4; ;)
for i,5 =1,2,...,n — 2. Note that we consider only on the’ 1n81de boxes A; j of
the above division of [—4,1] x [i, —1]. The next two lemmas give essential estimates.

Lemma 4.2. Let E,, and A; ; be as above. Then

Ton(Aiy) = B(Aiy) < 2L(las, y) ' x [ej, 2l ') + B2 i) x [, ¢41])
+ﬁ(iaia ai+1i X [yglilv Cji) + ﬂ(ixf 1,0,2] X iy?
forallt >0 and for alli,j=1,2,...,n—2.
Proof. We use the upper half plane model H? and replace [—i,1] x [i — 1] with
[—2,—1] x [1,2]. Let f; denotes the earthquake path for the measure ¢ and let
= L([ft]). We divide our reasoning into several cases.

Case 1: B(A; ;) # 0.

By our assumption the support of 8 does not contain geodesics with one endpoint
in the interval (a;t+1,c¢;) and the other endpoint in the interval (c¢jt+1,a;). The
intervals are taken with respect to the orientation of R as the boundary of the
upper half plane H2. We divide the support of 3 into six groups (see figure 1):
The geodesics which belong to A4; ; = [a;, a; 1] X [¢, ¢j41].

The geodesics which belong to (¢j11,a;) X [a;, Git1].
The geodesics which belong to [¢;, ¢jt1] X (¢j+1,aq)-
The geodesics which belong to [a;, a;t+1] X (ai+1,¢;).
The geodesics which belong to (ait1,¢;) X [¢j, ¢j41].
The geodesics which does not belong to any of the above five groups.

XA
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We normalize the earthquake path f; to be the identity on the stratum I which
separates the geodesics of group 1 from the geodesics of groups 2 and 3. If groups
2 and 3 are empty then we normalize the earthquake path to be the identity on the
strata which separates group 1 from (¢;11,a;). Note that boxes in our division of
the support of 3 are written such that the first coordinate is the repelling fixed point
and the second coordinate is the attracting fixed point of the hyperbolic translation
along the geodesic for the given normalization in the definition of earthquake path
fe-

We analyze the effect of earthquake path f; on the Liouville measure of A; ;. We
divide the measure ( into six measures 3;, ¢ = 1,2, ...6; by taking its restriction to
the above six groups. Each newly obtained measured lamination 3; has stratum I;
which contains I. Define six earthquake paths f},i = 1,2,...,6; for the measures 3;
such that they are all identity on stratum I; which contains I. Then f; = flo---off.
Note that f? ,f}, f2 and f? commute with each other.

Earthquake f7 fixes A; ; and we can disregard it.

By Lemma A.1, the Liouville mass of A; ; is an increasing function of the dis-
tance between the geodesics with endpoints a; and c;11, and the geodesic with the
endpoints a;11 and c¢;.

Because of our normalization, earthquake path f? moves a; closer to a;1 and
fixes a;11, ¢; and ¢;41. Earthquake path f7 moves ¢; closer to cj;1 and fixes ¢j 1,
a; and a;y1. Thus the Liouville mass of A; ; is decreasing under earthquake paths
f? and f?. Since we are interested in the upper bound we can disregard earthquake
paths f? and f7.

Consider earthquake path f. We divide the measure /33 into two measures. The
first measure (33 equals the restriction of 83 to [¢j, ¢j11] X (¢j41, zf‘l). Earthquake
path for the measure ﬁ§ moves ¢jy1 at most to xf‘l and leaves a;, a;41 and c;
fixed. The second measure 33 equals the restriction of 33 to [c;, cj+1] X [mf‘l,ai).
By Lemma A.2, if we replace earthquake path for the measure 35 by the hyperbolic
translation with the repelling fixed point c;, with the attracting fixed point a; and
with the translation length t3([cj, cj11] X [¢¥71, a;)) then the Liouville mass of the
image of A; ; increases. By Lemma A.1, we increase the Liouville mass of the image
ifl, a;)). Let us denote by oz; the image
in H(X) of earthquake path f7. From above we get that

of A; ; by not more than t3([c;, cji1] x [z

ay(Aij) < Lllai, aie] % [ej, 28 +t8(1cj, ci] % [2F71, a)).

Similar conclusions can be made for the Liouville mass of the image of f3(A4; ;)
under earthquake path f;.

We compose earthquake paths f and f{. Denote by «; the image in H(X) of
[f? 0 £{]. Then

”»

a;(Aig) < L([ai,y} "] % [ej, 28+
t{ﬁ([%%#ﬂ x [zf ! ai)) + B([ai, aiga] X [y;?*{cj))},

We are left to consider the image of f2 o f(A; ;) under earthquake path f!. By
Lemmas A.4 and A.5, we increase the Liouville measure of the image of f2o f(A; ;)
if we replace earthquake path f} by the hyperbolic translation with the repelling
fixed point a;, with the attracting fixed point c¢; and with the translation length
tB(A; ;). We combine all earthquake paths to obtain original earthquake path f;.
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FIGURE 2. Case 3(A;;) =0, B([zF 71, a;] x [y;?*l,cj]) #0

By Lemma A.1 and by the above discussion we get
ar(Aiy) < L(lai, y; =" % [eg, 27 1) + tB(Aig)+
t{Bllesse] X (257, 00)) + Blas, aia] X [y ) |-

We divide inequality (27) by ¢ which concludes the proof in Case 1.

Case 2: B(A; ;) =0 and B([a;+1,¢j] X [¢j+1,a;5]) = 0.

By a similar argument as in Case 1 we get inequality (27) without the second
term on the right.

Case 3: B(Ai ;) = 0, B([air1, ¢j]x[ej41,a5]) # 0 and B([27 " ai]x [y}~ ¢j]) # 0.

As a consequence of the above conditions we get 3([cj41,2F 1) X [ai11, y;-’_l)) =
0. In this case we divide the support of 3 into the following six groups (see figure
2):

. The geodesics which belong to [z

(27)

k—1
3
. The geodesics which belong to [9ciC !

The geodesics which belong to [y;l !

1).
1)'

Cj+17al] U {C]} X (CJ+17

/]

]

]

The geodesics which belong to (¢;,cjy1)
( ) az+1vcj] U{ai} % (aiv1,¥;

. The geodesics which belong to
. All other geodesics.

We normalize earthquake path f; to be the identity on the strata I which sep-
arates group 1 from group 3. If group 3 is empty then we normalize f; to be the
identity on the stratum I which separates group 1 and group 4. If groups 3 and 4
are empty then we use the stratum I which separates group 1 from c;11. We change

Q;‘@R‘

—_

iy Qi1

O W N

. . . . / . .
measured lamination 8 to new measured lamination 8 which gives new earthquake
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path ft' such that the Liouville mass of f;(A; ;) is smaller than the Liouville mass
of f;(Ai;).

The geodesics in group 1 are replaced by the geodesic with endpoints a; and
¢, and with the weight tﬂ([mf‘l,ai] X [y?_l,cj]). Any geodesic in group 2 with

endpoints a € [zF~?

i, and b € (aH_l,y;-’_l) is replaced by the geodesic with
endpoints a; and b. The measure on the new group 2 is given by the push-forward
of the measure § on the old group 2. Similarly the geodesics in group 3 are replaced
by the geodesics with one endpoint c¢; and the measure is the push-forward of the
measure 3 on the old group 3.

The earthquake along the geodesics in group 6 either does not move A4, ; or it
moves it to the set with smaller Liouville measure. We disregard group 6 and obtain
new measured lamination 6'.

Measured lamination B/ gives earthquake path ft, Let oz; denotes the image of
[f;] in H(X). By Lemma A.3, we get ar(Aig) < ay(Aq ).

The measure 3 satisfies 5 (A; ;) = B([zF 71, a;] x [yjh_l,cj]) # 0. Thus we are
in the Case 1. We obtain

1 / 1

-y (Aij) — B (Aij) <

t Lfas, gl ™) % [eg, 1)+

’

B (g, 1) %[5 a0)) + B ([as, aisa] % W'~ e)

By the definition 3'([c;, ¢j 1] x[2} ", @) = B([e;, ¢j ] x[xf ", @) and B ([as, aiy1)x

7 K3

[y;-l_l, ¢;)) = B(lai, aip1] x [y?_l, ¢;)). Since 5(A; ;) = 0 and by the above we obtain

1Oét(Ai,j) — B(Ai) < L(las,y) = x (e i) + Bl ] x ly)~h ¢5))

(28) 1
+B(lej ] x [27 7 @) + Blaiy aia] X [yj 7 ¢5))

Case 4: B(Ai ;) = 0, B(laip1, ¢s] % [ej41,05] # 0 and B[z}~ @] x [y}, ¢5]) = 0.

In this case we also construct new measured lamination ﬂ/ which gives earthquake
path f; (see figure 3). Let a; denote the image of [f;] in H(X). For this path we
also get that oy (A; ;) < a (A ).

We start by replacing the earthquake along the geodesics in [y?_l, ¢l x[¢j41, :cf_
by the hyperbolic translation with the repelling fixed point c;, with the attract-
k=1 and with the translation length tﬂ([y?_l,cj] X [cjr1, z¥71)).
Further, the earthquake along the geodesics in [xffl,ai] X [ai+1,y§-‘71} is replaced
by the hyperbolic translation with the repelling fixed point a;, with the attracting
fixed point y;hl and with the translation length t3([z¥ ™, a;] x [aii1, y;-’fl]). The

]

ing fixed point x

earthquake along the geodesics in [a;41, y?_l] X [ej41, 2871 is replaced by the hy-
perbolic translation with the repelling fixed point a:f_l, with the attracting fixed

point 4"~! and with the translation length ¢6([a;41, y;‘_l] X [eja1, 2.

J

We get the new measured lamination ﬁ/ and the corresponding path a;. Then by
Lemma A.3, we get (A, ;) < oy (A;;). The set f;(A; ;) is a subset of [ai,y?_l] X
[c;, 2771, Since B(A; ;) = 0 we get

%

1 1 .
Eat(Ai,j) - B(A4;;) < zat(Ai,j)'
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From above

1 1 _
Eat(Ai,j) é EL([azayj 1] X [ijxf 1})
Then
1 1 _ _
(29) F0e(Aig) = B(Ai) < S L(lai vy~ x [e, 27 1)).
O

Lemma 4.3. Let E,, and A; ; be as above. Then there exist constants C1 > 0 and
Cy > 0 such that
1 —Cylogn C
Za(Aig) = B(Aiy) > =20 - =2
for allt >0 and for alli,j=1,2,...,n— 2.
Proof. Either §(A4; ;) # 0 or 8(A; ;) = 0. We divide our proof in several cases.
Case 1: B(A; ;) =0
Then

— B[zl aiea] X [yl s cial)

1 1
Eat(Ai,j) — B(4;;) = zat(Ai,j) > 0.

Thus the lower bound in this case is 0.

Case 2: B(A; ;) # 0 and 5([@1-,:65_:11] X [cj,y;’;f]) # 0.

Consequently ﬂ((xf_[ll,aiH} X (y?_:ll,cjﬂ]) = 0. We consider the group of all
geodesics of the support of 3 which lie in set [a;, xf;ll] X [c],yf;f] Let d be the
endpoint in the interval [¢;, ¢;11] of a geodesic in the above group which is closest
to ¢j+1. Let b be the endpoint of a geodesic in the above group in the interval
[a;, xf_:ll] which is closest to a;11. Let a be the endpoint of a geodesic in the above
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h-1

Yt

group in the interval [ai,xf_:f] which is closest to a;. Let ¢ be the endpoint of a
geodesic in the above group in the interval [cj,y?_:f] which is closest to ¢;. We
divide the geodesics in the support of 3 in the following four groups (see figure 4):
1. The geodesics which belong to [ai,xﬁfll] X [c],yf_:f]

2. The geodesics whose both endpoints lie in the interval [d, a] except the geodesic
with endpoints a and d.

3. The geodesics whose both endpoints lie in the interval [b, ¢] except the geodesic
with endpoints b and c.

4. All other geodesics.

We are interested in the lower bound for 1oy (4;;) — B(A;;). Thus we can
replace oy (A; ;) with %ozt(A;yj) where A;yj is a subset of A; ;. Define A;’j =
[a,ait1] X [c,cj41]. By definition, A;’j > [xf_:ll,aiﬂ] X [y?_:ll,Cj_‘_l}. Let f; be
earthquake path for the measure 8. We normalize earthquake path f; to be the
identity on the strata I which separates the geodesics of group 1 from the geodesics
of group 2.

As in previous lemma, we divide § into four measured laminations (;, i =
1,2,3,4, such that ; is the restriction of 3 to the geodesics of group i. Each
measured lamination (3; has stratum I; that contains I. We define f; to be earth-
quake path for the measure 3; normalized such that ff|;, = id. Earthquake f;* fixes

A;yj. Thus we can disregard it. Earthquake f? either fixes A;,j or it fixes [a, a;q1]
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and maps [c, ¢;11] onto interval [c, e] with [c, ¢j+1] C [c, e]. We can disregard earth-
quake f? because we are interested in the lower bound for the Liouville measure of
the image of A;’ ;- Similarly we can disregard earthquake 3.

Let A be the hyperbolic translation with the repelling fixed point xf_;ll, with the
attracting fixed point y” i ! and with the translation length t3([a;, ¥ i % c;, yjh_:ll])
Then by Lemmas A.4 and A.5, ozt(Am-) is less than or equal to the Liouville measure

of [z f_i_ll,A(aiH)] X [y;l_;1170j+1]. By Lemma A.1, we get that L([z f+11,A(az+1)]

[y]_H ,cj+1]) is greater than or equal to t3([a;, x| x [cj,yj+l]) + 1og T where [

is the hyperbolic distance between the geodesics with the endpoints :UZ 1 L and Ci+1,

and the geodesic with the endpoints a;41 and y; +11. The angle distance between

xf;ll and a;41 is of the order TL—IQ Also the angle distance between y]hJ:ll and c¢j41
is of the order % Consequently, the distance between the geodesic with endpoints
a:f;ll and c;j41 and the geodesic with the endpoints a;y; and yjfll is of the order

%. Then there exist constants C7; > 0 and Cy > 0 such that

1 —Cilogn C
T e

Case 3: B(Ai) # 0 and B(las, 2871 % [e;,y/71]) = 0.
Then (4 ;) — B(Ai;) > =B(Ai;) = =Baf s aip] x [ ¢ja])- O
We gather the above estimates in the following useful form.

Lemma 4.4. Let E,, and A, ; be as above. There exists a constant C(n) > 0 such
that

=1 C 6
Z ‘gat(Ai,j) - B(Ai )| < @ +o
ij=1
Proof. By Lemmas 4.2 and 4.3 we get that
1
Fan(4ig) = BlA)| <
1
50 max{;L([al,y;l 1} < legyal ™) + Bt i x e, e+
ﬂ([a%ai-i-l] [ ) € ]) +ﬂ([ f 17 } x [y;‘l_lvcj])a
C1
1 :gn 7+6([ 2 ai] X [yﬁllvcjﬂ])}
Since
(U2 [ais aia] < [y} I ]} U {2 [l x [y el U
{Uz] 1[ ' a;] x [CJ7CJ+1]} C E,

and each point in F, is covered at most six times by the sets on the left we get

oy T {850 % legyesal) + Blan aie] x [y~ i)+
Bt @il x [~ es) | < 68(B,) < &
Since U’} 2> fﬂl,aiﬂ] X [yH_l ,cjy1] C B, we get
1
(32) > Bk ainl x Wi el < <

4,j=1
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From (30), (31) and (32) we get

nf ’%at(Ai,j) *ﬁ(Ai,j)’ <

ij=1
n—2 6 1 o X
h—1 k—1
maX{ti]z_:lL([a/iayj ] X [ijaf,i ])"’ﬁ,;l]z::l(cl 1ogn+02)+ﬁ}
By choosing
n—2
C(n) = max{ Z L([as, y;”l] X [cj,xffl]), (Cylogn + Ca)(n — 2)2}
ij=1

we obtain the desired inequality. O

We use above lemma to show that %at is bounded.
Lemma 4.5. Let oy and 3 be as above. Then %at(Q) is bounded fort > 1 and for
all bozes Q = [a,b] X [c,d] such that L(Q) = log 2.
Proof. By Lemma 4.4 we get

n—2

12;1 Eat(Ai,j) <B(Q)+ + n

A

where A; ; are as above and n is fixed. Note that UZ;;AM =[a,b] x[c,d] is
a proper subset of @ = [a,b] X [¢,d]. But @ can be covered by finitely many such

[a',b'] x [¢',d] and the conclusion follows. O

Now we prove that %at converges to 0 in the v-norm.

Theorem 4.2. If oy € H(X) denotes the image of an earthquake path [f;] with the
measure 3 € MLy(X), where ||B|| = 1, then Loy converges to 3 as t — oo in the
v-norm.

Proof. Let (p,Q) € test(v) where Q = [a,b] X [¢,d]. We keep the notation of the
previous lemmas.

We define a sequence of step function ¢, to approximate . Fix ¢; ; € A; ; for
eachi,j =0,1,...,n— 1. Define ¢,, 0 Oupca(g) = ¢ © Oupcalyi,;), for g € A; ; where
t,j=1,2,...,n—2; and ¢, 0 Ogpcq(g) =0 for g € A; j wherei =0ori=n—1or
j=0orj=n—1;and ¢, 00Oupea(g) = 0 for g not in [—i, 1] x [1, —i]. Note that @,
is not defined on the set of measure zero which is not important for the integration.

By the definition of ¢,, by the Holder continuity of ¢ and because A;; has
diameter of the order L there exists C' > 0 such that |¢(g) — ¢n(g)| < %: Then
we obtain the following inequalities
cr1

1 1
Z/‘Pdat - ;/iﬂndat < —-y(Q)

n' t

%/cpndat — /apndﬁ‘ < ”22 ‘%Oét(Ai,j) — B(Aij)

i,7=1

[onds = [ vas < .
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By Lemma 4.4, Zz =1 |1 (4; ;) — B(A; ;)| can be made small for n and ¢ large

independently of the box . By Lemma 4.5, 11, ([a,b] x [c,d]) is small for n
large. Above inequalities combined imply the convergence. O

Corollary 4.1. Let § € MLy(X) such that ||B]], = 1. Let [f¢] E T(X) be an
earthquake path with the measure B and let oy = L([f:]). Then Hoc Ta & — B as

t — oo in the v-norm. In other words, any [3] € PMLy(X) is a boundary point
for T(X).

Proof. By Theorem 4.2, %at — [ as t — oo in the v-norm. Consequently

[+o]l, — 1 as t — oo. Then%—&ast—»ooand
H ;
——ay — —ay|| — 00
ol ¢l

as t — oo. The Corollary follows by the triangle inequality. O

Theorem 2 of the Introduction is a direct consequence of Theorem 4.1 and Corol-
lary 4.1.

In the proof of Theorem 4.2, we showed that 1 ¢ — [ ast — oo, where a; =

L([ft]) for an earthquake path [ fi] € T(X) startmg at [id] with the measure 5. In

the following theorem we prove that this is still true even if an earthquake path
does not start from the basepoint [id] of T (X).

Let [f:] be an earthquake path with the initial point [f] € 7(X) and with the
measure t3. Then [f:] = [g+ o f] where [g:] is an earthquake path starting at [id]
with the measure f*(.

Theorem 4.3. Suppose [ : A — A is a I'-invariant quasiconformal map. Let
B € ML(X) and let [f;] be an earthquake path with the initial point [f] € T(X)
and with the measure t3 such that ||B]] = 1. Denote by oy the image of [fi] in
H(X). Then Yoy converges to 3 ast — oo in H(X).
Proof. The map f extends to a quasisymmetric map of S' and we denote it by f,
again. Earthquake path f; extends to a path of quasisymmetric maps of S! and we
denote this path by f;, again. If we normalize them properly we get fo = f. Let g;
be earthquake path with the measure f*( and gy = id. Let oz; stands for the image
of [g¢] in H(X") where X' = f(X). Then f; = g; o f and consequently a;, = f*a;.
As in the proof of Theorem 4.2, it is enough to show that \% f pndoy — f ©ndp| is
small for large enough fixed n and for ¢ > to(n) independently of the choice of the
step function ¢,,. We note that [ ¢,da; = Z?J_jl pijai(Aig) =300 21 pl,Jat(A;ﬁj)
where A;’j = f(4, ;) and p; ; is the value of ¢ at one point in A; ;. Then

1 n—2 1, , . ,
h/gandat —/sondﬁ‘ < Z ‘Eat(Ai,j)_f /B(Ai,j)‘
i,j=1

where by the deﬁnition oz;(A;]) = ay(4; ;) and B(4; ;) = f*B(A ”). By Lemma
4.5, Z” 1 ( ) 1*B8(4,; )‘ < C(t") —l—% because f(A; ;) = Ai,j and f(E,) =

En have smular propertles as A; ; and E, by the Holder continuity of f. The
theorem follows. O

Corollary 4.2. Let oy be as in Theorem 4.3 and let |||, = 1. Then mat —f
as t — oo in the v-norm.
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Proof. Similar to the proof of Corollary 4.1. O

Theorem 4 follows directly from Corollary 4.2.

We consider the action of the quasiconformal mapping class group QMCG(X)
on 7(X). The group QMCG(X) consists of all quasiconformal maps of A onto
itself which conjugate I" onto itself up to an equivalence relation. Two such maps
are equivalent if their extensions to S' are equal after postcomposing one of them by
an element of I'. For g € QM CG(X) the action on 7 (X) is given by [f] — [fog™!]
for [f] € T(X). We keep the same notation g for its extension to the boundary S*.
We define the action of g € QMCG(X) on H(X) by

g W(p)=W(pog),

for all W € H(X) and for all ¢ € H(X). Then, for a measure « in H(X) we
get g*a(p) = [¢ o g(z)da(z). By substituting z = g~ '(y) we get g*a(p) =
[ o(y)da(g~'(y)) and it implies that g*a(p) = [ @d(g*a). Thus the action of g on
H(X) restricts to the usual action of g on 7 (X) UPML(X).

We show that the action of g is continuous on H(X).

Theorem 4.4. The action of QMCG(X) on H(X) is continuous.

Proof. Let [W;(p)—Wa(p)| < € for all (¢, Q) € test(v). Function pog has support
in g71(Q). Let ©4-1(g) be the Mdbius transformation which maps —k, —1, 1 and
k onto g=1(a), g71(b), g~ *(c) and g~!(d), for a unique constant k£ > 1. We obtain

l0900,-1(q)llvw < Il o OgllullOg" 0 g0 O4-1(g)ll7,

where 0 < 11 < 1 is equal to the Hélder exponent of g (see [13]). The Liouville
mass of the support of ¢ o g is possibly greater than log2. We can write ¢ o g
as a sum of finitely many vv,-Holder continuous functions each having support
with Liouville mass less than or equal to log2. The number of such functions
depends on the Liouville measure of g~*(Q) which in turn depends on the constant
of quasiconformality of ¢ and it is independent of (). Consequently, there exists a
constant C' > 0 such that

19" Wi(p) — g"Wa(p)| = [Wi(pog) — Wa(pog)| < Ce
Thus the action is continuous. O

The inverse of the action of g € QMCG(X) on H(X) is the action of g=t. The
action of QM CG(X) on H(X) restricts to the classical action on 7 (X)UPML,(X).
Thus Theorem 4.4 implies Theorem 3 of the Introduction.

Our description of a Thurston-type boundary for 7 (X) when X is infinite surface
differs from the original Thurston’s description for finite surfaces. We make a
”weak” connection between the two.

Let v be simple closed geodesic on X and [f] € 7(X). We define [(5)(v) to be
the length of the unique geodesic in the homotopy class of f(v) on f(X).

Theorem 4.5. Let [f;] € T(X) such that [fy] — [B] as t — oo, where [B] €
PMLY(X). Let v be a simple closed geodesic on X such that 3N~ # (0. Then

lp () = o0

ast — o0.
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Proof. Let T'; be the covering group of X; = f;(X). The length of the geodesic v,
in the homotopy class of f;(7y) is equal to the translation length of the corresponding
hyperbolic isometry A; € I';. Let r; and a; be the repelling and the attracting fixed
point of A;. Similarly, let A € T' be a hyperbolic element which corresponds to
and, let r and a be the repelling and the attracting fixed point of A.

An elementary calculation shows that L([ry, 2;] X [A;z¢, a;]) = log <2t

p] where A\
is the multiplier of A; and x; = fi(x) for arbitrary x € (r,a). Note that log A; is
the translation length of A;, and log Ay — oo if and only if Ay — oo.

To prove the theorem, it is enough to show that L([r:,x:] X [Aizt, a]) — 0 as
t — oo. Note that L([ry, x¢] X [A¢xe, at]) = ae([r, ] x [Az, a]). We choose z € (r,a)
such that S((z, Az) x (a,r)) > 0. Then ay([z, Az] X [a,7]) — 00 as t — oco. Since
each oy satisfies equation (2), we get that ay([r, ] X [Az,a]) = 0 ast — oco. O

The above connection is just in one direction. Namely, for a fixed [3] € PMLy(X)
the condition I[7,)(7) — 0o as t — oo for each simple closed geodesic v on X such
that v N B8 # 0 does not imply that [f;] converges to [§]. The main problem is that
we do not have enough simple closed geodesics on an arbitrary infinite surface X.

Appendix

We give several lemmas on the Liouville measure of a box under the action of a
hyperbolic isometry. Lemma A.2 and Lemma A.3 are similar to lemmas given in
[8] and [12]. Lemmas given here will be used in section 5.

In the next lemma we estimate the change in the Liouville measure of a box

under a simple left earthquake whose support is the geodesic located in the lower
left corner of the box.
Lemma A.l. Let a,b,c and d be points on S* in the counter-clockwise order.
Denote byl the distance between the geodesic with endpoints a and d and the geodesic
with endpoints b and c¢. Let A be the hyperbolic translation with the repelling fized
point a, with the attracting fized point ¢ and with the translation length Bt. Then

L(ja, A(b)] x [¢,d]) = Bt + log (% + e*ﬁt)

and consequently,

ﬂt+10g§ < L([a, A(b)] % [¢,d]) < Bt + L([a, b] x [c, d]).

Proof. For the simplicity of the computations we use the upper half plane HZ2.
Because L is invariant under the M6bius maps we can assume that a = 0, b > 0,
¢ =00 and d = —1. Then L([a,b] x [c,d]) = log(b+ 1) and b = <BI=L where [ is
the distance between the geodesic with the endpoints a and d and the geodesic with
the endpoints b and c. By the same formula L([a, A(b)] x [c,d]) = log(e®*b+ 1) =

Bt + log (7003}121_1 + e*'@t>. |

In the following four lemmas we compare the Liouville measures of the images
of a box under the action of two simple left earthquakes.

In the next lemma we compare the Liouville measures of the images of a box
Q = [a,b] X [¢,d] under two simple earthquakes F; and Fy for measures 1 and [
with their supports I; and I3 in [b, ¢) X (¢, d] where (1 (l1) = [2(l3). If one component
of the complement of 5 contains [; and ¢ then the mass of E;(Q) for the Liouville
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measure is greater than or equal to the mass of F5(Q). Similarly, let F5 and
E, be two simple earthquakes with supports I3,l4 € [a,b) X (b, c], respectively. If
B3(13) = B4(ly) and if one component of the complement of I3 contains Iy and b
then the mass of F3(Q) for the Liouville measure is greater or equal to the mass of
Eqy(Q).

Lemma A.2. Let a, g, g, b, €, ¢, ¢, f, f and d be points on S* given in the
counter-clockwise order. Let A be the hyperbolic translation with the repelling fized
point e, with the attracting fized point f and with the translation length A > 0. Let
A be the hyperbolic translation with the repelling fixed point el, with the attracting
fixed point f/ and with the translation length X > 0. Let Ay be the hyperbolic
translation with the repelling fixed point g, with the attracting fixed point e and with
the translation length Ay > 0. Let All be a hyperbolic translation with the repelling
fixed point g/, the attracting fixed point e and the translation length \1. Then

L([a,b] x [A(¢),d]) = L([a,b] x [A'(c),d))

and

L([a, Ay (b)] % [¢,d]) > L([a, A} (b)] x [¢,d]).

Proof. By Lemma A.1, the Liouville measure of [a, b] X [c,d] is an increasing func-
tion of the hyperbolic distance between geodesic with the endpoints a and d, and
the geodesic with the endpoints b and ¢. Thus it is enough to show that A(c)
lies between ¢ and A'(c), and that A} (b) lies between b and A;(b) for the given
counter-clockwise orientation of S'. But this is trivial. O

Given @ = [a,b] X [¢,d], let E; and F5 be two simple earthquakes for measures

B1 and B2 with support geodesics Iy and ls in [b,¢] X [d,a], respectively. Assume
that 1 (l1) = B2(l2) and that the endpoints in [d, a] of I and 5 are equal. Assume
that one component of the complement of I; contains Iy and (¢, d). We show that
E1(Q) has smaller or equal mass to F5(Q) for the Liouville measure. Let E3 and
E4 be two simple left earthquakes for measures 83 and (4 with supports I3 and I4
in [b,c] x [d,a], respectively. Assume that G3(I3) = B4(l4) and that the endpoints
in [b,c] of I3 and l4 are equal. We show that if one component of the complement
of I3 contains l4 and (c,d) then the mass of F3(Q) is greater than or equal to the
mass of F4(Q) for the Liouville measure.
Lemma A.3. Let a, b, x, y, ¢, d and e be points on S* given in the counter-
clockwise order. Let A, be the hyperbolic translation with the repelling fixzed point
x, with the attracting fized point e and with the translation length I. Let A, be
the hyperbolic translation with the repelling fixed point y, with the attracting fized
point e and with the translation length . Let A* be the hyperbolic translation with
the repelling fixed point e, with the attracting fixed point x and with the translation
length 1. Let AY be the hyperbolic translation with the repelling fixed point e, with
the attracting fized point y and with the translation length [. Then

L([a, b] x [Az(c), Az (d)]) < L([a, b] x [Ay(c), Ay(d)])

and
L([A"(a), A*(D)] x [c,d]) = L([AY(a), A¥(b)] X [c,d]).
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Proof. We use the upper half plane model model H2. By the invariance of L un-
der the M6bius maps we can assume that e = co. Let A = e!. Then L([a,b] x

[Az(c), Az(d)]) = log Rgg:igii:z]][[’/\\((i:gii:lg} The derivative of the above expres-

sion with respect to x is

1

W*1)(d*0){p(d—x)+x—b][x(c—x)+x—bf

1 )
ANd—2z)+z—a]Mc—1z)+z—a]ll’

It is positive for b < z < ¢ and for A > 1. Consequently, the expression L([a,b] x
[Az(c), Az (d)]) is increasing in x. Hence the first inequality is proved. The second
inequality follows by applying A® to the box [a, b] X [4,(c), A;(d)] and by applying
AY to the box [a, b] x [A4,(c), Ay (d)] and noting that the Liouville measure is M6bius
invariant. O

Let @ = [a,b] X [c,d]. Let Eq be a simple earthquake for measure ; whose

support geodesic I; has endpoints a and e € [¢,d]. Let Es be a simple earthquake
for measure (o whose support geodesic I has endpoints a and e € [c,d]. We
assume that 81(l1) = f2(l2). We show that the Liouville mass of F4(Q) is greater
than the Liouville mass of E2(Q).
Lemma A.4. Let a, a/, b, ¢, e and d be points on S given in the counter-clockwise
order. Let A be the hyperbolic translation with the repelling fixed point a, with the
attracting fized point e and with the translation length | > 0. Let A’ be the hyperbolic
translation with the repelling fixed point a/, with the attracting fixed point e and with
the translation length | > 0. Then

’

L([a, A(b)] % [A(c), d]) > L([a, A"(b)] x [A"(c), d]).

Proof. We use H? model and we can assume that e = co. Then computations

give L([a, A(®)] x [A(e), d]) = log (&5 =202 and L([a, 4'(5)] x [4'(¢), d]) =

a

log | == t%éa 2 g _d:i(db_a )] But ¢ —d+Ab—a') < a—d+ Ab—a) and

c—ad + %(a/ —a) <c—a for a > a and the conclusion follows. O

Let @ = [a,b] X [¢,d] and let E; be a simple earthquake for measure [, with

support geodesic I; whose endpoints are a and c. Let F5 be a simple earthquake
for measure J; with support geodesic I3 whose endpoints are a and ¢ € (c,d). We
assume that 81(l1) = S2(l2). We show that the Liouville mass of F1(Q) is greater
than or equal to F5(Q).
Lemma A.5. Let a, b, c, ¢ and d be points on S given in the counter-clockwise
order. Let A be the hyperbolic translation with the repelling fived point a, with
the attracting fixed point ¢ and with the translation length | > 0. Let A" be the
hyperbolic translation with the repelling fized point a, with the attracting fized point
¢ and with the translation length 1 > 0. Then

/

L(la, A(D)] x [e,d]) > L([a, A'(b)] x [A'(c), d)).
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Proof. We use H? model and we can assume that a = co. Let A = e/. The
multiplier for A and A" is +. Then computations give L([a, A(b)] x [c,d]) =
log {d—%_(b)—")} and L([a, A ()] x [A'(c),d)) = log [d—j(if_(b)—") . Butd—c+
te=b)>d- ¢+ %(c/ —b) for ¢ > ¢ and the conclusion follows. O
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