Math 157 Fall 2013 Problem Set 1

1 Step functions

3

Problem 1. Compute/ [t?]dt.
-3

Answer. The function g : [-3,3] — R defined by g(t) = [t?] is constant on the
open subintervals of the partition

P = {_37 _\/gv _ﬁv _\/67 _\/57 _27 _]-7 Oa 17 \/ia \/37 23 \/57 \/67 \ﬁ’ \/ga 3}

Here’s a picture:
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We compute

3 16
/ [tQ]dt = ng(xk — ,Tk,l)
-3 k=1
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Problem 2. Suppose that s : [a,b] = R and ¢ : [a,b] — R are step functions.

Prove that
b b b
/s—i—tz/ s+/ t.
a a a

Proof. Let P = {xg,...,2,} be a common partition for which s and ¢ are
constant and take the values s, and tj respectively on the open subintervals
(vg—1,21) for k=1,...,n. Then

b
/ s+t=
a

(s + 1) (zk — 1)

NE

B
I
-

I
NE

((sk)(xk — wp—1) + (tr) (T — Th—1))

~
Il
—

I
NE

(1) (e = @p—1) + ) (1) (@ — 2r1)

k=1
b
s+/t.

Il
T~ T\r
[SyR



Math 157 Fall 2013 Problem Set 1

O

Problem 3. Let s : [a,b] — R be a step function and let P = {xq,...,2,}
be a partition of the interval [a,b] for which s is constant on each subinterval
[k—1,x]. Let sp denote the value of s on the k-th subinterval; i.e., s(x) = si
for all xp_1 < x < Sg.. Define

b n
f SZZsi(xk—xk,l).
@ k=1

For this new theory of integration, which of the following properties hold?

(a) }ébs+t=£bs+1{bt

Answer. This property fails to hold. For example, let s(z) = 1 and
t(x) =2 for z € [0,1]. Then

1 b b
f s+t = (1+2)*(1-0) = 27 and 7{ s+% t=1%(1-0)+2%(1-0) = 9.
0 a a

(b) f:cs:cébs

Answer. This property fails to hold. For example, let s(z) = 1 for
x € [0,1]. Then, checking the property for ¢ = 2, we have

1 b
7{ 2s = (2(1))3(1 — 0) = 8 and 2% s=2(1*(1-0)) =2.
0 a

() £b8+7ics=£cs

Answer. This property holds. Let P = {xo, ..., 2, } be a partition of [a, ¢]
for which s is constant on the open subintervals (zj_1,z)) and assume
b=xz; € P. So that {zo,...,z;} is a partition of [a,b] and {z;,...,z,}
is a partition of [b, ¢].
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() £b+cs(x)dx _ ]{bs(a? + o)da.

+e
Answer. This property holds. It’s convenient to let ¢ : [a,b] — R be the
function defined by ¢(z) = s(x + ¢). Note that s(z) = t(z — ¢). Now,
let P = {xo,...,2,} be a partition of [a,b] for which ¢ is constant on the
open subintervals (xp_1, ). Say

t(x) =ty for zp_1 <z < xg.

So,
b b n
7{ s(x 4 ¢)dx = / t= Ztk(xk — Tg—1).
a a k=1

Consider the partition @ = {xg+c, ..., z,+c} of [a+c, b+c]. Note that for
any ¢ € (rx—1+c, xp+c), we have t—c € (21, xp) so s(z) = t(x—c) = ti.
Thus s is constant on the subinterval (zx_1 + ¢,k + ¢). Therefore,

n

b+c n
7{ s(z)dx = Ztk((xk +¢)— (xp—1+0)) = Ztk(mk — Tp_1).
@ k=1

tc k=1

b+c b
Thus, 7{ s(z)dx = 7{ s(x + ¢)dz.

+c
2 Products and unions

2.1 The Cartesian product
Recall, for two sets X and Y we define the product X x Y to be the set
XxY={(z,y):xeX,yecY}

There are two important functions 7 : X XY —- X and m : X xY — Y.
Here’s a diagram:

The functions m : X XY — X and w3 : X X Y — Y are called projections and
are defined by 71 (z,y) = = and w2 (z,y) = y.

The product X x Y and the projections m; and me satisfy the following
important property.

For any set Z and any functions f: Z — X and g: Z — 'Y, there
exists a unique function h : Z — X XY satisfying mh = f and
7T2h =4g.



Math 157 Fall 2013 Problem Set 1

Figure 1: The important property for Cartesian product of sets
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2.2 The union

Recall, for two sets X and Y we define the union X UY to be the set
XUY ={a:aeXoraecY}.

There are two important functions iy : X - XUY and iy : Y — X UY. Here’s
a diagram:

The functions i1 : X — X UY and i : Y — X UY are called inclusions and
are defined by i1(x) = = and i2(y) = y. The union X UY and the inclusions i;
and iy satisfy the following important property:

For any set Z and any functions f : X — Z and g :Y — Z such that
f(@) = gly) if x =y there exists a unique function h : X UY — Z
so that hi; = f and his = g.

Figure 2: The important property for the union of sets
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Problem 4. Let X = {1,2} and Y = {2,3} and Z = {Q, $}.
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(a) Give an example of functions f: Z - X, ¢g: Z—>Y,and h: Z - X xY
making the diagram in Figure 2.1 commute.

Answer. Let

71 x z—.y Z— o xxy
Or——1 Or——3 Or——=(1,3)
o2 =3 or—=(2,3)

Note that 1y oh = f and mooh =g :

7t xxy - X 7t xxy -y
Or——(1,3) ——>1 Qi (1,3)¢ 3
OrH——=1(2,3) ——2 O (2,3) 3

(b) Give an example of functions f: X - Z,¢g:Y - Z, and h: XUY — Z
making the diagram in Figure 2.2 commute.

Answer. Let

x—t.z y 4.7 XUy sz

1—9$ 2—— < I3
2———= < 3I——0 22—
3I——0

Note that hoi; = f and hiog =g :

i1 h

X XUY A A
A
1+ 1t & Ik
|
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(c) Are there any functions X - X xY and X UY — X?

Answer. As long as the sets X and Y are nonempty, then sure, there
will exists functions X — X x Y and X UY — X. However, in contrast
to the projection X x Y — X and the inclusion X — X UY, there’s no
natural way to define such functions for arbitrary sets X and Y.

Definition 1. For any sets A and B, let Functions(A, B) denote the set of
functions A — B.

Problem 5. True or False:

(a)

(e)

For any sets X, Y, the projections 71 : X XY - X and mp : X XY — Y
are surjective.

Answer. True.

For any sets X,Y, the inclusions ¢; : X - X UY and iz : Y — X UY are
injective.

Answer. True.

For all sets X, Y, and Z, there is a bijection between sets
Functions(Z, X') x Functions(Z,Y) — Functions(Z, X x Y)

Answer. True. The followin is a bijection

Functions(Z, X)) x Functions(Z,Y) <—— Functions(Z, X x Y)
(myoh,ma0h) i h

For all sets X, Y, and Z, there is a bijection between sets
Functions(X, Z) x Functions(Y, Z) — Functions(X x Y, Z)

Answer. False. For example if X = {1}, Y = {qa,b,c}, and Z = {©, {},
then X x Y has 3 elements so there are 9 functions X x Y — Z. On
the other hand, there are two function from X — Z and 9 functions from
Y — Z, so the set Functions(X, Z) x Functions(Y, Z) has 18 elements.
There’s no bijection between a set with 9 elements and a set with 18
elements.

For all sets X, Y, and Z, there is a bijection between sets

Functions(X, Z) U Functions(Y, Z) — Functions(X x Y, Z)
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Answer. False. For example if X = {1,2}, Y = {2,3}, and Z = {©, {},
then X UY has 3 elements so there are 9 functions X x Y — Z. On
the other hand, there are 4 function from X — Z and 9 functions from
Y — Z, none are equal, so the set Functions(X, Z) U Functions(Y, Z) has
13 elements. There’s no bijection between a set with 9 elements and a set
with 13 elements.

(f) For all sets X, Y, and Z with X NY = 0, there is a bijection between sets
Functions(X, Z) x Functions(Y, Z) — Functions(X UY, Z)
Answer. True. The followin is a bijection

Functions(X, Z) x Functions(Y, Z) <—— Functions(X UY, Z)
(hoiy,hois) ih

Problem 6. Prove or disprove: for all sets X,Y, Z, we have X x (Y U Z) =
(X xY)U (X x Z).

Answer. This is true. Here’s a proof. Let p € Z x (Y U Z). So, p = (x,w) for
somez € X andw € YUZ. fw €Y, then (z,w) e X xY C X xYUX x Z. if
w € Z, then (z,w) € X x Z C X xYUX x Z. This proves that X x (YU Z) C
(X xY)U (X x 2).

Now suppose p € (X xY)U(X xZ). Thismeansp € (XxY)orp € (XxY). If
p € (X xY), then p = (z,y) for some z € X and some y € Y. SinceY CYUZ,
we have z € X and y € Y U Z and we see that p = (z,y) € X x (Y U Z). If,
on the other hand, p € (X x Z) , then p = (x, 2) for some x € X and some
z € Z. Since Z CYUZ, we have x € X and z € Y U Z and we see that
p=(z,2) € X x (YUZ). This proves that (X xY)U(X xZ)C X x (YUZ).



