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Abstract. In this paper we provide a sufficient condition for a prime to
be a congruence prime for an automorphic form f on the unitary group
U(n, n)(AF ) for a large class of totally real fields F via a divisibility of a
special value of the standard L-function associated to f . We also study
`-adic properties of the Fourier coefficients of an Ikeda lift Iφ (of an
elliptic modular form φ) on U(n, n)(AQ) proving that they are `-adic
integers which do not all vanish modulo `. Finally we combine these
results to show that the condition of ` being a congruence prime for Iφ
is controlled by the `-divisibility of a product of special values of the
symmetric square L-function of φ. We close the paper by computing an
example when our main theorem applies.

1. Introduction

The problem of classifying congruences between automorphic forms has
attracted a considerable amount of attention due not only to its inherent
interest, but also because of the arithmetic applications of many of these
congruences. For instance, a congruence between an elliptic cusp form and
an Eisenstein series implies that the residual Galois representation associated
to the cusp form is reducible and non-split. This in turn implies one can
construct certain field extensions with prescribed ramification properties.
One can see Ribet’s seminal paper on the converse to Herbrand’s theorem
for such a construction [30]. The classification of congruence primes for
elliptic modular forms was given by Hida in a series of papers [14, 15, 16]
where he showed special values of the symmetric square L-function control
such congruences.

As in the case of elliptic modular forms, congruences between automor-
phic forms on other reductive algebraic groups have numerous arithmetic
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applications. One can see [1, 2, 3, 4, 5, 7, 8, 13, 24, 25, 27, 28, 36, 37]
for examples of such applications. As such, there is considerable interest in
classifying congruence primes for automorphic forms on these groups. One
would expect that the congruence primes should be controlled by certain
special values of L-functions attached to the automorphic form. While this
remains an open problem, partial progress has been made for automorphic
forms of full level defined on symplectic groups in the form of a sufficient
condition for a prime to be a congruence prime [24]. In this paper we provide
a sufficient condition for an automorphic form f (which is an eigenform for
the Hecke algebra) defined on the unitary group U(n, n)(AF ) to be congru-
ent to an automorphic form on the same group that is orthogonal to f . This
condition is expressed in terms of the divisibility of a special value of the
standard L-function associated to f . Here n > 1 and F is any totally real
finite extension of Q which has the property that every ideal capitulates in
the imaginary quadratic extension over which U(n, n)F splits (this is true for
example if F has class number one). On the other hand most of the results
referenced above [1, 2, 4, 5, 7, 8, 13, 24, 25, 27, 28, 36, 37] on congruence
primes for automorphic forms on reductive groups require the automorphic
forms to be defined over Q. The results of [24] on congruence primes for au-
tomorphic forms defined on GSp(2n)(AQ) also require the forms to have full
level while our result holds for congruence subgroups of the form K0,n(N)
for N an ideal in OF .

More precisely, we prove the following result. Let ` be a rational prime
and fix embeddings Q ↪→ Q` ↪→ C. Let K/F be an imaginary quadratic
extension. Let M ⊂ OF be an ideal and f a cuspidal Hecke eigenform of
level M and parallel weight k defined on U(n, n)(AF ) (for precise definitions
of level and weight see section 2). Let ξ be a Hecke character of K of infinity

type ξa(z) =
(
z
|z|

)−t
for t = (t, . . . , t) ∈ Za. We denote the standard L-

function associated to f twisted by ξ by L(s, f, ξ; st). We consider the value

Lalg(2n+ t/2, f, ξ; st) =
L(2n+ t/2, f, ξ; st)

πnd(k+2n+t+1)〈f, f〉

where d = [F : Q], which was shown to be algebraic by Shimura [34]. The
main result of the first part of this paper is that for a prime ` up to some
technical conditions one has f is congruent modulo `b to an automorphic

form f ′, orthogonal to f , if−b = val`

(
πdn

2

vol(FK0,n(M))
Lalg(2n+ t/2, f, ξ; st)

)
<

0 where FK0,n(M) is a fundamental domain for the congruence subgroup of

level M (please, see Remark 3.6 where its volume is made explicit). One
can see Theorem 4.3 for a self-contained precise statement of the result.

In the second part of the paper we study arithmetic properties of hermit-
ian Ikeda lifts and then apply the results of the first part to construct a con-
gruence between this lift and an orthogonal automorphic form on U(n, n)(A)
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of full level. More specifically, let K = Q(
√
−DK) be an imaginary qua-

dratic field of discriminant −DK . Let n > 1 be an integer and φ be either
a modular form of level DK and Nebentypus being the quadratic character
associated with K (if n is even) or a modular form of level one (if n is odd).
The Ikeda lift is an automorphic form Iφ on U(n, n)(AQ) of full level. It
was proven in [22] that Iφ is non-zero unless n ≡ 2 (mod 4) and φ arises
from a Hecke character of an imaginary quadratic field. In this paper we
are interested in the non-vanishing of Iφ modulo a prime ` which is impor-
tant for constructing congruences. We show that Iφ has Fourier coefficients
which are algebraic integers (Proposition 5.4) and then prove these coeffi-
cients do not all vanish modulo ` unless n ≡ 2 (mod 4) and the residual
(mod `) Galois representation attached to φ restricted to GK has abelian
image (Theorem 5.8). The condition on the image of the Galois represen-
tation is not surprising in light of a result of Ribet [31] which says that
modular forms whose `-adic (i.e., characteristic zero) Galois representations
restricted to the absolute Galois group of an imaginary quadratic field have
abelian image arise from Hecke characters. See section 5 for more details.

Given these arithmetic results and an inner product formula due to Kat-
surada [26] we construct the aforementioned congruence in section 6. More
precisely, we show that up to some technical hypotheses Iφ is congruent to

an orthogonal automorphic form f ′ on U(n, n)(AQ) modulo `b where
(1.1)

b = val`(Vηφ) with V :=


∏n
i=2

L(i+2k−1,Sym2 φ⊗χi+1
K )

π2k+2i−1Ω+
φΩ−φ

n = 2m+ 1∏n
i=2

L(i+2k,Sym2 φ⊗χiK)

π2k+2iΩ+
φΩ−φ

n = 2m

and ηφ is a generator of the congruence module of φ. Here we require the
choice of an auxiliary character ξ so that ` does not divide a product of
certain special values of an L-function twisted by ξ. (See Theorem 6.1 for
a precise statement.) While this result is in the spirit of the results of
Katsurada on congruence primes for Ikeda lifts on GSp(2n)(AQ) [25], our
result provides more freedom in “missing” the L-values as we can twist a
large family of Hecke characters of K while Katsurada’s result allows one
only to vary the evaluation point of the L-functions. We then prove that
replacing val`(Vηφ) by val`(V) we can ensure that f ′ is not an Ikeda lift itself.
This result however requires some expected (but so far to the best of our
knowledge absent from the literature) properties of the Hecke algebra and
the Galois representations attached to automorphic forms on U(n, n)(AF ) to
hold. For details see section 7. One can see section 9 for explicit examples
of the main congruence result on Ikeda lifts. Our methods should apply
directly to GSp(2n)(AF ) as well where F is a totally real extension of Q;
this will be the subject of future work.

We include a discussion on how the constructed congruence can be applied
to provide evidence for a new case of the Bloch-Kato conjecture, which con-
cerns the motive ad0 ρφ(3), where ρφ is the Galois representation attached
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to φ. Such evidence for the motive ad0 ρφ(2) was provided in [27, 28]. We
refrain ourselves however from formulating a precise theorem because we can
only prove it under an assumption that certain cohomology classes lie in the
correct eigenspace of the complex conjugation and such a result appears to
us less than satisfying on the one hand and clumsy to state on the other (cf.
Section 8).

We would like to thank Thanasis Bouganis for sending us a copy of his
paper [6] before it was published and David Loeffler for a helpful discussion of
the example found in [29, Section 6]. We are also indebted to the anonymous
referee for a very careful reading of the paper and numerous suggestions
which greatly improved the exposition in the article and prompted us to
include section 9.

2. Notation and terminology

2.1. Number fields and Hecke characters. We fix once and for all an
algebraic closure Q and an embedding ι∞ : Q ↪→ C. For z ∈ C we write
e(z) = e2πiz. Given a number field L, we write OL for the ring of integers
of L. Given a prime w of L, we write Lw for the completion of L at w,
OL,w for the valuation ring of Lw, and $w for a uniformizer. If L/E is an
extension of number fields and υ a prime of E, we write Lυ = Eυ ⊗E L and

OL,υ = OE,υ ⊗OE OL. We also set ÔL =
∏
w-∞OL,w. Given a finite prime

w of L, we let valw denote the w-adic valuation on Lw. For α ∈ Lw, we set
|α|Lw = q− valw(α) where q is the cardinality of the residue class field at w.
We will write |α|w for |α|Lw if it is clear from context what is meant.

Let AL denote the adeles of L, fL the set of finite places of L, and aL the
set of embeddings of L into Q. We regard aL as the set of infinite places
of L via the fixed embedding ι∞ : Q ↪→ C. We write AL,aL and AL,fL
for the infinite and finite part of AL respectively. For α = (αw) ∈ AL,
set |α|L =

∏
w |αw|Lw . For α ∈ A×L or α ∈ CaL and c ∈ RaL , we set

αc =
∏
w∈aL α

cw
w .

We say ψ is a Hecke character of L if ψ is a continuous homomorphism
from A×L to {z ∈ C : |z| = 1} so that ψ(L×) = 1. We write ψυ, ψfL and ψaL

for its restrictions to L×υ , A×L,fL , and A×L,aL respectively. Given ψ, there is a

unique ideal f ⊂ OL satisfying ψυ(α) = 1 if υ ∈ fL, α ∈ O×L,υ and α− 1 ∈ fυ
and if f′ is another ideal of OL with this property then f′ ⊂ f. The ideal f
is referred to as the conductor of ψ. Given an integral ideal N of OL and a
Hecke character ψ, we write

ψN =
∏
υ|N

ψυ.

Let F be a totally real extension of Q and K an imaginary quadratic
extension of F . Throughout the paper we let a (resp. b) denote aF (resp.
aK) and f (resp. k) denote fF (resp. fK). Let DK denote the discriminant of
K. Set χK to denote the quadratic character associated with the extension
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K/F . We identify Fa := R ⊗Q F with Ra :=
∏
υ∈a R via the map a 7→

(σ(a))σ∈a.

2.2. Unitary group. Let Ga denote the additive group scheme and Gm the
multiplicative group scheme. Let Matn denote the Z-group scheme of n×n
matrices (∼= Gn2

a ). Given a matrix A ∈ ResOK/OF Matn/OK , we set A∗ = A
t

and Â = (A∗)−1 where bar denotes the action of the nontrivial element of
Gal(K/F ). Associated to the imaginary quadratic extension K/F we have
the unitary similitude group scheme over OF :

GU(n, n) = {A ∈ ResOK/OF GL2n/OK : AJnA
∗ = µn(A)Jn}

where Jn =

[
−1n

1n

]
, 1n is the n×n identity matrix, and µn : ResOK/OF GL2n/OK →

Gm/OF is a morphism of OF -group schemes. Set Gn = kerµn. For a 2n×2n
matrix g we will write ag, bg, cg, dg to be the n × n matrices defined by

g =

[
ag bg
cg dg

]
.

Write Pn for the standard Siegel parabolic of Gn, i.e.,

Pn =

{
g =

[
ag bg
0n dg

]
∈ Gn

}
.

We have the Levi decomposition of Pn = MPnNPn where

MPn =

{[
A

Â

]
: A ∈ ResOK/OF GLn/OK

}
and

NPn =

{[
1n S

1n

]
: S ∈ ResOK/OF Matn/OK , S

∗ = S

}
.

Let N ⊂ OF be an ideal. For v ∈ f we set

K0,n,υ(N) = {g ∈ Gn(Fυ) : ag, bg, dg ∈ Matn(OK,υ), cg ∈ Matn(NOK,υ)}

and

K1,n,υ(N) = {g ∈ K0,n,υ(N) : ag − 1n ∈ Matn(NOK,υ)}.

We put K0,n,f (N) =
∏
υ∈f K0,n,υ(N) and similarly for K1,n,f (N). Set

K+
0,n,a =

{[
A B
−B A

]
∈ Gn(Ra) : A,B ∈ GLn(Ca), AA∗ +BB∗ = 1n, AB

∗ = BA∗
}

and K0,n,a to be the subgroup of Gn(Ra) generated by K+
0,n,a and Jn. Set

K0,n(N) = K+
0,n,aK0,n,f (N) and K1,n(N) = K+

0,n,aK1,n,f (N).
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2.3. Automorphic forms. Define

Hn = {Z ∈ Matn(C) : −i1n(Z − Z∗) > 0}.

For ga = (gv)v∈a ∈ Gn(Ra) and Z = (Zv)v∈a ∈ Ha
n, set j(ga, Z) =

(j(gv, Zv))v∈a where j(gv, Zv) = det(cgvZv + dv).
Let K be an open compact subgroup of Gn(AF,f ). For k, ν ∈ Za let

Mn,k,ν(K) denote the C-space of functions f : Gn(AF )→ C satisfying the
following:

(i) f(γg) = f(g) for all γ ∈ Gn(F ), g ∈ Gn(AF ),
(ii) f(gκ) = f(g) for all κ ∈ K, g ∈ Gn(AF ),
(iii) f(gu) = (detu)−νj(u, i1n)−kf(g) for all g ∈ Gn(AF ), u ∈ K0,n,a,

(iv) fc(Z) = (det ga)νj(ga, i1n)kf(gac) is a holomorphic function of Z =
gai1n ∈ Ha

n for every c ∈ Gn(AF,f ) where ga ∈ Gn(Ra).

If n = 1, one also needs to require that the fc in (iv) be holomorphic at
cusps (cf. [34, p. 31] for what this means). We let Sn,k,ν(K) denote the
space of cusp forms in Mn,k,ν(K) (cf. [34, p. 33]). If ν = 0 we drop it from
the notation.

Let ψ be a Hecke character of K of conductor dividing N. For k, ν ∈ Za

we set

Mn,k,ν(N, ψ) := {f ∈Mn,k,ν(K1,n,f (N)) | f(gκ) = ψN(det(aκ))−1f(g),

g ∈ Gn(AF ), κ ∈ K0,n,f (N)}.

If ψ is trivial we drop it from the notation.
Every automorphic form f ∈ Mn,k,ν(K) has a Fourier expansion which

we now discuss. We first define eAF
as follows. Let α = (αυ) ∈ AF ,

where υ runs over places of F . We set eυ(αυ) = e(αυ) for υ ∈ a and
write ea(α) = e

(∑
υ∈a αυ

)
. If υ is finite, we set eυ(αυ) = e(−y) where

y ∈ Q is chosen such that TrFυ/Qp
(αυ) − y ∈ Zp if υ | p. We then set

eAF
(α) =

∏
υ eυ(αυ). For every q ∈ GLn(AK,k) and h ∈ Sn(F ) there exist

complex numbers cf (h, q) such that one has (a Fourier expansion of f)

f

([
1n σ

1n

] [
q

q̂

])
=

∑
h∈Sn(F )

cf (h, q)eAF
(tr hσ)

for every σ ∈ Sn(AF ) where

Sn = {h ∈ ResOK/OF Matn/OK : h∗ = h}.

One can see [33, Chapter III, Section 18] for further discussion of such
Fourier expansions.

Our next step is to define what we mean by a congruence between two
automorphic forms. One knows (see e.g., [10, Theorem 3.3.1]) that for any
finite subset B of GLn(AK,k) of cardinality hK with the property that the

canonical projection cK : A×K → ClK restricted to detB is a bijection, the
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following decomposition holds

GLn(AK) =
⊔
b∈B

GLn(K) GL+
n (Kb)bGLn(ÔK).

Here + refers to a totally positive determinant. Such a set B will be called
a base.

Let Cl−K denote the subgroup of ClK on which the non-trivial element of
Gal(K/F ) acts by inversion.

Lemma 2.1. If (hK , 2n) = 1 and Cl−K = ClK then a base B can be chosen

so that all b ∈ B (and hence also pb :=

[
b

b̂

]
) are scalar matrices and

bb∗ = b∗b = 1n (and hence also pbp
∗
b = p∗bpb = 12n).

Proof. This is just a modification of the proof of [28, Corollary 3.9]. Iden-
tifying ClK with a quotient of A×K/K

× and using the fact that raising to
the power n acts as automorphism on ClK since (hK , n) = 1, it is enough
to show that every element of ClK can be written in the form αα−1 for
some α ∈ A×K . Let α1, . . . , αhK be representatives of ClK . Since 2 - hK ,
α2

1, . . . , α
2
hK

also form a complete set of representatives. By our assumption

that ClK = Cl−K we get that for each 1 ≤ i ≤ hK we have α−1
i = αiki for

some ki ∈ K×. �

Remark 2.2. The assumption ClK = Cl−K is satisfied if the image of the
canonical map ClK → ClF given by a 7→ aa is trivial, so in particular
when hF = 1. Indeed, then a = a−1k for some k ∈ F . The assumption
Cl−K = ClK is therefore weaker for allowing k ∈ K and in fact since hK is
odd it is equivalent to the assumption that every ideal of OF capitulates in
OK .

Definition 2.3. Let B be a base. We say B is admissible if all b ∈ B are
scalar matrices with bb∗ = 1n (and hence also pb are scalar matrices with
pbp
∗
b = 12n). Furthermore given a prime ` we say that B is `-admissible, if

it is admissible and for every b ∈ B there exists a rational prime p - 2DK`
such that bq = 1n for all q - p and bb = 1n. The set of primes p for which
bq 6= 1n with q | p will be called the support of B.

Note that if (hK , 2n) = 1 and Cl−K = ClK , then the Tchebotarev density
theorem combined with Lemma 2.1 implies that for every ` - DK an `-
admissible base always exists.

From now on for the rest of the article for every rational prime ` we fix
compatible embeddings Q ↪→ Q` ↪→ C.

Definition 2.4. Let ` be a rational prime and O the ring of integers in
some algebraic extension E of Q`.

(1) Let f ∈ Mn,k,ν(N, ψ). We say f has O-integral Fourier coefficients
(with respect to B) if there exists a base B so that for all b ∈ B and
all h ∈ Sn(F ) we have ea(−itr ha)cf (h, b) ∈ O.



8 JIM BROWN AND KRZYSZTOF KLOSIN

(2) Let f, g ∈ Mn,k,ν(N, ψ) and suppose that f and g both have O-
integral Fourier coefficients with respect to a base B. Let E′ be
a finite extension of Q` with E′ ⊂ E and write O′ for its ring of
integers and $ for a uniformizer. We say f is congruent to g modulo
$n if for all b ∈ B and all h ∈ Sn(F ) we have ea(−itr ha)cf (h, b) −
ea(−itr ha)cg(h, b) ∈ $nO′. We denote this by f ≡ g (mod $n).

Remark 2.5. Our definition of a congruence between automorphic forms on
Gn(AF ) allows for the situation when one knows that each individual Fourier
coefficient of f is an algebraic integer, but one does not know if collectively
they generate a number field. This is certainly known for modular forms
on GL2 due to a straightforward connection between Hecke eigenvalues and
Fourier coefficients. The connection in the case of higher rank groups is
much more delicate.

Remark 2.6. If f and g are congruent (mod $n) with respect to one
admissible base, say B, and B′ is another admissible base such that f and
g both have O-integral Fourier coefficients with respect to B′, then we have
ea(−itr ha)cf (h, b) ≡ ea(−itr ha)cg(h, b) (mod $n) for all b ∈ B′ and all
h ∈ Sn(F ). This is easily proved using admissibility and a generalization
(to the setting of totally real F and rank n) of formula (5.4) in [28] using
the references indicated in the proof of Lemma 5.5 in [28]. Formula (5.4) in
[loc.cit.] can also be used to show that if f and g have O-integral Fourier
coefficients with respect to one admissible base, then they have O-integral
Fourier coefficients with respect to all admissible bases. Hence we see that
the congruence relation between automorphic forms is transitive, and thus
an equivalence relation.

2.4. L-functions. We collect here the definitions of the L-functions needed
for this paper. Let F be a number field and, as before, let fF denote the set
of all finite places of F .

Given an integral ideal N of OF and an Euler product

L(s) =
∏
υ∈fF

Lυ(s),

we write

LN(s) =
∏
υ∈fF
υ-N

Lυ(s)

and

LN(s) =
∏
υ|N

Lυ(s).

Let χ be a Hecke character of F . We set

L(s, χ) =
∏
υ∈fF

v-cond(χ)

(1− χ($υ)|$υ|sυ)−1,
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where we identify a uniformizer $v with its image in A×F .
Now, let F be a totally real field, K an imaginary quadratic extension of

F and ψ and χ Hecke characters of K. Let f ∈ Sn,k,ν(N, ψ) be an eigenform
with parameters λυ,1, . . . , λυ,n determined by the Satake isomorphism [34,
Section 20.6]. The standard L-function of f is defined as in [34, p. 171] by

L(s, f, χ; st) =
∏
υ∈f

υ-OF∩cond(χ)

Lυ(s, f, χ; st)

where for υ ∈ f and υ - N we set

Lυ(s, f, χ; st)

=


∏n
i=1

[
(1− λυ,iχ($w)|$w|s−n+1

w )(1− λ−1
υ,iχ($w)|$w|s−nw )

]−1
K ⊗F Fv is a field∏2n

i=1

[
(1− λ−1

υ,iχ($v1)|$v|s−2n
v )(1− λυ,iχ($v2)|$v|s+1

v )
]−1

K ⊗F Fv ∼= Fv × Fv

and when υ | N we set

Lυ(s, f, χ; st)

=

{ ∏n
i=1

[
1− λυ,iχ($w)|$w|s−n+1

w

]−1
K ⊗F Fv is a field∏n

i=1

[
(1− λυ,iχ($w1)|$w1 |s−n+1

w1
)(1− λυ,n+iχ($w2)|$w2 |s−n+1

w2
)
]−1

K ⊗F Fv ∼= Fv × Fv.

Here $v denotes a uniformizer of Fv, $w denotes a uniformizer of K ⊗ Fv
if the latter is a field and $v1 , $v2 ∈ K ⊗F Fv correspond to ($v, 1) and
(1, $v) respectively under the isomorphism K ⊗F Fv ∼= Fv × Fv if such an
isomorphism holds. Here again we identify K ⊗F Fv with its image in A×K .

3. An inner product relation

Fix a totally real extension F/Q and an imaginary quadratic extension
K/F . Let d = [F : Q]. In this section we generalize a certain Rankin-Selberg
type formula which for the case of F = Q was derived in [28, Section 7].
Since all the calculations carried out in [loc.cit.] carry over without difficulty
to the general case, we include here only the necessary setup as well as
indicate where changes need to be made and refer the reader to [loc.cit.] for
a less condensed version (see also [6]).

3.1. Eisenstein series. In this section we define the hermitian Siegel Eisen-
stein series and recall its properties needed to prove our congruence result.

Let N ⊂ OF be an ideal. Let Xm,N be the set of Hecke characters ψ′ of
K of conductor dividing N satisfying

(3.1) ψ′a(x) = (x/|x|)m

for m ∈ Za. Here and later we regard Hecke characters of K as characters
of (ResOK/OFGm/OK )(AF ). Let ψ ∈ Xm,N. Recall we set ψN =

∏
υ|N ψυ.
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For a place υ of F and an element p =

[
ap bp
0 dp

]
∈ Pn(Fυ), set

δPn,υ(p) = | det(dpd
∗
p)|v

and δPn =
∏
υ δPn,υ. Set µPn =

∏
υ µPn,υ : Gn(AF ) → C to be a func-

tion vanishing outside of Pn(AF )K0,n(N) where for pυ ∈ Pn(Fv) and kv ∈
K0,n,v(N) we set

µPn,υ(pυkυ) =

 ψυ(det dqυ)−1 v ∈ f , υ - N
ψυ(det dqυ)−1ψυ(det dkυ) v ∈ f , υ | N
ψa(det dqa)−1j(ka, i)

−m υ ∈ a.

The hermitian Siegel Eisenstein series of weight m ∈ Za, level N, and
character ψ is defined by

E(g, s,m, ψ,N) =
∑

γ∈Pn(F )\Gn(F )

µPn(γg)δPn(γg)−s

for Re(s) >> 0. The meromorphic continuation of E(g, s,m, ψ,N) to all
s ∈ C is given by Shimura [33, Proposition 19.1]. We will make use of the
following normalized Eisenstein series

D(g, s,m, ψ,N) =

n∏
j=1

LN(2s− j + 1, ψFχ
j−1
K )E(g, s,m, ψ,N)

where ψF denotes the restriction of ψ to A×F .
Let ηf ∈ Gn(AF ) be the matrix with the infinity components equal to

12n and finite components equal to Jn =

[
−1n

1n

]
. Given a function

f : Gn(AF ) → C, set f∗(g) = f(gη−1
f ). If f ∈ Mn,k(K), we have f∗ ∈

Mn,k(η
−1
f Kηf ).

Write

D∗
([
q σq

q̂

]
, n−m/2,m, ψ,N

)
=

∑
h∈Sn(F )

cD∗(h, q)eAF
(hσ).

We have the following result giving the integrality of the Fourier coefficients
of D∗.

Proposition 3.1. Let ` be a prime and assume ` - DK NF/Q(N)(n − 2)!,

(hK , 2n) = 1, and that Cl−K = ClK . Let B be an `-admissible base whose
support is relatively prime to cond(ψ). There exists a finite extension E of
Q` so that

π−n(n+1)d/2ea(−itr ha)cD∗(h, b) ∈ OE
for all h ∈ Sn(F ) and all b ∈ B.

Proof. This is proved as in [28, Theorem 7.8] and [28, Corollary 7.11]. There
are only two significant changes to the proof given in [28]. The first is the
power of π has an additional d = [F : Q], which follows immediately from
[33, Equation 18.11.5]. The second is the reference that L(n, ψ′) lies in the
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ring of integers of a finite extension of Q` for all n ∈ Z<0 must be changed
from [41, Corollary 5.13] to [18, Theorem 1, p. 104] as our characters are
now defined over F instead of Q. �

3.2. Theta series. Let k ∈ Za be such that kυ > 0 for all υ ∈ a and let
ξ be a Hecke character of K with conductor fξ and infinity type |x|tx−t for
t ∈ Za with tυ ≥ −kυ for each υ ∈ a. In [34, Section A5] and [33, Section
A7] Shimura defines a theta series on Gn(A) associated to a quadruple
consisting of k (as above), the Hecke character ξ, a matrix r ∈ GLn(AK,k)
and a matrix τ ∈ S+

n (F ) = {h ∈ Sn(F ) ⊂ Sn(AF ) : hυ > 0 for all υ ∈ a}
which satisfies the following condition

(3.2) {g∗τg | g ∈ rOnK} = d−1
F/Q,

where for an extension L′/L of number fields we will denote by dL′/L the
relative different of L′ over L (see Remark 3.2). Let ϕ be a Hecke character

of K with infinity type
∏
υ∈a

|xυ |
xυ

such that the restriction of ϕ to A×F equals

χK . Such a character always exists [34, Lemma A5.1]. Set ψ′ = ξ−1ϕ−n.
Then the theta series, which we (following Shimura) will denote by θξ (so
in particular we will suppress k and τ from notation) belongs to the space
Sn,t+k+n(Nt, ψ

′) (cf. [33, Proposition A7.16]; cuspidality follows from our
assumption that kv > 0 [33, p. 277]). Here

(3.3) Nt = (tDK/F NK/F (fξ) ∩ d−1
F/QDK/F ∩ d−1

F/Qfξ)dF/Q

is an ideal of OF , where DK/F is the relative discriminant of K over F and

t−1 := {g∗τ−1g | g ∈ OK}

is a fractional ideal of F (cf. [34, Section A5.5] and [33, Prop. A7.16]).

Remark 3.2. The theta series considered in [33, 34] are of a more gen-
eral type and are not required to satisfy (3.2). However, in this article we
treat only the case of congruence subgroups of the form K1,n(M) as opposed
to the more general kind of K1,n(b−1, bM) considered in [loc.cit.]. The as-
sumption (3.2) implies that for the level of the theta series we have b = 1.
Furthermore, we will later choose r and τ (and hence a theta series associ-
ated to them) in such a way the (τ, r)-Fourier coefficient cf (τ, r) of a form
f ∈ Mn,k(M) (to which we will construct congruences - cf. Theorem 4.3)
will be an `-adic unit. However, it follows from [33, Proposition 18.3(2)]
that cf (τ, r) = 0 if (r∗τr)v 6∈ (d−1

F/Q)vSn(OF,v) for all v ∈ f . From this it is

easy to show that for a pair (τ, r) where cf (τ, r) 6= 0 (and these are the only

pairs we are interested in) one has {g∗τg | g ∈ rOnK} ⊂ d−1
F/Q, hence the as-

sumption (3.2) is often satisfied. Let us also remark that the purpose of this
restriction is to merely simplify the exposition which would require a great
deal of additional notation should we consider the general case. However,
the method is entirely general and the main result (Theorem 4.3) remains
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true in the case of b 6= 1 provided one makes the necessary modifications of
level of the forms involved.

Proposition 3.3 ([28], Corollary 7.13). Let k, ξ, r, τ be a quadruple as above
determining a theta series θξ. Assume that rw = 1n for all w | fξDK`.
For an `-admissible base B there exists a finite extension E of Q` so that
ea(−itr ha)cθξ(h, b) ∈ OE for all b ∈ B and all h ∈ Sn(F ).

Remark 3.4. One should note that [28, Corollary 7.13] is given for the case
F = Q, but the results of Shimura it depends on are valid in our case. The
proof given in [28] then goes through.

3.3. Inner product. Let k, ξ, r, τ and hence θξ be fixed as above. We fix
N an ideal of OF with Nt | N so that θξ ∈ Sn,t+k+n(N, ψ′). We now give the
inner product relation that forms the key to constructing the congruences
in this paper.

Set

Γ((s)) = (4π)−nd
2s+k+l

2 Γn (s+ (k + l)/2)d

where

Γn(s) = πn(n−1)/2
n−1∏
j=0

Γ(s− j).

Let Yre = {h ∈ Matn(Ca) : h = h∗}/{h ∈ Matn(OK) : h = h∗} and
Yim = {h ∈ Matn(Ca) : h = h∗, h > 0}/ ∼ where h ∼ h′ if there exists
g ∈ GLn(OK) such that h′ = ghg∗. Then one has Yre×Yim is commensurable
with K0,n(N)∩Pn(F )\Ha

n, i.e., the ratio of their volumes is a rational number
[34, p.179].

Set

C(s) =
2aD

n(n−1)/2
K #Xm,NhKΓ((s− n))(det τ)−s+n−(k+l)/2|det r|s−n/2K ea(−itr τa)cf (τ, r)

[K0,n(N) : K1
1,n(N)]

∏
υ∈c gυ(ξ($υ)|$υ|2s+nυ )

where c is a finite subset of f as given in [33, Proposition 19.2] and K1
1,n(N) =

{κ ∈ K1,n(N) : detκ = 1} and a = 1 + n(n − 1)[F : Q]/2. Note this differs
from [28, (7.29)] as the term hK is omitted there while the term AN there

is replaced by 1/(2aD
n(n−1)/2
K ) here. We explain this last replacement below

(see proof of Theorem 3.5).
For f1, f2 ∈Mn,k,ν(K) (with at least one of them a cusp form) we define

the inner product 〈f1, f2〉 as in [33, (10.9.6)] and set

(3.4) 〈f1, f2〉K := vol(FK)〈f1, f2〉,

where FK := (Gn(F ) ∩ pbKp−1
b ) \ Ha

n for b ∈ B (we refer the reader to
[33, p. 81] for the definition of the volume and the explanation that the
volume is independent of the choice of b, but see Remark 3.6 where we give
a formula for it in the case when K = K0,n(N), the group which appears
in Theorem 3.5). We note here that 〈f1, f2〉 is independent of the choice of
level K and satisfies 〈ρ(g)f1, ρ(g)f2〉 = 〈f1, f2〉 for all g ∈ Gn(AF ) where ρ is
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the right regular representation [33, (10.9.3)]. One can see [33, (10.9.2a)] for
the definition of the inner product for two Hermitian modular forms defined
on Hermitian upper half-space. The key input into our congruence result is
the following inner product relation.

Theorem 3.5 ([28], Theorem 7.7). Assume (hK , 2n) = 1 and Cl−K = ClK .
Let f ∈ Sn,k(N) be a Hecke eigenform and let ξ and ψ′ be as above. Then

〈D(·, s,m, (ψ′)c,N)θξ, f〉K0,n(N) = C(s) · L(s+ n/2, f, ξ; st)

where C(s) is as given above.

Proof. Let us explain here only the reason for the slight difference between
our current definition of C(s) and the definition of C(s) given in [28, (7.29)]

where AN got replaced by 1/(21+n(n−1)[F :Q]/2D
n(n−1)/2
K ). The constant AN

is defined on [28, p. 842], but let us denote it here by A as it is denoted
on [34, p. 179], where it is defined as a normalization constant between two
integrals over “commensurable” domains, denoted in [34] by ΓP \ H and
X × Y . Using the fact that under our assumptions that (hK , 2n) = 1 and
Cl−K = ClK we can choose a base B consisting of scalar matrices (Lemma 2.1)
and use elements of this base as the matrices q in [34, (22.2a)] in our case
the above domains can be taken to be the following: K0,n(N) ∩ Pn(F )\Ha

n

and Yre × Yim, where Yre = {h ∈ Matn(Ca) : h = h∗}/{h ∈ Matn(OK) :
h = h∗} and Yim = {h ∈ Matn(Ca) : h = h∗, h > 0}/ ∼ where h ∼
h′ if there exists g ∈ GLn(OK) such that h′ = ghg∗. It is not difficult
to show that the direct product of the fundamental domain for Yre and
the fundamental domain for Yim (which is clearly a fundamental domain
for Yre × Yim) is also a fundamental domain for K0,n(N) ∩ Pn(F )\Ha

n after
noting that K0,n(N) ∩ Pn(F ) ∼= GLn(OK) n {h ∈ Matn(OK) : h = h∗} with
GLn(OK) acting on Ha

n by z 7→ gzg∗. Thus the normalization constant
can be computed by comparing the formula in [34, p. 179, line 6] with
[34, (22.9)] taking into account differences in measures. More precisely,
in our case one has (note that since F is totally real ν in [34] equals 2)

A = 2n(1−n)[F :Q]

2 vol(Yre) . Since Yre
∼= (R[F :Q]/Z[F :Q])n× ((K⊗Q R)/ι(OK))n(n−1)/2)

with ι : K → K ⊗Q R and vol((K ⊗Q R)/ι(OK)) = D
1/2
K /2[F :Q], we get

that A = 1/(21+n(n−1)[F :Q]/2D
n(n−1)/2
K ). �

Remark 3.6. The definition of the inner product in Theorem 3.5 involves
the volume of the fundamental domain FK0,n(N). This volume can be com-
puted combining [33, Theorem 24.4] and [33, (24.6.5)]. We provide the value
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here.

vol(FK0,n(N)) = [Γn(N) ∩H : 1]2 N(dK/F )−n

22n2
πn

2
n∏
j=1

(j − 1)!

(n− j)!

[F :Q]

·
2n−1∏
j=1

(j!)dD2n2−n
F N(N)4n2

n∏
j=1

N(dK/F )j/2D
1/2
F (2π)−jdLN(j, χjK),

where Γn(N) = K0,n(N) ∩Gn(F ) and H = {x ∈ K× : xx = 1}.

4. Congruence

For the moment fix a quadruple k, ξ, r, τ satisfying the conditions of sec-
tion 3.2 and an ideal N of OF such that Nt | N and let θξ ∈ Sn,t+k+n(N, ψ′)
denote the associated theta series as in that section. We ease the no-
tation in this section by writing D(g) = D(g, n − m/2,m, (ψ′)c,N) and
D∗(g) = D(gη−1

f , n − m/2,m, (ψ′)c,N). Set l = t + k + n as above and
put m = k − l. Since θξ ∈ Sn,l(N, ψ′) and D ∈ Mn,m(N, (ψ′)−1), we have

Dθξ ∈ Sn,k(N) and (Dθξ)
∗ ∈ Sn,k(η−1

f K0,n,f (N)ηf ).
Given K1 ⊂ K2, we define a trace operator

tr K2
K1

:Mn,k(K1)→Mn,k(K2)

f 7→
∑

κ∈K1\K2

ρ(κ)f

where we recall that ρ is the right regular representation. If f has O-integral
Fourier coefficients the q-expansion principle implies that tr f also has O-
integral Fourier coefficients [20, Section 8.4].

Now we fix one more ideal M of OF with M | N. For g ∈ Gn(AK), write
Kg := g−1Kg. Set

(4.1) Ξ := tr
K0,n(M)ηf

K0,n(N)ηf (π−nd(n+1)/2(Dθξ)
∗).

Lemma 4.1. Let ` be a prime. Assume (hK , 2n) = 1, Cl−K = ClK . Further
assume that ` - DK NF/Q(N)(n − 2)! and that r satisfies rw = 1n for all
w | DK`cond(ξ). If B is an `-admissible base with support relatively prime to
cond(ψ) there exists a finite extension E of Q` so that ea(−itr ha)cΞ(h, b) ∈
OE for all h ∈ Sn(F ) and b ∈ B.

Proof. The result follows immediately upon combining Proposition 3.1, Propo-
sition 3.3, and the q-expansion principle as explained above. �

Lemma 4.2. For any eigenform f ∈ Sn,k(M) with M | N we have

〈Ξ, f∗〉 = π−nd(n+1)/2[K0,n(M) : K0,n(N)]〈Dθξ, f〉.
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Proof. We have

πnd(n+1)/2〈Ξ, f∗〉 =
∑

κ∈K0,n(N)ηf \K0,n(M)ηf

〈ρ(κ)(Dθξ)
∗, f∗〉

=
∑

κ∈K0,n(N)ηf \K0,n(M)ηf

〈(Dθξ)∗, ρ(κ−1)f∗〉

= [K0,n(M) : K0,n(N)]〈(Dθξ)∗, f∗〉
= [K0,n(M) : K0,n(N)]〈Dθξ, f〉.

�

We now apply Lemma 4.2 together with Theorem 3.5 to obtain the fol-
lowing result. For the convenience of the reader we make the statement of
Theorem 4.3 self-contained, repeating all the assumptions and making some
of the choices in a slightly different order than in the above narrative.

Theorem 4.3. Let F/Q be a totally real extension of degree d, K/F an
imaginary quadratic extension, and assume Cl−K = ClK . Let n be a positive
integer with (hK , 2n) = 1. Let k = (k, . . . , k) ∈ Za be a parallel weight
so that k > 0 and let ` be a rational prime so that ` > k and ` - DKhK .
Let f ∈ Sn,k(M) be a Hecke eigenform with O-integral Fourier coefficients
for O the ring of integers in some algebraic extension E/Q`. Let ξ be a

Hecke character of K so that ξa(z) =
(
z
|z|

)−t
for some t = (t, . . . , t) ∈ Za

with −k ≤ t < min{−6,−4n}. Assume there exists τ ∈ S+
n (OF ) and r ∈

GLn(AK,k) such that rw = 1n for all w | DK`cond(ξ), the condition (3.2)
holds and val$(ea(−itr ha)cf (τ, r)) = val$(det r) = 0. Let N be an ideal of
OF such that Nt | N and M | N with Nt defined as in (3.3). Then there
exists a field subextension Q` ⊂ E′ ⊂ E, finite over Q` with uniformizer $,
containing the algebraic value

Lalg(2n+ t/2, f, ξ; st) =
L(2n+ t/2, f, ξ; st)

πn(k+2n+t+1)d〈f, f〉
such that if

val$
(
#(OK/NOK)#(OK/NOK)×[K0,n(M) : K0,n(N)]

)
= 0

and

−b = val$

(
πdn

2

vol(FK0,n(M))
Lalg(2n+ t/2, f, ξ; st)

)
< 0,

then there exists f ′ ∈ Sn,k(M), orthogonal to f , with O-integral Fourier

coefficients so that f ≡ f ′ (mod $b).

Proof. We begin by noting that [34, Theorem 28.8] gives that Lalg(2n +

t/2, f, ξ; st) ∈ Q and [33, Theorem 24.7] gives that πdn
2
/ vol(FK0,n(M)) ∈ Q.

Note here that [33, Theorem 24.7] is stated for anisotropic forms, but one
can easily show Gn(Fa) is isomorphic as a Lie group to the unitary group of
an anisotropic form so it applies in our case as well.
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For the quadruple k, ξ, r, τ we define the theta series θξ as in section 3.2.
The assumption that Nt | N guarantees that θξ ∈ Sn,t+k+n(N, ψ′). We also
attach the Eisenstein series D = D(g, n − (k − l)/2, (ψ′)c,N) to the ideal
N and the character ψ′. We then define Ξ as in (4.1). By Lemma 4.1 our
assumptions guarantee that Ξ has O′-integral Fourier coefficients for O′ the
ring of integers in some finite extension E′ of Q`. We will write $ for a
uniformizer of E′. By extending E′ (and thus O′) if necessary we may also

assume that Lalg(2n + t/2, f, ξ; st) and πdn
2
/ vol(FK0,n(M)) both lie in E′.

Indeed, note that here we are forcing ` > n, hence the assumption that
val$((n− 2)!) = 0 in Lemma 4.1 is unnecessary. Write

(4.2) Ξ = Cff
∗ + g∗

for some g ∈ Sn,k(M) where 〈f, g〉 = 0 and Cf = 〈Ξ,f∗〉
〈f∗,f∗〉 .

We will be interested in the `-adic valuation of Cf so we do not require
the exact value. Lemma 4.2 and Theorem 3.5 give

〈Ξ, f∗〉 = π−nd(n+1)/2[K0,n(M) : K0,n(N)]〈Dθξ, f〉

=
[K0,n(M) : K0,n(N)]

πnd(n+1)/2 vol(FK0,n(M))
〈Dθξ, f〉K0,n(M)

=
[K0,n(M) : K0,n(N)]

πnd(n+1)/2 vol(FK0,n(M))
C((3n+ t)/2) · L(2n+ t/2, f, ξ; st).

It now remains to simplify C((3n+ t)/2). We have

C((3n+t)/2) =
u#X−t−n,NhKΓ((n+t

2 ))(det τ)−(n+t+k)|det r|n+t/2
K ea(−itr τa)cf (τ, r)

[K0,n(N) : K1
1,n(N)]

∏
υ∈c gυ(ξ($υ)|$υ|4n+t

υ )

for u a $-adic unit. Note here the fact that l = t+ k + n has been used in
simplifying this expression. We have

Γ

((
− t+ n

2

))
= (4π)−nd(t+k+n)πnd(n−1)/2

n−1∏
j=0

Γ(t+ k + n− j)d.

Note the largest value of the argument of Γ in the above product is t+k+1.
By our assumption on the allowable range of the values of t we see that this
value is never greater than k, which is less than `. Hence the product of
the Γ-factors is a $-adic unit. Observe also that

∏
υ∈c gυ(ξ($υ)|$υ|4n+t

υ )
is a finite product and the gυ are polynomials with coefficients in Z and a
constant term of 1 [34, Lemma 20.5]. Thus as long as −t > 4n we have
this lies in a finite extension of Z`. Thus, (extending E′ if necessary) we get
val$(1/

∏
υ∈c gυ(ξ($υ)|$υ|4n+t

υ )) ≤ 0. Moreover, [K0,n(N) : K1
1,n(N)] ∈ Z,

so val$(1/[K0,n(N) : K1
1,n(N)]) ≤ 0. We also have det τ ∈ d−1

K/F . How-

ever, since ` - DK and −(n + t + k) < 0 we have (assuming K ⊂ E′)

that val$((det τ)−(n+t+k)) ≤ 0. Since N 6= (1) the proof of [33, Lemmas
11.14, 11.15] (and the remarks that follow these lemmas) give that #X−t−n,N
equals the index of the group {x ∈ A×K : xw ∈ O×K,w and xw − 1 ∈ NOK,w for every w ∈ k}
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in A×K . Thus, val$(#X−t−n,N) = 0. Finally, note that | det r|K as well as
hK are also $-adic units by our assumptions. We can now conclude that

〈Ξ, f∗〉
〈f∗, f∗〉

= (∗)

(
πdn

2

vol(FK0,n(M))
Lalg(2n+ t/2, f, ξ; st)

)
where (∗) ∈ E′ with val$(∗) ≤ 0 and we have used that 〈f, f〉 = 〈f∗, f∗〉.
As the $-valuation of πdn

2

vol(FK0,n(M))
Lalg(2n+ t/2, f, ξ; st) is assumed to be

−b < 0 we see there exists some positive integer a ≥ b so that C((3n+t)/2) =
u$−a with u ∈ (O′)×. Thus, we have

(4.3) uf∗ = $aΞ−$ag∗.

Since the Fourier coefficients of f are O-integral by assumption, so are the
Fourier coefficients of f∗ by the q-expansion principle. As the Fourier co-
efficients of Ξ are O′-integral and thus also O-integral by Lemma 4.1, we
get that the Fourier coefficients of $ag∗ are O-integral. Rearranging (4.3)
and using the O′-integrality of the Fourier coefficients of Ξ we get that the
Fourier coefficients of uf∗ +$ag∗ are O′-integral and (since u ∈ (O′)×) we
get

f∗ ≡ −u−1$ag∗ (mod $a).

Thus, we obtain

(4.4) f ≡ −u−1$ag (mod $a)

and −u−1$ag can be taken as the form f ′ in the statement of the theorem.
�

Remark 4.4. The form f ′ in the statement Theorem 4.3 can a priori be
zero. However, it is non-zero whenever f 6≡ 0 (mod $b). This follows
immediately from (4.4).

5. Arithmetic properties of Ikeda lifts

For the rest of the paper we restrict our attention to the case when F =
Q and K = Q(

√
−DK) is an imaginary quadratic extension of Q with

discriminant −DK . We write A for AQ. In this section we will show that
the Fourier coefficients of Ikeda lifts (with respect to some base) are integral,
generate a number field and we formulate a condition on a certain (mod `)
Galois representation which will ensure they are also non-vanishing mod `.
This will provide a complementary result to Ikeda’s non-vanishing result (cf.
Theorem 5.7).

5.1. Generalities on Ikeda lifts. In this context we will need the base
change and symmetric square L-functions as well; we recall the definitions
here. For positive integers k,N and a Dirichlet character χ : (Z/NZ)× →
C× we will denote by Sk(N,χ) the space of (classical) elliptic cusp forms
of weight k, level N and nebentypus χ. If χ is trivial we will omit it.
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For p - N and φ ∈ Sk(N,χ) a primitive eigenform, let αφ,p, βφ,p be the p-
Satake parameters of φ normalized arithmetically, i.e., so that αφ,pβφ,p =

pk−1χ(p). For a Dirichlet character ψ : (Z/NZ)× → C× and s ∈ C with
Re(s) sufficiently large the (partial) symmetric square L-function is defined
by

LN (s, Sym2 φ⊗ψ) =
∏
p-N

[
(1− α2

φ,pψ(p)p−s)(1− αφ,pβφ,pψ(p)p−s)(1− β2
φ,pψ(p)p−s)

]−1
.

If N or ψ are 1 we drop them from notation.
We define the (twisted) base change L-function from Q to K as follows.

Let ψ be a Hecke character of K of conductor dividing N . For a place w
of K of residue characteristic p - N , set αφ,w = αdφ,p and βφ,w = βdφ,p where

d = [OK,w/$wOK,w : Fp] and $w denotes a uniformizer of Kw. For s ∈ C
with Re(s) sufficiently large the (partial) base change L-function is defined
by

LN (s,BC(φ)⊗ ψ) =
∏
w-N

[(1− αφ,wψ($w)|$w|sw)(1− βφ,wψ($w)|$w|sw)]−1.

Here again we identify $w with its image in A×K .
Let n = 2m (resp. n = 2m + 1). Let φ be a newform in S2k+1(DK , χK)

(resp. in S2k(1)). Ikeda has shown ([22, Section 5], see also [26, Theorems
2.1, 2.2] and note that the product of the L-functions in [loc.cit.] agrees
with the base change L-function below) that there exists a Hecke eigenform

Iφ ∈ Sn,2k+2m,−k−m(Gn(Ẑ)) such that for any Hecke character ψ of K we
have

(5.1) LDK (s, Iφ, ψ; st) =
n∏
i=1

LDK (s+ k +m− n− i+ 1,BC(φ)⊗ ψ).

Remark 5.1. The reader will note that we use the classical and adelic lan-
guage somewhat inconsistenly reserving the first one for the elliptic modular
form φ while using the second one for its Ikeda lift Iφ. This is however the
convention used by both Ikeda [22] and Katsurada [26] and we chose not
to alter it here in order to make the references which we use more readily
applicable to our situation.

Remark 5.2. In [26] an automorphic normalization of the standard L-
function is used, which we temporarily denote by L0(s). However, here and
in the rest of the paper we use Shimura’s normalization. The translation is
given by L(s) = L0(s−n+ 1/2). In particular in the normalization given in

[26] in (5.1) one has factors of the form LDK0 (s+k+m− i+1/2,BC(f)⊗ψ)
which in our normalization equals LDK (s+ k +m− n− i+ 1,BC(f)⊗ ψ).
We also note that our use of letters n and m is reversed from that in [26].
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For φ as above let

Nφ :=

{
DK if n = 2m

1 if n = 2m+ 1
and Γφ := Γ0(Nφ)

If φ′ is another form of level Γ1(Nφ) of the same weight w as φ and the same
nebentypus we set

〈φ, φ′〉Γφ :=

∫
Γφ\H

φ(z)φ′(z)yw−2dx dy,

and

〈φ, φ′〉 :=
1

i(φ)
〈φ, φ′〉Γφ ,

where H is the complex upper half-plane, x = Re(z), y = Im(z), i(φ) =

[SL2(Z) : Γφ], SL2(Z) := SL2(Z)/〈−12〉 and Γφ is the image of Γφ in SL2(Z).

Remark 5.3. Shimura [32] and Sturm [39] (whose results we will later use)
define the inner product differently by dividing the integral by the volume
of the fundamental domain. If we denote the inner product used in [32, 39]
by 〈·, ·〉S , then one has 〈·, ·〉 = π

3 〈·, ·〉S .

It has been proven by Katsurada [26, Theorem 2.2] that one has

(5.2) 〈Iφ, Iφ〉Gn(Ẑ) = (∗) 〈φ, φ〉Γφ ×{∏n
i=2 L(i+ 2k − 1, Sym2 φ⊗ χi+1

K )L(i, χiK)ΓC(i+ 2k − 1)ΓC(i)2, n = 2m+ 1∏n
i=2 L(i+ 2k, Sym2 φ⊗ χiK)L(i, χiK)ΓC(i+ 2k)ΓC(i)2, n = 2m

where (∗) is an integer divisible only by powers of 2 and DK , and ΓC(s) :=
2(2π)−sΓ(s).

5.2. Integrality of the Fourier coefficients of Ikeda lift. Let φ be as
above and write Iφ for its Ikeda lift to Gn(A).

Proposition 5.4. Let B be an admissible base. Then for every b ∈ B
and h ∈ Sn(Q) the normalized Fourier coefficient e(−itr h)cIφ(h, pb) is an
algebraic integer.

Proof. Let B be an admissible base. For b ∈ B the formulas of [26, p. 7]
give that

(5.3) e(−itr h)cIφ(h, pb) = |γ(h)|x
∏
p|γ(h)

F̃p(h, α
′
φ,p).

Here x = k if n = 2m (resp. x = k − 1/2 if n = 2m + 1), γ(h) =

(−DK)bn/2c deth ∈ Z, F̃p(h,X) is a Laurent polynomial with coefficients

in Z whose top degree term is Xvalp(γ(h)) and the bottom degree term is a
root of unity times X− valp(γ(h)) (cf. [22, p.1112]). Finally, we set

(5.4) α′φ,p :=

{
p−kαφ,p n = 2m

p−k+1/2αφ,p n = 2m+ 1,
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where αφ,p is any Satake parameter of φ at p if n = 2m + 1 or if n = 2m
and p - DK and equals the pth Fourier coefficient of φ if n = 2m and

p | DK . As noted by Ikeda [22, p. 1118] the independence of F̃p(h, α
′
φ,p)

from the choice of a Satake parameter at p follows from the functional equa-
tion satisfied by F̃p(h,X) [22, Lemma 2.2]. The above formula shows that
e(−itr h)cIφ(h, pb) lies in some number field K ′, hence it remains to show

that its p-adic valuation is non-negative for each prime p of K ′. Let us
only show the claim in the case when p lies over p - DK and n = 2m (the
other cases are handled analogously). Suppose p - DK , n = 2m and set
y := valp(γ(h)) ≥ 0. Then |γ(h)|k = pyku for some u ∈ Z with p - u.

We will prove that valp(F̃l(h, α
′
φ,l)) ≥ 0 for all l | γ(h) with l 6= p and

that valp(|γ(h)|kF̃p(h, α′φ,p)) ≥ 0. First consider the case of l 6= p with

` | γ(h). Since αφ,lβφ,l = χK(l)l2k, where βφ,l stands for the other l-Satake
parameter of φ, we must have that valp(α

′
φ,l) = 0. The claim now fol-

lows from the fact that F̃l(h,X) has coefficients in Z. Hence it remains to
consider that case of the prime p. For simplicity write α for αφ,p and β
for the other p-Satake parameter. Write e for the ramification index of p
over p. It suffices to show that both V1 := valp(|γ(h)|k(p−kα)valp(γ(h))) ≥ 0

and V2 := valp(|γ(h)|k(p−kα)− valp(γ(h))) ≥ 0. A direct calculation yields
V1 = eyk+ y(−ke+ valp(α)) = y valp(α) and V2 = eyk− y(−ke+ valp(α)) =
y(2ek − valp(α)). Note that since α and β are algebraic integers, we have
valp(α) ≥ 0 and valp(β) ≥ 0. This alone shows that V1 ≥ 0. We also
have αβ = χK(p)p2k, which yields valp(α) + valp(β) = 2ke and hence
valp(α) ≤ 2ke, which implies that V2 ≥ 0. �

Corollary 5.5. Let B be an admissible base. Let L be a number field
containing all the Fourier coefficients of the newform φ. Write OL for
the ring of integers of L. Then for all b ∈ B and h ∈ Sn(Q) one has
e(−itr h)cIφ(h, pb) ∈ OL.

Proof. First note that it is a well-known fact that the Fourier coefficients of
any newform are all contained in finite extension of Q. By Lemma 5.4 it is
enough to show that e(−itr h)cIφ(h, pb) ∈ L for all b ∈ B and h ∈ Sn(Q).

Fix such a pair h, b. Then it suffices to show that F̃p(h, α
′
φ,p) ∈ L for all

p | γ(h). Since α′φ,p ∈ L′, where L′ = L or L′/L is a quadratic extension,

we get that F̃p(h, α
′
φ,p) ∈ L′. If L′ = L we are done. Otherwise let σ be

the non-trivial element of Gal(L′/L) and write β′φ,p for the other p-Satake

parameter of φ (normalized as α′φ,p). Then one clearly has σ(α′φ,p) = β′φ,p
and thus σ(F̃p(h, α

′
φ,p)) = F̃p(h, β

′
φ,p) = F̃p(h, α

′
φ,p), where the last equality

follows from the independence of F̃p(h, α
′
φ,p) of the choice of a particular

p-Satake parameter (see proof of Lemma 5.4). Hence the claim follows. �

Corollary 5.6. Let φ, φ′ be two newforms in S2k+1(DK , χK) (if n = 2m) or
in S2k(1) (if n = 2m+ 1). Let p be a prime of a number field L containing
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the Fourier coefficients of both φ and φ′. Suppose that φ ≡ φ′ (mod pr).
Then Iφ ≡ Iφ′ (mod pr).

Proof. Since φ, φ′ are newforms, their Hecke eigenvalues are congruent mod
pr. From this it is easy to see that for every prime p not dividing the
level, the corresponding p-Satake parameters (which are integral over L)
are also congruent mod pr. Then it follows from the proof of Lemma 5.4
that F̃p(h, α

′
φ,p) (which live in OL by Lemma 5.5) are congruent if p - p and

|γ(h)|xF̃p(h, α′φ,p) are congruent if p | p. The case of p dividing the level is
immediate. �

5.3. Non-vanishing of the Fourier coefficients of Ikeda lift mod `.
The following result is due to Ikeda.

Theorem 5.7. The Ikeda lift Iφ is non-zero unless n ≡ 2 (mod 4) and φ
arises from a Hecke character of some imaginary quadratic field.

Proof. This follows from Corollary 14.2 and Corollary 15.21 of [22]. �

In this section we prove a mod `-version of this result. Write ρφ : GQ →
GL2(F`) for the semi-simple residual Galois representation attached to φ.

Theorem 5.8. Let ` - 2DK be a prime. Let B be an admissible base. If
n 6≡ 2 (mod 4), then with respect to B at least one of the Fourier coefficients
of Iφ has `-adic valuation equal to zero. If n ≡ 2 (mod 4) and ρφ(GK) is a

non-abelian subgroup of GL2(Fp), then with respect to B at least one of the
Fourier coefficients of Iφ has `-adic valuation equal to zero.

Remark 5.9. A connection between a modular eigenform φ arising from
a Hecke character of an imaginary quadratic field K ′ and the condition
that its `-adic (so, in particular characteristic zero) Galois representation
ρφ has abelian image when restricted to GK′ was proved by Ribet [31].
This combined with Theorem 5.7 above yields a connection between non-
vanishing of the Ikeda lift Iφ and the condition that ρφ(GK) be non-abelian.
Our result in essence provides an analogous connection on a mod ` level.

Proof of Theorem 5.8. We pick an admissible base B. If n 6≡ 2 (mod 4), then
the assertion follows from [22, Lemmas 11.1 and 11.2] because they ensure
that there exists h for which γ(h) = 1 and thus we get e(−itr h)cIφ(h, pb) = 1
for all b ∈ B. Hence for the rest of the proof we assume n ≡ 2 (mod 4). We
will prove Theorem 5.8 by a sequence of lemmas.

Lemma 5.10. Suppose p is an odd prime such that p ≡ −1 (mod DK).
Then p is inert in K.

Proof. Note that K ⊂ Q(ζDK ) and that the composite of the canonical

homomorphisms (Z/DKZ)×
∼−→ Gal(Q(ζDK )/Q) � Gal(K/Q)

∼−→ {±1} ⊂
C× equals χK . The Lemma follows immediately from this fact. �
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Lemma 5.11. For every odd prime p with p ≡ −1 (mod DK) there exists
a matrix hp such that e(−itr hp)cIφ(hp, pb) = aφ(p) for every b ∈ B. Here
aφ(p) = αφ,p + βφ,p denotes the pth Fourier coefficient of φ.

Proof. By [22, Lemma 11.4] and its proof for every such p there exists a
matrix hp such that γ(hp) = −p, where γ is as in (5.3). Hence by that same
formula, we get that

e(−itr hp)cIφ(hp, pb) = |γ(hp)|kF̃p(hp, α′φ,p).

By [22, p. 1112] we know that F̃p(hp, X) is a Laurent polynomial whose
highest degree term is X and whose lowest degree term is χ

p
(γ(hp))

n−1X−1,

i.e., F̃p(hp, X) = X + a + χ
p
(γ(hp))1/X for some integer a. Here χ

p
(a) :=(

−DK ,a
Qp

)
(cf. [22, p. 1110]), where the latter denotes the Hilbert symbol.

Using the assumptions on p, we get χ
p
(γ(hp)) = −1. By [22, Lemma 2.2]

we have that the functional equation for F̃p reads

F̃p(hp; 1/X) = χ
p
(γ(hp))F̃p(hp;X).

So, we have

1/X + a−X = F̃p(hp; 1/X) = −F̃p(hp, X) = (−1)(X + a− 1/X).

From this it follows that F̃p(hp, X) = X − 1/X.
Thus

e(−itr hp)cIφ(hp, pb) = |γ(hp)|kF̃p(hp, p−kαφ,q) = pk
(
αφ,pp

−k − 1

αφ,pp−k

)
.

Since αφ,pβφ,p = p2kχK(p) = −p2k, we get

e(−itr hp)cIφ(hp, pb) = αφ,p + βφ,p = ap(φ).

�

As already noted one has K ⊂ Q(ζDK ). Write L for the splitting field of
ρφ.

Lemma 5.12. One has L ∩Q(ζDK ) = K.

Proof. For simplicity set D = DK . For any p | D and any prime p of L lying
over p, write Ip for the inertia subgroup of p. One has that

(5.5) ρφ|Ip ∼= 1⊕ χ′K ,

where χ′K : Gal(Q(ζD)/Q)→ Z
×
` is the Galois character obtained from χK :

(Z/DZ)× → C× via the canonical identification Gal(Q(ζD)/Q) ∼= (Z/DZ)×

([11, Theorem 3.1(e)] or [19, Theorem 3.26(3)]).
Set K ′ = L∩Q(ζD). One has the following tower of fields Q ⊂ K ⊂ K ′ ⊂

L and (5.5) implies that the extension L/K ′/K is unramified outside the
primes above `. On the other hand, since K ′ ⊂ Q(ζD), the group Gal(K ′/K)
is generated by images of the inertia subgroups Ip for p lying over p with
p | D. We conclude that K ′ = K. �
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Let $ be a uniformizer of a finite extension E of Q` in which all the
Fourier coefficients of φ lie. Suppose that e(−itr h)cIφ(h, pb) ≡ 0 (mod $)
for all matrices h (this makes sense by Corollary 5.5). By Lemma 5.11 this
implies that aφ(p) ≡ 0 (mod $) for all odd primes p ≡ −1 (mod DK).
Since for every prime p - `DK we have tr ρφ(Frobp) = ap(φ), we see that
we must have tr ρφ(Frobp) ≡ 0 (mod $) for all odd primes p - `DK with
p ≡ −1 (mod DK).

Lemma 5.13. One has Gal(L/Q) = G t cG, where

G := {conjugates of Frobp | p ≡ 1 (mod DK)} = Gal(L/K)

and cG = {conjugates of Frobp | p 6= 2, p ≡ −1 (mod DK)}. Here c is
complex conjugation.

Proof. Consider the following diagram of fields

LQ(ζDK )

Q(ζDK ) L

Q

By the Tchebotarev Density Theorem we know that the conjugates of Frobp
(as p runs over all primes not dividing `DK) generate Gal(LQ(ζDK )/Q).
Furthermore for any τ ∈ Gal(LQ(ζDK )/Q) the image of τ Frobp τ

−1 in
Gal(Q(ζDK )/Q) ∼= (Z/DKZ)× equals n if and only if p ≡ n (mod DK).
Write ϕ : Gal(LQ(ζDK )/Q) � Gal(L/Q) for the canonical quotient map.
Since L∩Q(ζDK ) = K by Lemma 5.12, the image ϕ(Gal(LQ(ζDK )/Q(ζDK )))
is an index two subgroup G of Gal(L/Q) and in fact this subgroup must be
Gal(L/K). Since Gal(LQ(ζDK )/Q(ζDK )) is generated by the set

{conjugates of Frobp | p ≡ 1 (mod DK)},

we get the same for its image in Gal(L/Q).
Now note that c itself is a conjugate of Frobp with p ≡ −1 (mod DK).

Consider cGal(LQ(ζDK )/Q(ζDK )) ⊂ Gal(LQ(ζDK )/Q). On the one hand
we have that ϕ(cGal(LQ(ζDK )/Q(ζDK ))) = cG and on the other hand we
must have that the image of cGal(LQ(ζDK )/Q(ζDK )) in Gal(Q(ζDK )/Q)
is {−1}. Thus every element of cGal(LQ(ζDK )/Q(ζDK )) (and hence also
of cG) is a conjugate of Frobp with p ≡ −1 (mod DK). Finally, by the
Tchebotarev Density Theorem we can omit Frob2 from this set. �

We will now finish the proof of Theorem 5.8. Let σ ∈ G = Gal(L/K).
Then cσ = τ Frobp τ

−1 for some τ ∈ Gal(L/Q) and some p ≡ −1 mod DK .
Hence

tr ρφ(cσ) = tr ρφ(τ Frobp τ
−1) = tr ρφ(Frobp) = 0.
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In some basis we have ρφ(c) =

[
1
−1

]
and thus if we write ρφ(σ) =

[
a b
c d

]
,

then we have ρφ(cσ) =

[
a b
−c −d

]
. Since tr ρφ(cσ) = 0 we get a = d. So, we

have now proved that with respect to some fixed basis all elements σ ∈ G
have the property that ρφ(σ) has its upper-left and its lower-right entries
equal. This ensures that ρφ(G) is abelian (see the last few lines of the
proof of [27, Proposition 8.13] for details). This finishes the proof of the
theorem. �

Corollary 5.14. Fix an admissible base B. If n 6≡ 2 (mod 4), then for
every b ∈ B there exists h ∈ S+

n (Q) with γ(h) = 1 such that val$(deth) =
val$(e(−itr h)cIφ(h, pb)) = 0. If n ≡ 2 (mod 4) then for every b ∈ B there
exists a prime p - 2`DK , inert in K and h ∈ Sn(Q) with γ(h) = −p such
that val$(deth) = val$(e(−itr h)cIφ(h, pb)) = 0.

Proof. If n 6≡ 2 (mod 4), then [22, Lemmas 11.1 and 11.2] allow us to find
h with γ(h) = 1 hence the claim follows from the definition of γ, formula
(5.3) and the assumption that ` - DK . If n ≡ 2 (mod 4), then the existence
of h follows from the proof of Theorem 5.8. �

6. Congruence to Ikeda lift

We keep the notation and assumptions from section 5. Set J (K) =
1
2#O×K . Note that J (K) = 1 when DK > 12. It was shown in [28,
Proposition 3.13] that Mn,k(K) ∼= Mn,k,ν(K) provided that J (K) | ν and
(2n, hK) = 1. The isomorphism between the two spaces is Hecke-equivariant
and is given by a function Ψβ : f 7→ β ⊗ f , where β is an everywhere un-

ramified Hecke character of K of infinity type
(
z
|z|

)−2ν
. For details we refer

the reader to [28, p. 811-812].
From now on we assume that (hK , 2n) = 1 and J (K) | ν so that

Ψ−1
β (Iφ) ∈ Sn,2k+2m(Gn(Ẑ)), and fix β as above with −2ν = 2k + 2m.

We also fix a rational prime ` > 2k + 2m such that ` - 2hKDK and define
Ω±φ ∈ C× to be the integral periods associated with φ cf. e.g [40]. Let us

note that

(6.1) ηφ :=
〈φ, φ〉Γφ
Ω+
φΩ−φ

∈ Q
×
` .

In fact the ratio is in Z` when φ is ordinary at ` cf. e.g. [21, Theorem 6.28]).
Here Nφ denotes the level of φ.

The aim of this section is to prove the following result. Set

V =


∏n
i=2

L(i+2k−1,Sym2 φ⊗χi+1
K )

π2k+2i−1Ω+
φΩ−φ

n = 2m+ 1∏n
i=2

L(i+2k,Sym2 φ⊗χiK)

π2k+2iΩ+
φΩ−φ

n = 2m.
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By a result of Sturm [39, p. 220-221] for n = 2m + 1 (i.e., the weight of
φ equals 2k) we have

(6.2)
L(i+ 2k − 1, Sym2 φ⊗ χi+1

K )

π2k+2i−1 〈φ, φ〉
∈ Q

and for n = 2m (i.e., the weight of φ equals 2k + 1) we have

(6.3)
L(i+ 2k,Sym2 φ⊗ χiK)

π2k+2i 〈φ, φ〉
∈ Q

for 2 ≤ i ≤ 2k − 1 (cf. Remark 5.3 for the discrepancy in the exponent of π
between here and in [39]). Indeed, let us note that regardless of the parity
of n our points of evaluation are always in the second subset of what is
called S1 on page 220 of [39]. The inequalities there translate to exactly the
above range for the values of i. Hence to apply this result to the L-factors
appearing in V we need to (and will from now on) make the assumption that
n ≤ 2k − 1. Thus in particular V ∈ Q`.

Theorem 6.1. Assume n ≤ 2k − 1. Let ` - 2hKDKi(φ) (for definition of
i(φ) see section 5) be a rational prime with ` > 2k + 2m and write $ for a
choice of a uniformizer in some sufficiently large finite extension of Q`. Let

ξ be a Hecke character of K such that val$(cond ξ) = 0, ξ∞(z) =
(
z
|z|

)−t
for some t ∈ Z with −2k − 2m ≤ t < min{−6,−4n}. Then

U :=

∏n
i=1 π

−2n−2k−2m−t+2i−2LDK (n+ t/2 + k +m− i+ 1,BC(φ)⊗ ξ−1β)

(Ω+
φΩ−φ )n

×
n∏
i=2

L(i, χiK)

πi
× LDK (2n+ t/2,Ψ−1

β (Iφ), ξ−1; st)

(6.4)

belongs to Q`.
Let τ ∈ Sn(Q) be as in Corollary 5.14 and set N = TDKhK NK/Q(cond ξ),

where T ∈ Z is a generator of the inverse of the fractional ideal {g∗τ−1g |
g ∈ OnK} of Q. Assume that val$ (T#(OK/NOK)×) = 0. If val$(U) = 0

and b := val$(ηφV) > 0, then there exists a non-zero f ′ ∈ Sn,2k+2m(Gn(Ẑ)),

orthogonal to Ψ−1
β (Iφ), such that f ′ ≡ Ψ−1

β (Iφ) (mod $b).

Remark 6.2. The assumptions in Theorem 6.1 ensure that the assumptions
of Theorem 4.3 are satisfied. Note that in the current setup F = Q and
since we will apply Theorem 4.3 for the eigenform Ψ−1

β (Iφ), the weight k

in Theorem 4.3 is replaced by 2k + 2m here. Also note that Lemma 5.4
guarantees that the Fourier coefficients of Iφ are O-integral. Furthermore,
we pick r in Theorem 4.3 to be In and we choose τ to be as in Corollary
5.14. The conditions that γ(τ) = 1 or p easily imply that condition (3.2) is
satisfied, i.e., that {g∗τg | g ∈ OnK} = Z. Hence Corollary 5.14 guarantees
that for this choice of r and τ we get val$(e(−itr τ)cIφ(τ, r)) = 0. Also note
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that τ and T enter the statement of Theorem 6.1 only via the assumption
on the valuations of #(OK/NOK)×.

Remark 6.3. Since Theorem 6.1 holds for any character ξ with the specified
properties, it is likely that the assumption val$(U) = 0 always holds for some
choice of ξ. For a more detailed explanation cf. e.g. [9, Section 5]. See also
Section 9 for examples.

Proof. In this proof set K = Gn(Ẑ). As noted in Theorem 4.3 (and using
(3.4)) we have

Lalg(2n+t/2,Ψ−1
β (Iφ), ξ; st) =

L(2n+ t/2,Ψ−1
β (Iφ), ξ; st) vol(FK)

πn(2n+(2k+2m)+t+1)〈Ψ−1
β (Iφ),Ψ−1

β (Iφ)〉K
∈ Q.

One easily checks (cf. e.g. [28, Lemma 8.6]) that 〈Ψ−1
β (Iφ),Ψ−1

β (Iφ)〉K =

〈Iφ, Iφ〉K. Using (5.1) and (5.2) we see that

LDK (2n+ t/2,Ψ−1
β (Iφ), ξ; st)Lalg(2n+ t/2,Ψ−1

β (Iφ), ξ; st)

equals (cf. also [28, p. 849])
(6.5)

π−n(2n+(2k+2m)+t+1)
∏n
i=1 L

DK (n+ t/2 + k +m− i+ 1,BC(φ)⊗ ξ−1β)

〈φ, φ〉
∏n
i=2 L(i+ 2k − 1, Sym2 φ⊗ χi+1

K )L(i, χiK)ΓC(i+ 2k − 1)ΓC(i)2
vol(FK)

for n = 2m+ 1 and
(6.6)

π−n(2n+(2k+2m)+t+1)
∏n
i=1 L

DK (n+ t/2 + k +m− i+ 1,BC(φ)⊗ ξ−1β)

〈φ, φ〉
∏n
i=2 L(i+ 2k,Sym2 φ⊗ χiK)L(i, χiK)ΓC(i+ 2k)ΓC(i)2

vol(FK)

for n = 2m.
Using the definition of ΓC expressions (6.5) and (6.6) become (here u is

some $-adic unit)
(6.7)

π−n(n+(2k+2m)+t+1)
∏n
i=1 L

DK (n+ t/2 + k +m− i+ 1,BC(φ)⊗ ξ−1β)u

〈φ, φ〉
∏n
i=2 L(i, χiK)π−iL(i+ 2k − 1,Sym2 φ⊗ χi+1

K )π−2k−2i+1

vol(FK)

πn2

for n = 2m+ 1 and
(6.8)

π−n(n+(2k+2m)+t+1)
∏n
i=1 L

DK (n+ t/2 + k +m− i+ 1,BC(φ)⊗ ξ−1β)u

〈φ, φ〉
∏n
i=2 L(i, χiK)π−iL(i+ 2k, Sym2 φ⊗ χiK)π−2k−2i

vol(FK)

πn2

for n = 2m.
For a Hecke character ψ of K of infinity type (z/|z|)u (u ≤ 0) we will

write

gψ =

∞∑
j=1

agψ(j)qj with agψ(j) =
∑

a⊂OK ideal
N(a)=j

ju/2ψ(a)
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for the associated modular form of weight −u + 1 (which is a cusp form if
u < 0). Observe that we have L(s, gψ) = L(s − u/2, ψ). It is easy to check
one has

LDK (s,BC(φ)⊗ ψ) = LDK (s− u/2, φ⊗ gψ),

where LDK (s, φ ⊗ gψ) is the convolution L-function which for s ∈ C with
sufficiently large real part is defined by∏

p-DK

{(1− αφαgψp
−s)(1− αφβgψp

−s)(1− βφαgψp
−s)(1− βφβgψp

−s)}−1

with αφ, βφ and αgψ , βgψ the Satake parameters of φ and gψ respectively
where, as above, the Satake parameters are normalized arithmetically.

We note that the character ξ−1β has infinity type (z/|z|)2k+2m+t, hence
the character ξβ−1 has infinity type (z/|z|)−2k−2m−t and the number −2k−
2m − t is by our assumption on t a negative number. Thus the cusp form
corresponding to ξβ−1 is g = gξβ−1 which is of weight 2k + 2m+ t+ 1 > 0.
Hence the L-function in the numerator of (6.5) equals

LDK (n+ t/2 + k +m− i+ 1,BC(φ)⊗ ξβ−1)

=LDK (n+ t+ 2k + 2m− i+ 1, φ⊗ g)

=LDK (n+ t+ 2k + 2m− i+ 1, φc ⊗ gc),

(6.9)

where c denotes conjugating the Fourier coefficients.
Since t < min{−6,−4n} we see that for every i ∈ {1, 2, . . . , n} the point

of evaluation n+ 2k + 2m+ t− i+ 1 satisfies

2k + 2m+ t < 2k + 2m+ t+ n− i+ 1 < 2k,

i.e., the points of evaluation lie strictly between the weights of φ and g,
hence they are critical points in the sense of Deligne. We have the following
result due to Shimura.

Theorem 6.4. If φ and φ′ are two cuspidal eigenforms of weights l, l′ re-
spectively, and l > l′ then for all integers M such that l′ ≤ M < l one
has

πl
′−1−2ML(M,φ⊗ φ′)

〈φ, φ〉
∈ Q.

The values of M in the above ranges are critical.

Proof. This is stated on [32, p. 218]. For the discrepancy in the exponent of
π between our statement and the formula in [loc.cit.], see Remark 5.3. �

Applied to our case (l = 2k if n = 2m + 1, l = 2k + 1 if n = 2m, and
l′ = 2k + 2m+ t+ 1) this implies that

π−2n−2k−2m−t+2i−2L(n+ 2k + 2m+ t− i+ 1, φ⊗ g)

〈φ, φ〉
∈ Q for i ∈ {1, 2, . . . , n}.
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Note that the power of π in U (not involved in normalizing the Dirichlet
L-function) equals

n∑
i=1

(−2n− 2k − 2m− t+ 2i− 2) = −n(2n+ 2k + 2m+ t+ 2) + 2

n∑
i=1

i

= −n(n+ 2k + 2m+ t+ 1)

and that L(i, χiK)π−i ∈ Q. Thus we have proved that U ∈ Q`.
Hence both (6.7) and (6.8) equal (taking into account (6.1))

u
i(φ)

ηφ

U
V

vol(FK)

πn2 ,

where u is a $-adic unit. To summarize we have shown

val$

(
Lalg(2n+ t/2,Ψ−1

β (Iφ), ξ−1; st)
πn

2

vol(FK)

)
= val$(U/(ηφV))

= − val$(ηφV)

= −b.

The result now follows directly from Theorem 4.3 and the fact that f ′ 6= 0
follows from Remark 4.4 and Theorem 5.8. �

Remark 6.5. Theorem 5.8 ensures that there is a genuine congruence to
depth b between Iφ and some orthogonal form f ′, i.e., that no part of that
congruence comes from the fact that Iφ itself is congruent to zero to some
depth. We also note that Theorem 5.8 is indeed necessary for the con-
struction of such a congruence, because our method does not allow for any
rescaling of the lift as such a rescaling would change the inner products used
in the derivation of the congruence.

7. Congruence with respect to integral periods

It is possible that the congruence constructed in Theorem 6.1 is “inher-
ited” directly from a congruence between φ and another newform φ′ ∈ S2k(1)
(or S2k+1(DK , χK)).

It is well-known [17] that for ` as in the last section (i.e., in particular
` > 2k + 1, ` - i(φ)) the mod `r congruences between φ and another φ′ are
controlled by the ratio

(7.1) ηφ :=
〈φ, φ〉Γφ
Ω+
φΩ−φ

∈ Z`

at least when φ is ordinary (see e.g., [7, Section 5] for definitions of Ω±φ as

well as the discussion of the ratio).
In this section we will derive (under certain assumptions) a stronger

version of Theorem 6.1 where the condition val`(ηφV) > 0 is replaced by
val`(V) > 0, and in return the resulting congruence is between Iφ and an
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automorphic form f ′ ∈Mn,2k+2m(Gn(Ẑ)), which does not arise as an Ikeda
lift. However, in doing so, we will make use of the following conjecture.

Conjecture 7.1. Fix a rational prime `. Let f ∈ Sn,k,ν(K) be a Hecke
eigenform of central character ω for K ⊂ Gn(AQ,f ) an open compact sub-
group. Then there exists a continuous semi-simple representation ρf : GK →
GL2n(Q`) such that

(i) ρf is unramified at all finite places not dividing DK ;

(ii) One has LDK (s, ρf ) = LDK (s,BC(f)⊗ ωc; st),
(iii) If ` - DK , then for any p | `, the representation ρf |Dp is crystalline.

Remark 7.2. The above conjecture is widely regarded as a known result,
however the only reference we know of in which the existence of Galois
representations attached to automorphic forms on Gn(AQ) is proven is the
article of Skinner [35, Theorem B]. However, the proof excludes the parallel
weight case, and while the author states that this hypothesis may be relaxed,
he goes on to say that this case would not be addressed in [loc.cit.]. Let
us also mention that a similar remark to Remark 5.2 regarding different
normalization of L-functions concerns [37].

From now on as in the last section, let ` - 2DK , ` > n + 2k − 1 be a
prime and φ be a newform in S2k(1) (if n = 2m + 1) or in S2k+1(DK , χK)
(if n = 2m). Let ρφ : GQ → GL2(Q`) be the `-adic Galois representation
associated to φ by Deligne et al. and write ρφ(j) for its jth Tate twist.
We will also assume that the residual Galois representation ρφ : GQ →
GL2(F`) is irreducible when restricted to GK . This combined with (5.1)
and Conjecture 7.1 implies that ρIφ is isomorphic to

(7.2) ε−k−m+n ⊗
n−1⊕
j=0

ρφ(j)|GK

where ε is the `-adic cyclotomic character.
Let S′0 = {φ1 = φ, φ2, . . . , φr′} be the subset of a basis of newforms of

S2k(1) (if n = 2m+ 1) or of S2k+1(DK , χK) (if n = 2m) consisting of forms
congruent to φ (mod $). Write S′1 := {f1 = Iφ, . . . , fr′ = Iφr′} for the
corresponding set of Ikeda lifts. Since ρφ|GK is irreducible, it must have
a non-abelian image, hence it follows from Theorem 5.8 that all fi ∈ S′1
are non-zero. We choose a subset S0 of S′0 so that the elements of S1 :=
{fi = Iφi ∈ S′1 | φi ∈ S0} are linearly independent and span the same

subspace of S2k+2m(Gn(Ẑ)) as S′1. Renumbering the elements of S′0 and
hence of S′1 if necessary we may assume that S0 = {φ1 = φ, φ2, . . . , φr}
and S1 = {f1 = Iφ, f2, . . . fr} for some r ≤ r′. By Corollary 5.6 we know
that fi ≡ f1 (mod $) for all 1 ≤ i ≤ r. We complete this set to a basis

f1, . . . , fr, fr+1, . . . , fs of the subspace W of S2k+2m(Gn(Ẑ)) containing all
eigenforms which are congruent to f1 (mod $) (in the sense of Definition
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2.4) and note that by Theorem 5.8 we must have fi 6≡ 0 (mod $) for all
1 ≤ i ≤ s.

For σ ∈ GK let
∑2n

j=0 cj(i, σ)Xj ∈ O[X] be the characteristic polynomial

of ρfi(σ), where ρfi is the Galois representation attached to fi (Conjecture
7.1). Here O is the valuation ring of some sufficiently large finite extension

of Q`. Put cj(σ) :=

cj(1, σ)
...

cj(s, σ)

 ∈ Os for j = 0, 1, . . . , 2n. Let T be the

O-subalgebra of Os generated by the set {cj(σ) | 0 ≤ j ≤ 2n, σ ∈ GK}. The
algebra T acts on W by

Tf =

t1...
ts

 s∑
i=1

αifi :=
s∑
i=1

αitifi.

We will say that T preserves the integrality of Fourier coefficients if when-
ever f ∈ W has O-integral Fourier coefficients, so does Tf for all T ∈ T (cf.
Definition 2.4).

Remark 7.3. It follows from the Tchebotarev Density Theorem that T is
generated by the set {cj(Frobp) | 0 ≤ j ≤ 2n, p - DK`}. By Conjecture
7.1 (ii), each cj(Frobp) is a polynomial in Hecke operators. The action of
each such Hecke operator on Fourier coefficients (albeit tedious) should be
straightforward to compute (we refer the reader for example to [27, (5.6)]
where this is done for n = 2) and from this one should be able to see that
these polynomials preserve the integrality of Fourier coefficients. Hence in
fact we expect that T always preserves the integrality of Fourier coefficients,
but we do not pursue the full proof here since the theorem below (for which
the integrality is used) is already conditional on Conjecture 7.1 and a full
proof may be computationally involved.

Theorem 7.4. Assume that Conjecture 7.1 holds. Keep the assumptions of
Theorem 6.1, but replace the definition of b = val$(ηφV) with b = val$(V).
Suppose furthermore that φ is ordinary at ` with ρφ|GK absolutely irreducible
and that the algebra T preserves the integrality of Fourier coefficients. Then
the claims of Theorem 6.1 hold true, but the form f ′ ∈ Mn,2k+2m(Gn(Ẑ))

congruent to Ψ−1
β (Iφ) (mod $b) is not an Ikeda lift of any newform φ′ ∈

S2k(1) if n = 2m+ 1 (resp. φ′ ∈ S2k+1(DK , χK) if n = 2m).

Proof. As in [7] to achieve our goal we will show the existence of a certain
‘idempotent-like’ Hecke operator in the Hecke algebra on Gn(A). However,
instead of deducing its existence from explicit relations between Hecke oper-
ators on Gn and GL2 (as in [loc.cit.]) we will construct it from the knowledge
of the Galois representation of Iφ (a variant of this method was used in [27,
Section 5.5]). As the arguments for n = 2m are entirely analogous, we limit
ourselves to the case n = 2m+ 1.
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Denote by Tf the quotient of T defined in the same way as T but with r in
place of s. After choosing some GQ-invariant lattice we may assume that ρφi
is valued in GL2(O). Write ρ : O[GK ] → Mat2(Or) for the O-algebra map

sending g =
∑

l algl ∈ O[GK ] to
∑

l al

ρφ1(gl)
...

ρφr(gl)

. By a standard argument

(using the irreducibility of ρφi |GK ) one can show that the image of ρ is
contained in Mat2(T0), where T0 is the O-Hecke algebra acting on S2k(1)
(cf. e.g. [11, Lemma 3.27]). In particular tr ρ(g) can be interpreted as
a Hecke operator. It thus follows from [27, Proposition 8.14] that there

exists g0 ∈ O[GK ] such that tr ρ(g0)φ1 = 〈φ,φ〉
Ω+
φΩ−φ

φ1 and tr ρ(g0)φi = 0 for all

i > 1. The proposition in [loc.cit.] as stated applies only to K = Q(i), but
the deformation-theoretic arguments in the proof are not sensitive to these
restrictions and the result of Hida they reduce the proof to is also valid in
full generality.

Now let ρ̃ : O[GK ] → Mat2n(Or) be the O-algebra map sending g =

∑
l algl ∈ O[GK ] to

∑
l al

ρI1(gl)
...

ρIr(gl)

 . By (7.2) we see that ρ̃ decomposes as

a direct product of Tate twists of ρ, hence one concludes that the image of ρ̃
is contained in Mat2n(Tf ). Using (7.2) again and the fact that φ is ordinary
at ` and working as in the proof of [27, Proposition 5.14] we see that there
exists a projector e ∈ O[GK ] such that

ρ̃(e) =


ρ(e)

ρ(1)(e)
. . .

ρ(n− 1)(e)

 =


ρ(e)

0
. . .

0

 .
Set Tφ := tr ρ̃(eg0) with g0 as above and let T be any lift of Tφ to T. It is
clear that this T has the desired properties. Now applying T to both sides
of (4.2) and amending the periods in the L-functions appearing in Cf1 we
get the desired result. We refer the reader to [7] or [27] for details. �

8. Speculations about consequences for the Bloch-Kato
conjecture

Let us now specialize to the case n = 3. The relevant L-values in this
case are

L1 :=
L(2k + 1,Sym2 φ⊗ χK)

π2k+3Ω+
φΩ−φ

∈ Q, L2 :=
L(2k + 2,Sym2 φ)

π2k+5Ω+
φΩ−φ

∈ Q.

For i = 1, 2 set vi := val`(#O/Li). The ($-part of the) Bloch-Kato con-
jecture for a GF -module V with divisible coefficients(with F a number
field) predicts that val`(#H

1
f (F, V ∨(1))) and val`(#O/Lalg(V, 0)) (where
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Lalg(V, 0) is the appropriately normalized L-value of V at zero) should be
related (in fact equal up to certain canonically defined factors - see e.g. [28,
Section 9] for a precise statement). We have (to ease notation here and
below we assume that the modules have divisible coefficients)

V1 := ad0 ρφ(2)⊗ χK , V ∨1 = ad0 ρφ(−2)⊗ χK ,
V2 := ad0 ρφ(3), V ∨2 = ad0 ρφ(−3).

(8.1)

So, the Bloch-Kato conjecture for V1 relates val`(#H
1
f (Q, ad0 ρφ(−1)⊗χK))

to val`(#O/Lalg(ad0 ρφ(2)⊗χK , 0)) = v1, and for V2 it relates val`(#H
1
f (Q, ad0 ρφ(−2)))

to val`(#O/Lalg(ad0 ρφ(3), 0)) = v2.

By Theorem 7.4 there exists f ′ ∈ S2k+2(G3(Ẑ)) orthogonal to the space
spanned by all the Ikeda lifts such that f ′ ≡ Iφ (mod $v1+v2). Assume for
simplicity that v1 = 0 and v2 = 1. Assuming the validity of Conjecture 7.1
we get an `-adic Galois representation attached to f ′ which is unramified
away from ` and crystalline at `. Let us assume it is also irreducible. Then
by a standard argument of Ribet [30] we can find a Galois-invariant lattice
inside this representation such that with respect to that lattice its mod
`-reduction ρ : GK → GL6(F`) has the form

ρ(g) = ε(g)2−k

ρφ(g) a(g) b(g)
ρφ(g)ε(g) c(g)

ρφ(g)ε2(g)

 .
First note that both a and c give rise to elements in H1

f (K, ad0 ρφ(−1)|GK ).
One has a natural splitting

H1
f (K, ad0 ρφ(−1)|GK ) = H1

f (K, ad0 ρφ(−1)|GK )+⊕H1
f (K, ad0 ρφ(−1)|GK )−,

where the superscripts indicate the sign of the action of the complex conju-
gation.

Suppose now one can show that a, c ∈ H1
f (K, ad0 ρφ(−1)|GK )−. Let us

explain how one can use our result to conclude that the validity of the
Bloch-Kato conjecture for V1 gives evidence for its validity for V2. The
inflation-restriction sequence gives an identification

H1(K, ad0 ρφ(−1)|GK )− = H1(Q, ad0 ρφ(−1)|GK ⊗ χK)

and using this one can show that the classes a, c lie in the Selmer group of
ad0 ρφ(−1)|GK ⊗χK which by the Bloch-Kato conjecture for V1 and our as-
sumption that v1 = 0 is trivial. So, a, c must be trivial classes. Hence
for ρ to be non-semi-simple, b has to give rise to a non-trivial class in
H1(K, ad0 ρφ(−2)|GK ). Splitting a and c and rearranging the diagonal ele-

ments in ρ, we see that

[
ρφ|GK b

ρφ(2)|GK

]
is a subrepresentation of ρ and

hence also crystalline. Thus, b in fact gives rise to a non-zero element in
the Selmer group of ad0 ρφ(−2)|GK . This provides evidence for the Bloch-
Kato conjecture for V2. In fact this argument can be applied with V1 and
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V2 switched. Furthermore, with some more work it could be extended to
arbitrary values of v1 and v2 to obtain the full equivalence of the validity of
the Bloch-Kato conjectures for V1 and V2. However, we do not proceed with
the general argument here, because we are unable to show that the classes
a and c indeed lie in the minus part of the Selmer group, which at this stage
reduces our argument to a mere speculation.

Remark 8.1. In [9], Keaton and the first-named author construct congru-
ences for the (symplectic) Ikeda lift on the group Sp2n of an elliptic modular
form φ ∈ Sk(1) when k and n are even. These are controlled by the L-value

Lalg((k + n)/2, φ)
∏n/2−1
j=1 Lalg(2j + k, Sym2 φ), where the subscript alg in-

dicates the algebraic part. The paper also discusses the application of the
result to the Bloch-Kato conjecture for φ. Our current result can be viewed
as partly complementary to that of [9] in the sense that it constructs con-
gruences for the Ikeda lift of φ ∈ Sk(1) to U(n, n) for odd values of n, while
[9] construct congruences for the Ikeda lift of φ to Sp2n for even values of n.

9. Examples

In this final section we provide examples of our main theorem. We fix
K = Q(

√
−3) throughout the calculations so that χK =

(−3
·
)
. Note that

here that hK = 1 which simplifies many of the assumptions. We consider the
case where m = 2 and n = 5. Furthermore, observe that we have #O×K = 6,
so J (K) = 3 in this case.

Fix φ ∈ S26(SL2(Z)) to be the unique normalized eigenform, i.e.,

φ = q − 48q2 − 195804q3 − 33552128q4 − 741989850q5 + 9398592q6 + · · · .

Observe that this gives ν = −k −m = −15, so J (K) | ν as required.
Set

Lalg(j + 25,Sym2 φ⊗ χj+1
K ) =

L(j + 25,Sym2 φ⊗ χj+1
K )

π25+2j〈φ, φ〉
.

To calculate the values of Lalg listed below, we made use of SAGE [38] and
Dokchitser’s ComputeL program based on the work in [12]. Using Compu-
teL, we computed the values Lalg and looked at continued fraction expan-
sions of these with increasing levels of precision. From this, it becomes clear
where a “cut-off” in the continued fraction should occur to give the rational
value of Lalg. The same methods are used to compute the algebraic values
of the convolution L-functions below as well. Thus, we have not proven
the values below are correct, but have strong evidence they are the correct
values.
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Using this method we have

Lalg(27,Sym2 φ⊗ χK) =
237 · 523

333 · 55 · 72 · 11 · 13 · 23

Lalg(28,Sym2 φ⊗ χ2
K) =

238 · 5 · 72 · 11 · 13 · 23 · 31 · 137

338 · 56 · 74 · 112 · 132 · 232

Lalg(29,Sym2 φ⊗ χK) =
238 · 67 · 139 · 1609

340 · 55 · 72 · 112 · 132 · 232

Lalg(30,Sym2 φ⊗ χ2
K) =

231 · 5 · 112 · 19 · 3463 · 6761

344 · 56 · 73 · 112 · 132 · 19 · 232 · 29
.

Observe since φ the only newform of weight 26 and full level, vacuously there
are no non-trivial congruences between φ and other newforms of weight 26
and full level and thus ηφ is a unit. This gives val`(V) = 1 for ` ∈ L :=
{31, 67, 137, 139, 523, 1609, 3463, 6761}. Moreover, f is ordinary at all ` ∈ L.
We can ignore the condition that the residual Galois representations ρ` be
irreducible as that was only required to produce the Hecke operator that
guaranteed we produce a congruence to a form that is not an Ikeda lift;
as explained above φ is not congruent to any other newforms of the same
weight and level so one does not have to worry about such congruences to
other Ikeda lifts.

Clearly we have ` > 2k + 2m = 30 for all ` ∈ L. Observe that L is
relatively prime to 2hKDK as required where we say A is relatively prime
to L if val`(A) = 0 for all ` ∈ L. We also have that L is relatively prime to
T#(OK/3OK)× = #(OK/3OK)×. Finally, note that L is relatively prime
to A3. Thus, it only remains to show we can choose ξ so that U is relatively
prime to L.

Recall that ξ is a Hecke character of K so that ξ∞(z) =
(
z
|z|

)−t
for some

t ∈ Z satisfying −30 ≤ t < −20. For our purposes we choose ξ to be
an everywhere unramified character with t = −24. Recalling that β is an

everywhere unramified Hecke character of K of infinity type
(
z
|z|

)30
, we have

g := gξβ−1 ∈ S7(3, χK) [23, Theorem 12.5]. In fact, one can check via SAGE
that g is the unique newform in S7(3, χ), i.e.,

g = q−27q3+64q4−286q7+729q9−1728q12+506q13+4096q16−10582q19+· · · .

Observe that gc = g.
To deal with U , we first consider∏5

j=1 π
−13+2jL(9− j,BC(φ)⊗ χK)

〈φ, φ〉5
.

One thing to note here is that while the main theorem has the Euler factors
at DK removed, so the Euler factor at 3 for us, this is not necessary in the
case that φ has full level. One can see this by running through the proof
of [22, Theorem 18.1]. Using the relation between L(s,BC(φ) ⊗ χK) and
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L(s, φ⊗ g), we see we want to consider

5∏
j=1

L(j, φ⊗ g)

π6−2j〈φ, φ〉
.

Set

Lalg(j, φ⊗ g) =
L(j, φ⊗ g)

π6−2jG(χ3)i33−2j〈φ, φ〉
.

We need to calculate Lalg(j, φ ⊗ g) for j = 7, 8, 9, 10, 11 and see these are
relatively prime to the elements in L. We have

Lalg(7, φ⊗ g) =
72 · 13 · 17 · 19 · 107

25 · 34 · 518

Lalg(8, φ⊗ g) =
7 · 17 · 127 · 7607

23 · 36 · 518

Lalg(9, φ⊗ g) =
2 · 109 · 1428767

37 · 516 · 7 · 23

Lalg(10, φ⊗ g) =
27 · 13 · 853

310 · 512 · 23

Lalg(11, φ⊗ g) =
29 · 47 · 2069

312 · 512 · 7 · 23
.

Finally we consider the values of Lalg(j, χjK) :=
L(j,χjK)

πj
for j = 2, 3, 4, 5.

The values of Lalg(j, χjK) for j odd can be obtained directly from SAGE;
the others are easily obtained from well-known values of the Riemann zeta
function.

Lalg(2, χ2
K) = (1− 3−2)ζ(2) =

22

33

Lalg(3, χ3
K) =

22 ·
√

3

35

Lalg(4, χ4
K) = (1− 3−4)ζ(4) =

23

36

Lalg(5, χ5
K) =

22 ·
√

3

37
.

Thus, we have U is relatively prime to L.
Combining all of these computations we see Theorem 6.1 gives a congru-

ence modulo ` for each ` ∈ L between the Ikeda lift of φ and a Hermitian
modular form of weight 30 and full level that is orthogonal to Iφ and is not
an Ikeda lift.
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