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Abstract. We prove modularity of certain residually reducible ordinary 2-dimensional p-
adic Galois representations with determinant a finite order odd character χ. For certain
non-quadratic χ we prove an R = T result for T the weight 1 specialisation of the Hida
Hecke algebra acting on non-classical weight 1 forms, under the assumption that no two Hida
families congruent to an Eisenstein series cross in weight 1. For quadratic χ we prove that
the quotient of R corresponding to deformations split at p is isomorphic to the Hecke algebra
acting on classical CM weight 1 modular forms.

1. Introduction

Let ρ : GQ → GL2(Qp) be a Galois representation unramified outside a finite set Σ of
primes with p ∈ Σ which is residually reducible, p-distinguished and ordinary at p. Suppose
that det ρ = χεk−1 where χ is a finite order character, ε is the p-adic cyclotomic character and
k is a positive integer (such that χεk−1 is odd) and that the associated residual representation
has semi-simplification 1⊕χεk−1. If k ≥ 2, the modularity of such representations by modular
forms of weight k was proved by Skinner and Wiles [SW97, SW99] (recently generalised by
Lue Pan [Pan21] to the non-ordinary case). The case of k = 1 is different because while one
can still expect that the Galois representations should arise from weight one modular forms,
in general not all such forms are classical, i.e., there are purely p-adic weight one ordinary
modular forms. This phenomenon was first observed by Mazur and Wiles [MW86].

In this article we prove the first modularity theorem for residually reducible Galois rep-
resentations with k = 1 where the Galois representations in question are modular but not
necessarily by a classical modular form of weight one. In fact, it was shown by Dummigan
and Spencer [DS21] that if χ is not quadratic there are no classical modular forms of weight
1 whose associated residual Galois representation has semi-simplification 1⊕ χ (see Remarks
3.3 and 4.7). In that case we prove a modularity theorem by purely p-adic weight 1 modular
forms. If χ is quadratic we prove a modularity theorem by classical weight 1 modular forms
with complex multiplication.

While we follow a well-established approach of identifying an appropriate deformation ring
with a Hecke algebra, if the character is not quadratic we introduce some novel elements
into the method which considerably shift the focus of the approach to dealing with some
new challenges. In particular, we need to work with limits of modular Galois representations
which, as opposed to the representations attached to forms of weight greater than or equal
to 2, are not automatically irreducible. The Hecke algebra in question is not a Hecke algebra
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acting on the space of classical weight one modular forms, but rather a certain quotient of the
Λ-adic Hecke algebra which considerably complicates getting an “R → T”-map. The proof
of the principality of the ideal of reducibility is also new. The key input on the automorphic
side is Wiles’ result from [Wil90] on Λ-adic Eisenstein congruences.

On the other hand, if χ is quadratic we directly establish sufficiently many Eisenstein
congruences of classical cusp forms of weight 1. To ensure modularity by classical forms we
are also forced to work with a stronger deformation condition at p (see Corollary 5.8).

Let us now explain the contents of this paper in more detail. Let E be a finite extension
of Qp with integer ring O, uniformizer $ and residue field F. Let GΣ be the Galois group
of the maximal Galois extension of Q unramified outside Σ. Let χ : GΣ → O× be an odd
Galois character associated with a Dirichlet character mod Np whose N -part is primitive and
let χ : GΣ → F× be its mod $ reduction. We assume that χ|Dp 6= 1. In particular, we allow
χ to be unramified at p. Let

ρ0 : GΣ → GL2(F), ρ0 =

[
1 ∗
0 χ

]
6∼= 1⊕ χ

be a continuous homomorphism. We study deformations ρ of ρ0 which are ordinary at p (for
precise definition see section 3.3), and such that ρ|I` = 1 ⊕ χ for all ` ∈ Σ with ` ≡ 1 mod
p. We furthermore require that det ρ = χ, i.e., that k = 1. Such a deformation problem is
representable by a universal deformation ring R. We then also study the deformation problem
with the (stronger) assumption that ρ|Dp is split with corresponding universal deformation
ring Rsplit. We refer to these two cases as “ordinary” and “split”.

We do not use the Taylor-Wiles method. Instead, we prove that there is a surjection from
R to a suitable Hecke algebra T , then show that reducible deformations are modular by
demonstrating that R/I ∼= T/J for I the reducibility ideal and J the Eisenstein ideal. After
establishing the principality of I we then use the commutative algebra criterion from [BK11]
to deduce R = T . For Rsplit we use a similar approach.

However, to implement this general strategy we use very different routes in the ordinary
and the split case. This dichotomy reflects the fact that in the first case we need to deal with
non-classical, while in the latter one with classical forms.

Let us first discuss the ordinary case. In that case we work with Wiles’ Λ-adic Hecke algebra
T and consider a certain quotient T1 of it - its specialisation at weight one. More precisely,
we take a localisation T1,m of T1 at a maximal ideal corresponding to forms congruent to a
weight 1 specialisation of a certain Λ-adic Eisenstein series E .

To construct a map from R to T1,m we need to show that for each weight one specialisation
F1 of a Hida family F congruent to E there exists a lattice inside the Galois representation
ρF1 associated with F1 which reduces to ρ0. We do this, as is usually the case, by utilizing a
result known as Ribet’s Lemma, but this in turn requires irreducibility of ρF1 . For classical
forms, this is a theorem of Deligne-Serre, but our F1 need not be classical. As F1 is a p-adic
limit of classical forms in higher weights, and these have irreducible Galois representations,
the question becomes that of proving that this irreducibility is preserved in the limit. In
general, of course, a limit of irreducible representations may be reducible. Here however, we
show that in this context this does not happen, which is one of the key technical results of
the paper (Theorem 4.18).
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This gives us a map from R to
∏
F O where the product runs over all Λ-adic newforms

congruent to E . A standard approach is then to identify the Hecke algebra with a subalgebra
of such a product. Here however we encounter another problem, as T1,m is just an abstract
quotient of the Λ-adic Hecke algebra and does not in general inject into

∏
F O. The obstruction

to this injection occurs when two Hida families congruent to E cross at weight one. Let us
note here that under our assumptions this cannot happen if the weight one specialisations are
classical by a result of Belläıche-Dimitrov (indeed, in their terminology we are in the regular
case and cannot have real multiplication, so they prove that the eigencurve is étale at the
corresponding point).

As the second key result of this article (Proposition 4.10), we prove that the lack of such
crossings (i.e., the étaleness of the eigencurve at weight one) is indeed also a sufficient condition
for having the desired injection in the general (also non-classical) case. In section 4.6 we discuss
examples when the non-crossing condition is satisfied.

Once we have a (surjective) map from R to T1,m, we prove that it descends to an iso-
morphism R/I → T1,m/J1 roughly following the method of [BK13], which boils down to
bounding the orders of R/I and T1,m/J1. Here I is the reducility ideal and J1 is the (weight
one specialisation of the) Eisenstein ideal. To bound T1.m/J1 from below we use a theorem
of Wiles from his proof of the Main Conjecture in [Wil90] which gives such a bound on the
Eisenstein quotient of the Λ-adic Hecke algebra. For the corresponding upper bound on R/I
let us only mention that we need to assume the cyclicity of the χ−1-eigenspace of Cl(Q(χ)). A
similar condition has been applied in various situations by Skinner-Wiles [SW97], the authors
[BK13, BK20], and by Wake–Wang–Erickson [WWE20]. For a full list of assumptions see
section 3.1.

To conclude that R ∼= T1,m we utilize the commutative algebra criterion from [BK11], but
to apply it we need to show that I is a principal ideal. This is another major technical result of
the paper that is needed in both the ordinary and the split case and uses different conditions
in the two cases (Theorem 3.9). In fact, the condition needed in the ordinary case excludes
quadratic characters (see Remark 3.10), so that case concerns exclusively non-classical forms.
Hence for us the ordinary and the split case are in fact disjoint.

To complete our treatment of the modularity of residually reducible Galois representations
with determinant a finite order character χ we prove in Theorem 5.6 that Rsplit = (Tclass

1 )m
when χ is the character corresponding to an imaginary quadratic extension F/Q and p is inert
in F/Q and divides the class number of F . Here (Tclass

1 )m is the localisation at the Eisenstein
maximal ideal of the Hecke algebra acting on weight 1 classical cusp forms of level dF with
complex multiplication. Whilst the usual methods for proving Eisenstein congruences do not
apply in this case, it turns out that there is a very direct link here between elements of the
Selmer group bounding Rsplit/Isplit and cusp forms congruent to the corresponding weight 1
Eisenstein series. To establish the required lower bound on the congruence module (Tclass

1 )m/J
we can therefore count the total depth of Eisenstein congruences provided by CM forms and
apply the result of [BKK14]. This, in turn, requires us to know the principality of J which
we deduce from the principality of Isplit.

If f is a classical weight one modular form, then by Deligne-Serre its Galois representation
has finite image. However, there is no a priori reason why this should be true of an arbitrary
deformation of ρ0. In particular, if f is classical and ordinary then ρf |Dp must be split (as it
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must be of finite order). Conjecturally this happens only for classical weight 1 forms. Under
our assumptions we note that for χ unramified at p our result Rsplit = (Tclass

1 )m (Theorem 5.6)
establishes the following equivalence (see Corollary 5.8): an ordinary deformation ρ : GΣ →
GL2(O) of ρ0 is modular by a classical weight 1 form if and only if it is unramified at p and
χ is quadratic.

The modularity direction of this result is the analogue of that of Buzzard-Taylor [BT99]
on the modularity of residually irreducible p-distinguished representations of GΣ that are
unramified at p (and therefore establishes another case of conjecture 5a in Fontaine-Mazur
[FM95] that p-adic representations of GΣ that are unramified at p have finite image).

Theorem 5.6 also complements the work of Castella, Wang-Erickson and Hida [CWEH21]
in the residually irreducible case on Greenberg’s conjecture that ρf is split at p if and only if
f is CM.

Let us note that the problem considered in [SW97] is a related one and while [SW97]
assume throughout their article that k ≥ 2, it appears to us that it would possible to infer
a certain modularity result in the weight one case from their isomorphism of the ordinary
universal deformation ring with the ordinary Hecke algebra. Even given that, however, there
are significant differences in the setup and method. The residual representation considered in
[SW97] has the form [

χ ∗
0 1

]
,

so has the opposite order of the characters on the diagonal to our ρ0. Using this, the authors
construct a certain reducible characteristic zero deformation of it, but its uniqueness (nec-
essary for their method) requires that χ be ramified at p. In our setup such a deformation
does not exist, and consequently our approach is different (not only because [SW97] work in
weight 2 and we work directly in weight 1). In fact, while both [SW97] and we assume that
the χ-part of the class group of the splitting field F of χ is trivial, we work with the ideal
of reducibility of ρ0 and this requires another cyclicity assumption, namely that the χ−1 part
of the class group of F has dimension at most 1. However, as a benefit we do not need to
assume that χ is ramified at p. Such unramified characters can occur in this context as we
demonstrate in section 4.6.

1.1. Acknowledgements. We would like to thank Chris Skinner for teaching us about Wiles’
proof of the Main Conjecture in Michigan in 2002. We are also grateful to Adel Betina for
helpful comments, in particular regarding section 4.6. Finally, we would like to thank Neil
Dummigan and Joe Kramer-Miller for enlightening conversations related to the topics of this
article.

2. Selmer groups

Let p be a prime. For Σ a finite set of finite places of Q containing p we write GΣ for
the Galois group of the maximal extension of Q unramified outside of Σ and infinity. For
any prime ` we write D

`
⊂ GΣ for a decomposition group at ` and I` ⊂ D` for the inertia

subgroup.
We fix an embedding Qp ↪→ C. Let E be a finite extension of Qp. Write O for the valuation

ring of E, $ for a choice of a uniformizer and F for the residue field.



R = T THEOREMS FOR WEIGHT ONE MODULAR FORMS 5

For ψ : GΣ → O× a non-trivial character of order prime to p we consider the p-adic
coefficients M = E(ψ), E/O(ψ) or (O/$n)(ψ) for n ≥ 1. We also write ψ : GΣ → F× for the
mod $ reduction of ψ.

Remark 2.1. Note that if G is a subgroup of GΣ such that ψ|G 6= 1, then (E/O)(ψ)G = 0.
Indeed, as the order of ψ is prime to p the image of ψ is contained in the prime-to-p roots of
unity of O and so ψ is the Teichmüller lift of ψ. This guarantees that if ψ|G 6= 1 then there
exists σ ∈ G such that ψ(σ) 6≡ 1 mod $.

Let Σ′ ⊂ Σ. For M as above we define the Selmer group H1
Σ′(Q,M) to be the subgroup of

H1(GΣ,M)

H1
Σ′(Q,M) = ker(H1(GΣ,M)→

∏
`∈Σ\Σ′

(H1(Q`,M)/H1
f (Q`,M))),

where the local conditions are defined as follows:
For M = E(ψ) we take for all primes `, including p,

H1
f (Q`,M) = H1

ur(Q`,M) = ker(H1(Q`,M)→ H1(Q`,ur,M)),

where Q`,ur is the maximal unramified extension of Q`. This induces conditions for M =
(E/O)(ψ) and (O/$n)(ψ) via

H1
f (Q`, E/O(ψ)) = im(H1

ur(Q`, E(ψ))→ H1(Q`, E/O(ψ)))

and

H1
f (Q`, (O/$n)(ψ)) = i−1

n H1
f (Q`, E/O(ψ)) for in : H1(Q`, (O/$n)(ψ))→ H1(Q`, E/O(ψ))

the natural map induced by the canonical injection (O/$n)(ψ)→ E/O(ψ).
For ` 6= p [Rub00] Lemma 1.3.5(iii) tells us that H1

f (Q`, E/O(ψ))) = H1
ur(Q`, E/O(ψ)))

since (E/O)(ψ)I` is divisible as ψ has order prime to p. Indeed, if ψ is unramified then the
invariants are isomorphic to E/O as O-modules, hence divisible. If ψ is ramified then the
invariants are zero by Remark 2.1. By the same [Rub00] Lemma 1.3.5(iii) H1

f (Q`,O(ψ)))
(defined as preimage of H1

f (Q`, E(ψ))) agrees with im(H1
ur(Q`,O(ψ)), which by the proof of

[Rub00] Lemma 1.3.8 also gives H1
ur(Q`, (O/$n)(ψ)) = H1

f (Q`, (O/$n)(ψ)).
For ` = p we also have H1

f (Qp, E/O(ψ)) = H1
ur(Qp, E/O(ψ)), by the proof of [Rub00]

Proposition 1.6.2 as the order of ψ is coprime to p. In addition an easy diagram chase like in
the proof of [Rub00] Lemma 1.3.5 for H1

f (K,T ) shows that

(2.1) H1
ur(Qp, (O/$n)(ψ)) ⊂ H1

f (Qp, (O/$n)(ψ)).

By [Rub00] Lemma 1.5.4 and Lemma 1.2.2(i) we have

(2.2) H1
Σ′(Q, (O/$n)(ψ)) = H1

Σ′(Q, (E/O)(ψ))[$n]

since (E/O)(ψ)GΣ = 0 by Remark 2.1.

Proposition 2.2 ([Rub00] Proposition 1.6.2).

H1
∅ (Q, E/O(ψ)) ∼= Hom(Cl(Q(ψ)), E/O(ψ))Gal(Q(ψ)/Q)

Lemma 2.3. Let ξ̃ be a Dirichlet character. Let ξ : GΣ → O× be the associated Galois
character and write ξ for its mod $ reduction. Let s be a positive integer. Set W = E/O(ξ−1)
and Ws = W [$s]. Suppose ` ∈ Σ− {p} and let Σ′ ⊂ Σ with ` 6∈ Σ′. Assume that either
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(i) ξs := ξ mod $s is unramified at ` and `ξ(Frob`) 6= 1;
or

(ii) ξ is ramified at `.

Then one has

H1
Σ′∪{`}(Q,Ws) = H1

Σ′(Q,Ws).

Proof. First assume that ξ is ramified at `. Then W I`
1 = 0 and so W I` = 0 and we use [BK13]

Lemma 5.6 to conclude that

H1
Σ′∪{`}(Q,Ws) = H1

Σ′(Q,Ws).

We note that the definition of the global Selmer group H1
Σ(Q,Ws) in [BK13] differs from

our definition here in that it uses the Fontaine-Laffaille condition at p, rather than assuming
that classes are unramified. But on the level of divisible coefficients the definitions agree, so
we apply [BK13] Lemma 5.6 to conclude H1

Σ′∪{`}(Q,W ) = H1
Σ′(Q,W ) and then invoke (2.2).

From now on assume that ξs and so also Ws is unramified at `. By [Rub00], Theorem 1.7.3
we have an exact sequence

0→ H1
Σ′(Q,Ws)→ H1

Σ′∪{`}(Q,Ws)→
H1(Q`,Ws)

H1
ur(Q`,Ws)

.

Lemma 1.3.8(ii) in [Rub00] tells us that H1
ur(Q`,Ws) = H1

f (Q`,Ws).

To prove the claim it is enough to show that the image of the map H1(Q`,Ws)→ H1(I`,Ws)
is zero. To do so consider the inflation-restriction sequence (where we set G := Gal(Qur

` /Q`)):

H1(G,Ws)→ H1(Q`,Ws)→ H1(I`,Ws)
G → H2(G,Ws).

The last group in the above sequence is zero since G ∼= Ẑ and Ẑ has cohomological dimension
one. This means that the image of the restriction map H1(Q`,Ws) → H1(I`,Ws) equals
H1(I`,Ws)

G. Let us show that the latter module is zero. Indeed,

(2.3) H1(I`,Ws)
G = HomG(I`,Ws) = HomG(Itame

` ,Ws)

= HomG(Zp(1), $−sO/O(ξ−1)) = HomG(Zp, $
−sO/O(ξ−1ε−1)).

So, φ ∈ H1(I`,Ws) lies in

H1(I`,Ws)
G = HomG(Zp, $

−sO/O(ξ−1ε−1))

if and only if φ(x) = g ·φ(g−1 ·x) = g ·φ(x) = ξ−1
s ε−1(g)φ(x) for every x ∈ I` and every g ∈ G,

i.e., if and only if

(2.4) (ξ−1
s ε−1(g)− 1)φ(x) ∈ O for every x ∈ I`, g ∈ G.

Since Frob` topologically generates G, we see that (2.4) holds if and only if it holds for every
x ∈ I` and for g = Frob`. So condition (2.4) becomes

(2.5) (1− ξ−1
s (Frob`)`

−1)φ(x) ∈ O for every x ∈ I`.

Since ξ(Frob`)` 6= 1, the factor valp(1 − ξ−1
s (Frob`)`

−1) = 0, we get that φ(x) ∈ O, as
claimed. �
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3. Deformation theory

3.1. Assumptions. Let p > 2 be a prime and N a positive integer with p - N . Let χ̃ :
(Z/NpZ)× → C× denote a Dirichlet character of order prime to p with χ̃(−1) = −1. We
write χ̃ = χ̃N χ̃p where χ̃N is a Dirichlet character mod N and χ̃p is a Dirichlet character mod
p. We assume that χ̃N is primitive. In particular, we allow but do not require that χ̃ has p
in its conductor.

Write Σ for a finite set of primes containing p and the primes dividing N . Let χ : GΣ → O×
be the Galois character associated to χ̃ and write χ : GΣ → F× for its mod $ reduction. We
assume that χ|Dp 6= 1.

Write F := Q(χ) for the splitting field of χ and Cl(F ) for the class group of F . Set

CF := Cl(F )⊗ZO. For any character ψ : Gal(F/Q)→ O× we write Cψ
F for the ψ-eigenspace

of CF under the canonical action of Gal(F/Q), i.e.

Cψ
F = {c ∈ CF |g · c = ψ(g)c for all g ∈ GΣ}.

In this paper we work under the following assumptions:

(1) Cχ−1

F is a non-zero cyclic O-module, i.e., dimFC
χ−1

F ⊗O F = 1;
(2) if ` ∈ Σ but ` - Np then χ̃(`)` 6≡ 1 mod $;
(3) if ` ∈ Σ but ` - Np then χ̃(`) 6≡ ` mod $.

Remark 3.1. We note that Cχ−1

F 6= 0 is equivalent to valp(L(0, χ̃)) > 0. This is so because
under our assumptions on χ, we have that (cf. Theorem 2 in [MW84])

(3.1) #Cχ−1

F = #O/L(0, χ̃).

Let ρ0 : GΣ → GL2(F) be a continuous homomorphism of the form

ρ0 =

[
1 ∗
0 χ

]
6∼= 1⊕ χ

such that ρ0|Dp ∼= 1⊕ χ|Dp .
For the convenience of the reader we discuss in section 4.5 how the assumptions are used.

3.2. The residual representation. We begin by proving the uniqueness of ρ0 up to isomor-
phism. Note that for this result we do not need to assume that ρ0 is split on Dp, but only on
Ip.

Proposition 3.2. Let ρ′ : GΣ → GL2(F) be a continuous homomorphism of the form

ρ′ =

[
1 ∗
0 χ

]
6∼= 1⊕ χ

such that ρ′|Ip ∼= 1⊕ χ|Ip. Then ρ′ ∼= ρ0.

Proof. Let ρ′ be as in the statement of the proposition. Then ∗ gives rise to a non-zero
element c in H1

Σ(Q,F(χ−1)). Using Lemma 2.3 and Assumption (2) above we conclude
that H1

Σ(Q,F(χ−1)) = H1
{p}(Q,F(χ−1)). By the assumption that ρ′|Ip ∼= 1 ⊕ χ|Ip we see

that c is unramified at p, hence in fact c ∈ H1
∅ (Q,F(χ−1)) by (2.1). By Proposition 2.2

we have that H1
∅ (Q, E/O(χ−1)) ∼= Hom(Cl(F ), E/O(χ−1))Gal(Q(χ)/Q). This last group is
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(non-canonically) isomorphic to Cχ−1

F . By Assumption (1), the group Cχ−1

F is cyclic, hence
so is H1

∅ (Q, E/O(χ−1)). By (2.2) we get that H1
∅ (Q,F(χ−1)) ∼= H1

∅ (Q, E/O(χ−1))[$], so
H1
∅ (Q,F(χ−1)) is also cyclic. Hence the extension given by c is a non-zero scalar multiple of

the one given by ρ0. The claim follows. �

3.3. The deformation problems. Set R to be the universal deformation ring for deforma-
tions ρ : GΣ → GL2(A) of ρ0 for A an object in CNL(O), the category of local complete
Noetherian O-algebras with residue field F, such that:

(i) det ρ = χ

(ii) ρ|Dp ∼=
[
ψ1 ∗

ψ2

]
with ψ2 unramified ψ2 ≡ 1 mod mA (ordinary and p-distinguished)

(iii) If ` ∈ Σ is such that ` ≡ 1 (mod p) then ρ|I` = 1⊕ χ.

Let ρuniv : GΣ → GL2(R) be the universal deformation. Write I for the ideal of reducibility
of ρuniv.

Let Rsplit be the universal deformation ring for the deformations where (ii) is strengthened
to assuming that ρ|Dp is split. We denote the universal deformation for the stronger condition
by ρsplit and write Isplit for its ideal of reducibility.

We will refer to deformations satisfying (i)-(iii) as ordinary deformations (or simply as
deformations), whilst calling the ones satisfying the stronger condition split deformations. It
is clear that every split deformation is a deformation, so we get a natural map R→ Rsplit.

Remark 3.3. Note that by Corollary to Theorem 11 in [Sen81] the assumption that ρ|Dp is
split corresponds to ρ|Dp being Hodge-Tate (and even de Rham) with Hodge-Tate weights 0.
Such representations ρ are expected to correspond to classical modular forms of weight 1.

If one knows that ρ(GQ) is finite then one can easily prove this special case of Artin’s
conjecture: From the classification of subgroups of GL2(C) one can show (see e.g. section 2
of [DS21]) that the residual reducibility requires the image of ρ to be dihedral. From this one
deduces (see e.g. section 7 in [Ser77]) that there exists a quadratic extension F/Q for which
ρ⊗ χF/Q ∼= ρ, where χF/Q is the unique character of GQ that factors through the non-trivial
character of Gal(F/Q). This implies that χ = χF/Q, so F has to be imaginary quadratic as χ
is odd. It further follows that ρ is the induction of a finite order Galois character of GF , i.e.
that ρ corresponds to a weight 1 CM form. In section 5 we prove (without the assumption that
ρ(GQ) is finite) that split deformations of ρ0 with χ = χF/Q indeed correspond to classical
weight 1 CM forms.

3.4. Reducible deformations. We record the following general lemma regarding pseu-
docharacters that helps us study reducible deformations.

Lemma 3.4. Let A be a Henselian local ring with a maximal ideal m and let G be a group.
Let τ1, τ2 : G → (A/m)× be two distinct characters which we can regard as homomorphisms
from A[G] to A/m. Let T : A[G] → A be a pseudocharacter of dimension 2 such that there
exist characters T1, T2 with T = T1 + T2 with the property that Ti ⊗A A/m = τi for i = 1, 2.
Then T1 and T2 are uniquely determined.

Proof. This is the last assertion of Proposition 1.5.1 in [BC09] where we take J = 0 and
R = A[G] and then decP is satisfied for P = {{1}, {2}} with IP = 0. �
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Proposition 3.5. There do not exist any non-trivial upper-triangular deformations of ρ0 to
GL2(F[X]/X2).

Proof. Suppose that ρ : GΣ → GL2(F[X]/X2) is such a deformation. Write

ρ =

[
1 + aX b

χ+ dX

]
with a, d : GΣ → F and b : GΣ → F[X]/X2. Our deformation conditions guarantee that a
and d are unramified at all primes. Indeed, a and d are at most tamely ramified at all primes
` 6= p, but if ` ∈ Σ− {p} and ` 6≡ 1 mod p, then there is no abelian p-extension of Q that is
tamely ramified at `. On the other hand if ` ≡ 1 mod p then the deformation condition (iii)
guarantees that a|I` = 0. So, a can only be ramified at p.

By condition (ii) we have an isomorphism of F[X]/X2[Dp]-modules

(3.2)

[
1 + aX b

χ+ dX

]
∼=
[
ψ1 ∗

ψ2

]
,

where each of the entries is considered to be restricted to Dp and ψ2 ≡ 1 mod X. Using
Lemma 3.4 we see that we therefore must have 1+aX = ψ2 as χ|Dp 6= 1. As ψ2 is unramified,
we conclude that a is unramified (at p). Hence a is unramified everywhere, so a = 0. By
condition (i) we must also have d = 0.

Now consider the entry b = b0+b1X with b0, b1 : GΣ → F. Using the basis

[
1
0

]
,

[
0
1

]
,

[
X
0

]
,

[
0
X

]
we can write ρ as a 4-dimensional representation over F:

ρ =


1 b0

χ
b1 1 b0

χ


which clearly has a subquotient isomorphic to

[
1 b1

χ

]
. If this subquotient is split we are

done. Otherwise it must be isomorphic to ρ0 by Proposition 3.2. From this it is easy to see
that ρ′ ∼= ρ0 as desired (cf. Proof of Proposition 7.2 in [BK13] for details). �

Corollary 3.6. The structure maps O → R/I and O → Rsplit/Isplit are surjective.

Proof. Using Proposition 3.5 this is proved like Proposition 7.10 in [BK13]. �

As a consequence of Corollary 3.6 one gets as in Proposition 7.13 in [BK13] the following
proposition.

Proposition 3.7. The ring R is topologically generated as an O-algebra by the set {tr ρuniv(Frob`) |
` 6∈ Σ} and Rsplit is topologically generated by {tr ρsplit(Frob`) | ` 6∈ Σ}.

Proposition 3.8. One has #Rsplit/Isplit ≤ #R/I ≤ #Cχ−1

F .

Proof. Note that Proposition 3.7 implies that the map R→ Rsplit is a surjection. This implies
(see e.g. [BK13] Lemma 7.11) that the map R/I → Rsplit/Isplit is also surjective, so we only
need to prove the second inequality.
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By Corollary 3.6 we get R/I = O/$r (allowing for r =∞). Using Corollary 7.8 in [BK13]

we know that any deformation to GL2(R/I) is equivalent to one of the form

[
Ψ′1 b′

Ψ′2

]
with

Ψ′1 reducing to 1 mod $ and Ψ′2 reducing to χ mod $. (Note that the corollary assumes that
the ring R/I is Artinian. However, its proof uses Theorem 7.7 which allows for the ring to be
Hausdorff and complete, so the case of r =∞ is also covered.) Let s ≤ r be a (finite) positive

integer. Let ρ : GΣ → GL2(O/$s) be the composition of the deformation

[
Ψ′1 b′

Ψ′2

]
with the

canonical projection R/I � O/$s. Then ρ =

[
Ψ1 b

Ψ2

]
, where the non-primed entries are

simply the reductions of the primed entries modulo $s. Write Ψ1 = 1 + α$ for some group
homomorphism α : GΣ → O/$s−1. Hence Ψ1 cuts out an abelian extension K of Q that is
of p-power degree. Let ` ∈ Σ be a prime different from p. Then K can be at most tamely
ramified at `, so it must be unramified unless ` ≡ 1 mod p. So the deformation condition (iii)
guarantees that K can only be ramified at p.

By condition (ii) we get that ρ|Dp ∼=
[
ψ1 ∗

ψ2

]
with ψ2 unramified at p and reducing to

the trivial character mod $. Using Lemma 3.4 we must therefore have that Ψ1|Dp = ψ2 as
χ|Dp 6= 1. Hence α must be unramified at p. Thus we have shown that Ψ1 is unramified
everywhere and hence Ψ1 = 1. Then condition (i) implies that Ψ2 = χ.

We thus get that b gives rise to a cohomology class in H1
Σ(Q,O/$s(χ−1)) = H1

Σ(Q,Ws),
where W = E/O(χ−1). Using Lemma 2.3 and Assumption (2) we see that this group equals
H1
{p}(Q,Ws). Condition (ii) now again forces b to be unramified at p as well, so in fact the

class of b lies in H1
∅ (Q,Ws).

By (2.2) we have H1
∅ (Q,Ws) = H1

∅ (Q,W )[$s] and by Proposition 2.2 we have a non-

canonical isomorphism H1
∅ (Q,W ) ∼= Cχ−1

F (cf. the proof of Proposition 3.2).

Define k by #Cχ−1

F
∼= #O/$k. Then we conclude that $k annihilates the class in H1

∅ (Q,W )
arising from b. As b is not a coboundary mod $ by the assumption that ρ0 is not split, we
get that the image of b in O/$s generates O/$s over O. So, the class of b generates an
O-submodule of H1

∅ (Q,W ) isomorphic to O/$s. Hence s ≤ k. If r <∞, we can always take
s = r, so this forces also r ≤ k. If r = ∞, we could take s = k + 1, which would lead to a
contradiction, so r cannot be infinite. �

3.5. Principality of ideals of reducibility. Let ω̃ : (Z/pZ)× → C× be the Teichmüller
character. We denote by ω : GΣ → Z×p the corresponding p-adic Galois character.

In this section we will prove the following result.

Theorem 3.9.

(1) Suppose Cχ
F is a cyclic O-module, then the ideal Isplit is principal.

(2) Suppose that Cχ
F = 0. Assume further that at least one of the following conditions is

satisfied:
(i) e < p− 1 where e is the ramification index of p in Q(χ) or
(ii) χ = ωs for some integer s or

(iii) χ̃N(p) 6= 1.
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Then I is principal.

Remark 3.10.

(i) If χ is quadratic then Cχ
F = Cχ−1

F , so the assumption in part (1) of Theorem 3.9 follows
from Assumption (1) in section 3.3.

(ii) Note that χ in part (2) of the Theorem is automatically non-quadratic as we assume

that Cχ
F = 0 while we have Cχ−1

F 6= 0.
(iii) Let χN (resp. χp for later usage) be the Galois character associated with χ̃N (resp. χ̃p).

Part (2) of Theorem 3.9 does not cover the case where χ = ωsχN where (s, p− 1) = 1,
so e = p − 1, but χN is a non-trivial character with χN(p) = 1, which means that
Q(χ) is an extension of Q(ζp) where all primes of Q(ζp) lying over p split completely
in Q(χ)/Q(ζp).

Proof. The universal deformations give rise toR-algebra homomorphisms ρ := ρuniv : R[GΣ]→
M2(R) and ρsplit : Rsplit[GΣ]→M2(Rsplit). Fix ? ∈ {∅, split}. The image of ρ? is a Generalized
Matrix Algebra (GMA) in the sense of [BC09] of the form[

R? B?

C? R?

]
,

where B? is the ideal of R? generated by b?(x) as x runs over R?[GΣ] and similarly for C?. As
the residual representation is non-split we get B? = R?, so we get I? = B?C? = C?. Arguing
as in the proof of Theorem 1.5.5. in [BC09], and using the fact that I? ⊂ m? (where m? is the
maximal ideal of R?) we get an injection:

ι? : HomR?(C?, R?/m?) = HomR?(C?,F) ↪→ H1(Q,F(χ)).

We first claim that the image lands inside H1
{p}(Q,F(χ)), i.e., that it consists only of classes

that are unramified outside p. First note that the map ι? is given by (cf. Proof of Theorem
1.5.5 in [BC09])

f 7→
(
x 7→

[
a?(x) (mod m?) 0

f(c?(x)) d?(x) (mod m?)

])
.

Then it is clear that the image of ι? is contained in H1
Σ(Q,F(χ)), i.e., is unramified outside

Σ. We will show that in both cases of the Theorem, this image is a one-dimensional F-vector
space. This implies that I? is a principal ideal, as we now explain.

Indeed, if the image of ι? is one-dimensional, so is HomR?(C?, R?/m?). The natural injection

HomR?/m?(C?/m?C?, R?/m?) = HomR?(C?/m?C?, R?/m?) ↪→ HomR?(C?, R?/m?)

is an isomorphism, so this forces the F-vector space C?/m?C? to be one-dimensional. Hence
C? is a cyclic R?-module by the complete version of the Nakayama’s Lemma. We conclude
that C? ∼= R? as R?-modules, so I? is principal.

So, it remains to prove the one-dimensionality of the image of ι?. By Lemma 2.3 applied
with ξ̃ = χ−1 and s = 1 we see that H1

Σ(Q,F(χ)) = H1
Σ′(Q,F(χ)) where Σ′ ⊂ Σ consists only

of p and those primes ` such that χ is unramified at ` and χ̃(`) ≡ ` mod p. If ` is one of the
latter primes then by our assumption (3) ρ? is unramified at `. This implies that the image
of ι? is contained in H1

{p}(Q,F(χ)).
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Now suppose we are in the case (1) of the Theorem. Then ? = split and the image of ιsplit is
in fact contained in H1

∅ (Q,F(χ)). Arguing as in the proof of Proposition 3.2 we see that the
one-dimensionality of this Selmer group is equivalent to the O-cyclicity of Cχ

F . This proves
part (1) of the Theorem.

From now on we study case (2) when ? = ∅ and we will show that

dimFH
1
{p}(Q,F(χ)) ≤ 1.

As by Remark 2.1, the character χ is the Teichmüller lift of χ, to ease notation below we
will not distinguish between χ and χ and always write χ. Write G for Gal(Q(χ)/Q). Consider
the inflation-restriction exact sequence

H1(G,F(χ)kerχ)→ H1(GΣ,F(χ))→ H1(kerχ,F(χ))G → H2(G,F(χ)kerχ).

As χ has order prime to p, we see that G has order prime to p, so the first and the last group
must be zero as F(χ) is killed by p. Hence the restriction maps gives us an isomorphism

(3.3) res : H1(GΣ,F(χ)) ∼= H1(kerχ,F(χ))G,

where the last group equals HomG((kerχ)ab,F(χ)). The isomorphism (3.3) carries classes
unramified outside of p to classes unramified outside p, which then correspond to homomor-
phisms in HomG((kerχ)ab,F(χ)) that are trivial on all inertia groups I` for all primes ` 6= p.
Hence the group H1

{p}(Q,F(χ)) maps into the subgroup of HomG((kerχ)ab,F(χ)) consisting
of all the homomorphisms which vanish on all I` for ` 6= p. If we denote by H the image of
(kerχ)ab in the group G{p} under the canonical map GΣ � G{p}, then each of these homo-
morphisms factors through H. So they land in the subgroup HomG(H,F(χ)) (which injects
into HomG((kerχ)ab,F(χ)) by left exactness of the Hom-functor).

Furthermore, as each element of HomG(H,F(χ)) is annihilated by p, we get that HomG(H,F(χ)) ∼=
HomG(V,F(χ)), where V = H/Hp. We can identify V with (a quotient of) the Galois group
Gal(L/Q(χ)) where L is the maximal abelian extension of Q(χ) which is annihilated by p
and unramified away from primes of Q(χ) lying over p. As one has dimF HomG(V,F(χ)) =
dimFp

HomG(V,Fp(χ)) = dimFp
HomFp[G](V,Fp(χ)) = dimFp

HomFp[G](V ⊗Fp Fp,Fp(χ)) it
suffices to prove that

dimFp
HomFp[G](V ⊗Fp Fp,Fp(χ)) ≤ 1.

One has

V ⊗Fp Fp =
⊕

ϕ∈Hom(G,F
×

)

V ϕ,

where

V ϕ = {v ∈ V ⊗Fp Fp | g · v = ϕ(g)v for every g ∈ G}.
It is clear that

HomFp[G](V ⊗Fp Fp,Fp(χ)) ∼= HomFp[G](V
χ,Fp(χ)).

Hence it suffices to show that

dimFp
V χ ≤ 1.

Write S for the set of primes of F = Q(χ) lying over p. Set O to be the ring of integers in
F . For p ∈ S let Op denote the completion of O at p. Let M =

∏
p∈S(1 + pOp). Let E denote
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the image of the global units of F in M and E the closure of E in M . Using the assumption
that Cχ

F = 0 by Corollary 13.6 in [Was97] we get that

M/E ∼= Gal(K/H),

where K denotes the maximal abelian pro-p extension of the Hilbert class field H of F
unramified outside of S.

We have an exact sequence

0→M/E → Gal(K/Q(χ))→ Cl(F )→ 0.

Tensoring with Fp we get

M/E ⊗Zp Fp → V ⊗Fp Fp → Cl(F )⊗Zp Fp → 0.

Using the assumption that Cχ
F = 0, we see that (M/E⊗Zp Fp)

χ surjects onto V χ. As tensoring

is right exact the surjection M → M/E gives rise to a surjection M ⊗Zp Fp → M/E ⊗Zp Fp,

hence V χ is a quotient of M ⊗Zp Fp.

It suffices to show that dimFp
(M/E ⊗Zp Fp)

χ ≤ 1. This would follow if we can show that

dimFp
(M ⊗Zp Fp)

χ ≤ 1. What we will actually show is that under our assumptions we have

(3.4) dimFp
(M/T ⊗Zp Fp)

χ = 1,

where T denotes the torsion submodule of M . This is sufficient. Indeed, if e < p− 1, we will
show that T = 0, hence (3.4) implies that dimFp

(M⊗ZpFp)
χ = 1. In the case when χ̃N(p) 6= 1,

we show that χ does not occur in T ⊗Zp Fp, hence again (3.4) gives us dimFp
(M⊗Zp Fp)

χ = 1.

In the case when χ = ωs, it can occur in T , but we will then show that T ⊂ E , so proving
dimFp

(M/T ⊗Zp Fp)
χ = 1 again suffices for demonstrating that dimFp

(M/E ⊗Zp Fp)
χ ≤ 1.

Note that M/T is a free Zp-module of rank |G|. We now analyze the action of G on T . Note
that T results from the p-adic logarithm map not being an isomorphism on 1 + p. Combining
Proposition II.5.5 and the proof of Proposition II.5.7(i) in [Neu99] we see that logp is an
isomorphism as long as the ramification index e of p in F is less than p−1. Hence if e < p−1,
then T = 0.

For p ∈ S we write Gp for the stabilizer of p in G. As χ = χpχN and χN is unramified at
p, we get that e ≤ p− 1. In fact, Q(χp) ⊂ Q(µp), so e = p− 1 if and only if Q(χp) = Q(µp).
Hence we conclude that T 6= 0 if and only if Q(χp) = Q(µp). So, assume Q(χp) = Q(µp).
Then we have

1 + pOp
∼= Z#Gp

p × µpa .
Hence

T ∼= (µpa)
#S

and T ⊗Zp Fp = (µpa)
#S ⊗Zp Fp ⊗Fp Fp = (µp)

#S ⊗Fp Fp. As µp 6⊂ Qp, the group Gp acts

on the corresponding copy of µp via ω and G acts on T ⊗Fp Fp by the character ω · ψ where
ψ is an #S-cycle (as G is cyclic) in the symmetric group on #S letters. Suppose that χ
occurs in T ⊗Fp Fp. Then we must have χp = ω and χN = ψ. As the order of ψ is #S, we
get that Q(χN)/Q has degree #S. As p splits into #S primes in Q(χN) we conclude that p
splits completely in Q(χN) which is equivalent to saying that χ̃N(p) = 1. This shows that if
χ appears in T ⊗Fp Fp then χ̃N(p) = 1.
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If χ = ωs there is only one prime above p and either e < p − 1 (which implies T = 0) or
T = µp. However, in the latter case also E contains a copy of µp, so in the quotient M/E ⊗Fp,
the torsion part T gets annihilated.

Hence, as explained before, it now suffices to show (3.4). Note that to decompose (M/T )⊗Zp

Fp it is enough to decompose
∏

p∈S pOp ⊗Zp Fp, since (1 + pOp)/(torsion) ∼= pOp as Zp[Gp]-

modules. One has dimFp
pOp ⊗Zp Fp = t, where t = |Gp| and dimFp

∏
p∈S pOp ⊗Zp Fp = r,

where r = |G|.
As |Hom(G,F

×
p )| = r, it suffices to show that (M/T ⊗Zp Fp)

ϕ 6= 0 for all ϕ ∈ Hom(G,F
×
p ).

Note that G being isomorphic to the image of χ, hence to a subgroup of F×, is a cyclic
group. If we denote by ζ a primitive rth root of unity in Fp then the characters g 7→ ζ i for

i = 0, 1, . . . , r − 1 exhaust all the characters in Hom(G,F
×
p ).

Let α ∈ pOp be such that {giα | i = 0, 1, ..., t − 1} is linearly independent where g is a
generator of Gp. This is possible because the extension F/Q has degree prime to p, so is at
most tamely ramified at p, hence the ideal p possesses a normal integral basis - cf. Theorem
1 in [Ull70].

We now claim that the set {γα | γ ∈ G} is a linearly independent set in
∏

p∈S p ⊗Zp Fp.
Indeed, if x ∈ p′Op′ for some prime p′ of F over p, and δ ∈ G is an element such that δx ∈ pOp,
then by the above we can write

δx = a0α + a1gα + · · ·+ at−1g
t−1α for some a0, a1, . . . , at−1 ∈ Zp.

Hence we conclude that

x = a0δ
−1α + a1δ

−1gα + · · ·+ at−1δ
−1gt−1.

This shows that there exist γ1, γ2, . . . , γt ∈ G such that {γ1α, . . . , γtα} is a Fp-basis of p′⊗ZpFp,
hence our claim is proved.

With this we fix a generator g of G and observe that for each i ∈ {0, 1, . . . , r−1} the vector

vi = α + ζ−igα + ζ−2ig2α + · · ·+ ζ−(r−1)igr−1α

is an eigenvector for the action of G on which G acts via the character g 7→ ζ i. �

4. R = T Theorem in the ordinary case

Our methods for proving an R = T theorem in the split and the ordinary case are differ-
ent. The ordinary case will be treated in this section using Wiles’s Theorem on the Λ-adic
Eisenstein congruences and T will be a Hecke algebra acting on non-classical weight one cusp
forms. In the split case (treated in section 5) we will construct Eisenstein congruences with
classical weight one cusp forms directly (i.e., without using Wiles’ result) - see also Remark
4.7.

4.1. Λ-adic Eisenstein congruences. Let θ : (Z/NpZ)× → C× be a primitive even Dirich-
let character. Let O′ ⊂ Qp be the valuation ring of any finite extension of Qp containing the
values of θ. Put Λ = O′[[T ]] and let X = {(k, ζ) | k ∈ Z, k ≥ 1, ζ ∈ µp∞}. For every (k, ζ) ∈ X
we have an O′-algebra homomorphism νk,ζ : Λ→ O′[ζ] induced by νk,ζ(1 + T ) = ζuk−2 where

u = ε(γ) for γ a topological generator of Gal(Q∞/Q) and ε : Gal(Q∞/Q)
∼−→ 1 + pZp the
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p-adic cyclotomic character. Here Q∞ is the unique Zp-extension of Q. Note that under our
assumption on the conductor of θ we have Q(θ) ∩Q∞ = Q.

We fix an algebraic closure FΛ of FΛ, the fraction field of Λ, and regard all finite extensions
of FΛ as embedded in that algebraic closure. For L ⊂ FΛ a finite extension of FΛ, and OL
the integral closure of Λ in L put XL = {ϕ : OL → Qp extending some νk,ζ}.

We define an OL-adic modular form of tame level N and character θ to be a collection of
Fourier coefficients c(n,F), n ∈ Z≥0 with the property that for all but finitely many ϕ ∈ XL

extending νk,ζ with (k, ζ) ∈ X and ζ of exact order pr−1 for r ≥ 1 there is an element Fϕ ∈
Mk(Np

r, θω̃2−kχζ , ϕ(OL)) whose nth Fourier coefficient equals νk,ζ(c(n,F)). Here χζ is the
Dirichlet character defined by mapping the image of 1 +p in (Z/prZ)× ∼= (Z/pZ)××Z/pr−1Z
to ζ. F is called a cusp form if all the Fϕ are cusp forms. We denote by MOL(N, θ) the
OL-torsion free module consisting of OL-adic modular forms having character θ and we set
ML(N, θ) =MOL(N, θ)⊗OL L and similarly for SL(N, θ). This module has a natural action
of Hecke operators and we denote by M0

OL(N, θ) the submodule eMOL(N, θ) cut out by
applying the Hida ordinary projector e. The corresponding subspace of cusp forms will be
denoted by S0

OL(N, θ).
Let T denote the Λ-algebra generated by all the Hecke operators Tn, n ∈ Z+ acting on
S0

Λ(N, θ). By a result of Hida (Theorem 3.1 in [Hid86]) T is finitely generated and free as a
Λ-module. Newforms are then defined in an obvious way, see [Wil88] section 1.5.

Fix L ⊂ FΛ to be a finite extension of FΛ over which all newforms in S0
Λ(N, θ) ⊗Λ FΛ

are defined. Let N ′ be the set of all newforms in S0
L(N, θ) and fix a complete set S ′ ⊂ N ′

of representatives of the Galois conjugacy classes (over FΛ) of all the elements of N ′. For
F ∈ N ′, if we denote by LF the extension of FΛ generated by the Fourier coefficients of
F ∈ S0

Λ(N, θ)⊗Λ FΛ then T can be naturally viewed (by mapping an operator t to the tuple
(c(1, tF))F) as a subring of the FΛ-algebra

∏
F∈S′ LF and one has T⊗Λ FΛ =

∏
F∈S′ LF (cf.

[Wil90], eq. (4.1)). In fact, we have T ⊂
∏
F∈S′ OLF as c(1, tF) are integral over Λ, see e.g.

[Wil88] p. 546.

Definition 4.1. For each prime ` 6= p put c` := 1 + θ(`)`(1 + T )a` , where a` ∈ Zp is defined
by ` = ω̃(`)(1 + p)a` . Put cp := 1.

These are the Hecke eigenvalues of a Λ-adic Eisenstein series with constant term given by
Lp(s, θ)/2. Here the Kubota-Leopoldt p-adic L-function Lp(s, θ) is an analytic function for
s ∈ Zp − {1} (and even at s = 1 if θ 6= 1), which satisfies the interpolation property

(4.1) Lp(1− k, θ) = (1− θω̃−k(p)pk−1)L(1− k, θω̃−k)

for k ∈ Z≥1. Iwasawa showed that there exists a unique power series Gθ(T ) ∈ Λ such that

Lp(1− s, θ) = Gθ(u
s − 1).

Note that in general there is a denominator Hθ but for us it is identically 1 since θ is of type
S (in the sense that Q(θ) ∩Q∞ = Q).

Put Ĝθ(T ) = Gθω̃2(u2(1 + T )− 1) and Ĝ0
θ = π−µ

∏
ζ∈µp∞ (1 + T − ζu−1)−sζĜθ(T ), where π

is a uniformizer of Zp[θ]. Here πµ (respectively (1 + T − ζu−1)sζ) is the highest power of π

(respectively (1 + T − ζu−1)) common to all coefficients of Ĝθ.
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Definition 4.2. Define the Eisenstein ideal J ⊂ T to be the ideal generated by T` − c` for
all primes ` and by Ĝ0

θ(T ).

We have the following result due to Wiles.

Theorem 4.3 (Wiles, [Wil90], Theorem 4.1). If θ 6= ω̃−2 then one has

T/J ∼= Λ/Ĝ0
θ(T ).

Let θ = χ̃ω̃−1 and put O′ = O. (Note that the values of ω are already contained in Zp.)

Remark 4.4. Note that the theorem rules out χ = ω−1 while Lemma 4.5 below rules out

χ = ω. However, in both cases Cχ−1

F = 0 by [Was97] Proposition 6.16 and Theorem 6.17,
so these cases are not relevant for our deformation problem as we assume in section 3.1 that

Cχ−1

F 6= 0.

Lemma 4.5. Let θ = χ̃ω̃−1. Assume χ̃ω̃−1(p) 6= 1. Then one has µ = sζ = 0 for all ζ ∈ µp∞
in Ĝ0

θ.

Proof. The µ-invariant is zero by [FW79]. Let ζ ∈ µp∞ . We need to show that Ĝθ does not

have a zero at T = ζu−1 − 1. We calculate Ĝθ(ζu
−1 − 1) = Gθω̃2(u2ζu−1 − 1). By (1.4) in

[Wil90] and (4.1) this equals Lp(0, χ̃ω̃χζ) = L(0, χ̃χζ)(1− χ̃ω̃−1χζ(p)).
Since χ̃χζ is odd (as χζ(−1) = +1 since −1 is not congruent to 1 modulo p) we have

L(0, χ̃χζ) 6= 0 by the class number formula. Since χ̃ is of order prime to p the Euler factor
could only vanish for ζ = 1 and if (χ̃ω̃−1)(p) = 1. �

Theorem 4.3 and Lemma 4.5 imply the following corollary (note that by Remark 4.4 we
have χ 6= ω±1 ).

Corollary 4.6. One has

T/J ∼= Λ/Ĝχ̃ω̃−1(T ).

4.2. The weight one specialisations. We set Tk := T/ ker νk,1T. It is a well-known result
of Hida that for k ≥ 2 the algebra Tk coincides with the Hecke algebra acting on the space of
classical modular forms S0

k(Np, χ̃), and that all the specialisations are classical, but this is not
the case in weight 1. We write Jk for the image of J in Tk under the map T→ T/ ker νk,1T
which we will also denote by νk,1.

Remark 4.7. A classical specialisation in weight 1 corresponds to Galois representations
with finite image, which can only happen if χ = χF/Q for an imaginary quadratic field F ,
as explained in Remark 3.3. In the ordinary case such characters are excluded by Remark
3.10(ii). In section 5 we prove that split deformations of ρ0 with χ = χF/Q are modular by
classical CM-forms using a different method.

The following lemma will allow us to later relate J1 to the reducibility ideal.

Lemma 4.8. The ideal Jk is generated by the set

S = {T` − 1− χ̃(`)ω̃1−k(`)`k−1 | ` 6= p} ∪ {Tp − 1}.
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Proof. Write Ik for the ideal generated by S and pk for ker νk,1. Consider the following
commutative diagram

(4.2) 0

��

0

��

0

��

0 // pkT ∩ J //

��

J //

��

Jk //

��

0

0 // pkT // T // Tk
// 0

Note that the bottom row is exact by definition and all the columns are exact by definition.
The top row is exact except possibly at J . Clearly, pkT∩ J ⊆ ker(J → Jk). But the opposite
inclusion is also clear since if α ∈ J dies in Jk, then this just means α ∈ pkT. Hence the top
row is also exact and we get Jk ∼= J/(pkT ∩ J). This quotient is naturally a Tk-module and
this Tk-module structure agrees with the one induced from the T-module structure.

If A is a set of generators for J as an ideal of T (i.e., as a T-module), then the images under
T→ Tk of the elements of A generate Jk as a Tk-module. We have A = {T`−c` | ` ∈ Spec Z}
with cp = 1 and c` = 1 + ω̃−1χ̃(`)`(1 +T )a` with ` = ω̃(`)(1 +p)a` if ` 6= p (see Definition 4.1).

The lemma follows as we have

νk,1((1 + T )a`) = (1 + p)(k−2)a` = `k−2ω̃2−k(`).

�

Corollary 4.9. We have a surjection

T1/J1 � O/L(0, χ̃).

Proof. We note that for k = 1 and ζ = 1 we get

νk,ζ ◦ Ĝθ(T ) =νk,ζ ◦ Ĝχ̃ω̃−1(T ) = νk,ζ ◦Gχ̃ω̃(u2(1 + T )− 1)

=Gχ̃ω̃(u− 1) = Lp(0, χ̃ω̃) = (1− χ̃ω̃−1(p))L(0, χ̃).
(4.3)

By Remark 4.4 our assumptions from section 3.1 imply χ 6= ω, which implies that χ̃ω̃−1(p) 6≡
1 mod $ since χ is a Teichmüller lift of χ (see Remark 2.1).

We thus have the following commutative diagram whose vertical arrows are surjective and
whose top row is exact by Corollary 4.6. In the top row Ψ is the inclusion map and Φ is the
canonical surjection. The maps in the bottom row are defined in the following way: ψ is the
natural injection, and φ(t) = ν1,1(Φ(t̃)), where t̃ is any lift of t to T. This is well-defined as

Φ(ker ν1,1T) = ker ν1,1 + ĜθΛ as Φ is a Λ-algebra map.

(4.4) 0 // J
Ψ
//

��

T
Φ

//

��

Λ/Ĝθ
//

ν1,1

��

0

0 // J1
ψ
// T1

φ
// O/Lp(0, χ̃ω̃) // 0

Note also that the bottom row is clearly exact except possibly at T1. We do not need exactness
at T1, only that φ factors through T1/J1, which follows from Φ ◦Ψ = 0. �
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Let M be the maximal ideal of T containing J . We write TM for the localisation of T at
M. By a standard argument one can view TM as a direct summand of T and so TM can
be naturally viewed as a subring of

∏
F∈S LF , where S ⊂ S ′ consists of these representatives

whose Fourier coefficients are congruent to c` modulo the maximal ideal of LF for all primes
`. Similarly we define N ⊂ N ′ to consist of all the newforms whose Fourier coefficients are
congruent to c` modulo the maximal ideal of LF for all primes `.

Recall that T and hence also TM is a finitely generated Λ-module. This implies that T is a
semi-local ring hence it is the direct product of its localisations. As T is also a free Λ-module
we get that TM, being a direct summand of T, is a projective, and so also flat, Λ-module.
Since finite flat modules over local rings are free, we conclude that TM is free over Λ.

We will write r(TM) for the Λ-rank of TM. As already discussed there is a Λ-algebra map
T ↪→

∏
F∈S′ OLF , so we can also view TM as a Λ-subalgebra of

∏
F∈S OLF . To be more

precise, for each newform F let λF : T → OLF be the map sending a Hecke operator to its
eigenvalue corresponding to F . We denote the Λ-algebra map TM ↪→

∏
F∈S OLF by ι. Note

that ι = ⊕F∈SλF .
Let ϕ : OL → Qp be an extension of ν1,1. Here OL is the ring of integers of L. For

each F ∈ S we define ϕF : OLF → Qp to be the restriction of ϕ to OLF . Then the map
⊕F∈SϕF ◦ ι : TM →

∏
F∈S ϕF(OLF ) factors through T1. Even more, it factors through T1,m

where m is the maximal ideal of T1 containing J1. Note that ν1,1 restricts to a surjective map
ν1,1 : TM → T1,m = TM/(ker ν1,1TM). In other words there exists an O-algebra map φ such
that the following diagram commutes:

(4.5) TM
ι

//

ν1,1

��

∏
F∈S OLF

⊕F∈SϕF
��

T1,m
φ
//
∏
F∈S ϕF(OLF )

Note that
∏
F∈S ϕF(OLF ) is a free O-module of finite rank.

Proposition 4.10. Assume that there exists an extension ϕ : OL → Qp of ν1,1 such that
ϕF ◦ λF 6= ϕF ′ ◦ λF ′ for all F ,F ′ ∈ N with F ′ 6= F . Then φ is injective.

Remark 4.11. We note that the assumption in Proposition 4.10 cannot be weakened. The
problem is that two Λ-adic families may cross at weight one (a phenomenon that does not occur
in higher weights) - cf. [DG12]. To this end let us illustrate this issue with a commutative
algebra example.

Consider the case where N consists of only two forms F and G and suppose for simplicity
that OLF = OLG = Λ. In particular, this implies that F is not a Galois conjugate of G, so
S = N and ϕF = ϕG = ϕ. Then ι = λF ⊕ λG. Assume that the families F , G cross at weight
one, i.e., that ϕ ◦ λF = ϕ ◦ λG.

Then while the image of ϕ⊕ϕ is clearly O×O, the image of (ϕ⊕ϕ)◦ι equals the diagonally
embedded copy of O inside O×O. However, the O-rank of T1,m is still 2 (see proof of Lemma
4.13 below), so the map φ cannot be injective.

It is perhaps worth noting that this potential mismatch between the rank of T1,m and the
rank of the image of (ϕ⊕ ϕ) ◦ ι means that in general T1,m does not act faithfully on weight
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one specialisations (even the non-classical ones) of Λ-adic newforms which are congruent to
an Eisenstein series. Our method of proving an R = T theorem works when this action is
faithful.

More precisely, we require φ to be injective because when we construct the map R→ T1,m

we glue together maps R→ O (cf. Proposition 4.19). If φ was not injective this process would
only give a map R→ φ(T1,m), which a priori has no reason to factor through T1,m. One may
hope that one could in general prove an isomorphism between R and φ(T1,m) instead of T1,m.
Our method however proceeds by showing that L(0, χ̃) is an upper bound on R/I and a lower
bound on the Hecke congruence module. While Corollary 4.9 can be used to get a lower bound
for T1,m/J1,m by L(0, χ̃), such a bound would in general not imply a corresponding bound on
φ(T1,m)/φ(J1,m) if φ were not injective.

Finally, let us record here that the injectivity of φ implies that T1,m is reduced, even though
we do not use this last fact directly.

Remark 4.12. We note that in the presence of Galois conjugate forms, it is not enough to
assume that ϕF ◦ λF 6= ϕF ′ ◦ λF ′ for all F ,F ′ ∈ S with F ′ 6= F . This is so because it is a
priori possible for two elements of a Λ-adic Galois conjugacy class to specialize to the same
weight one form.

Proof of Proposition 4.10. We begin by proving two lemmas.

Lemma 4.13. The O-module T1,m is finitely generated and free of rank r(TM). If the O-rank
of φ(T1,m) equals r(TM), then φ is injective.

Proof. One has T1,m = TM⊗Λ Λ/ ker ν1,1. As Λ/ kerν1,1
∼= O and TM

∼= Λr(TM) as Λ-modules,
we get that T1,m is a finitely generated free O-module of rank r(TM). Finally, if the O-rank
of φ(T1,m) equals r(TM) we conclude that kerφ is a torsion submodule of T1,m, so must be
zero. �

Lemma 4.14. If the O-rank of the image of ⊕F∈SϕF ◦ ι equals the Λ-rank of
∏
F∈S OLF ,

then φ is injective.

Proof. First note that as TM⊗ΛFΛ
∼=
∏
F∈S LF we get that the image of the embedding ι is a

Λ-submodule of
∏
F∈S OLF of full rank. So, we conclude that the Λ-rank of

∏
F∈S OLF equals

r(TM). The corollary then follows from the commutativity of (4.5) and Lemma 4.13. �

In light of Lemma 4.14 it is enough to prove that the O-rank s of the image I of ⊕F∈SϕF ◦ ι
equals the Λ-rank of

∏
F∈S OLF . From its proof we also see that the Λ-rank of

∏
F∈S OLF

equals r(TM). So, we need to show that s = r(TM).
As the map ⊕F∈SϕF is surjective, we get that s ≤ r(TM). For the reverse inequality first

note that r(TM) = #N . Indeed, we have that T ⊗Λ L ∼=
∏
F∈N ′ L by [Wil90], p. 507 from

which it follows that TM ⊗Λ L ∼=
∏
F∈N L.

Thus it suffices to prove that s ≥ #N . Note that the map

f 7→ (i⊗ 1 7→ f(i))

gives rise to an injective map

HomO−alg(I,Qp) ↪→ HomQp−alg(I ⊗O Qp,Qp).
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As the O-rank of I equals s, we get that dimQp
(I ⊗O Qp) = s and as I ⊗O Qp is an Artinian

ring, it is a product of fields, so we must have

I ⊗O Qp
∼= Q

s

p as Qp-algebras.

As the only Qp-algebra homomorphisms from Q
s

p to Qp are projections, we get that # HomQp−alg(I⊗O
Qp,Qp) = s. It follows that # HomO−alg(I,Qp) ≤ s. Thus by Lemma 4.15 below we get
s ≥ #N , as desired. �

Lemma 4.15. Under the assumptions of Proposition 4.10 one has

# HomO−alg(I,Qp) ≥ #N .

Proof. By our non-crossing assumption we know that we have #N distinct maps ϕF ◦ λF :
TM → Qp. It suffices to show that each of them factors through I. For each F ∈ S this
follows from the commutativity of the following diagram:

(4.6) TM
ι

//

λF
((

∏
F∈S OLF

⊕F∈SϕF
//

πF

��

∏
F∈S ϕF(OLF )

πF
��

OLF
ϕF

// ϕ(OLF )

(the triangle commutes by the definition of λF and the square commutes also by the definition
of the maps involved).

Now, let F ′ be a Galois conjugate of F . Then there exists a Galois element σ = σ(F ′) ∈
Gal(L/FΛ) such that F ′ = σF , and so OLF′ = σOLF . Note that λF ′ = σ ◦ λF .

With this we amend the diagram (4.6) and obtain a new commutative diagram.

(4.7) TM

λF′

$$

ι
//

λF
((

∏
F∈S OLF

⊕F∈SϕF
//

πF

��

∏
F∈S ϕF(OLF )

πF

��

OLF
ϕF

//

σ

��

ϕ(OLF ) �
�

// Qp

OLF′ ϕF′
// ϕ(OLF′ )

� � // Qp

From this diagram we see that ϕF ′ ◦ λF ′ : TM → Qp also factors through I, as desired. �

4.3. Galois representations in weight one. For each Λ-adic newform F we have an as-
sociated Galois representation.

Theorem 4.16 (Hida, Wiles, Carayol). Let F ∈ S0
OL(N, θ) be a newform (recall that θ is

assumed to be primitive). Then there exists a continuous irreducible odd Galois representation

ρF : GQ → GL2(L)
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unramified outside Np such that

Tr(ρF(Frob`)) = c(`,F)

for all primes ` - Np and

det(ρF(Frob`)) = θ(`)`(1 + T )a` ,

where ` = ω̃(`)(1 + p)a` for a` ∈ Zp.

(1) We have ρF |Dp ∼=
(
ε1 ∗
0 ε2

)
with ε2 unramified and ε2(Frobp) = c(p,F).

(2) For ` | N we have ρλ|D` =

(
ψ 0
0 δ`

)
with δ` unramified and δ`(Frob`) = c(`,F).

Definition 4.17. We will write ρ1
F : GΣ → GL2(Qp) for the semi-simple Galois representation

associated with ϕF ◦ tr ρF .

Note that det ρ1
F = χ using that θ = χ̃ω̃−1 as in the proof of Lemma 4.8. Recall that S ⊂ S ′

consists of F with ϕF(F) whose Hecke eigenvalue at ` is congruent to 1 + χ̃(`) mod $ for

all primes ` 6= p and ϕF(c(p,F)) ≡ 1 mod $. Recall that we assume that Cχ−1

F ⊗O F has

dimension one. As #Cχ−1

F = #O/L(0, χ) (see (3.1)) we conclude that val$(L(0, χ)) > 0. By
Corollary 4.9 we get that J1 6= T1, so S is not empty. For F ∈ S the semi-simplification of
the mod $ reduction ρ1

F of ρ1
F has the form 1⊕ χ.

Theorem 4.18. For F ∈ S the representation ρ1
F : GΣ → GL2(Qp) is irreducible.

Proof. Suppose tr ρ1
F is a sum of two characters ψ1 and ψ2 such that ψ1 reduces to 1 mod $

and ψ2 reduces to χ. By ordinarity we can assume that ψ1 is unramified at p. Furthermore,
by Theorem 4.16 (2) and the fact that det ρ1

F = χ we see that for ` ∈ Σ− {p} we have

(ρ1
F)ss|I` = 1⊕ χ|I` .

By Remark 2.1 this forces ψ1 = 1 and thus ψ2 = χ.
Let k be a positive integer such that k ≡ 1 mod (p − 1). Let ϕF ,k be an extension of

νk,1. Let Ek be a finite extension of the compositum of ϕF ,k(L)ϕF(L) and write Ok for its
ring of integers. This is a finite extension of Qp. Let $k be a uniformizer of Ok. As F is
a cusp form we know that ϕF ,k(F) is a cusp form for an infinite subset W of ks as above.
Assume that k ∈ W . Similarly to the case of weight 1, composing ρF with ϕF ,k gives rise
to a Galois representation ρkF : GΣ → GL2(ϕF ,k(L)). By cuspidality of ϕF ,k(F), this Galois
representation is irreducible. Then by Proposition 2.1 in [Rib76] there exists a lattice inside
the representation space of ρkF such that with respect to that lattice the mod $k reduction
ρkF of ρkF is of the form

(4.8) ρkF =

[
1 ∗

χ

]
6∼= 1⊕ χ.

Let mk be the largest positive integer m such that ϕF(c(1, tF)) ≡ ϕF ,k(c(1, tF)) mod $m

for all t ∈ T. Note that this makes sense as $ ∈ Ok. Using congruence (4.8) and Theorem
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in [Urb01] we conclude that there is a lattice Λ in the space of ρkF such that with respect to
a certain basis {e1, ε2} one has

(4.9) ρkF =

[
1 ∗

χ

]
(mod $mk)

with ∗ still not split mod $k.
So by Theorem 4.16(1) we get

ρkF |Dp ∼=Ek

[
χβ−1ω1−kεk−1 ∗

β

]
,

where β is unramified and maps Frobp to ϕF ,k(c(p,F)).
We claim that it is possible to change the basis of Λ such that in that new basis

ρkF |Dp =

[
χβ−1ω1−kεk−1 ∗

β

]
.

By ordinarity there exists a vector v = ae1 + be2, with a, b ∈ Ek, on which Dp acts by
χβ−1ω1−kεk−1. Multiply this by a power of $k such that $s

ka,$
s
kb ∈ Ok and v′ := $s

kv 6≡ 0
mod $k.

Assume that $s
ka is a $k-unit. Then we have Λ = Okv′ + Oke2. (If $s

kb ∈ O×k then
Λ = Okv′+Oke1.) As det(ρkF) = χω1−kεk−1 we see that in the basis B′ = {v′, e2} (respectively
B′ = {v′, e1}) we have

(4.10) ρkF |Dp =

[
χβ−1ω1−kεk−1 ∗

β

]
.

We know that β ≡ 1 mod $k as F ∈ S and χ|Dp 6≡ 1 mod $k by assumption, hence
β 6≡ χ|Dp mod $k. So Lemma 3.4 tells us that β ≡ 1 mod $mk by comparing the above to
(4.9).

Thus we get that in the basis B′ of Λ we have

ρkF |Dp =

[
χ ∗′

1

]
(mod $mk = $ekmk

k ),

where ek is the ramification index of Ok over O. Comparing this with (4.9) we conclude that

there exists a matrix

[
A B
C D

]
∈ GL2(Ok/$mk) such that

(4.11)

[
A B
C D

] [
1 ∗

χ

]
=

[
χ ∗′

1

] [
A B
C D

]
where χ and ∗ are considered after restrictions to Dp. We first note that C 6= 0 mod $k.
Indeed, if the reduction C of C mod $k were 0 then reducing the equation (4.11) mod $k and
comparing the top-left entries we would get A = χA. Note that if C = 0 then we must have

A 6= 0 as the matrix

[
A B
C D

]
is invertible. This contradicts the assumption that χ|Dp 6= 1.

Hence we must have that C is a unit in Ok/$mk .
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Now compare the top-left entries of (4.11) to get that A = Aχ+∗′C, from which we get that
∗′ = (A/C)(1− χ). Hence the cocycle induced by ∗′ in H1(Dp,O/$mk(χ)) is a coboundary.
In other words,

ρkF |Dp ∼= χ⊕ 1 (mod $mk)

Hence the ∗ in (4.9) gives rise to an element ck ∈ H1
Σ−{p}(Q,Ok/$mk(χ−1)) which is not

annihilated by $mk−1. We now use Lemma 2.3 for primes ` | N or such that χ̃(`)` 6≡ 1 mod
p to deduce that ck ∈ H1

∅ (Q,Ok/$mk(χ−1)) using the fact that by assumption (2) in section
3.1 this covers all the primes in Σ− {p}.

We now claim that there exists an element of H1
∅ (Q, E/O(χ−1)) which is not annihilated

by $mk−1. For this first note that for every positive integer r one has Ok/$r = (O/$r)s

where s = [Ek : E]. As the formation of Selmer groups commutes with direct sums we get

H1
f (Q,Ok/$mk) ∼= (H1

f (Q,O/$mk(χ−1)))s.

Since $mk−1ck 6= 0 we conclude that there must exist an element c′k ∈ H1
∅ (Q,O/$mk(χ−1))

such that $mk−1c′k 6= 0.
By (2.2) we have that ι : H1

∅ (Q,O/$r(χ−1))→ H1
∅ (Q, E/O(χ−1))[$r] is an isomorphism.

Therefore the elements ck give rise to an infinite sequence of elements c′k ∈ H1
∅ (Q, E/O(χ−1))

for k ∈ W with the property that $mk−1c′k 6= 0.
As mk → ∞ when k approaches 1 p-adically this forces H1

∅ (Q, E/O(χ−1)) to be infinite.
However, one has by Proposition 2.2 that

H1
∅ (Q, E/O(χ−1)) ∼= Hom(Cl(Q(χ)), E/O(χ−1))Gal(Q(χ)/Q),

so we get a contradiction to the finiteness of class groups. �

4.4. Modularity of reducible deformations. From now on we will assume the non-crossing
assumption of Proposition 4.10, i.e., that there exists an extension ϕ : OL → Qp of ν1,1 such
that ϕF ◦ λF 6= ϕF ′ ◦ λF ′ for all F ,F ′ ∈ N with F ′ 6= F . Then by Proposition 4.10 we can
identify T1,m with its image inside

∏
F∈S ϕF(OLF ) under the map φ. For every F ∈ S, we

have that ρ1
F : GΣ → GL2(ϕF(LF)) is irreducible by Theorem 4.18. Then by Proposition 2.1

in [Rib76] there exists a GΣ-stable lattice Λ in the space of ρ1
F ,Λ such that with respect to

that lattice we have

(4.12) ρ1
F ,Λ =

[
1 ∗

χ

]
6∼= 1⊕ χ.

Furthermore by (1) in Theorem 4.16 we know that ρ1
F |Dp has a Dp-stable ϕF(LF)-line L on

which Dp acts via χβ−1 and a quotient on which Dp acts by β with β an unramified ϕF(OLF )-
valued character which reduces to the identity mod $ (because F ∈ S and χ|Dp 6= 1 by our
assumption).

Arguing as in the proof of Theorem 4.18 we conclude that this combined with (4.12) shows
that ρ1

F ,Λ splits when restricted to Dp. In particular, it splits when restricted to Ip. Hence it
follows from Proposition 3.2 that for any F ,F ′ as above we can choose lattices ΛF ,ΛF ′ such
that ρ1

F ,ΛF = ρ1
F ′,ΛF′ (note that S 6= ∅). For each F ∈ S we make such a choice and set

ρ0 = ρ1
F ,ΛF .
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For any finite set of primes Σ′ we define TΣ′ to be the O-subalgebra of T1,m generated by
the images under the map T � T1 → T1,m of the operators Tp and T` for all primes ` 6∈ Σ′. In
particular, for Σ′ ⊂ Σ′′ there is a natural O-algebra map TΣ′′ ↪→ TΣ′ and T∅ = T1,m. Define
JΣ′ as the ideal of TΣ′ generated by the image of the set SΣ′ = {T` − 1 − χ̃(`) | ` 6∈ Σ′, ` 6=
p} ∪ {Tp − 1}. Note that S∅ is the same as the set S in Lemma 4.8, hence J∅ = J1,m. The
injection TΣ′′ ↪→ TΣ′ induces an O-algebra map TΣ′′/JΣ′′ → TΣ′/JΣ′ which is surjective as
the structure map O � TΣ′/JΣ′ is surjective by the definition of SΣ′ . Hence, in particular,
we have an O-algebra surjection

(4.13) TΣ/JΣ � T1,m/J1,m,

where we recall that Σ is our fixed finite set of primes containing p and primes dividing N .
The following proposition gives us that every reducible deformation (i.e., every deformation

that factors through R/I) is modular.

Proposition 4.19. There exists a surjective O-algebra map Φ : R→ TΣ given by tr ρuniv(Frob`) 7→
(ϕF(c(`,F)))F∈S for all ` 6∈ Σ (cf. Proposition 3.7 that this indeed defines a map) which in-

duces an isomorphism R/I
∼−→ TΣ/JΣ.

Proof. Let F ∈ S. By the discussion above we know that there exists a lattice Λ such that
ρ1
F ,Λ is equal to ρ0.

By ordinarity of F (see Theorem 4.16(1)) we know that ρ1
F ,Λ|Dp ∼=

[
χφ−1

cp ∗
φap

]
for ap =

ϕF(c(p,F)). Recall that ap ≡ 1 mod $. Since N is the conductor of χ̃ and the tame level of
F we see that by Theorem 4.16(2) the condition (iii) of our deformation conditions is satisfied.

Indeed, if ` | N we have ρ1
F ,Λ|I` =

[
ψ

1

]
, so ψ = χ (as det ρF ,Λ = χ). If ` ∈ Σ, but ` - N ,

then ρ1
F ,Λ is unramified at `. Hence ρ1

F ,Λ is a deformation of ρ0.

So, we get an O-algebra map Φ : R→
∏
F∈S ϕF(OLF ). We claim that im(Φ) ⊃ TΣ. Clearly

all operators T` for primes ` - Np are in the image of Φ. For Tp we adapt an argument from
the proof of [WWE21] Proposition A.2.3: Since we assume that χ|Dp 6= 1 there exists σ ∈ Dp

lifting Frobp ∈ Dp/Ip ∼= GFp such that χ(σ) 6= 1. It is clear that it can be done if χ|Ip = 1.
Otherwise take σ′, any lift of Frobenius. If it happens to satisfy χ(σ′) = 1, multiply σ′ by an
element in inertia for which χ is non-trivial.

By deformation condition (ii) the characteristic polynomial for ρuniv(σ) is

x2 − (ψ1(σ) + ψ2(σ))x+ χ(σ)

and this reduces modulo mR to
(x− 1)(x− χ(σ)).

Let U ∈ R be the root of the characteristic polynomial of ρuniv(σ) such that U ≡ 1 mod mR

(which exists and is unique by Hensel’s lemma). We claim that Φ(U) = Tp. It suffices to
check for each F ∈ S that Φ(U) projects to ϕF(c(p,F)) in ϕF(OLF ). Fix such an F and
write ap := ϕF(c(p,F)). Since ρ1

F is a deformation of ρ0 we know that U maps to a root of
the characteristic polynomial of ρ1

F(σ). Since σ is a lift of Frobp we know by Theorem 4.16(1)
that this characteristic polynomial equals

(x− ap)(x− χ(σ)a−1
p ),
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so U must map to ap ≡ 1 mod p, as required.
The arguments above prove that im(Φ) ⊃ TΣ. On the other hand, Proposition 3.7 implies

that this image is contained in TΣ, so we conclude that it equals TΣ. Composing the map
Φ : R � TΣ with ρuniv we get a representation into GL2(TΣ) whose trace is reducible modulo
JΣ. So we get Φ(I) ⊆ JΣ. Hence using Corollary 4.9 and (4.13) we obtain a surjection

R/I � TΣ/JΣ � T1,m/J1,m
∼= T1/J1 � O/L(0, χ).

By Proposition 3.8 we get that #R/I ≤ #Cχ−1

F . The Proposition now follows from the fact

that #Cχ−1

F = #O/L(0, χ) (see (3.1)). �

4.5. The main result. For the reader’s convenience we repeat here all our assumptions and
also indicate how they are used.

Let p > 2 be a prime and N a positive integer with p - N . Let χ̃ : (Z/NpZ)× → C× denote
a Dirichlet character of order prime to p [this corresponds to type S characters considered in
[Wil90] and so is used in Theorem 4.3; it is also used in Proposition 2.2 and Theorem 3.9]
with χ̃(−1) = −1. Write χ̃ = χ̃pχ̃N where χ̃p is a Dirichlet character mod p (i.e., a character
of (Z/pZ)×) and χ̃N is a character mod N . Assume χ̃N is primitive [as required by [Wil90]].

Let Σ be a finite set of primes containing p and the primes dividing N . If ` ∈ Σ is a prime
such that ` - Np then we require that ` satisfies:

(2) χ̃(`)` 6≡ 1 mod $;
(3) χ̃(`) 6≡ ` mod $.

[Assumption (2) comes in for Propositions 3.2, 3.8, Theorem 3.9 and 4.18 via Lemma 2.3,
while assumption (3) is only used for Theorem 3.9).

Write χ : GΣ → O× for the Galois character associated to χ̃ and χ : GΣ → F× for its
mod $ reduction. We assume that χ|Dp 6= 1. [This is used e.g. for Propositions 3.5, 3.8
and Theorem 4.18, and to ensure that the Galois representations associated to an ordinary
eigenform have a lattice reducing to a ρ0 split at Ip.]

Write F := Q(χ) for the splitting field of χ and Cl(F ) for the class group of F . Set

CF := Cl(F )⊗ZO. For any character ψ : Gal(F/Q)→ O× we write Cψ
F for the ψ-eigenspace

of CF under the canonical action of Gal(F/Q).

Assume that Cχ−1

F 6= 0 (which is equivalent to assuming that valp(L(0, χ)) > 0). Consider
a continuous homomorphism ρ0 : GΣ → GL2(F) of the form

ρ0 =

[
1 ∗
0 χ

]
6∼= 1⊕ χ

such that ρ0|Dp ∼= 1⊕χ|Dp . In fact our assumptions force the existence of such a ρ0 (see (4.12)
and the discussion following it).

Put T1 := T/ ker ν1,1T to be the weight 1 specialisation of T, the cuspidal Λ-adic ordinary
Hecke algebra of tame level N . Write M ⊂ T for the maximal ideal containing the Eisenstein
ideal J and m ⊂ T1 for the maximal ideal containing its Eisenstein ideal i.e., the ideal of T1

generated by {T` − 1− χ̃(`)|` 6= p} ∪ {Tp − 1}. We define TΣ to be the O-subalgebra of the
localisation T1,m of T1 at the ideal m generated by the images under the map T � T1 → T1,m

of the operators Tp and T` for all primes ` 6∈ Σ.
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Let L ⊂ Qp be a finite extension of Qp which contains the values of all O-algebra homomor-

phisms λF : TM → Qp (the reason for the subscript F is the fact that these homomorphisms
arise from newforms F that are congruent to a certain Eisenstein series). Write OL for the
ring of integers of L. Suppose there exists ϕ : OL → Qp, which separates the different λFs,
i.e., such that ϕ ◦ λF = ϕ ◦ λF ′ only if λF = λF ′ . [This is needed for proving that T1,m is
reduced in Proposition 4.10 and showing R � TΣ in Proposition 4.19.]

Theorem 4.20. Assume dimFC
χ−1

F ⊗O F = 1 and Cχ
F = 0. Assume further that at least one

of the following conditions is satisfied:

(i) e < p− 1 where e is the ramification index of p in F or
(ii) χ = ωs for some integer s or

(iii) χN(p) 6= 1.

Then the O-algebra map Φ : R→ TΣ given by tr ρuniv(Frob`) 7→ (ϕ(c(`,F)))F∈S for all ` 6∈ Σ
is an isomorphism. Here R is the ordinary universal deformation ring of ρ0 defined in section
3.3.

The assumption that dimFC
χ−1

F ⊗O F = 1 is needed for Proposition 3.2 and via this also
Proposition 3.5. Finally, the assumption that Cχ

F = 0 and assumptions (i)-(iii) are used in
Theorem 3.9.

Proof of Theorem 4.20. The existence of the map Φ was proved in Proposition 4.19. We apply
Theorem 6.9 in [BK11] to the commutative diagram

R
Φ

//

��

TΣ

��

R/I // TΣ/JΣ

noting that the top arrow is surjective and the bottom arrow is an isomorphism by Proposition
4.19 and I is principal by Theorem 3.9. �

Let us record a consequence of Theorem 4.20.

Corollary 4.21. The Eisenstein ideal JΣ is principal.

4.6. Examples. In this section we will demonstrate that our non-crossing assumption for
the Hida families in Proposition 4.10 (and therefore also in Theorem 4.20) is often satisfied.
We will also present an example of a character χ that is unramified at p and satisfies all the
other assumptions (except that we were not able to check the non-crossing assumption). Such
unramified characters cannot be handled by the methods of [SW97].

As mentioned in the Introduction the related question of the geometry of the eigencurve
at classical weight one points has been studied extensively. In particular, Belläıche-Dimitrov
[BD16] prove that the eigencurve is smooth at such points if they are regular, i.e. have
distinct roots of the Hecke polynomial at p. This translates to the form lying in a unique
Hida family up to Galois conjugacy. Our p-distinguishedness assumption ensures that our
forms are regular. Belläıche-Dimitrov further prove that the eigencurve is étale at such points
if there does not exist a real quadratic field K in which p splits and such that the corresponding
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Galois representation becomes reducible over K. Note that our assumption that ρss = 1⊕ χ
rules out such a real multiplication case, as χ has to be odd. Our condition of not having Hida
families (even Galois conjugate ones) cross at non-classical weight 1 specialisations corresponds
to étaleness at all weight 1 specialisations of the connected components of the eigenvariety
containing the Hida families F ∈ S.

As far as we know, the geometry at non-classical points has not been studied. We can
nevertheless exhibit many cases in which there is a unique Hida family, so that our non-
crossing assumption is satisfied. In particular, [BP19] calculate that for many irregular pairs
(p, k) (irregular in the sense that p divides the Bernoulli number Bk) one indeed has

dimΛ TM = 1, (unique Hida family)

where T is the universal ordinary Hecke algebra of tame level N = 1 and M is a maximal
ideal containing the Eisenstein ideal J corresponding to the Λ-adic Eisenstein series which
specializes at the particular weight k to

Ek = −Bk

2
+
∑
n≥1

σk−1(n)qn.

This corresponds to the Hecke algebra we considered for χ = ωk−1. Furthermore, by Corollary
5.15 in [Was97] we know that p-divisibility of Bk implies that of B1(ωk−1) = −L(0, ωk−1).

Set N = 1 and fix a finite set Σ satisfying assumptions (2) and (3). Since p | Bk there
exists a representation ρ0 : GΣ → GL2(F) of the form

ρ0 =

(
1 ∗
0 χ

)
,

which does not split, but splits when restricted to Dp (see section 4.5). In this case (as χ is
a power of ω), the existence of ρ0 can also be deduced from Theorem 1.3 in [Rib76].

We discuss the case (p, k) = (37, 32) in detail to demonstrate that all our assumptions are
satisfied for χ = ωk−1. Indeed, since the class number of F = Q(χ) = Q(ζ37) is 37, we know

that p‖B1(χ), Cχ−1

F is a cyclic O-module and Cχ
F = 0. We also have χ|Ip 6= 1 as χ has order

36 and is ramified at p.
Theorem 4.20 therefore shows that R = TΣ = O, where R is the universal deformation ring

of ρ0 defined in section 3.3 and TΣ is as in section 4.5. This implies that there is a unique
characteristic zero ordinary deformation of ρ0 with determinant χ, and this corresponds to a
non-classical p-adic cuspform of weight 1, as χ is not quadratic (see Remark 3.3).

An example of a character χ unramified at p that satisfies our assumptions is the following:
there is an odd order 4 character of conductor 157, which is identified by its Conrey number
of 28 (see [LMF22b]). Using Sage [The18] one can check that L(0, χ) is divisible by a prime
above 5 in Q(i), whereas L(0, χ−1) is a 5-unit. This example (and others) can be found by
using [LMF22a] to search for totally imaginary cyclic extensions with class number 5.

We could not check in this example whether the non-crossing assumption in Theorem 4.20
is satisfied as the coefficient field of the specialisation in weight 5 has degree 102 over Q, so
we could not confirm whether there is a unique Galois conjugate of this cuspform of weight 5
and level 157 congruent to 1 + χ for a fixed prime above 5.
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5. R = T theorem in the split case

In this section we will treat the split case of the deformation problem for odd quadratic
characters. We keep all the assumptions of section 3.1.

Let χ = χF/Q : Gal(F/Q) → Z×p be the quadratic character associated to an imaginary
quadratic extension F/Q (so N = cond(χ) = dF ). We assume p > 2 is inert in F/Q (to have
χ|Dp 6= 1). We note that assumption (1) in the case of a quadratic character implies that Cχ

F

is a cyclic O-module. This is actually equivalent to assuming that CF is a cyclic O-module,
as Gal(F/Q) acts on Cl(F ) via χ.

As before we will write χ̃ : (Z/dFZ)× → C× for the Dirichlet character associated with χ.
We will also denote by χ the mod $ reduction of χ. The Dirichlet Class Number Formula
and the functional equation imply that L(0, χ̃) = 2 hF

wF
, where hF is the class number of F and

wF := #O×F . If p | hF then there exists a non-split representation ρ0 : GΣ → GL2(F) of the
form

ρ0 =

[
1 ∗
0 χ

]
,

which is split on I` for all primes, and also split on Dp since pOF is a principal ideal and
therefore splits completely in the Hilbert class field. By Proposition 3.2 this representation is
unique up to isomorphism.

Write S1(dF , χ̃)CM for the space of weight 1 classical cusp forms of level dF and character χ̃
spanned by the set N ′ of newforms with complex multiplication, i.e. such that for f ∈ N ′ one
has a`(f)χ̃(`) = a`(f) for all primes `, where a`(f) denotes the T`-eigenvalue corresponding
to f . Suppose that all the forms f ∈ N ′ are defined over the extension E/Qp.

We define Tclass
1 as theO−subalgebra of

∏
f∈N ′ O generated by (a`(f))f for all primes ` 6∈ Σ.

By [Ser77] section 7.3 (see also [DS21] Proposition 2.4) each f ∈ N ′ has the form f = fϕ,
where fϕ is induced from a non-trivial non-quadratic character ϕ : Cl(F ) ∼= Gal(H/F )→ C×

of finite order (for H the Hilbert class field of F ), with associated Galois representation

ρfϕ = indQ
F (ϕ)

and det ρfϕ = χ. We recall that a`(fϕ) = 0 if ` is inert in F/Q, and

(5.1) a`(fϕ) = ϕ(l) + ϕ(lc) if (`) = llc.

We define the Eisenstein ideal J ⊂ Tclass
1 as the ideal generated by T` − 1− χ(`) for ` /∈ Σ

and m the maximal ideal containing J . We also note (see section 4.7 in [Miy89]) that the
space of classical Eisenstein series of weight 1, level dF and character χ̃ is spanned by the

Eisenstein series E1(χ̃) with constant term L(0,χ̃)
2

at infinity and Hecke eigenvalues 1+ χ̃(`) for

` - dF . Let N be the subset of N ′ of newforms f congruent to E1(χ̃). We note that (Tclass
1 )m

is naturally a subring of
∏

f∈N O, which is of full rank as an O-module.

Let Rsplit be the deformation ring defined in section 3.3.

Proposition 5.1. We have an O-algebra surjection Φ : Rsplit � (Tclass
1 )m mapping tr(ρuniv(Frob`))

to T` for all primes ` 6∈ Σ.

Proof. We need to check that ρfϕ with ρss
fϕ
∼= 1⊕χ satisfies the deformation conditions. By the

universality of Rsplit we then get surjections Rsplit → O, which will induce Rsplit � (Tclass
1 )m

as Rsplit is generated by traces (by Proposition 3.7).



R = T THEOREMS FOR WEIGHT ONE MODULAR FORMS 29

Condition (i) is clear. For ` | dF one can check that deformation condition (iii) is satisfied

by Mackey theory. Indeed, for ρfϕ = indQ
F (ϕ) this gives indQ

F (ϕ)|I` = indI`Iλ(ϕ|Iλ) for (`) = λ2,

and therefore indQ
F (ϕ)|I` = indI`Iλ(1) = 1⊕ χ.

For (ii) we note that ap(fϕ) = 0 as p is inert in F/Q. This means that the Hecke polynomial
of an eigenform fϕ is x2 + χ̃(p) = (x−1)(x− χ̃(p)) = (x−1)(x+ 1), which implies that ρfϕ |Dp
is split.

�

Corollary 5.2. The Eisenstein ideal J ⊂ (Tclass
1 )m is principal.

Proof. As the reducibility ideal Isplit ⊂ Rsplit is the smallest ideal I of Rsplit such that tr(ρsplit)
mod I is the sum of two characters, this means that Isplit is contained in the ideal I0 generated
by tr(ρsplit(Frob`))− 1− χ(Frob`) for ` /∈ Σ. It follows from the proof of Proposition 3.8 that
tr(ρsplit) = 1 + χ mod Isplit, so Isplit = I0.

Under Φ : Rsplit � (Tclass
1 )m the generators of Isplit map to the generators of J , so Φ(Isplit) =

J , and the principality of J follows from that of Isplit (cf. part (1) of Theorem 3.9). �

5.1. Proving Eisenstein congruences in weight 1.

Theorem 5.3. We have #((Tclass
1 )m/J) ≥ #CF .

Proof. We put T := (Tclass
1 )m. Note that all f ∈ N are defined over the completion E ′ of

Q(µpn)+ at the prime above p, where pn‖hF . As both sides of the inequality in the statement
increase by the same factor if we extend the field E we can and will assume that E = E ′.
The ramification index e of E over Qp is 1

2
φ(pn) = 1

2
pn−1(p− 1).

From [BKK14] Proposition 4.3 and the principality of J we deduce the following (noting
the correction made in [BK19] Remark 5.13 about the missing factor of [E : Qp]).

Proposition 5.4. For every O-algebra morphism λ : T→ O write mλ for the largest integer
such that 1 + χ(`) ≡ λ(T`) mod $mλ for all ` /∈ Σ. Then

(5.2)
[E : Qp]

e
·
∑
λ

mλ = valp(#T/J).

We will show that

(5.3)
1

e
·
∑
λ

mλ ≥ valp(hF ),

which together with Proposition 5.4 implies the theorem, as we will now explain:
Indeed these would give us

1

[E : Qp]
valp(#T/J) =

1

e
·
∑

mλ ≥ valp(hF ) = n.

Hence one gets from this:

valp(#T/J) ≥ [E : Qp]n = valp(#CF ),

as desired.
Thus it remains to prove (5.3). Consider a character ϕ : Cl(F ) ∼= Gal(H/F ) → Q

×
p of

exact order pm for 1 ≤ m ≤ n. We note (as in the proof of [DS21] Theorem 2.7) that since
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the values of ϕ are pm-th roots of unity we have ϕ(q) ≡ 1 mod $m for $m the prime in
Q(µpm) above p and q any ideal of OF . Note that $pn−m is a uniformizer in the completion
of Q(µpm)+ at the prime ideal above p.

We deduce that (ϕ+ ϕc)(q) ≡ 2 = 1 + χ(q) mod $pn−m for any prime q of Z which splits
in OF as qq. By (5.1) this tells us that mλ ≥ pn−m for λ corresponding to fϕ.

It remains to count how many such cusp forms fϕ congruent to E1(χ̃) we have. Since ϕ and
ϕ−1 = ϕc induce to the same cusp form we need to count how many (unordered) pairs {ϕ, ϕ−1}
with ϕ exact order pm exist for each 1 ≤ m ≤ n. Since we assume that CF = Cl(F )⊗Z O is
cyclic, the p-part of Cl(F ) is a cyclic abelian group G.

The order pm characters lie in a unique subgroup of the character group of G (which is
isomorphic to G) of order pm, which has φ(pm) generators. We therefore have 1

2
φ(pm) pairs

{ϕ, ϕ−1} with ϕ exact order pm.
Hence

1

e
·
∑
λ

mλ ≥
1

e

n∑
m=1

1

2
φ(pm) · pn−m =

2

φ(pn)

n∑
m=1

1

2
φ(pn) = n.

This gives (5.3) and thus concludes the proof of the theorem. �

Remark 5.5. This bound on the congruence module T/J cannot be proved by the usual
methods: For the method used e.g. in [BK19] Proposition 5.2 one needs a modular form
with constant term a p-unit. However, the Eisenstein part of M1(dK , χ̃) is spanned by E1(χ̃),
which has 1

2
L(0, χ̃) as constant term. Deducing the bound from Wiles’s result Theorem 4.3

is also difficult, as we only know T � T1 � Tclass
1 and would need to establish classicality of

the specialisation in weight 1. In addition, one would need to show (for the splitting of the
associated Galois representation at p) that the specialisation is a p-stabilisation of a form of
level dF .

We obtain the following R = T theorem in the split case:

Theorem 5.6. Consider F/Q an imaginary quadratic field and p > 2 inert in F/Q dividing
the class number of F . Assume that CF is a cyclic O-module (and assumptions (2) and (3)
in section 3.1). Then the map Φ : Rsplit → (Tclass

1 )m in Proposition 5.1 is an isomorphism.

Proof. By Proposition 5.1 and the fact that Φ(Isplit) ⊂ J we get the following commutative
diagram

Rsplit Φ
//

��

(Tclass
1 )m

��

Rsplit/Isplit // (Tclass
1 )m/J

where the top map is surjective. By combining Proposition 3.8 and Theorem 5.3 we see that
the bottom arrow is an isomorphism. We can then apply Theorem 6.9 in [BK11] to conclude
that Φ is also an isomorphism noting that Isplit is principal by part (1) of Proposition 3.9. �

Remark 5.7. This result complements the work of Castella and Wang-Erickson [CWEH21]
on Greenberg’s conjecture for ordinary cuspidal eigenforms f , who prove in the residually
irreducible case that ρf is split at p if and only if f is CM.
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Our theorem implies the following equivalence:

Corollary 5.8. Under the assumptions of section 3.1 let ρ : GΣ → GL2(O) be an ordinary
deformation of ρ0, and assume that χ is unramified at p. Then ρ is modular by a classical
weight 1 form if and only if ρ is unramified at p and χ is quadratic.

Proof. First note that ρ unramified at p is equivalent to ρ|Dp being split under our assumptions.
Indeed, if ρ is unramified then p-distinguishedness forces ρ(Frobp) to have distinct eigenvalues
and hence ρ|Dp is split.

We now assume that ρ|Dp is split and χ is quadratic. As we assume that χ is unramified
at p and χ|Dp 6= 1 we deduce that p is inert in the imaginary quadratic extension, which is
the splitting field of χ. By Theorem 5.6 we conclude that ρ is modular by a classical weight
1 form.

Conversely, if ρ is modular by a classical weight 1 form then by Remark 4.7 we know that
χ is quadratic and that ρ(GΣ) is finite hence, in particular, ρ is split on Dp. �

References
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