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ORTHOGONAL GROUPS OVER DYADIC FIELDS

MOSHE ADRIAN, GUY HENNIART, EYAL KAPLAN, AND MASAO OI

ABSTRACT. We consider the split special orthogonal group SO defined over
a p-adic field. We determine the structure of any L-packet of SOy containing
a simple supercuspidal representation (in the sense of Gross—Reeder). We also
determine its endoscopic lift to a general linear group. Combined with the
explicit local Langlands correspondence for simple supercuspidal representa-
tions of general linear groups, this leads us to get an explicit description of
the L-parameter as a representation of the Weil group of F. Our result is new
when p = 2 and our method provides a new proof even when p # 2.
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1. INTRODUCTION

The aim of this paper is to give a complete description of the local Langlands
correspondence for simple supercuspidal representations of split special orthogonal
groups.

Let us first briefly recall the local Langlands correspondence. Suppose that G
is a connected reductive group over a p-adic field F. Let II(G) denote the set
of equivalence classes of irreducible admissible representations of G(F') and ®(G)
denote the set of G—conjugacy classes of L-parameters of G. Here, recall that an
L-parameter of G is a homomorphism Wg x SLo(C) — G x Wp satisfying certain
conditions, where W is the Weil group of F' and G is the Langlands dual group
of G over C. The local Langlands correspondence for G, which is still conjectural
in general, asserts that there exists a natural finite-to-one map

LLCq: II(G) = ®(G).

In other words, it is expected that the set II(G) can be partitioned into the disjoint
union of finite sets Hg := LLCG'(¢) (called L-packets) labelled by L-parameters
¢ € P(GQ):
nG)= || of.
PP (G)

The local Langlands correspondence has been established for several specific
groups. Especially, when G is GL, the correspondence was constructed by Harris—
Taylor [HT01] and the second author [Hen00]. Also, for a certain class of classical
groups, the correspondence was constructed by Arthur [Art13] (quasi-split sym-
plectic and orthogonal groups) and Mok [Mok15| (quasi-split unitary groups).

When G is one of these groups (assume that G is split for simplicity), we can
naturally regard G as a subgroup of GLy(C) x Wg for an appropriate positive
integer N. This means that we may think of an L-parameter of G as a representa-
tion of Wr x SLa(C) equipped with additional structure. For example, when G is
the split odd special orthogonal group SOg;, 41, G is given by Sp,,,(C) with trivial
Galois action. Thus an L-parameter of SOg,41 is regarded as a 2n-dimensional
symplectic representation of W x SLo(C). Given this observation, it is natural to
ask the following question:

Describe LLCqg explicitly. More precisely, for a given 7 € II(G),
(1) describe its L-parameter ¢ as a representation of Wr x SLa(C);
(2) determine the L-packet Hdcf containing 7.

Here we concentrate on the case of simple supercuspidal representations in the
sense of Gross—Reeder (see Section [2). We briefly discuss previous works.

For G = GLy, L-packets are singletons, and the parameter of an irreducible
supercuspidal representation 7 of GLy(F) is an N-dimensional irreducible rep-
resentation ¢ of Wp, taken up to equivalence. When 7 is a simple supercusp-
idal representation, Bushnell-Henniart ([BHI14]), using the theory of cyclic base
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change and that of tame base change, explicitly described the projective repre-
sentation determined by ¢. They also established a characterization of 7= via the
e-factors e(s,m X x, 1), for tame characters x of F*. That translates into an anal-
ogous characterization of ¢, and it suffices to produce such an explicit ¢ such that
e(s,0 @ x,%) = e(s,m X x,v). That was done by Adrian-Liu when N is prime to
p (JALLG)]), thus giving a more direct proof of the essentially tame local Langlands
correspondence [BH05al, [BHO5D, BH10] in the case of a simple supercuspidal repre-
sentation. That was also done for general N by Imai and Tsushima ([IT15]), who
determined ¢ (for a simple supercuspidal 7) explicitly using geometry.

When G is one of our split classical groups, the parameter of a simple supercusp-
idal representation 7 of G(F') can be seen as a direct sum ¢ of irreducible represen-
tations ¢; of Wr. The known methods to explicitly describe the parameter rather
determine the supercuspidal representation m; of GLg, (F) (where d; = dim(¢;))
with parameter ¢; (the endoscopic lift to a general linear group), and one can then
apply the results for GLg, (F') to get ¢;. There are at least three such methods:

(1) One can use the endoscopic and twisted endoscopic character relations by
which Arthur’s results are expressed.

(2) Onme can use Moeglin’s criterion using reducibility points of representations
parabolically induced from 7X 7 where 7 is a (supercuspidal) representation
of some GL,.(F).

(3) One can use y-factors for the pairs (7, 7). Indeed the Rankin-Selberg (or
Langlands—Shahidi) factor y(s, 7 X 7, 1) should be the product of the factors
(s, m; x7,1), and by the above-mentioned characterization due to [BHI4] it
is enough to consider the case where 7 is a tame character of F* = GLy(F).

The three methods can be used separately or jointly. For (2]) one has to know
that the criterion does indeed determine Arthur’s parameter (that is due to Bin Xu
[Xul7hbl, see below Remark[B.2). For (@) one has to know that Arthur’s lifting from
G to GLy preserves the y-factors. That we establish in Appendices [Bl and [C] for
a generic supercuspidal representation 7 (see the end of this introduction for more
detailed comments).

Method (@) has been used by Blondel-Henniart—Stevens [BHSIS8| for G = Sp,,,,
when p is odd. The method applies to a general supercuspidal representation, but
determines the parameter only up to twist by an unramified quadratic character
(see [BHSIR, Section 5])I.

The first definitive result was obtained in [Adrl6] for G = SOs,41 by using
Method @)). In [Adrl6], the factors (s, 7 x 7,) is computed for tame characters T
(and arbitrary p). Moreover, it is also proved that if the L-parameter is irreducible,
it corresponds to a simple supercuspidal representation of GLa, (F') which is then
explicit, and so is the parameter of w. Then, using results of Kaletha [Kall3| [Kall5]
(pertaining to Method (), one can determine the parameter of m when p is large.

When G is Sp,,, and p is odd, the factor v(s, 7 X 7,%) is computed for tame
characters 7 in [AK19]. Based on this computation, the parameter is explicitly de-
termined when p does not divide n, and, adding the use of (a conjectured extension
of) [BHS18] (Method (@), for any odd p. When p is 2, v(s,m x 7,v) is computed
in [AK19] only when F' = Qa, in which case there is a unique simple supercuspidal
representation of Sp,,, (Q2). There is no tame character in the parameter when

IFor a simple supercuspidal 7, the second author recently realized that the method of [BHSI1S]
actually allows to determine the full parameter.
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F = Q2, and the parameter is explicitly described in [AK19] provided it is irre-
ducible. Adding Method () (and inspired by the work [Oi18] for odd p), the second
author subsequently proved that for F' = Q5, the parameter is indeed irreducible,
hence explicit ([Hen23], written in 2021).

Finally when G = SOs,, for a simple supercuspidal representation 7, the factor
~v(s,m x 7,9) for tame quadratic characters 7 (and any p) is computed and the
parameter of 7 is predicted in [AK21]. We here complete the result of [AK21] (see
below).

Method () was used by the fourth author in his thesis and subsequent work
(01194l [Oi19b) [Oi18]), to get a complete determination of the parameter of a simple
supercuspidal representation 7 of any of the following classical groups, provided p
is odd:

e SOgp,+1 ([O119a]),
e unramified quasi-split unitary groups ([Oil9b]), and
e Sp,,, and SOg, (not necessarily split but quasi-split) ([Oi18]).

(In Sections and [A-3] we compare these results with those of [Adr16, [AK21] in
the case of split special orthogonal groups). Any odd p can be covered uniformly
by this approach, but the dyadic case (i.e., p = 2) still remains. Based on this
motivation, the second and fourth authors investigated the case of Sp,, over a
dyadic field in [HO22] by elaborating on the method of [0119al [0i19b] [O118]. (As
mentioned above, the second author had already obtained the result for FF = Q5 in
[Hen23] prior to [HO22].)
Now let us state the main result of this paper:

Theorem 1.1 (Theorems [6.10, G1T] 612). Let SOn be the split special orthogonal
group of degree N. Let m5ON be a simple supercuspidal representation of SOx (F)
with L-parameter ¢. Then, ¢ is trivial on SLa(C) and described as a representation

of Wg as follows:

(1) When N =2n+1, ¢ is a 2n-dimensional irreducible symplectic represen-
tation of Wg. Moreover, ¢ corresponds to a simple supercuspidal represen-
tation w of GLay, (F') under the local Langlands correspondence for GLay,.

(2) When N =2n and p =2, ¢ is of the form ¢ = ¢og & ¢1, where

e & is a (2n — 1)-dimensional irreducible orthogonal representation of
Wg, which is the L-parameter of a simple supercuspidal representation
7 of GLap—1(F), and

e ¢ is the determinant character of ¢q.

(3) When N =2n and p # 2, ¢ is of the form ¢ = ¢ ® ¢1 ® ¢, where

e ¢ is a (2n — 2)-dimensional irreducible orthogonal representation of
Wg, which is the L-parameter of a simple supercuspidal representation
s Of GLQn,Q(F),

e &1 is an unramified quadratic character of F*, and

e &9 is a ramified quadratic character of F*.

Furthermore, in each case, the quadratic characters and ™ can be determined exactly
from wSON in terms of explicit parametrizing sets of simple supercuspidal represen-

tations (see Theorems 610, [6.11], and Section [3).

As explained above, this result is new only when p = 2; the case where N = 2n+1
and p # 2 is treated in [Adrl6] and [Oil9a], and the case where N = 2n and p # 2
4



is treated in [AK19] and [Oi18]. However, we emphasize that our method provides
an alternative proof even in these cases.

Let us explain the outline of the proof of Theorem [T We focus only on the
case (2) in the following since the other cases can be treated in a similar manner.
Suppose that 759 is a simple supercuspidal representation of SOy (F) with L-
parameter ¢. Then ¢ is regarded as an orthogonal representation of Wr x SLa(C).

The first step is the same as in [Oil8]. We can easily check that any simple
supercuspidal representation of SOy (F') is generic (with respect to a fixed Whit-
taker datum). By combining this fact with a result of Mceglin and Xu ([Meegl1],
[Xul7hl), we see that ¢ is trivial on SL(C) and decomposes into the direct sum of
pairwise inequivalent orthogonal representations of Wr (say ¢ = ¢o @ - - - ® ¢..).

The second step is crucial; we prove that ¢ is of the form ¢g @ ¢1, where ¢g
has Swan conductor one and ¢; is a tamely ramified quadratic character. For this,
we utilize the information of two different kinds of ~-factors attached to ¢; (1) the
(standard) ~y-factor (s, 759N x y,) twisted by a tamely ramified character y of
F*, and (2) the special value the adjoint y-factor (0, Ad, 759~ 4)g).

(1) In [AK2I], the ~-factor twisted by x is completely determined for any
tamely ramified quadratic character x of F*. From this result, we im-
mediately see that the Swan conductor of ¢ is given by 1 and that exactly
one of ¢q, ..., ¢, is a tamely ramified quadratic character.

(2) In general, it is conjectured by Hiraga—Ichino-Ikeda ([HIIOS]) that the for-
mal degree of a discrete series representation of a p-adic reductive group is
related to the special value (at 0) of the adjoint y-factor of the L-parameter
corresponding to the representation under the local Langlands correspon-
dence. Recently, it was announced by Beuzart-Plessis (|[BP21]) that this
conjecture is proved for even special orthogonal groups. By specializing the
Hiraga—Ichino-Ikeda conjecture to the case of simple supercuspidal repre-
sentations, we can compute the special value of the adjoint y-factor of ¢.

The argument of this step is as follows. By (2), we know that the special value
of the adjoint ~-factor of ¢, which is nothing but the exterior square v-factor of ¢
in the current situation, is given by a rational power of 2. By (1), any irreducible
constituent ¢; has Swan conductor 0 and dimension greater than 1 if it is neither the
unique irreducible constituent of ¢ with Swan conductor 1 nor the unique tamely
ramified quadratic character contained in ¢. However, if such a constituent ¢;
existed, then it would contribute to the special value of the exterior square ~y-factor
of ¢ by an odd prime factor, which is not allowed. Thus ¢ must be of the form
do B ¢1 with ¢g and ¢, as above.

The final step is to determine ¢ exactly as a representation of Wx, but this can
be done by the same argument as in [Adrl6] using the y-factors, which is explained
above. One subtle point here is that we have to look at the y-factor of 759V twisted
by any tamely ramified character of F'* although only the quadratic case is treated
in [AK21]. The computation of the twisted v-factor in the general case is given in
this paper (Section [H).

Before we finish this introduction, we give one more comment on another subtlety
concerning the y-factor. In the above arguments, we freely use the fact that Arthur’s
local Langlands correspondence preserves the twisted vy-factors (or more generally,
the Rankin—Selberg local factors for the product of a classical group and a general
linear group). Although we believe that this fact should be well-known to experts,
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we give a justification in this paper (Appendix [B) because we could not find a
suitable reference. Since our argument is based on a global method, it is crucially
important that the unramified case of Arthur’s construction of local A-packets is
consistent with the classical one by means of the Satake isomorphism. However,
somehow we were not able to find even this fact in any literature. Hence we decided
to also give a proof of this consistency in the unramified case (Appendix [C)). The
proof we present in Appendix[Clis due to Jean-Loup Waldspurger. We would like to
clarify that Appendix [Clis constructed based on a letter from him (but, of course,
we completely owe the responsibility for it).

Acknowledgment. We would like to express our sincere gratitude to Jean-Loup
Waldspurger for his detailed explanation of the content of Appendix [Cl The fi-
nal draft of this paper was written while Henniart enjoyed the hospitality of the
Graduate School of Mathematical Sciences at the University of Tokyo. Adrian was
supported by a grant from the Simons Foundation #422638 and by a PSC-CUNY
award, jointly funded by the Professional Staff Congress and The City Univer-
sity of New York. Kaplan was supported by the ISRAEL SCIENCE FOUNDA-
TION (grant No. 376/21). Oi was supported by JSPS KAKENHI Grant Number
20K14287.

Notation. Let F' be a p-adic field (i.e., a finite extension of Qp; especially, of
characteristic 0), O its ring of integers, p its maximal ideal, and k its residue field
O/p. We write g for the cardinality of k. We often regard k> as the subgroup of
F* consisting of elements of finite prime-to-p order via the Teichmiiller lift. We fix
a uniformizer w of F'. For any element x € O, we write T for its image in k.

We fix a nontrivial additive character ¢, : IF, = C* and let ¢: k — C* be the
nontrivial additive character defined by ¢ = ¢, o Try/r,. Note that ¢ is invariant
under the Frobenius, i.e., ¢(aP) = ¢ (z) for any = € k. We fix a nontrivial additive
character of F' whose restriction to O lifts ¥ and again write v for it by abuse of
notation.

When p # 2, we fix an element € € kX ~ k*2. When p = 2, we have kX% = £,
hence we simply put € := 1.

We let Iy denote the identity matrix of size N and Jy denote the anti-diagonal
matrix of size N whose (i, N + 1 — i)-th entry is given by (—1)~1:

1
~1
Iy =

(~1)N

For an algebraic group G defined over F', we let G denote the group G(F') of
F-valued points of G.

2. SIMPLE SUPERCUSPIDAL REPRESENTATIONS

In this section, we summarize a classification of simple supercuspidal represen-
tations of SOy (F') and also those of GLy (F) which are self-dual. See [Oil8| Sec-
tions 2.1 and 2.2] for a general recipe and the definition of simple supercuspidal
representations. The classification given here is basically the same as the one of
[01194 [0118] [HO22], but requires a minor modification since we treat any p.
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2.1. Self-dual simple supercuspidal representations of GLy. Let us consider
the case of GLy. Let Iqr,, be the upper-triangular Iwahori subgroup of GLy:

o* o
IGLN = ..
p s
We let IérLN be the pro-unipotent radical of Igr,, . These subgroups can be thought
of as the first two steps of the Moy—Prasad filtration of the parahoric subgroup of
GLy(F) associated to the barycenter of an alcove of the Bruhat—Tits building

of GLy(F). We define I(}:ITN to be the next step of this Moy-Prasad filtration.
Explicitly, these subgroups are given as follows:

I+p p @)
1+p o
4, = S I = |
’ rE p? P 1—pHJ

Then we have
Ig}_LN/I(—}i_E_N = kGBN: (xij)ij — (1'172, ...y IN—1,N, $N71w_1).
Let Zgr, be the center of GLy (F) and Zgr, 0 the maximal compact subgroup of
ZaLy - For any character w of k* and a € k*, we define x4~ to be the character
on ZGLN,OIELN such that
GLx

® Xo.o¥|Zary o 18 the pull back of w via the map Zgr,y,0 = O — k*, and

° XS,IZN | e is the pull back of the character on k®V given by

(x1,...,xn—1,2N) = Y(x1 + -+ N1 + azy)
via the map I, =~ — I&, /147 = k&N,
This character is affine generic in the sense of Gross—Reeder (see [Oi18] Definition
2.3]). Then the stabilizer group N, (7) (I(J_;FLN§XS,IZN) ={n¢€ NGLN(F)(IérLN) |

(XS,IZN)" = XS,IZN} of XS,IZN is given by Zar, I(J_{LN <<paG,LlN>, where we put
0 In_
oLy = (mfl 0 1) € GLy(F)

(note that (QDS,LIN)N = wa'Iy). Thus, for any ¢ € C*, we can extend xS%V to a
character )ZSI(“ZN( on ZGLNI(J_{LN <<paG,LlN> by putting )ZSI;"& (<paG,LlN) =C.

Let WSI;NC be the representation of GLy (F') defined by
GLN . ¢ Tnd Gt~ () yOoLy

GLN> Xw,a,(

U
Zauyla <‘Pa71

w,a,¢ "

Then
{7CEN | (w,a,¢) € ()Y x kX x C*}

w,a,C
is a complete set of representatives of the set of equivalence classes of simple super-
cuspidal representations of GLy (F').
Let us investigate when WSI;NC is self-dual, or equivalently, 6-stable, where 6 is
the involution of GLy defined by
0(g) := Jth_ng,l.
7



It can be easily checked that

GLny\6 . _GLy ~ . GLxy
S P
GLN \0 ~ GLyN .
Hence, we have (7 -%)" &« % if and only if we have

w=wl a=(DYa, (=w(=1¢"

We first consider the case where p # 2. By the condition that a = (—1)Va, there
exists a self-dual simple supercuspidal representation only when N is even. In this
case,

{7CEN | (w,a,¢) € ()Y x kX x C*,w? =1, ¢ =w(-1)}

w,a,(
gives a complete set of representatives of the set of equivalence classes of self-dual
simple supercuspidal representations of GLx (F).

We next consider the case where p = 2. In this case, the condition w = w™
implies that w is the trivial character of k*. Thus the condition ¢ = w(—1)¢™!
means that ¢ is a sign. Moreover, the condition a = (—1)Na is always satisfied.
Therefore we see that

1

{riW% lae k™, e {+1}}
is a complete set of representatives of the set of equivalence classes of self-dual
simple supercuspidal representations of GLy (F).

2.2. Simple supercuspidal representations of SOs, 1. We next consider the
case of
SO2p41 :={g € SLan+1 | '9J2n419 = Jant1}-
We let Igo,, ., be the Iwahori subgroup of SOg,,41(F') consisting of the elements
of SO2,,+1(F) belonging to

O oo
SRR to
b o0
[(2p - 29 10%1 0 "0
T2p | OF [
2p S
iy O

(we give some details in Section[AT])). Similarly to the case of GLy, we let Igohﬂ be

the pro-unipotent radical of Iso,, , and 1362 — the next step of the Moy—Prasad
filtration with respect to the barycenter of the alcove corresponding to Iso,,,,-
Then we have

+ /I++ o kEBn+1: (

ny 15 Y —— i p—
Iso%+1 SO2n41 9ij)ij 7 (G125 - -+, Gont 15 G2n,1 - 271w ™).

For any a € k™, we define an affine generic character XEOZ"“ of I;O%H by pulling

back the character
EEMHE o C: (21, @pg1) 2 (T + o T+ Q)

via the map I3, —» Iéro%ﬂ/fgotnﬂ =~ k®n+l Then the stabilizer group of

SO2n+1
. . —+ S02n+1
X is given by Igg, | (p,=i"""), where ¢

8
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a2 w1

= — Iop_1 S SOQn+1(F).

a 12w

SO2n+1
a1

Hence, for any ¢ € {£1}, we can extend a2 to a character )22(22”“

SOz  SOsmir, SOan
Lo, (@aci™") by putting X, "+ (p,2"*") = ¢

Let WSCC)%“ be the representation of SOg;,41(F') defined by

on

SO2n+1 . SO2p4+1(F) ~SO2n 41
T ¢ = c—IndI+ (5021 Xag .
SO2p41 '\ a—1

Then

{mS0 1 | e kKX, ¢ € {£1}}

gives a complete set of representatives of the set of equivalence classes of simple
supercuspidal representations of SOy, 41 (F).

Remark 2.1. We caution that the above parametrization of simple supercuspidal
representations differs from the one in [Oil9a], where p is supposed to be odd, by
an extra factor 2. To be more precise, for any a € k*, the simple supercuspidal
representation denoted by “m . in [Oil9al Section 2.4] is equal to W§22"+1 defined

in this paper.

2.3. Simple supercuspidal representations of SO,,. We finally consider the
case of

SOy, :={g € SLay, | 'gJ5,.9 = J5,. },
where Jj, is the anti-diagonal matrix of size 2n whose anti-diagonal entries are
given by 1. Here, we suppose that n > 2 because SO is abelian.

We let Iso,, be the Iwahori subgroup of SOz, (F') consisting of the elements of
SOs,, (F) belonging to

(@) 0o, 0 0,
: : o
b o' O
_________ B — — 4 — — — — — - - ]
P p 10 O, 0 O
[ P X P10 010 - o
L pop, OF [
pop oy 0x

(we give some details in Section [AT]). Similarly to the case of GLy, we let I,
be the pro-unipotent radical of Igo,, and I;OJ; _ the next step of the Moy-Prasad
filtration with respect to the barycenter of the alcove corresponding to Iso,,. Then
we have

Iérozn I;otn = k9" (gi)ij = (G135 -+ Gntoms G Tt 1y §2n—1,1001).
Let Zso,, = {£I2,} be the center of SOq, (F). For (§,k,a) € {£1} x {0,1} x k*,
we define an affine generic character X??f;‘ on Zso,, Igro% by

° XE%E(—IM) =¢, and



o X??ﬁg | I, is the pull back of the character on k®"*! given by

(.’L’l, vy Tp—1,Tn, :En-i-l) — w(fbl + -+ Tn—1 + EN:En + axn-{-l)

4 + ~ 1

via the map I, —— Iy, /I35, = kP
Then the stabilizer group of X? wa is given by Zso,, I§LO2 <<p§g'i"a,l), where we put

(Bw)~!
In72
SOz, ._ a™!
wa,ﬂ T o
In—2
B

for any a, 8 € k*. Thus, for any ¢ € {+1}, we can extend ng%g to a character

~SOa2p, SOa2p : ~SOan SOa2p
Xemonc O Z50,,1d0, (927, 1) by putting X¢ 2% (902, 1) = C.

Let w?)%;c be the representation of SOq, (F') defined by

SO2n

SO2y, ~SO2n,
Te oo = C Ind

so X
Z5050I30,, (0o 2, _y) HEaCT

When p # 2,
{rE0m | € € {1}k €{0,1},a € k¢ € {£1}}

gives a complete set of representatives of the set of equivalence classes of simple
supercuspidal representations of SO, (F'). Moreover, any wgazg ¢ Is stable under
the action of Og, (F) (see [O1l8, Section 2.6]).

When p = 2, since Zso,, is contained in ISO2 , the parameter £ must be 1.

Furthermore, since ¢ = 1, we obviously have 5?2; ¢ = 582; ¢- By noting these

points, we can check that
SO2y,
{m o lac k™, Ce{£l}}

gives a complete set of representatives of the set of equivalence classes of simple
supercuspidal representations of SOgn( ). In the following, when p = 2, we write

SOCQ” (resp. )Zi%”) instead of 71'1 o ¢ (resp. ngfg)q), for short. Note that any

WSOCQ" is stable under the action of Oz, (F') (the same argument as in [O118| Section

2.6] works also in the case where p = 2).

3. LOCAL LANGLANDS CORRESPONDENCE FOR SO

3.1. Local Langlands correspondence for SOp. For any connected reductive
group G over F', we let G denote the Langlands dual group and put “G := GxWhp.
We say that a homomorphism ¢: Wr x SLy(C) — LG is an L-parameter of G if ¢
is smooth on Wg, ¢ is compatible with the projections to Wg, and the restriction
Blsro(c): SL2(C) — G is algebraic. We let

o Iliemp(G) be the set of equivalence classes of irreducible tempered repre-

sentations of G(F), and
® Piemp(G) be the set of G-conjugacy classes of tempered (i.e., the image of

Wr is bounded in é) L-parameters of G.
10



We are interested in the case where G is the split special orthogonal group SOy .

The Langlands dual group of SOy is given by
Sps,(C) i N =2n+1,
SO9,(C) if N =2n.

In both cases, the Galois action on G is trivial.

Hence, an L-parameter of SOs,11 can be regarded as a 2n-dimensional symplec-
tic representation of Wg x SLa(C). It is known that two L-parameters of SOg,,4+1 are
conjugate by Sp,,,(C) if and only if they are equivalent as 2n-dimensional represen-
tations of Wg x SLo(C) ([GGP12, Theorem 8.1 (ii)]). Thus the set ®iemp(SO2n+1)
can be identified with the set of isomorphism classes of 2n-dimensional symplectic
representations of W x SLy(C) which are bounded on Wg.

Similarly, an L-parameter of SO, can be regarded as a 2n-dimensional orthog-
onal representation of Wr x SLy(C) with trivial determinant. It is known that
two L-parameters of SOg,, are conjugate by Oz, (C) if and only if they are equiv-
alent as 2n-dimensional representations of Wr x SLa(C) ([GGPI12l Theorem 8.1
(ii)]). By noting this, we let ®@iomp(SO2,) be the set of Oa,(C)-conjugacy classes
of tempered L-parameters of SOs,. Thus the set i)mmp(SOgn) can be identified
with the set of isomorphism classes of 2n-dimensional orthogonal representations
of Wg x SLa(C) which are bounded on Wy and have trivial determinant. We also
define ﬂtemp(SOQn) to be the set of Og, (F)-orbits in Miemp(SO2y,).

For the notational convenience, let us put étemp(SOQn_’_l) = Piemp(SO2,41) and
ﬁtcmp(802n+1) = Iltemp(SO2n41) in the case where N = 2n + 1.

For any ¢ € &)tcmp(SO ~N), we define a finite group §¢ as follows:

Sg := Centg (Im(¢)),
Sy = S6/(532¢),
where S denotes the identity component of Sy and Zg denotes the center of G.
Here, we implicitly fix a representative of the equivalence class ¢ and again write
¢ for it by abuse of notation.
Recall that a Whittaker datum of G is a pair to = (B, A) of an F-rational Borel
subgroup B of G and a generic character A of U = U(F'), where U is the unipotent

radical of B. In the following, let us fix a Whittaker datum to of G = SOy defined
as follows:

(1) When N = 2n + 1, we take B to be the upper-triangular Borel subgroup
of SOQn+1:

B =

*
We define a generic character \ of U by
)‘(y) = w(y1,2 + -+ Yn—1,n + yn,n+l)

for any y = (y;;) € U.
11



(2) When N = 2n, we take B to be the upper-triangular Borel subgroup of
SOQn:

I
I
I
I
I
I
* 1 ox
|
I
I
I
I
'

We define a generic character \ of U by

Ay) =v@Wi2+ -+ Yn—1n + Yn—1,n+1)
for any y = (y;;) € U.
The local Langlands correspondence for tempered representations of SO, which

was established by Arthur ([Art13, Theorems 1.5.1 and 2.2.1]), asserts that there
exists a natural map

LLCs0y  Miemp(SON) = Premp(SON),

which is surjective and with finite fibers. In other words, by letting ﬁiON be the
fiber of the map LLCso, at an L-parameter ¢, we have a natural partition

ﬁtemp(SON) = |_| ﬁEON P
$EBtemp (SON)

where each ﬁiON is finite. For any ¢ € i)mmp(SON), the finite set 1:[202" is called
an L-packet and equipped with a bijective map depending on the chosen Whittaker
datum to of SOy

o l:[zON —1—1—> ?;
to the set gz of irreducible characters of §¢.

3.2. Result of Mceeglin and Xu. We say that a tempered L-parameter ¢ €
&)tcmp(SO N) is discrete if its centralizer group S, is finite, or equivalently, ¢ is
the direct sum of pairwise inequivalent irreducible symplectic (resp. orthogonal)
representations as a 2n-dimensional representation of Wg x SLy(C) when N = 2n+1
(resp. when N = 2n). Arthur’s result assures that ¢ is discrete if and only if ﬁiON
contains a discrete series representation of SOy (F), and that, in this case, every
member of fIiON is a discrete series. (We refer the reader to [Xul7bl Section 2] for
details.)

In general, it is possible that the L-packet ﬁiON for a discrete L-parameter ¢
contains both a supercuspidal representation and a non-supercuspidal discrete series
representation. In [Moegll] and [Xul7bl], Mceglin and Xu gave a parametrization
of the supercuspidal members in a given discrete series L-packet in terms of ?;.

As an easy consequence of their result, we have the following (see [Oil8, Corollary
4.9] for the details):

Proposition 3.1. For any discrete L-parameter ¢ € fi)tcmp(SON), the following
are equivalent:
12



(1) ¢ is trivial on SL2(C);
(2) HiON contains a w-generic supercuspidal representation;

(3) every member of fIiON 18 supercuspidal.

Remark 3.2. The logical relationship between [Moegll] and [Xul7b| is as follows.
In [Moegl1], Moeglin established an explicit construction of discrete series L-packets
(more generally, A-packets) of classical groups modulo the local Langlands corre-
spondence for L-packets consisting only of supercuspidal representations. In partic-
ular, her result gives the above-mentioned parametrization of supercuspidal mem-
bers in each discrete series L-packet. However, a priori, it is not obvious at all
whether her construction is consistent with Arthur’s one [Art13]. What Xu did in
[Xul7b] is to prove that these two constructions indeed coincide.

3.3. Formal degree conjecture of Hiraga—Ichino—Ikeda. In [HII08, Conjec-
ture 1.4], Hiraga—Ichino—Tkeda proposed the following conjecture (here we state the
conjecture according to a reformulation by Gross—Reeder, [GR10, Conjecture 7.1

©))):

Conjecture 3.3 (Formal degree conjecture). Let ¢ € Promp(SON) be a discrete
L-parameter. Then, for any m € HEON, we have
1 (0, Adog, o)

4 - .
| egu(ﬂ)| |S¢| |~)/(O,Ado¢pr;1/}0)|

Here,

deg,, () is the formal degree of m with respect to the Euler—Poincare measure
w of SON(F) (see |GRI10, Section 7.1]),

Ad is the adjoint representation of G on its Lie algebra Lie G,

(s, —,0) is the y-factor for representations of Wr x SLa(C) (see [GRIOL
Section 2.2]) with respect to a nontrivial additive character vy of F of level
0, i.e., Yo is trivial on O but not on p~—1, and

¢pr denotes the principal parameter in the sense of Gross—Reeder (see [GR10),
Section 3.3]).

Remark 3.4. In [HIIO8]|, the formal degree conjecture is formulated for any quasi-
split connected reductive group G. In general, the right-hand side of the identity of
Conjecture must contain one more term “(1,m)” (see [HII08, Conjecture 1.4]).
Here (—, ) denotes the irreducible character of S corresponding to 7 under the
map lp: ﬁiON — ?;. In fact, the group Sy is always abelian when G = SOy.
Accordingly, (1,7) is always given by 1.

The formal degree conjecture for the odd special orthogonal group SOs,,+1 was
proved by Ichino-Lapid-Mao [ILM17]. For the even special orthogonal group SOz,
recently Beuzart-Plessis announced that he has proved the formal degree conjecture
(IBP21)).

4. ANALYSIS OF SYMMETRIC AND EXTERIOR SQUARE L-FACTORS

In this section, we prove several results on the symmetric and exterior square
L-factors of self-dual irreducible Galois representations, which will be needed later.
The following lemma is proved in [HO22, Lemma 4.11].
13



Lemma 4.1. Let p be a finite-dimensional irreducible smooth representation of
Wp.

(1) The number of irreducible components of p|r. is equal to the degree of the
maximal unramified extension E of F' from which p is induced, where Ip
denotes the inertia subgroup of Wrg.

(2) If we let o be a representation of Wg such that p = Ind%g o, then the
restriction of o to Ir is irreducible and Gal(E/F)-regular, i.e., (o|1.)7 2
olrp for any v € Gal(E/F) ~ {1}.

(3) An unramified character w of F* satisfies p @ w = p if and only if w? =1
for d = [E : F], or equivalently, w|w, = 1.

Proposition 4.2. Let p be a self-dual finite-dimensional irreducible smooth repre-
sentation of Wg. Let E and o be as in Lemma [{-1], thus p = Indvv‘ég o. We put
d:=[E:F].

(1) When p is orthogonal, we have

L(s, A2p) = 1 1 z:fa zs self-dual,
(14+q )"t if o is not self-dual.

(2) When p is symplectic, we have

L(s,Sym® p) = ! —es\—1 Z:fa ZS self-dual,
(14+q7) if o is not self-dual.

Here, the degree d must be even when o is not self-dual in both cases, hence we put
d = 2e.

Proof. The proof can proceed in the same way in both cases (1) and (2) (by swap-
ping Sym? and A?), so let us consider only the case (1).
We assume that p is orthogonal. Recall that

(s, 12p) = det(1 — g~ -Frob | (3%)17) ™

We note that (A2p)/F C (p ® p)I¥. Let us investigate the unramified characters
appearing in p ® p. If we let w be such a character of F'*, then we have

Homw,. (p ® w, p) = Homw, (w, p® p) # 0

by the self-duality of p. Thus w must satisfy w? = 1, or equivalently, w|y, = 1
by Lemma 1] (3). Note that such a character w occurs only once in p ® p since
Hompy,. (p ® w, p) is at most one-dimensional by the irreducibility of p.

We first consider the case where o is self-dual. Note that then o must be orthog-
onal since its induction p = Indgg o is orthogonal. If w is an unramified character
of W satisfying w|w, = 1, then we have

Homyy,. (w, Indgg (Sym? ¢)) = Homyy,, (1, Sym? o) # 0

as o is irreducible and orthogonal. Since Ind%E (Sym? o) is contained in Sym? p,
we get Homyy,. (w, Sym? p) # 0 and thus Homyy, (w, A%p) = 0.

We next consider the case where o is not self-dual. In this case, there is a
nontrivial element v of Gal(E/F) such that ¢7 is equivalent to the contragredient
of o (compare the Mackey decompositions of p and pV). This element « necessarily
has order 2 (in particular, this implies that d is even; let us put d = 2e). Let E’ be
the subextension of E/F fixed by v. We put ¢’ := Ind%ﬁ' o. Then ¢’ is irreducible

14



and self-dual since ¢” is the contragredient of o and not equivalent to o. Note that
this implies that ¢’ is orthogonal since so is its induction p to Wg. Furthermore,
by noting that ol is Gal(E/F)-regular, ¢’|;, is Gal(E’/F)-regular.

Now let w be an unramified character of W which occurs in p® p. If w satisfies
w® =1 (or, equivalently, w|y,, = 1), then the same argument as in the case where
o is self-dual shows that w must occur in Indvvgg (Sym®¢’). Since Indvvgg ,(Sym®¢”)
is contained in Sym? p, we get Homyy,, (w, Sym? p) # 0 and Homyy,. (w, A2p) = 0.

Let us consider the case where w® # 1. In this case, the restriction w|WE, =:w is
necessarily the nontrivial quadratic character of Wgs with kernel Wg. Let us write
V for the representation space of o, and vV for that of ¢7; more precisely, we choose
a lift v in Wg of the nontrivial element of Gal(E/E’), and the action of w € Wg
on yv in vV gives wyv = y(y~lwy)v. That gives the action of Wx on the space
X=VayVofd = Ind%ﬁ' o, and v acts on that space via (v, yw) = (v*w, yv).
The action of Wg on X ® X is the direct sum of

(VeV)®(VeqV)=Indy? (VeV)
and
(VeyV)®@HVeV)=ndy= (VeqyV).

The first factor cannot contain w’ since o is not self-dual. We investigate the second
factor. On (V®@+V)® (yV @ V), we have the involution sending (v; @ yva, yv] @ vh)
to (vh ® YV}, yva @ v1), and the Sym?-part of (V ®vV) ® (yV @ V) is the subspace
where that involution acts trivially, the A%-part the subspace where it acts as —1.
From this, it can be easily checked that the A%-part is, as a representation of W,
the twist of the Sym?-part by the character w’. Since ¢’ is orthogonal, the trivial
character occurs in the Sym?-part. Thus the character w’ must occur in the A2-part.

In summary, we see that an unramified character w of W is contained in A?p if
and only if w|w,, # 1. By noting that Ind%? ,w' is isomorphic to the direct sum
of all such characters of Wg, we conclude that

2 _ %% N o N —es\—1
L(s,A°p) = L(s,Indy! o) = L(s,w') = (1 +¢" ).
O

Recall that, for any finite-dimensional irreducible smooth representation p of
W, we can consider its Swan conductor Swan(p). We refer the reader to [GR10),
Section 2] for the definition of the Swan conductor; note that Swan(p) is denoted
by b(p) in [GR10]. We also need the following:

Lemma 4.3. Let p be a self-dual finite-dimensional irreducible smooth representa-
tion of Wg which is not a character and satisfies Swan(p) = 0. Then the dimension
of p is even (let us say d) and we have p = Indgg x- Here,

o E is the degree d unramified extension of F', and
o x is a Gal(E/F)-regular character of E* satisfying x*> # 1 and

/

1 if p is orthogonal,
Xl prx = o .
w'if p is symplectic,

where E' is the subextension of E/F such that [E : E'] = 2 and W' is the
nontrivial quadratic unramified character of E'*.
15



Proof. Let d be the dimension of p. Since Swan(p) = 0, p is trivial on the wild
inertia subgroup Pr. Thus, by noting that Ir/Pr is abelian, the restriction p|r, of
p to the inertia subgroup Ir decomposes into the direct sum of d characters. Hence,
by Lemma 1] we have p = Ind%g X, where F is the degree d unramified extension
of F and yx is a Gal(E/F)-regular character of E* (recall that even its restriction
to O is Gal(E/F)-regular). Note that y is tamely ramified by the assumption
that Swan(p) = 0.

Since p is self-dual, we have Homyy,. (p, p¥) # 0. Hence, by the Frobenius reci-
procity and the Mackey decomposition, x ~! has to equal x? for some g in Gal(E/F).
Then g2 fixes ¥, so either g is trivial or g has order 2 by the Gal(E/F)-regularity
of x. If g is trivial, then x2 = 1. Since x is tamely ramified, this implies that X|O,§
is fixed by Gal(E/F), which contradicts the Gal(E/F)-regularity of X|O,§' Thus g

must have order 2, hence d is even. Note that then x? # 1.
Let E’ be the fixed field of g, so that E/E’ is a quadratic extension. Then

Indwg/ X is self-dual. Moreover, since we have p & Indgg , (Indwg/ X)s Indwg/ X is

irreducible. In particular, Ind%ﬁ' X is either symplectic or orthogonal. Note that
N? (Indgg' X) & det(Ind%? X) as Indwg/ X is two dimensional. Hence, Indwg/ X is

symplectic if and only if det(Indgg' X) is trivial. By [BHO6| 29.2, Proposition], we
have

W

det(Indy?’ ) 2 det(Indy”’ 1) @ (x| grx)-

The character det (Ind%i' 1) equals the nontrivial unramified quadratic character

of Wg/. Indeed, det(Ind%? 1) is obviously trivial on Wg, hence equals either the
trivial character or the nontrivial unramified quadratic character of Wg:. If we take

a realization of the representation space of Ind%ﬁ' 1 as in the proof of Propd.2] we
. . . (0 1
can see that the action of any v € Wg, \ Wg is represented by a matrix (1 O)’

whose determinant equals —1. Hence det(Ind%? 1) is not the trivial character.
On the other hand, as we have x - x9 = 1 (i.e., x is trivial on norms from E* to
E’), the restriction y|g:x is either trivial or the nontrivial unramified quadratic
character. Therefore, det(Ind%ﬁ' X) is trivial if and only if x|g/x is the nontrivial
unramified quadratic character. This completes the proof. (I

5. TWISTED GAMMA FACTOR FOR SIMPLE SUPERCUSPIDAL REPRESENTATIONS
OF SOs,

This section concerns the case where G := SOg,, n > 1. Let 7 be a simple
supercuspidal representation of G = G(F), and 7 a tamely ramified character of
F*. We compute the Rankin—Selberg ~-factor v(s, 7 x 7,1) defined in [Kap13a,
Kap15], thus completing [AK21] which treated the case where 7 is quadratic. Then
we deduce consequences for the parameter of 7, as in [AK21] Section 5] (see [Adrl6,
AK19] for similar results in the SOg,,+1 and Sp,,, cases).

5.1. Simple supercuspidal representations of SO,,. Following [AK21], we let

7 be the simple supercuspidal representation of G given as follows. Fix a € k*

and a uniformizer w’ for the ring of integers O of F. (Here, we use the symbol w’

rather than w because we want to reserve the symbol w for “the” uniformizer fixed

at the beginning of this paper.) Let us write I and I instead of Iso,, and I§L02n
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for short, respectively. Similarly, we write Z = Zgo,,. Define an affine generic
character x of I by

n—1

x(y) = ¢(Z Yiit1 T Yn—1n41+ @ Yan_1,1).
i=1

Then the stabilizer of x in I is given by Z(g,)I*, where

L2

9x = o € G.
— T

We put 7 := Ind%gX)H)(.

Note that this construction exhausts all (equivalence classes of) simple supercus-
pidal representations of G. See Section[A.2.3]for the comparison of this parametriza-
tion of simple supercuspidal representations with the one given in Section 2.3

5.2. The twisted y-factors. Let 7 be any character of F'*. We recall the defi-
nition of the y-factor y(s, ™ x 7,v) of [Kapl3a] via the theory of Rankin—Selberg
integrals, with the minor change in conventions introduced in [AK2I]. Note that
by [Kapl5], the ~-factors defined via the Rankin—Selberg method and via the
Langlands—Shahidi method coincide. Fix Haar measures dz on F' and d*x on

F* by requiring fo dez = ¢"/? and d*z = Zlf/i|x|_1dx. For a measurable subset
X C F put vol(X) = [y do and similarly for X ¢ F*, vol*(X) = [, d*z. In
order to define the integral we introduce an auxiliary classical group. Let v € F'*
be a given element. Define

H={geSLs | 'gJs,9=Jsr}, J35= v/2
1

Let By = Ty x Uy denote the Borel subgroup of upper triangular invert-
ible matrices in H. For s € C, let V(7,s) be the space of the representation
n-IndgH (| det |*~'/27) (normalized parabolic induction). The vectors in V (7, s) are
regarded as complex-valued functions H x F* — C and the H-action on fs € V(1,s)
is denoted by h- fs (h € H). Using the Iwasawa decomposition, the representations
n-Indj (| det |*"/27) can be realized on the same space V(r) = V(7,0), then a
standard section fs; € V(7,s) is the image of f € V(7). A holomorphic (resp.,
meromorphic) section is then an element in C[gT*] ® V(1) (resp., C(¢~%) @ V(7)).

We embed H in G as the stabilizer of the vectors eq,..., e, 2, %el — Yeén+1,
where (e1, ..., e2,) is the standard basis of the column space F?". In coordinates,
an element (h;j)1<i j<3 € H is mapped to

1 hi1 hiz h 1
101 11 12 his 9 1 -1
S 1 27
dlag(]n727 _4 4 (h21 has has ) 9 1 ,In72) S G
v 1 h31  hg2 hss 27

(cf. [Kapl5], see [AK21]).
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Also define

1 1
I In72 In72

Rn,l — 12 6 G s wn71 = 12 6 G

In72 In72
r1 1
Recall n > 1. Let U be the unipotent radical of the upper triangular Borel
subgroup of G. Define a generic character of U by

n—2

(1) u w(z Uq,i4+1 + %un—l,n - Vun—l,n-i-l)
=1

and let ¢ denote this character by abuse of notation. (Note that this generic
character is different from A fixed in Section B1)

Now we can define the Rankin-Selberg integral. Let 7 be an irreducible ¢~!-
generic representation of GG, and denote the corresponding Whittaker model of 7
by W(m,1~1t). For any W € W(w,4~!) and a holomorphic section fs, the integral
is defined for Re(s) > 0 by

(2) \IJ(W,fS):/U - W (rw™'h) fs(h, 1) dr dh.

This integral extends to a meromorphic function in C(g~*).
In order to define the y-factor we consider the intertwining operator M (7, s) :
V(r,8) = V(7711 — s) defined in Re(s) > 0 by

M(7,8)fs(h,a) = fs(wiuh, —a™Y)du, wy = ( -1 1) ,
Un L
and in general by meromorphic continuation. Here the measure is defined by iden-
tifying the coordinate u; 2 of u € Uy with F' and then du is our fixed measure dz.
The intertwining operator is normalized by the Langlands—Shahidi local coefficient
which we denote by C(s, 7,1). This factor was computed in [AK21], but the fourth
named author found a typo in the computation, which we hereby correct: the factor
7(4/7)|4/7|° in equation [AK21] (6.4)] should be replaced by its inverse (the effect
of the change z — Tz was computed incorrectly). Consequently the formula reads

3) C(s,m9) = T(M (25 — 1,72, 9).
Here ~y(s,72,1) is Tate’s y-factor [Tat67]. Then we define
M*(r,5) = C(s, 7, ) M(7,5) and (W, fs) = W(W, M*(7,5)fs)

(which is absolutely convergent for Re(s) < 0). The ~-factor is now defined by the
functional equation

@) (s x ) U(W, fy) = m(—Ton)T(=1)"7(4y72)|y/2| 2T (W, f).

Remark 5.1. The correction to C(s,7,1) does not affect [AK21, Theorem 1.1]
because it does not affect the poles of vy(s,m x 7,%), and it also has no impact
on [AK21l Corollary 4.7] and [AK2Il Proposition 5.1] because 7 was taken to be
quadratic and |y/4| = 1 (see Section 3 in loc. cit.).
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5.3. The computation of v(s, 7 x 7,%). Until the end of this appendix, we put
= Ind§<gx> r+x and 7 is a tamely ramified character of F'*. Recall that the only
difference here compared to [AK21] is that in loc. cit. we assume 7 is also quadratic.
Because of this, most of the computations from loc. cit. extend trivially to the case
here; for the remaining arguments we provide full details.

Recall that a@ € k* was taken in Section [5.]] in as a parameter of the simple
supercuspidal representation m. We define

v = —4a.
The parameter v is now used for the definition of the y-factor as in Section[5.21 We
define a generic character v, of U by

n—2

Yo (u) = 1/)(2 Ui ip1 + Un—1,n + QCUp_1n+1)-
i=1

Lemma 5.2. The simple supercuspidal representation 7 is generic with respect to

Yo and also 1.

Proof. Recall that = is said to be generic with respect to ¥, of U if Homy (7, 14) #
0. By the Frobenius reciprocities for the compact and smooth inductions, we have

Homy (7, 14) = Homg(, Indg Vo) = Homy g y1+ (X, Indg Pa,)-

Thus it suffices to construct a nonzero homomorphism from y to Indg 1o which is
Z(gy)It-equivariant. Since the character 1, of U coincides with x on UNZ{(gy)I T,
we can define a non-zero element W of Indg Yo by

Yo (u)x(z) if g=wuz forue U,z € Z{g,)IT,
0 otherwise.

Wi(g) = {

We define a C-linear map f: x — Ind$ 4, by f(1) := W. Then f is Z(gy)I"-
equivariant. Hence 7 is 1,-generic.
We note that v, is rationally conjugate to v ~'. Indeed, for example, by putting

t:=diag(—1,1,—1,...,(=1)" 7, (=)™, (-1)"4~ L, (=D)L, ..., —1,1,-1),
n—1 n—1
we get
Y (u) = o (tut ™) = Y(—u1g — - — Un—2,m—1 — 471un_1)n —4dotin—1n+1)
= Nue+ - FUn2m1+4 U 10— YUn_1mr1)
=y (u)
for any u = (u;;) € U (recall that v = —4a). Hence the t,-genericity of 7 is
equivalent to the 1)~ !-genericity of . O

Put « = diag(l,,_1,1/4,4,1, 1) € T and define for g € G, ‘g = 17 1gi. The
representation 7* acts on the same space as w, by 7*(9) = 7w(‘g). The map

7T
W(W,1/):’ly/4) — W(r,p~1) defined by W — W, where W¢(g) = W (‘g), is an

isomorphism. Thus

Y(s,m X T,9) = 7(s, 7" X T,1)).
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We turn to compute this ~-factor using a specific choice of data (W, fs), which
is the same data taken for a quadratic 7. Regarding the Whittaker function define
Wy € W(W, "/’:.17/4) by

Wolg) = {1/’3/4(@%(9;)“(2%@) g=ugyzy, ueUzeZic{01}yel®
0

otherwise.

and take W = (w™1)~1 - Wy. For the section, let I;; be the pro-unipotent part of
the Iwahori subgroup of H corresponding to By. Define f; by

fi(g.a) = |m[*T(am) g = diag(m,1,m Yuy, me F*,ue Uy,y € I},
I 0 otherwise.

The computation involves writing the integral dh of (2) over the Borel subgroup
By < H of lower triangular invertible matrices. Write b € By in the form

1
b=("1 ) 5., 4 ac F* zcF
a ! —%12—%1)1 ’ ’ ’

Since H is defined with respect to J3 , if @ = 1, then b € IIJ;, if and only if |z| < 1.
The computations related to the inner dr-integral of W* and W(W?*, f;) follow
just as in [AK21] so that we only cite the statements:
Lemma 5.3 (JAK21, Lemma 4.1]@). Assume b as above.
(1) If “(rw™to(w™1) =) e UZIT, thena € 1 +p, x| < 1, r € pn~2.
(2) If “(rw™tb(w™t)~t) € Ug ZI*, then for some k > 0, we have |a| = ¢***1,
lz| = ¢" and J2?a™ € @' - (1 +p), and also r € p" 2

. (|
Corollary 5.4 (JAK21], Corollary 4.2]). We have (W, fs) = vol* (1+p) vol(p)" 1.

O

Lemma 5.5 ([AK21, Lemma 4.5]). Assume ‘(rw™b(w™')~1) € Ug, ZI*. Then
Rn,l

W (rw™ b(w™) 1) dr = x(gy) vol(p)" 2. O
formulas define

Next, we compute M (7, s)fs on the support of W. In order to obtain uniform

A, _/OX 72(0)d* 0 = {

0 otherwise.

1 72 is unramified,
Lemma 5.6 (cf. [AK21l Lemma 4.3]). Assume a € 14 p and |z| < 1.

2( 1y, 1/2—2s
a8 -2 125 T (@')q
M(r5)fulb 1) = ()@ g = DRl (o 4
Proof. The proof follows exactly as in loc. cit. except the final step. To start, we
can take a = 1 because 7 is tamely ramified. Then, for u # I3 we have the identity
1 1v—y~ 1?2 1yv™t —yv72 —yv~?
wiu = ( -1 ) 127" | = 1 —207? 2071 1 )
1 1 1 1 —1y2
2The notation U in [AK21] Lemma 4.1] means Ugo,,,

v —y

20



Plugging this into the integral defining M (7, s) we obtain

4
M6 ) = hr6) [ T(v‘2)|v|‘25fs(( IR, )J)dv-

72(2v71+m)2 7%(2v71+m) 1

Next, using the fact that fs is supported in B HIE and the assumption |z| < 1, we
deduce

M(7,8)fs(b,1) = [y|*T()(q — 1)q‘1/2T(2‘2)|2|1‘25/ ()| % d*w.
{veF*:|v|>1}

The last integral is equal to the sum Y77 ¢! =25)7('?") [, 72(0)d* 0, which van-
ishes when 72 is not unramified, and otherwise equals 7%(ww’)¢' 2%/ (1—7%(=’)q' ~2*).
(]

Lemma 5.7 (cf. [AK21, Lemma 4.4]). Assume |z| = ¢* with k > 0. Then
M (7, 8)fs(b,1) = PPr(v)lal' > 77 (@)2]' 27 (272)(2®)g** 7Y vol(p).
Proof. As in the proof of Lemma but now for any a,

M(Tas)fS(bal)
1
_ s 1—-s,_—1 -2 —2s vl
= hFrelal=r ) [ fs<(_%2(2vtﬂf_%@;lﬂ)l),l)dv.

We change variables v — 2v. Then, we see that the integrand vanishes unless
vl + 2 € p, equivalently v € —x(1 + 2~ !p). Since |z| > 1, 27'p < p. Now
because 7 is tamely ramified, 7(v™!) = 7(—z). Moreover |v| = ¢~* and the dv-
integral equals 7(2)2¢?*(=1 vol(p). O

Corollary 5.8 (cf. [AK21l Corollary 4.6]). We have

U(W* M(T,s)fs)
U(We, f)

1-2s|.,|8 7.(,7/4)7_2(wl)q1/2—25
=(¢—1)2| 1] ( 1—72(w')ql =25 Ar +

x(gx>7<w'>q-”2‘s) .

1—qg!

Proof. In order to compute the integral we write the dh-integral over By using
the right invariant Haar measure on By given by db = |a|~! d*adz. Since Wy is
supported in U(g,)ZI" and by virtue of Lemma 53] W (W*, M (7, s)fs) is the sum
of two integrals. The first summand, corresponding to case (l) of the lemma, is

/ / / W (rw™ b(w™) " YM (1, 8) fs(b, 1) dr da dz.
a€l+p Jxep Jrepn—2

By Lemma this integral equals

2/ 1\ 1/2—2s
x n—1y.s N 125 T-(@')g
vol (1 + p) VOl(p) |FY| T(’Y)T(2 )(q 1)|2| 1— T2 (w’)q1_25 T

The second summand corresponds to Lemma 53] [2)). It is an integral over (a, x)
such that
lal = ¢, al=4¢",  FefaTlew - (L+p). k20
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(It is the same domain as in the case where 7 is quadratic.) For each such elements,
by Lemma [5.7 and Lemma the integrand equals

VP ()7 (@) 212" x (g )T(272)m(2?) vol(p)™ !
= 7[5 7(@")12]" "> ¢" " x(gy) vol(p)" T,

where we used 77 1(a) = 7(2%)7(y) " '7(27?)7(w’) (7 is tamely ramified). The
measure of the above set of (a, x) was computed in the proof of [AK21l Corollary 4.6]
and equals (¢ — 1)g~3/2vol* (14 p)/(1 — ¢~ '). Therefore

U(W*, M(7,s)fs) = vol* (1 + p) vol(p)" ' (g — 1)[2['~2*||*

[T/ () 2 A+ X(gx)7(@)g~ /2 '
1 _ 7—2(w/)q1725 1 _ qfl

Now the result follows with the aid of Corollary B.41 O

Collecting the results above, the immediate analog of [AK21l, Corollary 4.7] reads
(note that v/4 = —a):

Corollary 5.9. For any tamely ramified character T of F*,
7(87 X Taw) = F(_I2n)7—(_1)n7(28 - 17 T27¢)

— D72’ 1/2—2s

) ((q — (gz/))fl% A+ x(gx>f1<—a>7<w’>q”2_s) |
5.4. L-parameter. In this section we discuss the L-parameter ¢, of 7 in the sense
of Arthur (see Section[3)). By Appendices[Bland[Clwe have (s, 7 x7,%) = (s, ¢ ®
7,1), for any character 7 of F*, so that the poles of y(s, 7 X 7,1) tell us when a
given tame character 7 is an irreducible component of ¢ .

Note that ¢, is the direct sum of irreducible orthogonal representations of
Wr x SLa(C), which are inequivalent to each other as explained in Section B.]
(see also Section [6.1]). Hence, if ¢, contains a character, then it must necessarily
be quadratic. Let us determine those, following [AK21].

Remark 5.10. Since 7 is supercuspidal and n > 1, by [Kapl3b|, Corollary 4.2] the
integral U(W, f5) is holomorphic, and by [Sha81, Lemma 2.2.5] the intertwining
operator M (7, s) is holomorphic when Re(s) > 1/2. Thus, even without appealing
to the local Langlands correspondence, we know that if (s, 7 X 7,4) has a pole at
s =1, then C(s, 7,%) must have a pole there, and by () this means 7 is quadratic.

Assume 7 is a character of F*. Recall that when 7 is unramified, by [BH06 23.4
and 23.5],
“1y2, - 1—n(@)q"*
5 _ o s—1/2,—1(
( ) ,7(87777 dj) q 77 (w )1 _ n(w/)71q571
(note that v is of level 1, i.e., trivial on p but not on @), and when 7 is ramified
and tamely ramified, by [BHOG, 23.6]

(6) V(s m, ) = e(s,m,9) = ¢~ 2G 0~ ).
Here G(n, 1) is the Gauss sum of 7 with respect to ¢ (see [BHOG, 23.6]), and for a
tamely ramified 7,
Ginw) = > n@().
2€OX /14p
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(We use the definition of [Oi1§].)

Recall p is the characteristic of the residue field.

Let 71 be the unramified character such that 71 (w’) = x(gy). If p > 2 we also
let 5 be the character which restricts to the unique nontrivial quadratic character
of O and satisfies 72(w’) = x(gy)72(7). Both characters are quadratic. They
are also tamely ramified: 7; trivially, and 75 because when p > 2, 1 +p C (F*)%
Since T (w') # —x(gy)T1 () and for p > 2 also (') # —x(g)72(7), by [AK21]
Theorem 1.1] v(s, ™ X 7,1) has a pole at s = 1, for both .

The characters 7 and 7o determine 1-dimensional summands ¢; of ¢, hence we
can write

bn = ¢ © ¢1[D2],

where until the end of this section factors in square brackets appear only when
p > 2. Let II' be the endoscopic lift of ¢’ to a general linear group, i.e., the
irreducible tempered representation of GLay,—o(F) (for p > 2) or GLg,,—1(F') (when
p = 2) associated with ¢’ by the local Langlands correspondence for general linear
groups. We let (s, II' x 7,4) denote the 7-factor of [JPSS83] via the theory of
Rankin—Selberg integrals.

Theorem 5.11. Let T be a tamely ramified character of F*. Then
(s, 1 x 7,9) = w(—Lon)T((=1)" ™ @ )x(g:) 7 (4)2(=1)e(s, 72, 9))g /27
In particular forp =2, (s, I x7,7) = (" @) x (g9, )¢/ > ™% (a = — 73 was defined
in Section [2.3).
Proof. Since ¢ = ¢’ ® ¢1[B 2], the local Langlands correspondence implies
’Y(Sa T™XT, 1/}) = ’Y(Sa H/ X T, 1/})'7(57 T, 1/))['7(57 T2T, 1/})]
Then by Corollary 5.9]
(7)

")/(S,H/ X T, 1/}) :W(_IQH)T(_l)n7(2S - 17T27¢)

2(m gl /225
x <(q - 1)%/17 + X(gx)Tl(—a)T(W’)q1/25>

X 7(87 TT1, ¢)71 [7(87 TT2, w)il]'
For the computation we treat 3 cases.

e The character 72 is ramified. Then A, = 0. Since 7 must also be ramified and 7
is unramified, we deduce that 777 is both ramified and tamely ramified. Next we
observe that (for p > 2) 77, is ramified, because otherwise 7|px = 75 !|ox, but by
definition 73|px = 1 contradicting the assumption that 72 is ramified. Applying

(@) to 771 and 72, and to 772, and noting that G(r~'7; !, ¢) = G(771,¢) because
71 is unramified, identity () becomes

(8) (s I x 1 9) =n(—Lon)(=1)"1 " (~a)G(r %, )
x x(g9:)7(@")g" > Gr ) T PG )T,
When p = 2 we can further simplify by noting that G(772,%) = G(771, %),
because v is invariant under Gal(k/Fz) (IF3 - the finite field of cardinality 2), in

particular under x +— z2.
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The character 12|px is the nontrivial quadratic character. Hence by the Hasse—
Davenport product relation (see e.g., [Oi18] Lemma A.5(2)])

9) G(r 'y L )G y) = G(r 2, 9)G(ry )T (4).
Also by [BHO6, (23.6.3)], G(r3 ', ¢) = G(r3 1, ¢) " tma(~1)
@) again we have
¢PGr )T = g PG )G ) T Gl ) (= 1) (4)
=7 @G Y)G(T 2 ) T (= 1)e(s, T2, ).

1)q, and after applying

Thus (8) becomes
(10)
(s, 1V x 7, ) =m(— Lo ) T(=1)" 7 (=) 7 (@ )X (g:) [T ()2 (= 1)e(s, 72, 9)]g"/*~*.
e Both 72 and 77, are unramified. Then A, = 1. Because 7 is unramified, we
deduce that 7 is unramified. Thus we can apply (B]) to 77 and to 72. Note that

by our choice of 7, 71 (@w’) = x(gy), and also 7(—1) =1 and 7(a) =1 (Ja|] = 1).
Then () equals

’Y(Sa H/ X T, 1/}) :77(—[2")(]2573/27'72(w/)

1— 7 2(c)g% 2

22( ") /2-25
X ((q - 1)% + X(gx)T(wl)q1/2_s)

1—72(w')q' -
e NP T(:f > ) )E%Lq—: (s, 72, 9) ")

Cancelling the numerator in the expression for v(2s — 1,72,) with the denomi-
nator in ([7l) and simplifying we obtain

1
—(@)q
(o1 = (o))
1 —7(@') "x(gx)e* ! 4
T—r@nigge GV

170 (14 7(w’ V(1 = 7(@) " x(g9x) g
TN ) )

7(87 H/ X Tﬂﬁ) :W(_IQn)q_l/Q

25—2

X [y(s, 772, 9) 1.
Recall that x(gy)? = 1. Since for any constant ¢ such that ¢ =1,
(11) 1—72(@)g* = (1= 7 1 (@)eg" (L + 77 (@ )eq* ™),
and using 11+fl = z, we can further simplify the expression for (s, I’ x 7,)
and reach

’Y(S,H’ X T, ) = T‘—(_I2n)7'(wl))((gx)[’7(s,TT2,¢)_1](]1/2_S.

In addition for p > 2, because 7 is unramified, 77 is tamely ramified and not
unramified hence by (6) and [BHOG, (23.6.3)] applied to 772,

V(s,772,9) = ¢ V2G(r 7y ) = ¢ Y2G (g ) = (= 1)e(s, T, ) T
24




Thus
(12) (s T x 7)== Lon)7(@ )X (9272~ Des, 72, 0)]g /.

e 72 is unramified and 77 is ramified. If p = 2 we deduce 7 is also unramified,
hence 771 cannot be ramified. Thus we can now assume p > 2. Again A, = 1.
Now 7 is ramified (because 7y is unramified) whence 77 is tamely ramified and
not unramified. In addition since 72 is unramified, and since there is a unique
nontrivial quadratic character of O, we deduce that T|px = 72|px, in particular
772 must be unramified. By (@) applied to 771 and (B applied to 72 and 779,
and using 75(@’) = x(g)72(7),

1— 7_2 (wl)q1—2s

1—72(w)g22

% ((q . 1) Tz(w/)ql/QIfZS +X(gX)T_l(_a)T(w/)ql/2—s)

(s, 1 % 7,90) =n(—Lon)T(=1)"¢* 2772 (a')

1 —7%(w')q
1—7(@) X9 )75 ' (Mg"™"
L —7(@")x(gx)m2(v)q*

As in the previous case the numerator of (2s — 1, 72,1)) cancels with the denom-
inator in (). We can further simplify using the fact that now 72(y) = 7(7) (then
T2(y)77 (—a) = 7(4) = 1) and also apply ([} with ¢ = x(g,)7(7). We obtain

v(s, I x 7, 1))
=m(—Ion)T(-1)" ! —G(1~ 17'171,1/))71

(0= D7) + (1 = ey LB 000

(—1)"G(T T ,w)
@ )x(9x)T(7)g*) (A + 7(@')x(9:)7(7)g" *)
)X ()T (e (A = (@) x(9x) T (V) F)
( 1 1 1—

(

q1/2fs ql/QG(TflTl—ljw)fll

(@ )x(gx)72(7)

1-71
. (1 + (=’
(—L2n)7(=1)"7(@" )T (7)x(9x)G (T~ 1 0) THgt

Next we apply (@) with (7, 72) replaced by (71,7) (now 7 is the nontrivial qua-
dratic character of O*) and obtain

G(rim L )G ) = Gl 2, 9)G(r )m(4),
Since 71 is unramified, G(r; ?,%) = G(7; *,4) and 71 (4) = 1 hence
Grlrhy) = Gir ) = Gy ' ) = ma(=1)e(s, 72, 9) 1/,
Thus
(13) (s, % 7,0) = (=) 7(=1)"7(7)7(@ )x (g3 T2~ e (s, 72, 9)g />~

Finally note that (I2]) and (I3]) are particular cases of ([0, where in the former

case T(—a)[T(4)] = 1 and in the latter (which only occurs when p > 2) 7(v) =

7(—a~1)771(4). We also mention that for p = 2, we have —1 € 1 + p whence

m(—Is,) = 1 (7 is a simple supercuspidal representation, thus its central character

is tamely ramified) and also 7(—1) = 1. O
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6. L-PACKETS AND L-PARAMETERS FOR SIMPLE SUPERCUSPIDALS OF SOpn

In the following, we consider the special orthogonal group SOy for an integer NV
greater than 2. Let m be a simple supercuspidal representation of SOy (F') and we
write

B wsog"ﬂ when N =2n + 1
= wg’%;‘c when N = 2n
as in Section Let ¢ be the L-parameter of 7 in the sense of Arthur, thus 7
is contained in the L-packet fIiON . As discussed in Section Bl when N = 2n
(resp. N = 2n+1), ¢ is regarded as a 2n-dimensional orthogonal (resp. symplectic)
representation of Wg x SLo(C).

Our aim is to determine the structure of ﬁiON and describe ¢ explicitly as a

2n-dimensional representation of Wgr x SLy(C).

6.1. Rough form of the L-parameters. We let

P=do® D Pr

be the irreducible decomposition of ¢. As explained in Section B.Il the fact that
7 is a discrete series representation implies that each ¢; is irreducible orthogonal
(resp. symplectic) and ¢; is inequivalent to ¢; for any i # j when N is even (resp.
odd).

The following proposition can be proved in the same way as in Lemma

Proposition 6.1. (1) When N = 2n+ 1, the simple supercuspidal representa-
tion ™ = WS%Z”“ is w-generic.
(2) When N = 2n, the simple supercuspidal representation m = g roac 1S 1O-
generic if Kk = 0.

Corollary 6.2. The L-parameter ¢ is trivial on SLa(C) and all members of ﬁiON
are supercuspidal.

Proof. When N = 2n + 1, T2+

representation by Proposmon (1). Hence the assertion follows from Proposition
B.1

We next consider the case where N = 2n. We note that the orbit of © with
respect to the action of the adjoint group of SOs, is contained in 1:1202” by the

stability of the L- packet 1:1502" (see [Oil8, Corollary 4.2]). It is not difficult to

check that ﬂ.gS(l)an and 7T£ 0
tion 5.1] for the argument in the case of symplectic groups; a similar computation
works). Thus, using Proposition[6.1](2), we see that ﬁi%" contains a tv-generic su-
percuspidal representation, hence the same argument as in the previous paragraph

works. O

contains 7, which is a to-generic supercuspidal

»—1 ¢ belong to the same orbit (see Section [Oil8, Sec-

6.2. From twisted 7y-factor to Swan conductor. The following is a key input
of our proof, which follows from the computation of twisted ~y-factors of simple
supercuspidal representations established in [AL16] [Adr16l [AK21] and Section

Proposition 6.3. (1) Suppose that N = 2n + 1. For any tamely ramified
character T of F*, we have

SO2, _ _
Vs, M X T ) = (a7 ) - g
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(2) Suppose that N = 2n.
(a) When p = 2, there exists a unique tamely ramified quadratic character
contained in ¢ (say ¢, ), which is

the trivial character if (=1,
the nontrivial unramified quadratic character if ( = —1.

Moreover, for any tamely ramified character T of F*, we have

Vs, w0 x r ) = Cr(a @) qF T (s, b @ 7, 1).

(b) When p # 2, there exist exactly two tamely ramified quadratic (hence
unramified) characters contained in ¢ (say ¢r—1 and ¢, ), which are
given as follows:

e ¢,._1 is the unique unramified quadratic character of F* satis-
Jying ér—1(a™'w) = ¢,

e ¢, is the unique ramified quadratic character of F* satisfying
or(a™ @) = ¢ pr(—4e”).

Moreover, for any tamely ramified character T of F*, we have

V(s meom  x T,p) =& C-r((—1)" w /A a)g T Gy, )
: 7(57 (b’l“*l & T, 1/)) : 7(57 ¢T X T, 1/})

Proof. (1) By [Adrl6l Corollary 7.3] and Remark [6.5 we have
Vs, my @] x m) = ¢ r((—1)"w) g2

for any tamely ramified character 7 of F'*. Here, wi/ [@'] is (a modified
version of ) the simple supercuspidal representation constructed in [Adr16],
as reviewed in Section By the discussion in Section [A.2.2] if we put
@' = (—1)""ta" 1w, then we have WS%"“ = Wf(, [w’]. Thus we get

SO2n
7(57 7Ta)42 i X T, 1/}) = ’Y(Sa ﬂ-f(/ [w/] X T, 1/))
= Cr((=1)"=) g7
=¢-7(—a'w) - q> .

(2) (a) Let, 7i[@’, (] be the simple supercuspidal representation of SOa,,(F)
constructed in [AK21], as reviewed in Section [A.2.3] By the discus-
sion in Section [3.4] there exists a unique tamely ramified character
71 contained in the L-parameter of 7{[w’, (], which is trivial when
¢ = 1 and nontrivial quadratic unramified when ¢ = —1. By the dis-
cussion in Section [A.2.3] if we put a := ww'™! € kX, then we have
ws%" = ri[w’,(]. Then, by putting ¢, := 11, we get ¢, as desired.
Moreover, by Theorem .11}, for any tamely ramified character 7 of
F* we have

(s, mi [ ¢ x T, 8) = C-7(@) g2 (s, 6 @ 7).
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Thus we get

V(s moor x T, 4) = (s, mi[@', (] x 7,9)
= (@) g7 (s, 6 @ T,0)
=C-r(a @) qr " (s, 6, @ 7).

(b) Let n¥[w’, (] be the simple supercuspidal representation of SOgy, (F')
constructed in [AK21], as reviewed in Section [A.22.3] By the discus-
sion in Section [5.4] there exist exactly two tamely ramified quadratic
characters 71 and 7 contained in the L-parameter of 7%[w’, ¢], which
are given as follows:

e 7 is the unique unramified quadratic character of F'* satisfying
n(@') =,
e 7y is the unique ramified quadratic character of F'* satisfying
Ta(w’) = (- 2(—4a).
By the discussion in Section[A.2.3] if we let o := ¢" and put £ := w(—1)
and a := ww'~! € kX, then we have wgs’,ojgﬁg ~ 7¥[w’,¢]. Then, by
putting ¢,.—1 := 7 and ¢, = T», we get ¢,._1 and ¢, as desired.
Moreover, by Theorem B.I1], for any tamely ramified character 7 of
F>, the twisted ~y-factor (s, 7¥[w’, (] X T,) is given by the product
of

€-C-m((—1)" ! fda) gz ~5e(s, ¢p, ) br(—1)

with y(s,71 ® 7,¢) - v(s, ¢ ® 7,7). By the dictionary between W?%JC
and m¥[w’, (] and the equality (&), this equals

€ ¢ ((-1)"w/dea)q TG (g, v) T
]

Remark 6.4. The y-factors on the left-hand sides of the equalities in the above theo-
rem are defined via the Rankin—Selberg integrals (or equivalently via the Langlands—

Shahidi method; see [Sou93| [Sou95| for N = 2n + 1 and [Kap13d] for N = 2n; see
also [Kap15]). Note that (s, 7 x 7,1) is denoted by I'(s, 7 x 7,%) in [Adr16].

Remark 6.5. In fact, the result in [Adri6] contains some errors. We would like to
take this opportunity to describe how to correct them. The statement of [Adri6)
Corollary 7.3] is that

l—s
7(55 W}i[wl] X Tﬂ/)) = C : T((_l)nw/) “qc .
The problem is that the element v = diag(l,,—1, %, 1,2,1I,_1) taken at the end of

[Adr16, Section 5] should be v = diag($1,,1,2I,) correctly. If we repeat the same
computation as in [Adri6] with this change, then we arrive at the formula

(14) (s, mé@] x T,9) = ¢ (-1 ) g

However, there is also another issue that the definition of the simple supercus-
pidal representation 7T§'; [@'] makes sense only when p # 2, as discussed in Section
For this reason, the better way is to adopt the affine generic character x’
and consider the associated simple supercuspidal representation wi, [@@’] (see Sec-

tion [A.2.2). In this case, since ¥’ and the generic character “” taken in [Adri6)
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page 200] have the same restriction on U N Ié"o%“, we do not need a twisting pro-
cess as discussed at the end of [Adrl6] Section 5] (i.e., the element  can be taken
to be Ion41). This makes the computation performed in [Adrl6] even simpler and
enables us to get the formula

(15) V(s my [@] x 7,9) = ¢ (1)) - g7
for any p uniformly. The identity (I3)) is the one used in the proof of Proposition

631 (1). We remark that the formulas (4] and (&) are consistent when p # 2 since
we have wf(, [@'] = 7 [4w'] (see Section [A2.2).

Corollary 6.6. We have Swan(¢) = 1.

Proof. Let us consider the case where N = 2n and p # 2. Since ¢._1 and ¢,
are tamely ramified characters by Proposition (2) (b), we have Swan(¢,_1) =
Swan(¢,) = 0. Let us check that 3)7_7 Swan(¢;) = 1. It is known that Arthur’s
local Langlands correspondence preserves the Rankin—Selberg ~-factors (we will
explain a justification of this fact in Appendix [B)). In particular, we have

Vs, mx1,9) = (s, @7,9) = [[1(s, ¢ @ 7,9)

i=0
for any tamely ramified character 7 of F*. Thus, by Proposition (2) (b), we
have

r—2

(16)  J[r(sdi @) =€ C((~1)" @ /de"a)g Gy, 1) L
i=0

Recall that we have

Ll —-s,0/ @TY)
B L(Su ¢i ® T)

We note that L(s,¢; ® 7) (and L(1 — s,¢ ® 7¥)) can be nontrivial only when
¢; ® T is an unramified character since ¢; ® 7 is irreducible. However, if ¢; ® 7
is unramified for 0 < i < r — 2, then ¢; is a quadratic tamely ramified character,

which is a contradiction since only ¢,_1 and ¢, are such characters (Proposition
631 (2) (b)). On the other hand, since ¢; is self-dual, we have

(s, i, )| = ¢S5 =)

(see [GR10, (10)]; note that ¢ is of level 1 here). Hence, by taking the absolute
value of (8], we get

7(85¢i®7—5 1/}) '6(57¢i®7-; 1/})

r—2
H qSWan(qﬁi)(%—s) _ q%—s
=0

(recall that |G(¢,, )| = ¢*/?). This implies that Z:g Swan(¢;) = 1.

The case where N = 2n+1 and the case where N = 2n and p = 2 can be treated
by a similar, but simpler, argument. (In the case where N = 2n+ 1, note that each
irreducible constituent ¢; is symplectic, hence not a character). (I

By Corollary [6.6] we may suppose that
e Swan(¢g) = 1 and
e Swan(¢;) =0 for any 0 < i < r.
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Moreover, by Lemma 3] we see that the dimension of ¢; is even for 0 < i < r
when p = 2 and for 0 < i < r — 1 when p # 2. Thus the dimension of ¢y must be
odd when N =2n and p = 2,
even when N = 2n and p # 2.

6.3. Utilization of the formal degree conjecture. We next utilize the formal
degree conjecture for HiON .

Lemma 6.7. We have
grrm (0, Adodpr, o)™t when N =2n+1,
|deg#(7r)| = q"2 (0, Ad opy, o) ! when N = 2n and p = 2,
% g (0, Ad oy, o) "' when N =2n and p # 2.

Proof. The formal degree of a simple supercuspidal representation with respect to
the Euler—Poincare measure 4 is computed in [GRIO, Section 9.4]. Although it is
supposed that the connected reductive group is simply-connected in [GR10, Section
7.1], we can easily modify their computation in our setting as follows.

Recall that the simple supercuspidal 7 is given by the compact induction of a
1-dimensional character of

o, (0300 if N =20+ 1,
ZSO2nI§rOgn <90§:972_na—1> if N =2n.

(Section2)). Therefore, the well-known formula of the formal degree of a compactly-
induced supercuspidal representation (e.g., see [BHI6, Theorem A.14]) implies that
) /J’(IS_OWH»I)_l if N =2n+1,

u(Ids, )7t fN=2n+1landp=2,

-u(IérO%)_l if N=2n+1and p # 2.

By [GR10} (55)], we have

(17) des, () =

ENEEN SIS S

L(1,Adogy)
0,Adogy,) - |LZ]

(18) nlIs0.)] = 77 T(g) -4

Here,

e 7 denotes the center of the Langlands dual group of SO, hence |*Z| = 2,

e T'(q) denotes the set of F-rational elements of the split maximal torus whose
order is finite and prime to p,

e [ denotes the rank of SOy, hence [ = n.

As explained in [GR10, Section 9.4], we have
L1, Adody)
L(0, Adogpy)’

where M denotes the number of positive roots in SOy, hence

_ {n2 when N =2n+1,

(19> V(OvAdo(bprﬂ/)O) =4q

n(n—1) when N = 2n.
Therefore, the equalities (I8) and (I3) imply that

T
|,U(ISON)| = # . qi(M+l) : FY(O) Ad O(bpra 1/}0)
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As we have [Isoy : I;ON] = |T(q)|, we get
1 _
(I ) = 5 -~ MY (0, Ad ogpr, 1y).
Thus, by the equality (7)), we get the desired equality. O

Proposition 6.8. We have

27 . q"2+" when N =2n+1
. L(1,Ad ’
g Artin(Aded) . L1, Adog)] ={ 271" when N =2n and p =2,

L(0,Ado
I ol 2r=2. q"2 when N = 2n and p # 2.

Proof. Recall that the formal degree conjecture (Conjecture B.3]) gives the identity

1 |7(07Ad o(ba ¢0)|

d == '
| egu(ﬂ)| |S¢| |7(O,Ado¢pr;w0)|

Note that we have
— 27 when N =2n +1,
1S ¢>| = r—1 _
2 when N = 2n.
Thus, Lemma implies that

2" - q”2+” when N =2n+1,
I7(0, Adog,1o)| = { 21 ¢"°  when N = 2n and p = 2,
2r—2. q"2 when N = 2n and p # 2.

By recalling that

o [7(0, Adog, )| = £(0, Ad og, o) - Fig3Tes), and

o |e(0, Ad oo, )| = q2 Artin(Adod) (here 4y is taken to be of level 0),
we get the desired equality. O

Corollary 6.9. We have L(s,Ado¢) =1 and

0 when N =2n+1,
r=1<¢1 when N =2n and p = 2,
2 when N =2n and p # 2.

Proof. Let us consider only the case where N = 2n and p # 2 because similar, but
simpler, arguments work in the case where N = 2n + 1 and also in the case where
N =2n and p = 2.

Since Ado¢ = A2¢ when N = 2n, we have

Adog = (@A%ﬁi) o P soe).

0<i<j<r
We first investigate the terms A2¢; for 0 < i < r.
(1) We consider the case where i = 0. By Proposition B2, L(s, A%¢y) is given
by either 1 or (14 ¢~*)~! for some non-negative integer eq.
(2) We consider the case where 1 < i < r — 2. Note that since ¢; is tamely
ramified and self-dual, ¢; cannot be a character by Proposition (2)
(b). Thus, by Lemma [£3] ¢; is induced from a non-self-dual character
of the Weil group of an unramified extension of F. This implies that, by
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(3)

Proposition B2 L(s, A2¢;) is given by (14 ¢~ ¢%)~! for some non-negative
integer e;.

We consider the case where i = r — 1,r. Since ¢_1 and ¢, are characters,
we have A2¢,_1 = A%¢, = 0. Hence L(s, \%¢,_1) = L(s, \%¢,.) = 1.

We next investigate the terms ¢; ® ¢; for 0 <i < j <r.

(4)

(7)

We consider the case where ¢ = 0 and 0 < j < r. Since Swan(¢g) = 1
and Swan(¢;) =0 (0 < j < r), ¢o|p, cannot be isomorphic to ¢;|p,. In
other words, (¢o ® ¢;)|p, cannot contain the trivial character of Pp. In
particular, ¢g ® ¢; does not contain any unramified character, hence we
have L(s, ¢po @ ¢;) = 1.

We consider the case where 0 < i < j < r — 2. As discussed in the case
(2), Lemma (3] implies that we have ¢; = IndWE x; for an unramified
extension F; of F' and a character y; of F; satlsfylng Xilgrx = 1 (E] is the
unramified subextension of E;/F such that [E; : El] = 2) Similarly, we
have ¢; = Indeég L Xi for an unramified extension F; of F' and a character

x; of Ej satisfying x;|px = 1. Suppose that there exists an unramified
J

character w of Wr which is contained in ¢; ® ¢;. Then we have ¢; = w® ¢;.
In particular, ¢; and ¢; have the same dimension, hence we have F; = E;
and E; = E}. We put E := E; = Ej and E' := E] = E. By looking at the
restriction of ¢; = w ® ¢; to Wg, we see that tensoring w|w, maps the set
{X¥ |w € Gal(E/F)} to the set {x¥ | w € Gal(E/F)}. Since both y; and
x; are trivial on £’ so is any element of {x}’ | w € Gal(E/F)} or {x} |
w € Gal(E/F)}. By recalling that E D E’ D F are unramified extensions
and that w is an unramified character of Wg, this implies that w is trivial,
which furthermore implies that ¢; = ¢;. Thus we get a contradiction.
Hence we get L(s, ¢; @ ¢;) = 1.

We consider the case where 0 < i <r —2and j =r —1,r. In this case, we
have L(s, ¢; ® ¢;) = 1 by the same argument as in the proof of Corollary
0.6l

We consider the case where i =r — 1 and j = r. In this case, ¢,—1 ® ¢, is
a ramified character by Proposition[6.3] (2) (b). Thus we have the L-factor
L(s,¢r—1 ® ¢y) is trivial.

In summary, we see that L(s, Ad o¢) is given by the product of L(s, A2¢g) (which

equals either 1 or (14 ¢~%*)71) and (1+¢ %*)"1’s (1 < i < r—2). Let us suppose
that L(s, A2¢g) = (1 + ¢—**%)~! for the sake of contradiction. Then we have

|L(1, Ad og)| H (1+q ) 1:ﬁ 2¢°
(0, Adog))| (L+ge0)=t = 2 T+ q

Thus, by Proposition [6.8, we get

r—2

or equivalently,

2¢° — or—2, qn2—— Artin(Ad o¢)
1 + q¢
2 S T2 2¢; 4+ Artin(Ad o) 2n? = ei\2
22 qXi=o =¢ [ +¢)>
1=0
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By noting that ¢ is odd and prime to 1 + ¢%, we must have 22 = H:;g(l + q%)2.
However, this cannot happen since 1+ ¢ > 2. Thus we get L(s, A%¢g) = 1.
Now, again by using Proposition [6.8] we have

r—2 e
H 2q —9r—2, qnzf— Artin(Ad oqb)
p e

or equivalently,

r—2
725 2e;+Artin(Ad og) _ q2n2 . H(l + qei)Q'
i=1

q

Since q is prime to 1 + ¢, we necessarily have r = 2 so that this equality holds.
Accordingly, we get L(s, Adog) = 1. O

6.4. Main Theorem. Now let us determine the L-parameter ¢ as a 2n-dimensional
representation of Wg.

6.4.1. The case of SOgy,41. We first consider the case where N = 2n + 1.

Theorem 6.10. Let 7TSO<2n+1 be the simple supercuspidal representation of SOy 11 (F)

with a € k™ and ¢ € {£1}. Then the L-parameter ¢ of 71'802"“ is an irreducible
symplectic representation of Wr of dimension 2n, which is the L-parameter of the
stmple supercuspidal representation wf{fc" of GLa, (F).

Proof. We have shown that the L-parameter ¢ of the simple supercuspidal repre-
sentation WSO%“ is an irreducible symplectic representation of Wx of dimension
2n and Swan conductor 1. This implies that if we regard ¢ as an L-parameter
of GLa,, then a simple supercuspidal representation of GLs, (F) corresponds to ¢
(see [BHI4]). Since the determinant of ¢ is trivial, the simple supercuspidal repre-
sentation of GLa, (F') has trivial central character, hence we may write 771?,5'2,2’ for
it.

For any tamely ramified character 7 of F'*, the Rankin—Selberg ~-factor for

(WRGE”Z/, T) is given by

sy x T) = (=) r(wa ) g

according to [ALI6, Corollary 3.12] (see also Section [A-2.T]). Therefore, by noting
that the local Langlands correspondence for the general linear groups preserves the
Rankin—Selberg local factors, Proposition (1) implies that

(1P () ¢ gh = (- ) g

Since this identity holds for any tamely ramified character 7, we conclude that
¢’=Canda =a. O

6.4.2. The case of SOs, with p = 2. We next consider the case where N = 2n and
=2.

Theorem 6.11. Suppose that N = 2n andp = 2. Let ﬂ'SOZ" be the simple supercus-
pidal representation of SO, (F) with a € k* and ¢ € {:l:l} Then the L-parameter
¢ of WSCC)% is of the form ¢ = ¢o ® @1, where
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e ¢o is an irreducible orthogonal representation of Wg of dimension 2n — 1,
GL2n—1

which is the L-parameter of the simple supercuspidal representation 7y ¢

of GLay—1(F), and
e @1 the determinant character of ¢o, which is the trivial character if ( =1
and the unique nontrivial unramified quadratic character if { = —1.

Proof. We have shown that the L-parameter ¢ of a simple supercuspidal represen-

tation FSC<)2" is of the form ¢ = ¢ @ ¢1, where

® ¢ is an irreducible orthogonal representation of Wr of dimension 2n — 1
and Swan conductor one, and

e ¢ is a tamely ramified character of Wg, hence equals the determinant
character of ¢p. (Recall that ¢; is the trivial character if ( = 1 and the
unique nontrivial unramified quadratic character if ( = —1.)

Since the simple supercuspidal representation of GLa,—1(F) corresponding to ¢
is self-dual, it is of the form wﬁi?j&?l (Section ). Then, for any tamely ramified
character 7 of F'*, we have
Vs mp et x ) = (=122 r(wa ) (g
according to [ALIL6, Corollary 3.12]. Therefore, by Proposition [63 (2) (a), we get
(=12 (@) g = (ol ) g2

Since this identity holds for any tamely ramified character 7, we conclude that
¢'=Cand d =a. O

6.4.3. The case of SOz, with p # 2. We finally consider the case where N = 2n
and p # 2.

Theorem 6.12. Let ﬂ'gs%gc be the simple supercuspidal representation of SOy, (F)
with € € {£1}, k € {0,1}, a € k*, and ¢ € {£1}. Then the L-parameter ¢ of a
77?,0.;23;( is of the form ¢ = ¢g B d1 B P2, where

e ¢1 is the unique unramified quadratic character of F* satisfying ¢1(a™'w) =

C’

o ¢o is the unique ramified quadratic character of F* satisfying ¢o(a™'w) =
(- ¢a(—4e"), and
e ¢g is an irreducible orthogonal representation of dimension 2n — 2, which

is the L-parameter of the simple supercuspidal representation WS(}Z?E? of

GLa,_o(F), where ¢' =& -C - ¢Y?G(p2,7) " and o/ = (—1)"4ae".

Proof. We have shown that the L-parameter ¢ of a simple supercuspidal represen-
tation w?%;c is of the form ¢ = ¢g B P1 B @2, where
® ¢ is an irreducible orthogonal representation of dimension 2n—2 and Swan
conductor one, and
e ¢ and ¢9 are tamely ramified characters as described in Proposition
(2) (b).
We let WS,%ZTE? be the self-dual simple supercuspidal representation of GLa,_2(F)
corresponding to ¢p. Then, for any tamely ramified character 7 of F'*, we have

(s, WS’%;::E’Q X 1,) = 7(~1)2"" 7 (wa L) ¢ gE
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according to [ALI6, Corollary 3.12]. Therefore, by Proposition [6:3] (2) (b), we get
(=15 r(wd ) ¢ =€ (1) /A a) g G, )
Since this identity holds for any tamely ramified character 7, we conclude that
(' =€-C-q"?G(¢o,9)"" and @’ = (—1)"4ae”. Finally, we note the determinant of
¢ is trivial, hence the determinant of ¢ is equal to (the inverse of) the product of
¢1 and ¢o. By the description of ¢1 and ¢2 in Proposition [6.3] (2) (b), the product
¢1¢2 is a nontrivial ramified quadratic character, hence so is the central character

of WS/L;,"Z?. This implies that w’ is the nontrivial quadratic character wq of k*. [

APPENDIX A. SEVERAL REMARKS ON SIMPLE SUPERCUSPIDAL
REPRESENTATIONS

A.1. Twahori subgroups. In Section[2.2] we explained that the Iwahori subgroup
I50,,,, of SO2,41 can be thought of as matrices of the form

Ox 0,0,
BRI,
P 0¥, 0,
(1) [ 20 oo 2000710 0 O
" 2p | OF [¢]
2p B
P o~

We explain how this intuitive description of the Iwahori subgroup can be derived
from [BT72], Section 10].

In [BT72, Section 10.1], the Bruhat—Tits theory is investigated thoroughly in
the case of classical groups. The description of Bruhat—Tits starts with taking the
following data ([BT72, (10.1.1)]):

a field K (not necessarily commutative),
an involution o of K,
asigne € KX,
a finite-dimensional right K-vector space X, and
a o-sesqui-linear form f on X satisfying
— fly,z) =ef(x,y)? for any x,y € X and
— f(z,2) =0 for any € X when (o,¢) = (id, —1).
We put K, = {t —et’ | t € K} and associate a pseudo-quadratic form ¢: X —
K/Ky¢ to f, which satisfies
o q(zk) = k°q(x)k for any k € K and x € X, and
* q(z +y) =q@) +q(y) + f(z,y) + Ko c for any z,y € X.
These data give rise to classical groups such as Is(f, ¢), which consists of isometries
of X with respect to (f,q), or Sim(f,q), which consists of similitudes of X with
respect to (f,q) (see [BT72, (10.1.4-5)]).
In order to realize the odd special orthogonal group, we choose (K, 0,¢, X, f) as
follows:
e K =F,
e 0 =1id,
e ¢ =1 (note that then K, . = 0),
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o X = FP2"tl welet {e_,,...,e_1,€0,€1,...,e,} be the canonical basis of
X and put X; := Fe;),
e f: X x X — F is the symmetric bilinear form satisfying
— flei,e—;) =1forie {£1,...,£n},
- f(eo, 60) =2
Then G :=1s(f, q)° gives the odd special orthogonal group. Here, we note that the
matrix representation of the symmetric bilinear form f with respect to the basis
{e—n,...,€_-1,€0,€1,...,en} is given by
I
JgB,E,_l = 2 ,
I
where J! denotes the anti-diagonal matrix of size n whose anti-diagonal entries are
given by 1. In particular, when regarded as matrices of size 2n + 1 via the basis
{e—n,...,e_1,€0,€1,...,e,}, the group G is given by

SO(JQBnal) = {g € SL271+1 | thQBnalg = JQBnTFl}

We prefer the bilinear form f represented by JQBnT_H rather than Ja,41 because
then we have 1 € ¢(Xj), which is makes the description of Bruhat—Tits simpler (cf.
[BT72, Remarque (10.1.3)]). We note that the translation between SO(J3Y ;) and
SOg2,+1 is given as follows. Recall that

SO2p41 :={g € SLan+1 | '9J2n419 = Jant1}-
For example, by letting X be the diagonal matrix
diag((—=1)"2, (=1)""12,...,=2,1,...,1)
———

n n+1

the first n entries o are given and —2 alternatively so that the n-th entry
he fi ies of X are given by 2 and —2 alternatively so that the n-th
is given by —2), we have (—1)"2- Jo, 41 = ‘X JBT | X. Thus the conjugation by X
gives a group isomorphism between SOs,,41 and SO(J3L )

SO2n41 —+ SO(JEL ) g = XgX L.

It is not difficult to see that the matrices of the form () are mapped to matrices
of the form

0 O | 20,
R o
p 0* 120 |
(157T) [ p - p 10X O O]
1 2p O% 0
p S -
P2p ! op Ox

under the conjugation by X. Thus, in the following, let us check that the matrices
of G of the form (BT} constitute an Iwahori subgroup.
We let T' be the subgroup of G given by

T:={teG|tX;) C X;foranyie€ {-n,...,0,...,n}},
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which is a maximal torus. To describe the root system of G with respect to T, we
introduce a real vector space V* := R" equipped with a canonical basis {a1,...,a,}
and the standard inner product. We put a_; := —a; for i € {1,...,n} and ag := 0.
We also put a; ; :=a; +a; fori,j € {-n,...,0,...,n}. Then the root system of G
is given by the set

O :={a; |ie{£],...,£n}}U{ai; |3,j € {£1,...,£n},i # j}.
For each root a € ® of G, the corresponding root subgroup U, of G is given as
follows ([BT72, (10.1.2)]):
(1) When a = a; for i € {£1,...,+n}, we have
Ua, ={ui(2) | z € Xo},
where u;(2) € Homp (X, X) is the isometry defined by
eo — eo — f(z,e0)e—;
e e +z—q(z)e;
€j e for j € {£1,...,x£n} ~ {i}.
Note that, if we write z = zeg with 2’ € F, then we have
eo— f(z,e0)e—; = eg — 2ze_;
ei+2z—q(z)e_; = e; +xeg — xe_;
by our choice of f and q.
(2) When a = a;; for 4,5 € {£1,...,£n} satisfying i # j, we have
Uaij = {’U,U(LL') | T e F}7
where u;;(z) € Homp (X, X) is the isometry defined by

ep — €o

e; —>e;+xe_j

€j = €5 —Te_;

e —> ex for j e {£1,....,x£n} ~ {3, 5}
We consider the function ¢, : U, — RU{oo} for each root a € ® as follows ([BT72,
(10.1.13)]):

(1) When a = a; for i € {#1,...,4+n}, we put
1
fu((2)) = 3 vl (a(2)).

Note that, if we write z = xeg with 2’ € F, then we have g, (u;(2)) =
valp(x) by our choice of q.
(2) When a = ay; for 4,5 € {£1,...,£n} satisfying i # j, we put

Pas; (uij (7)) = valp ().

Then {4 }aca defines a valuation of root datum of G ([BT72, Théoreme(10.1.15)]),
hence determines a point o of an apartment A of the Bruhat—Tits building of G.
We put

To:={t €T |t(e;) € Oe; for any i € {-n,...,0,...,n}}.
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If we choose a subset A C ® of simple roots, then the set ®* (resp. ®~) of positive
roots (resp. negative roots) is determined. Accordingly, we get an Iwahori subgroup
IA of G given by

In = (To, U (O0), Up(p) |a € @T,bc @7,

where we put U,(0) := ¢71([0,00]) C U, and Uy(p) := ¢, ([1,00]) C Up.

Now let us consider the matrix representation of the Iwahori subgroup. For
an element g € Endr(X), we write c;;(g)(e;) = ci;(g) - e; with ¢j;(g) € F for
i,j € {-n,...,0,...,n}. In other words, the matrix representation of g with respect
to the ordered basis {€_n,...,e_1,€0,€1,...,¢€,} is given by (c};(g))i;. Then each
subspace Homp (X, X;) of Endr(X) is regarded as a root space for the root a_; ;
with respect to the maximal torus T'. Therefore, by choosing A so that the upper-
triangular part of the matrix representation of Endp(X) corresponds to the root
spaces for @1 (i.e., a_; ; € @1 if and only if i < j), we see that any element of the
associated Iwahori subgroup Ia has the matrix representation of the form (]ETI)

Conversely, we can also see that any element of G of the form (]EI) indeed
belongs to Ia by using the following proposition.

Proposition A.1 ([BT72, (10.1.32)]). We take a pair (x, E) of

e a point x of the apartment A and
e a vectorial facet E of the root system of G

and consider the subgroups Px g (“parahoric subgroup”) and }A’x) £ associated to
(x, E) according to (7.1.8) and (7.2.4) of [BT72]. Then Py consists of elements
g € G satisfying the inequality

wis(€i3()) = 3 vl (e(9)) 2 i (%)

foranyi,j € {—n,...,0,...,n}, where the equality does not hold when (a; —;)(E) C
Rso. Here, the meaning of the symbols used in the above inequality are as follows:

e c(g) denotes the similitude of g (hence we always have c¢(g) = 1 under our
choice of G);

o for any g € Endp(X, X), we let ¢;;(g) be the element of Homp(X;, X;)
given by composing g with the injection X; — X and the projection X —»
Xi,’

o for any i,5 € {-n,...,0,...,n}, we define w;;: Homp(X,;, X;) — RU
{£oc} by

wij(a) = mj_iggfj {wila(z;)) — wj(z;)}-

for o € Homp(X;, X;). Here, for any i € {—n,...,0,...,n}, we define
w;: Xi > RU {0} by

1 .
1 yal . =0
ooy — {Fwlrale o) =0
valp(x) i #0,
for x € F (hence x - e; € Fe; = X;).
Let us explain how this proposition can be utilized. By choosing x to be the
origin o of the apartment and F to be the dominant chamber Ea corresponding to

A, the group Py g, realizes the Iwahori subgroup Ia and we have Px g, = Px, Ea-
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Since a;,—j(Ea) C Rsg if and only if ¢ > j by our choice of Ea, Proposition [A]

implies that Ia consists of the elements g € G(F) satisfying the inequality
>0 ifi <y,
>0 ifi>j,

wij(ci(9)) {

for any 4,5 € {—n,...,0,...,n}. We note that, by our choice of f, we have g(x -
eg) = z? for any x € F. Thus we simply have w;(z - e;) = valp(z) for any i €
{=n,...,0,...,n}. This implies that w;;(ci;j(g)) = valp(ci;(g)). In other words,
I exactly consists of elements of G whose matrix representations with respect to
the basis {e_y,...,€_1,€0,€1,...,€,} are of the form

ox @)
(1) :
p el
Thus it is enough to check that any element of G of the form (') in fact belongs
to ([{PT). Let g € G be an element of G of the form (). We write

911 9gi2 Gi13
g=1 921 9g22 g23 |,
g31 g32 g33

where g11, 913, 931, 933 € My n(F), 912,932 € My 1(F), and go1, g23 € M1 ,(F). Our
task is to show that %912 € M,1(0) and %932 € M, 1(p). Since g is an element
of G = SO(JEL ), we have ‘gJPT, g = JBT. |, equivalently, Jo1 ' tgJBT = g~

We have

Jl t t t J/
BT,-1¢ ;BT _ " tgll th1 th1 "
Joni1 9dapi1 = 5 gi12 "g22  "gs32 2
Iy 'g13 'gas 'gss J),
Iy tgard), 2'ga1 tgulJ)
= 3 tgsad),  2'gen  tg12J),
Iy tgssd)  2'gas tgrsJ)
Jtgssd), 200t ges  J)tgisd),
= i'gsJ}, tgas $t912J),

Jhtgsid), 207 g J)tgnd),

Since this equals ¢~ !, which again belongs to (]E), we necessarily have %‘5932577’L €

M »(p) and %tguJ,’l € Mi,(0). Hence we get %glz € M, 1(0) and %932 €
Mn,l(p)-

Thus we conclude that Iwahori subgroup Ia of G = SO(J3 ;) (F) exactly con-
sists of elements of the form ({PT).

We finally give a comment on the Iwahori subgroup of SOa,(F). In this case,
we choose the data (K, o,¢e, X, f) as follows:

e K=F,

e 0 =id,

e ¢ =1 (note that then K, . = 0),

o X = F%" welet {e_n,...,e_1,€1,...,e,} be the canonical basis of X

and put X; := Fe;),
f: X x X — F is the symmetric bilinear form satisfying
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~ Fleses) =0t i # =,
— fles,e—y) =1forie {£1,...,£n}.
Then we can check that the matrices of the form

O 0,0 0,
SR o
I oxXro O
_________ - — — 4 - — — — - - - -]
P p 1O O, 0 O
P p 1O 010 - O
' pop,OF o
p IR -
poplop (O

constitute an Iwahori subgroup in a similar manner to above. Note that, compared
to the case of SOq, 41, every argument is even simpler because the factor Xy does
not exist. For example, there is no root of the form a; in this case. This explains
why “2” does not appear in the above matrix description in contrast to () or

A.2. Another parametrization of simple supercuspidal representations.
The results of [ALI6l [Adri6l [AK21] (and also Section [l), which are needed for
Proposition [6.3] are stated based on a different parametrization of simple su-
percuspidal representations. For this reason, in this section, we compare our
parametrization of simple supercuspidal representations (Section [2)) with those of
[AL16l [Adr16, [AK21]. The main difference is that the choice of a uniformizer w’
can vary in the parametrizations in [ALI6l [Adr16] [AK21] while a uniformizer w is

fixed and a parameter “a” can vary in our parametrization.

A.2.1. The case of GLy. Let us first look at the case of GLy. In [AL16, Section
3.1], a simple supercuspidal representation o(w’,{,w) is associated to each tuple
consisting of a uniformizer w’, a tamely ramified character w of F*, and an n-th
root ¢ of w(w’). By putting a := ww’~! € k*, we have

GL N

Wl x,a,¢ = U(w/’ C’w)'

A.2.2. The case of SOg,41. We next compare the parametrization given in Sec-
tion with the one of [Adrl6]. Firstly, we must be careful that the odd special
orthogonal group is realized as SO(J&Y ;) in [Adr16]. Let Iso(spr,,) be the Iwa-

hori subgroup Ia of SO(J3L |)(F) as described in Section [A] and IgO(JBT ) its
2n+1

pro-unipotent radical. Secondly, we must be also careful that the construction of
simple supercuspidal representations given in [Adrl6] contains a minor error. Let
us describe the error and how it can be fixed.

In [Adri6, page 205], a simple supercuspidal representation 7§ of SO(J35 ) (F)
is associated to each pair (@', {) of a uniformizer @’ of F and a sign ¢ € {£1}. Let
us write 7r§< [w’] for this simple supercuspidal representation 7T>(:< in order to empha-
size that it depends on the choice of a uniformizer w’. This simple supercuspidal
representation 7§ [ww’] is associated to a character x of I;O( JBT ) given by

2n+1

X: 9= (gi;) = @+ +Tntn+Tunit + g2na@ ).
The problem is that x is not affine generic when p = 2. This is because the (n,n+1)-
entry of any element g € I, ;O (BT, ) always belongs to 20 (see the description (]EI))
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This issue can be fixed by modifying the definition of x as follows (let x’ denote
the modified character):

X/: g = (glj) = 1/}(93 + -+ In—1,n + gn,n+1271 + 92n71w/71).

Then Y’ is affine generic for any p including p = 2, hence we can produce a simple

supercuspidal representation of SO(J3Y, ;)(F) by using x’ instead of y. We write

wi, [@’] for this simple supercuspidal representation. We remark that when p # 2

(so that the construction of 7 [w'] makes sense), we have wi, [@] = 7§ [4w].
Now let us going back to comparing the two parametrizations of simple super-
cuspidal representations. By putting a := ww’~! € kX, we have

SO2n+1 ~ ¢
X

Tyt = T @]

under the identification between SOg,,11 and SO(JRY ;) via the conjugation by X

(see Section [AT)).

A.2.3. The case of SOa,. We finally consider the case of SOa,. In [AK21] Section
3], a simple supercuspidal representation 7% is associated to each tuple consisting
of a uniformizer @’ of F, a € k*, a character w of the center of SOs,(F), and
a sign (say ¢ € {£1}). Similarly to the previous case, let us write 7%[w’, (] for
the associated simple supercuspidal representation of [AK21]. (Note that 7% [w’, (]
is denoted simply by “7” in Section [l). If we let a be € for k € {0,1} and put
¢ :=w(-1) and a := ww'~! € kX, then we have

Temia = malw'C]

A.3. Comparison of our approach with others. We remark that our main
results in the case where p is odd (Theorems [6.10 and [6.12]) are not new:

e when N = 2n+ 1, the result of the same type has been obtained in [Adr1g]
and [Oi19al;
e when N = 2n, the result of the same type has been obtained in [Oi1§].

In this section, we verify the consistency of Theorems [6.10] and [6.12] with those
according to the dictionary given in Section

A.3.1. The case of SOap41. In [Adrl6, Corollary 8.4] (with a modification ex-
plained in Remark [6.5]), it is proved that the endoscopic lift of Wf(, [@'] from SOagy, 41
to GLa, is given by o((—1)"*1w’, (, 1) when p is sufficiently large (or, more gener-
ally, provided that the L-parameter of 7Tf<, [@’] is irreducible).
By Sections [A.2.7] and [A.2.2] this amounts to saying that the endoscopic lift of
70l s given by m0Len by putting a := ww'~!
(71)n+1a1< g ven y Wl,(*1)7l+1a,< y pu 1ng a = ww .
On the other hand, in [Oi19a, Theorem 5.15], it is proved that the endoscopic
lift of the simple supercuspidal representation of SOg,,41(F) denoted by “ﬂ';yc” is

given by leIgf’l"g for any a € k* when p is odd. Recall that wifé”“ in this paper is

equal to 7 . in [Oil9al; see Remark 2111
Thus the results of [Adrl6] and [Oi19a] are consistent with Theorem [6.10]
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A.3.2. The case of split SOgy,. In [O118] Theorem 8.8], it is proved that the endo-

scopic lift of ﬂ'gs%g ¢ to GLy, is given by

GLa2y, — GLa2y — .
{%O;nn2®wwognnzxﬂ if ¢ =1,
Gl 2 [ P . o
Taobicn B Wag,bien * Hur B par i €= —1

under the assumption that p # 2. Here, py, is the unique nontrivial quadratic

GLon_» - GLon—
X 2n—2 2n—2
character of F'*, Weo by 18 the central character of Tsobodn d

n= qiéG(wo, P)wo(—1)¢ and b= (—1)"4ae",
where G(wq, 1) denotes the Gauss sum.
Let us check that this description is consistent with Theorem [6.12]
Firstly, by the condition ¢1(a~'w) = (, the character ¢; equals 1 or i, ac-

cording to ¢ = 1 or ( = —1. Secondly, we check that ¢g is equal to wi}?&f
S[)le)n&z - pyr according to ¢ =1 or ¢ = —1. For this, by the characterization of ¢o,

it is enough to check that w S{};”&f(—éle") (note that wi)}“z”&z

or

w

GLa2y, — _ .
2n 2( 1 is

wo,b,¢ny \@ @) =w

a ramified quadratic character). Since we have
GLan_2 g — - _1 _

wwo,;@z (b 1w) = (Cn)% = (¢ 2G(w0,¢))2" ?

we get

GLoyp — — — GLa, — _
W b (a7 @) = wo(a™'h) - wy 377 (07 w)

= wo((=1)"4€") - (™2 Glwo, )%,
By noting that ¢! - G(wp, ¥)? = wo(—1) (see [Oil8, Lemma A.5 (1)]), we get

wi&ij&z (a ') = wo(—4€").

On the other hand, as the restriction of wf{?i"&f to O* is the unique nontrivial
GL2rn—2

quadratic character, we have w ;" *(—4€") = wo(—4€"). Finally, let us consider
¢o; our task is to show that (7 is equal to (' as in Theorem (e, ' =¢-C-
q*/?G(¢p2,v)~1). This follows from the identity G(¢p2,)? = ¢2(—1)q (see [BHOB,
(23.6.3)]) by noting that ¢2(—1) = wo(—1).

APPENDIX B. ON LIFTING FROM CLASSICAL GROUPS TO GLy

[Bl1. Let p be a prime number and F a finite extension of the field of p-adic
numbers. (Thus, in particular, the characteristic of F' is 0.) Choose an algebraic
closure of F' and let Wx be the corresponding Weil group. Let G be a split classical
group, say over Z, either Sps,,, SO2y,41 or SOg, for a positive integer n. Let G be
the (complex) dual group of G and N the dimension of its standard representation,
so that G is SO2,41(C), Spy,(C), SO2,(C) and N = 2n + 1, 2n, 2n accordingly.
Let m be a smooth irreducible supercuspidal representation of G(F), and ¢ its
L-parameter, a conjugacy class of morphisms of Wr x SLs(C) to G as given by
Arthur ([Art13l Theorem 1.5.2]). Composing with the standard representation of
G, we get a parameter for GLy(F'), and a corresponding isomorphism class IT of
smooth irreducible representations of GLy (F'), sometimes called an endoscopic lift
of m. Now we fix Whittaker data of GLy and G and assume that 7 is generic with
respect to the fixed Whittaker datum of GLy. Then Cogdell et al. [CKPSS04]
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also associate to m an isomorphism class IT' of smooth irreducible representations
of GLy(F). The goal of the present appendix is to prove that II = II'. As a
consequence, we deduce that for each positive integer r and each smooth irreducible
generic representation 7 of GL,(F'), the Rankin-Selberg ~-factor v(s,m x 7,1) is
equal to the Rankin—Selberg v-factor v(s,II x 7,%), for any choice of nontrivial
additive character ¥ of F. That is used in the main text when 7 is a simple
supercuspidal representation, to be able to apply the computation of the y-factors
~v(s,m % 7,1) when 7 is a tame character of F'*.

[Bl2. The result has to be well-known to the experts, in fact almost obvious
to them; indeed it is behind the scene in [Artl3, page 482-485]. It is only for
completeness of our own results, because we have not found published our exact
statement, that we write the proof below. Note that the result has been used in
the result [Hen23| by the second author. Both II and II" are obtained via a local-
global method, using trace formulas for IT and converse theorems for II'. Thus
the proof starts with a global part, and the local result is a consequence of the
strong multiplicity one theorem for GLy. See below [Bl3 to [Bl5 for the global
results, and [BL6 for the local consequence. Our reference for Arthur’s results is of
course Arthur’s book [Art13], but the reader might benefit from the more expository
papers on Arthur’s webpage. We note however that as far as we know the full
twisted weighted fundamental lemma announced in [CLI0] has not been proved in
print, and similarly the references [A24] to [A26] in [ArtI3] have not appeared yet
(reference [A27] refers to non-quasi-split groups, which do not concern us here).
Our reference for the lifting via converse theorems is [CKPSS04]. The ~-factors
there are obtained via the Langlands—Shahidi method, whereas we use the Rankin—
Selberg version. For GLy x GL,, Shahidi proved that the two versions coincide
([Sha85| [Shag84]); for G x GL, that was done by Kaplan ([Kapl5, Theorem 1 and
Corollary 1]).

Bl3. Let k be a number field and Ay its adele ring. Let 7 be a globally generic
cuspidal automorphic representation of G(Ay). There are two ways to associate to
7 an automorphic representation of GLy(Ay). The first one [CKPSS04, Theorem
1.1] uses converse theorems and produces “a functorial lift” of 7. A functorial lift is
an automorphic representation I of GL (Ag) such that for all Archimedean places
v of k and almost all finite places v where m, is unramified, the local component
IT), is obtained via the local Langlands correspondences:

e for Archimedean v, m, corresponds to a morphism of the local Weil group
Wi, to G and I, to the morphism into GLy(C) obtained by composing
with the standard representation of G.

e similarly for a finite place v where 7, is unramified, 7, corresponds to an
unramified morphism of the local Weil group Wy, to G and IT, is the unram-
ified representation corresponding to the morphism into GLy (C) obtained
by composing with the standard representation of G.

[CKPSS04] describe the image of the global lift in their Theorems 7.1 and 7.2,
in particular showing that it is a full induced from a self-dual unitary cuspidal au-
tomorphic representation of a Levi subgroup of GLy. Consequently IT" is isobaric
and all components IT/, are generic. Moreover (loc. cit. Proposition 7.2), for any
finite place v of k, I, is the unique irreducible smooth generic representation of

43



GLy (ky) such that, for any positive integer r and any smooth irreducible super-
cuspidal representation 7 of GL,.(k,), one has, for any nontrivial additive character
Yy of ky, y(8, 7y X T,10,) = (8,11, X 7,1,). In fact I is a “local functorial lift”
of m, (loc. cit. Definition 7.1): we also have L(s,m, x 7) = L(s,II), x 7), where the
L-factors are obtained by the Langlands—Shahidi method ([Sha90]); for the right-
hand side they can equally be defined via the Rankin—Selberg method (compare
loc. cit. Section 10 and [JPSS83| Introduction]).

[Bl4. Let us now turn to the lift II of m obtained by Arthur. Note first that G
belongs to the set Egm(N) ([Artl3, Chapter 1, page 12]), so that Theorems 1.5.1
and 1.5.2 of [ArtI3] apply to G. Theorem 1.5.2 implies that m, or more generally
any automorphic representation of G(Ay) occurring in the discrete spectrum, is

obtained in the following manner: there is a parameter ¢ in the global set ¥5(G)
([Art13] page 33]) giving rise to a local parameter ¢, for any place v of k, such
m, belongs to the local packet Il associated to v, by Theorem 1.5.1. Now the

parameter ¢ is in the set TIJ/CH(G) (loc. cit. page 33) and in particular in the set
U(N) (loc. cit. page 28), so is a multiset of pairs (m;, m;), where m; is a cuspidal
automorphic representation of GLy, (Ag) and m; is a positive integer (or the class of
irreducible representations of SU(2) of dimension m;), with N =3 m;N;. A pair
(i, m;) gives an essentially discrete automorphic representation of GLy;m,; (Ax),
with cuspidal support 7;(m;) made out of 7;’s shifted by powers of the norm, and
by parabolic induction from all the components of m;(m;) (for all i) we obtain
an isobaric automorphic representation II of GLy(Ag). All that is explained in
([Art13] Sections 1.2 and 1.4]). As stated above for any place v the component
7, belongs to the local packet attached to v,. What is not stated explicitly in
[Art13] Theorem 1.5.1] but appears behind (loc. cit. Foreword, page x) is that at
almost all finite places v, where m, and II, are unramified, the local unramified
parameter of IT, is indeed obtained by composing the local parameter of m, by the
standard representation of G into GLy(C). We have not been able to locate a
precise statement, thus we give a justification in Section

Bl5. Since II and IT' are both isobaric automorphic representations of GLy (A),
proving they are equal is equivalent to proving that their components at almost
all finite places are equal, by the strong multiplicity one theorem of Jacquet and
Shalika (cf. [Art13, Theorem 1.3.2]).

But at almost all finite places where both II, and II are unramified, IT/, by
construction, is given by the unramified local Langlands correspondence, and it is
also the case for IT,, as we have seen in [Bl4. Thus IT = II', that is I, = I, for all
places v of k.

Bl6. If F is a p-adic field as in [Bl1, one can see it as a completion k, of some
number field k£, and a smooth irreducible generic supercuspidal representation p
of G(F) can be seen as the component m, at v of a globally generic cuspidal
automorphic representation 7 of G(Ay) ([Sha90, Proposition 5.1]). Thus p has
a local functorial lift R to GLy(F), viz. (the class of) II), where II' is the global
lift of m to GL obtained by the converse theorems. But we have seen in [Bl5 that
IT' is also the global lift IT given by Arthur. By the compatibility of Arthur’s local

and global lifts, indeed by the fact that the global lift in ([Arti3, Theorem 1.5.2])
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is expressed in terms of the local one (loc. cit. Theorem 1.5.1), we get the desired
result that R is also the local lift to GLx (F') given by Arthur.

[Bl7. For ease of reference, let us restate our results in this appendix.

Theorem B.1. Let k be a number field. Let G be a symplectic group Sps,, or a
split special orthogonal group SO,, over k; write N for the dimension of the natural
representation ofé. Let 7 be a globally generic cuspidal automorphic representation
of G over k. Write Il for the automorphic representation of GLy over k associated
to the Arthur parameter of w, and II' for the automorphic representation of GLy
over k associated to m by the lifting of Cogdell et al. Then II = II', and for each
place v of k, 11, is the local lifting 11, associated to m, by Cogdell et al.

Theorem B.2. Let F be a p-adic field. Let G be a symplectic group Sp,, or
a split special orthogonal group SO, over F; write N for the dimension of the
natural representation of G. Let 7 be a generic supercuspidal representation of
G(F). Write 11 for the irreducible smooth representation of GLy(F) associated
to the Arthur parameter of w, and II' for the smooth irreducible representation
of GLy(F) associated to m by the (local) lifting of Cogdell et al. Then II = II'.
For any positive integer r and any generic irreducible smooth representation T of
GL,(F) the Rankin—Selberg (or Langlands—Shahidi) vy-factor (s, X T,1) is equal
to the Rankin—Selberg v-factor (s, IL X T,4), for any choice of a nontrivial additive
character ¢ of F. The same is true for the L and e-factors.

Remark B.3. We have restrained here to the framework that is useful to us in the
main part of the paper, but the approach obviously works much more generally.

APPENDIX C. UNRAMIFIED CASE OF ARTHUR’S CLASSIFICATION THEOREM

The aim of this section is to justify the compatibility of Arthur’s local classifi-
cation theorem (construction of local A-packets) in the unramified case with the
classical Satake parametrization. The idea of the arguments we present here is due
to Jean-Loup Waldspurger.

C.1. Classical groups as twisted endoscopy of GLy. Let G’ be an unramified
quasi-split classical (i.e., symplectic, orthogonal, or unitary) group over a p-adic
field F. Then we may regard G’ as a twisted endoscopic group of a suitable general
linear group G = GLyx (or the Weil restriction G = Resg/p GLx for an unramified
quadratic extension E/F) with respect to an outer automorphism 6 of G. In
particular, we have a natural L-embedding +: “G’ — L'G. (See [Art13, Section 1.2]
for the standard realization of 6, ¢, and so on.) We put G := G x 0, which is a
bi-G-torsor whose right and left actions of G = G(F) are given by g1 - (g X 0)- g2 =
9190(g2) % 0.

We fix a #-stable F-splitting of G. Note that a #-stable Whittaker datum o of
G is determined by this choice. Similarly, we also fix an F-splitting of G'.

We let H denote the Hecke algebra of G, i.e., the set of compactly supported
locally constant C-valued functions on G equipped with the convolution product
denoted by “x”. We let # denote the set of compactly supported locally constant
C-valued functions on G. Similarly, we let H’ denote the Hecke algebra of . Then
we can define the notion of a (Langlands-Kottwitz-Shelstad) transfer between H
and H’; we say that f’ € H' is a transfer of f € # if they satisfy a certain identity
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between the twisted orbital integrals of f and the stable orbital integrals of f’. See
[Art13l Section 2.1] for the details.

C.2. Fundamental lemma of Lemaire—Moceglin—Waldspurger. We next re-
view a deep result of Lemaire-Mceglin-Waldspurger ([LW17, LMWI8]) on the
transfer for spherical Hecke algebras.

The fixed #-stable F-splitting of G gives rise to a f-stable hyperspecial open
compact subgroup of G (see [LMWIS8| Section 2.5]); we write K for it. We let
Hy (resp. H) be the subalgebra of # (resp. subspace of ) consisting of bi-K-
invariant functions. Note that then Hy has right and left actions of Hy and we
have ﬂK = Hy * 1z, where 1 ; denotes the characteristic function of K = K x 0.
Similarly, we write K’ for the hyperspecial open compact subgroup of G’ determined
by the fixed F-splitting of G’ and let H%, be the subalgebra of H’ consisting of bi-
K'-invariant functions. (When G’ = SOa,,, we suppose that K’ is invariant under
the conjugation given by an element of Og,(F) N\ SOg, (F).)

Let H denote the algebra of polynomial functions on G x Frob C “G invariant
under the G-conjugation, where Frob is a fixed lift of the Frobenius. Then My
can be identified with # via the Satake isomorphism for G (say S). Similarly, H',
can be identified with the algebra 7’ of polynomial functions on G’ x Frob ¢ LG’
invariant under the G/-conjugation via the Satake isomorphism for G’ (say S’). We
let b: # — H' be the C-algebra homomorphism given by the restriction along the
L-embedding ¢: LG’ — LG. We define b: Hx — H} to be the unique C-algebra
homomorphism which makes the following diagram commutative:

Hk%ﬁ

’ = gy
K/TH

Theorem C.1 ([LMWIS, Théoreme 1, 2]). For any f € H, if we write f = fxlg
with f € Hy, then b(f) € Hly is a transfer of f. In particular, 1x € Hier is a
transfer of 1z € Hx.

Remark C.2. When we define the notion of a transfer of test functions from # to
H', we need to fix a normalization of the transfer factor. In the above theorem,
we adopt a normalization determined by the fixed choice of a 6-stable hyperspecial
open compact subgroup K of G (see [LMWTSE| Section 2.6] and [MW16, 1.6.3]).

C.3. Arthur’s local classification theorem. We put Lp := Wr x SLy(C). We
say a homomorphism 9: Lr x SLy(C) — YG’ is an A-parameter of G’ if

e its restriction ¥|r, to Lp is a tempered L-parameter and

e its restriction ¥|gr,(c) to SL2(C) is algebraic.

We let ¥(G') be the set of G/-conjugacy classes of A-parameters of G'. We define
U(G') to be the set of O, (C)-conjugacy classes of A-parameters of G’ when G’ =
SOs2,,. When G’ is not SO,,, we simply put \iJ(G’) = U(G'). We let Iynit(G') be
the set of irreducible unitary representations of G’. We define ﬁunit(G’ ) to be the
set of O, (F)-conjugacy classes of irreducible unitary representations of G’ when
G’ = SO3,,. When G’ is not SOg,,, we simply put ﬁunit(G') = it (G7).
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For an A-parameter 1) € ¥(G’), we define a finite group Sy as follows:
Sy = Centg, (Im(v))),
Sy = Su/(SyZET).

Here, we implicitly fix a representative of the equivalence class v and again write
1 for it by abuse of notation. We define an element s, of Sy by

5 :=w<1, <_01 —01))

Any A-parameter 1) € ¥(G’) can be regarded as an A-parameter of G by com-
posing ¢ with the L-embedding ¢: “'G’ < L'G. Let 1y denote the irreducible uni-
tary representation of G' determined by 1), i.e., my, corresponds to the L-parameter
¢y of G under the local Langlands correspondence for G, where ¢y: Lp — LG is

defined by
oo (8,)).

Note that, since the representation my, is self-dual, we can take a canonical extension
7y of Ty to the bi-torsor G by using the fixed f-stable Whittaker datum w of G.
(See [Art13, Section 2.2] for the details of the discussion here.)

Now we state a part of Arthur’s local classification theorem (see [Art13] Theo-
rems 1.5.1 and 2.2.1] for symplectic and orthogonal groups and [Mok15l Theorems
2.5.1 and 3.2.1] for unitary groups):

Theorem C.3. For any i € \iJ(G'), there is a finite multi-set ﬂw (called an “A-
packet”) over My (G') equipped with a map
Lmﬂ¢_>§17 EH<_7£>7

where ?1\2 denotes the set of irreducible characters of Sy. The set ﬂw satisfies the

following identity (called the “twisted endoscopic character relation”) for any f eH
and its transfer f' € H':

(20) D (s m) Te(x(f)) = ¢ Tr(y (f)),

Eeﬁw
where ¢ is a complex number of absolute value 1 which depends only on the fized
0-stable F-splitting of G. Furthermore, if w € 1L, is unramified (i.e., K'-spherical),
then (—,m) € ?1\2 is the trivial character 1 of S..

Here, the precise meaning of “a finite multi-set ﬂw over ﬁunit(G’ )” is that ﬂw isa
finite set equipped with a surjective map (say 1) to a finite subset I, C Typnic(G):

uw:ﬂw—»ﬁd,; T .

When & € ﬂw is mapped to 7 € Ty, we put Tr(x(f')) := Tr(x(f')) and say that
« is unramified if so is 7. (Note that the quantity Tr(w(f’)) is well-defined even
when G’ = SOq,, since a transfer f’ can be taken to be Ogp-invariant.)

We can reformulate the above statement by introducing a multiplicity function
as follows. For each x € g;, we put

Iy, ={rel,|(-x) =x}
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and define Tl , = uw(Hw ) We let puy ﬁw x = Iy, be the restriction of the
map [l : Hw — Tl to de - We define the multiplicity function my  : 1y — Zso
by

s () 1= [y ()
Then the identity (20)) is rewritten as

(21) Yo Y munmx(sy) Te(n(f)) = ¢ Tr(7y(f))-

XGSIP FEHw’X

Remark C.4. A priori, it is possible that the multiplicity m. () is greater than
~ ~ L P\ . .

1 or that Iy, and Iy, for distinct x,x" € S, have a nonempty intersection.

However, in fact, Mceglin proved that ﬁdj is multiplicity-free, i.e., py is bijective

([Moegll], combined with the result of Bin Xu [Xul7a] on comparing Moeglin’s

A-packets to Arthur’s; see [Xul7a, Theorem 8.12]). Thus we may regard Il as a

subset fL/, of ﬁunit(G’ ). (But we do not have to appeal to this fact in the following
argument.)

Remark C.5. As noted in Remark [C.2] we adopt a normalization of the transfer
factor determined by the #-stable hyperspecial open compact subgroup K according
to [MW16l 1.6.3]. On the other hand, in [Art13], the transfer factor is normalized
by using the #-stable Whittaker datum to of G (see [Art13l Section 2.1] and [KS99,
Section 5.3]). The point is that a priori it is not clear whether these two normaliza-
tions coincide; this is the source of the constant ¢ in the identity (20). We remark
that, via both normalizations, the transfer factor takes values in unitary complex
numbers, hence also the constant ¢ is unitary. (For the unitarity of the transfer
factor normalized via K, see [MW16, 1.7.2]. For the unitarity of the transfer factor
normalized via to, see, for example, the explicit formula of Waldspurger [Wall0l
1.10].) We believe that it should be possible to show that ¢ = 1 by examining
the definitions of the two normalizations since both K and tv are produced from
the same f-stable F-splitting of G. However, we do not pursue this issue further
because we only need the fact that |¢| =1 in the following argument.

C.4. Unramified representation in an A-packet. Recall that, by the Satake
isomorphism, any unramified representation of G corresponds to a G- conjugacy
class t; of semisimple elements in G xFrob. Similarly, any unramified representation

7’ of G corresponds to a G- conjugacy class ¢,/ of semisimple elements in G’ x Frob.
The image t(tx') of tr» under the L-embedding ¢: LG’ — LG is contained in a
unique G- conjugacy class of semisimple elements in G % Frob, for which we write
L(tﬂ-/).

Remark C.6. Suppose G’ = SOy, and the O, (F)-orbit of m € it (G’) consists
of two elements m; and 7o. Then, one of m; and 7y is unramified if and only if the
other is also unramified by our choice of a hyperspecial open compact subgroup
K'. In this case, although m and 7o correspond distinct G/ -conjugacy classes tr,
and tr, in G’ x Frob, we have t(tx,) = t(tr,). In other words, the symbol ¢(tr) is
well-defined for any unramified 7 € Humt(G' ).

Proposition C.7. Let ¢ € U(G'). Then my € Huit(G) is unramified if and
only if Iy 1 contains an unramified representation. Furthermore, in this case, such
48



an unramified representation is unique (say my) and we have my 1(m) = 1 and
try, = t(tny)-

Proof. We apply the twisted endoscopic character relation (21])

ST () Ti(w() = ¢ Tr(Ea()

X€S,, melly x
to a function f € Hy given by f = f+1 with f € Hy and its transfer ' € H'. Let
Vﬂ{i denote the subspace of K-fixed vectors in the representation space V., of my,. If
7y is not unramified (i.e., Vﬂlfp = 0), then we have Tr(7y (f)) = 0 by the definition of
the operator 7y (f). If my is unramified, the operator 7y (1 ) necessarily preserves

the space Vﬂ{i . Furthermore, since the space Vﬂ{i is one-dimensional and the action
of Ty (1) on Vﬂﬁ is involutive, 7y (1) acts on V,r{i via a sign ey € {£1}. Thus
we have Tr(7y(f)) = ¢ €y - Tr(my(f)). On the other hand, recall that we can
choose a transfer f’ of f to be an element of H’., by Theorem [CIl In particular,

Tr(w(f")) (for x € gq\z and 7 € Ily,,) can be nonzero only when 7 is unramified,
which furthermore implies that ¥ = 1 by Theorem Thus we get

c-ep - Tr(my(f)) if my is unramified
22 Tr ) = ¥ )
(22) Z e (1) Tr(m (1)) {0 otherwise.
melly 1
VE %0
Let us take f in the identity (22)) to be 1x. Then we can choose f’ to be 1k by
Theorem[CIl As we have Tr(n (1)) = 1 whenever VX' # 0 (resp. Tr(my(1x)) = 1
whenever Vﬂ{i #0), we get

Z () c- ey if my is unramified,
My 1(T) =
vt 0 otherwise.

71'61:[1/,,1
VE#£0
Since my, 1 () is positive and |c| = 1, this implies that
e if my is not unramified, then the index set of the sum on the left-hand side
is empty, i.e., fL/, does not contain any unramified representation, and
o if my is unramified, then c¢- €y = 1 and the index set of the sum on the
left-hand side consists of a unique element (say my) and my 1(m) = 1.

Let us finally check that t,, = ¢(tr,) by supposing that m, is unramified. Now
we know that the identity (22) simplifies to

Tr(mo(f')) = Tr(my (f))
for any f = f* 1z € Hg and its transfer f/ € H),. If we take f' € Hf., as in
Theorem [CT] (i.e., f' = b(f)), then this equality is rewritten as

S'(b() (o) = S(f)(tr,)
(recall that S and S’ denote the Satake isomorphisms for G and G’, respectively).
By the definition of the homomorphism b: Hx — M, we have S’ (b(f))(tz,) =
S(f)(e(tr,)). Hence we conclude that the identity

S()eltng)) = S(f)(tr,)

holds for any f € Hy. This implies that ¢(tr,) = tr,. O
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