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Abstract

Let F be a p-adic field. In this paper, we continue the work of the first author and give a
new realization of the tame local Langlands correspondence for PGSp(4, F ) that is analogous
to the construction of the local Langlands correspondence for real groups.

1 Introduction

In this paper, we give a new realization of the tame local Langlands correspondence for PGSp(4, F ),
where F is a non-Archimedean local field of characteristic zero, using character theory and ideas
from the theory of real reductive groups. We assume that the residual characteristic of F is
sufficiently large (greater than 89) for technical reasons (see Remark 9.10). We continue the program
initiated in [6], which gave a new realization of the local Langlands correspondence for GL(`, F ), `
a prime.

There has been a significant amount of progress in the local Langlands correspondence in recent
years. In the recent work of [8], [11], [14], [15], [17], the strategy of constructing a local Langlands
correspondence is to first attach a character of a torus to a Langlands parameter, and then to
construct a putative L-packet associated to this character.

We propose a different strategy to realize a local Langlands correspondence. Langlands param-
eters and supercuspidal representations will be parameterized not by characters of elliptic tori, but
by characters of finite covers of elliptic tori. Given a supercuspidal Langlands parameter φ, we first
use a construction of Benedict Gross that naturally associates to φ a character ξ of a cover of a
subgroup of an elliptic torus. In the case of PGSp(4, F ), it is a character of a cover of an elliptic
torus. Using character theory, we then attach to ξ a collection of supercuspidal representations
of PGSp(4, F ). We prove that this collection is the L-packet that is associated to φ by DeBacker
and Reeder [11]. To do this, we rewrite supercuspidal characters in terms of functions on covers of
elliptic tori as in Harish-Chandra’s relative discrete series character formula. We then compare our
character formulas to those in [11].

Let us briefly recall the construction of [11]. Suppose G is an unramified connected reduc-
tive algebraic group defined over F . To a certain class of Langlands parameters (tame, regular,
semisimple, elliptic, Langlands parameters, or TRSELPs for short), DeBacker and Reeder associate
a character of a torus T (F ), to which they attach a collection of supercuspidal representations on
the pure inner forms of G(F ), a conjectural L-packet. This construction extensively uses Bruhat-
Tits theory. They are also able to isolate the part of this L-packet that corresponds to a particular
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pure inner form, and prove that their correspondence satisfies various natural conditions such as
stability of the appropriate sums of characters of representations in the L-packet.

In the theory of real groups, an admissible homomorphism WR → LG for a group G(R) factors
through the normalizer of a torus in LG. As such, it naturally produce a character χ̃ of T (R)ρ, where
T (R)ρ is a double cover of some torus T (R). T (R)ρ is called the ρ-cover of T (R). Suppose that
G(R) admits relative discrete series representations. Harish-Chandra has calculated the characters
of such representations, and these characters are naturally written in terms of genuine functions on
T (R)ρ (see Theorem 3.5). The local Langlands correspondence for these representations of G(R) is
then given by attaching to a Weyl group orbit of such characters to χ̃, and this is the motivation
for our work over p-adic fields.

Very recently, Benedict Gross has shown that if one considers a Langlands parameter for a p-adic
group that factors through the normalizer of a maximal torus in LG, then one obtains something
close to a character of a cover of a maximal torus, as follows. Suppose that G is a connected
reductive group defined over a p-adic field F . Let φ : WF → LG be a Langlands parameter
for G(F ), and suppose that φ factors through the normalizer of a maximal torus T̂ . To φ, one
can associate a maximal F -torus T in G, unique up to stable conjugacy, whose complex dual is
isomorphic to T̂ . Suppose that T splits over the extension E of F . Then E is necessarily Galois over
F , and we set Γ = Gal(E/F ). By the local Langlands correspondence for tori, once one chooses a
particular isomorphism implementing the duality between T and T̂ , one can canonically associate
to φ a character ξ of T (E)Γ, the group of coinvariants of T (E) with respect to Γ (see §4).

Invariants and coinvariants are related by the norm map

N : T (E)→ T (F )

t 7→
∏
ξ∈Γ

ξ(t)

in the cohomology sequence

1→ Ĥ−1(Γ, T (E))→ T (E)Γ
N−→ T (F ) = T (E)Γ → Ĥ0(Γ, T (E))→ 1,

where Ĥ denotes Tate cohomology.
Suppose Ĥ0(Γ, T (E)) = 0, in which case T (E)Γ is then a cover of T (F ). Let us also suppose

that φ does not factor through a proper Levi subgroup, so that the representations in the L-
packet associated to φ are conjecturally all supercuspidal (see [11, §3.5]). We wish to attach a
conjectural supercuspidal character to ξ (where ξ is as above), in analogy to the case of real groups.
This character will be a p-adic analogue of the Harish-Chandra relative discrete series character
formula. Let ∆+ be a set of positive roots of T (F ) in G(F ). Let ρ denote half the sum of positive
roots. Assume now that E/F is unramified. Define

∆0(γ,∆+) :=
∏
α∈∆+

(1− α−1(γ)), for γ ∈ T (F ).

In the real case, the Weyl denominator of Harish-Chandra’s relative discrete series character
formula is given by ∆0(γ,∆+)ρ(γ̃), where γ ∈ T (R) is regular and γ̃ is any lift of γ to the cover
T (R)ρ of T (R). Note that ρ is naturally a function on T (R)ρ. Since ρ(γ̃)2 = 2ρ(γ), ρ(γ̃) is
canonically a square root of 2ρ(γ) = 2ρ(Π(γ̃)), where Π : T (R)ρ → T (R) is the canonical projection
(see §3). That is, ρ is a canonical square root of 2ρ◦Π. Our Weyl denominator is a p-adic analogue
of ∆0(γ,∆+)ρ(γ̃), as we now explain.
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If γ ∈ T (F ) is regular, note that ∆0(γ,∆+) ∈ E∗. Let η be any unramified character of E∗

whose restriction to F ∗ has order [E : F ] (these conditions on η will be used in the proofs of
Propositions 9.3 and 9.5. For example, see (13) and (17).). We may now apply η to ∆0(γ,∆+).
Similarly, for the p-adic version of ρ(γ̃), we wish to define a character ηρ on T (E)Γ that will act
as a “square root” of η ◦ (2ρ) ◦ N . In the case of PGSp(4, F ) we do this in an ad hoc fashion
(see §9). Because of recent joint work of the first named author with David Roe (see [7]), we now
have a conjectural way of defining ηρ canonically, for an arbitrary connected reductive group, again
assuming that E/F is unramified. Explicitly, in the language of [7], we may set ηρ = µ(T, ξ). If ξ
is minimal (see [7]), we explicitly construct µ(T, ξ) in an intrinsic way.

We can now define our p-adic analogue of Harish-Chandra’s relative discrete series character
formula. We first set WF (T ) = N(G(E), T (F ))/T (E) and WF (T ) = N(G(F ), T (F ))/T (F ). where
N(A,B) denotes the normalizer of B in A. It is not difficult to see that both WF (T ) and WF (T )

act on T (E)Γ, and therefore on T̂ (E)Γ. Here T̂ (E)Γ denotes the group of smooth complex-valued
characters of T (E)Γ. If s ∈WF (T ), we set s∗ξ(γ̃) := ξ(s−1γ̃s), for γ̃ ∈ T (E)Γ. Let T (F )0,s denote
the set of strongly regular topologically semisimple elements of T (F ) (see [11, §7]), and let Z denote
the center of G.

Recall our assumption that the Langlands parameter φ does not factor through a proper Levi
subgroup of LG but does factor through the normalizer of a maximal torus in LG. Moreover, we
assume that some (hence every) maximal F -torus T of G in the stable conjugacy class attached to φ
splits over some unramified extension E/F . As indicated above, the character ξ of T (E)Γ associated
to φ depends on a choice of isomorphism implementing duality between T and T̂ . Varying this
isomorphism changes ξ by an element of WF (T ). (See §8 for more details.) We assume here that
Ĥ0(Γ, T (E)) = 0 for one (hence all) such T .

Conjecture 1.1. (cf. [3, Definition 4.3])

1. Choose a character ξ of T (E)Γ associated to φ as above. There exists a function ε : WF (T )→
{±1} and a constant ε(ξ,∆+) ∈ C∗, depending on ξ and ∆+, such that

Θξ(γ) :=
ε(ξ,∆+)

η(∆0(γ,∆+))ηρ(γ̃)

∑
n∈WF (T )

ε(n)n∗ξ(γ̃)

agrees on Z(F )T (F )0,s with the character of a unique depth-zero supercuspidal representation
π(T, ξ) of G(F ) of the type considered in [11]. Here, γ̃ is any element of T (E)Γ such that
N(γ̃) = γ (the existence of γ̃ follows from our assumption that Ĥ0(Γ, T (E)) = 0).

2. Set L(φ) := {π(T, ξ)}T,ξ, where T ranges over a set of representatives for the rational con-
jugacy classes of maximal F -tori in the stable class determined by φ, and for each such T ,
ξ ranges over the (WF (T )-orbit of) characters of T (E)Γ arising from φ via the construction
of Gross. Then the assignment φ 7→ L(φ) agrees with the local Langlands correspondence for
G(F ).

We note that this conjecture holds for GL(`, F ), where p > 2` (see [6]). In §9, we will define
a function ηρ on T (E)Γ that is a canonical square root of η ◦ 2ρ ◦ N , in the case that G(F ) =
PGSp(4, F ). Our main theorem is the following.

Theorem 1.2. This conjecture holds for the depth-zero supercuspidal L-packets of PGSp(4, F )
arising from the Debacker-Reeder construction. In this setting ε(n) = 1 for all n ∈ WF (T ), and
ε(ξ,∆+) = 1.
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The L-packets that arise in the above setting are of the following two forms. One family
comprises singleton L-packets, the elements of which are supercuspidal representations associated
(as in [11]) to elliptic maximal F -tori of PGSp(4) having the quartic unramified extension of F as
their splitting field. The other family consists of L-packets of size 2. The elements of each such
packet are supercuspidal representations associated to stably, but not rationally, conjugate elliptic
maximal F -tori which split over the quadratic unramified extension of F .

We would also like to note that in the case that Ĥ0(Γ, T (E)) 6= 0, the situation seems more
difficult since our formula Θξ is not defined on Z(F )T (F )0,s anymore, but namely on the image
of T (E)Γ under the norm map. However, one might be able to remedy this with a prediction of
central character, as in [13], for example. We would also like to note that there is a wide class
of supercuspidal representations of p-adic groups that come from elliptic maximal tori that split
over a ramified extension. In this situation, it is unclear how to define η and ηρ, though this is the
subject of future work.

We now present an outline of the paper. In §3, we provide the background material that we
need from real groups as well as the motivation for our work. In §4, we review the theory of groups
of type L due to Gross, which is an integral part of our local Langlands correspondence. In §5, we
review the construction of [11]. In §6, we conduct a thorough analysis of the unramified elliptic tori
of PGSp(4, F ). In §7, we explicitly determine the genuine characters of T (E)Γ arising from Gross’s
theory. In §8, we compare the construction of Gross to the construction of DeBacker/Reeder. In
§9, we prove Theorem 1.2.

Remark 1.3. We believe that many of the results in this paper are generalizable in a way that
does not involve large amounts of computations. As mentioned earlier, we have a conjectural way
of generalizing ηρ to an arbitrary unramified connected reductive group. Moreover, we believe that
the results in §7 can be generalized without the need for computations. It remains for us to see
whether the computations in §9 can be generalized.

Acknowledgments. Both authors thank the referee for very helpful suggestions and corrections
to improve this paper, and Jeffrey Adler for beneficial conversations. The second-named author
was supported by NSF grant DMS-0854844.

2 Notation

Now let F denote a nonarchimedean local field of characteristic zero. We let oF denote the ring of
integers of F , pF its maximal ideal, f the residue field of F , q the order of f, and p the characteristic
of f. Let fm denote the degree m extension of f. We let $ denote a uniformizer of F . Let F u denote
the maximal unramified extension of F . Set Γu = Gal(F u/F ). We denote byWF the Weil group of
F , IF the inertia subgroup ofWF , I+

F the wild inertia subgroup ofWF , andWab
F the abelianization

ofWF . We denote byW ′F the Weil-Deligne groupWF ×SL(2,C), we setWt :=WF /I
+
F , and we set

It := IF /I
+
F . We fix an element Φ ∈ Gal(F/F ) whose inverse induces the map x 7→ xq on F := f.

For any finite Galois extension E/F , let NE/F : E → F denote the norm map. If E/F is
a quadratic extension, we will sometimes denote the nontrivial Galois automorphism of E/F by
x 7→ x̄. We let E1 denote the quadratic unramified extension of F and we let E2 denote the quartic
unramified extension of F . Set Γi = Gal(Ei/F ).

If A and B are abstract or algebraic groups, and if B is a subgroup of A, then we let N(A,B)
denote the normalizer of B in A. If B is a normal subgroup of A, we denote the image of a ∈ A in
A/B by [a]. For a ∈ A, Int(a) will denote the automorphism of A given by conjugation by a.
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Suppose that G is a connected reductive group over an arbitrary field F , and T ⊂ G a torus
defined over F . We denote by X∗(T ) and X∗(T ) the character and cocharacter modules of T ,
respectively. If T happens to be unramified, and E/F is an unramified extension, then we define
T (oE) to be the maximal bounded subgroup of T (E). Let ∆+ be a set of positive roots of G with
respect to T . We set

ρ :=
1

2

∑
α∈∆+

α.

For γ ∈ T (F ), define

∆0(γ,∆+) :=
∏
α∈∆+

(1− α−1(γ)).

Denote by W (G,T ) the absolute Weyl group N(G,T )/T of T in G, and set

WF (G,T ) := W (G,T )Gal(F̄ /F ) ⊂W (G,T )

WF (G,T ) := N(G(F ), T (F ))/T (F ) ⊂WF (G,T ).

The groups WF (G,T ) and WF (G,T ) are the “large” and “small” Weyl groups as in [11, §2.11].
When the group G is understood from context, we will omit it from the notation, writing W (T ),
WF (T ), and WF (T ).

3 Background from real groups

In order to motivate the theory that we wish to develop for p-adic groups, we describe the corre-
sponding theory over R upon which our work is based, that is, the the local Langlands correspon-
dence for relative discrete series L-packets. More information can be found in [2].

3.1 Covers of Tori

Definition 3.1. Let G be a connected reductive group over R, T ⊂ G a torus over R, and let ∆+

be a set of positive roots of G with respect to T . Then 2ρ ∈ X∗(T ). We define the ρ-cover T (R)ρ of
T (R) as the fiber product (in the category of groups) of the homomorphisms 2ρ : T (R)→ C∗ and the
squaring map Υ : C∗ → C∗ given by Υ(z) = z2. Thus, T (R)ρ = {(t, λ) ∈ T (R)× C∗ : 2ρ(t) = λ2}.

Although ρ is not necessarily a character of T (R), it can naturally be viewed as a character of
T (R)ρ. Namely, in the commutative diagram

T (R)ρ
Π′−−−−→ C∗yΠ

yΥ

T (R)
2ρ−−−−→ C∗

defining the fiber product, we have Π′(t̃)2 = 2ρ(t), where Π(t̃) = t. Therefore, Π′ is a character of
T (R)ρ which is a canonical square root of 2ρ ◦ Π. Throughout this paper, we will write ρ instead
of Π′.

The Weyl group WR(T ) = N(G(R), T (R))/T (R) acts on T (R)ρ as follows: If (t, λ) ∈ T (R)ρ and
s ∈ WR(T ), then define

s(t, λ) := (st, (s−1ρ− ρ)(t)λ) (1)
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Definition 3.2. A character χ̃ : T (R)ρ → C∗ is genuine if it does not factor through Π.

Definition 3.3. A genuine character χ̃ of T (R)ρ is called regular if sχ̃ 6= χ̃ for all nontrivial
s ∈ WR(T ) where sχ̃(t, λ) := χ̃(s−1(t, λ)).

3.2 Relative discrete series Langlands parameters and character formulas for
real groups

In this section we will briefly describe the local Langlands correspondence for relative discrete series
L-packets of real groups. Let G be a connected reductive group over R that contains a relatively
compact maximal torus It is known that this is equivalent to G(R) having relative discrete series
representations.

Definition 3.4. Let t be an indeterminate and let k denote the rank of G. For h ∈ G(R), define
the Weyl denominator DG(h) by

det(t+ 1−Ad(h)) = DG(h)tk + (terms of higher degree)

Then if ∆ is the set of roots of T in G,

DG(h) =
∏
α∈∆

(1− α(h)).

For a maximal torus T ⊂ G defined over R, define ∆0(h,∆+) as in §2, where ∆+ is a set of
positive roots of G with respect to T

We now present the classification of relative discrete series representations of G(R) (see [3,
Definition 4.3]).

Theorem 3.5. (Harish-Chandra) Let G be a connected reductive group, defined over R. Suppose
that G contains a real Cartan subgroup T that is relatively compact. Let χ̃ be a genuine character
of T (R)ρ that is regular. Let ε(s) := (−1)`(s) where `(s) is the length of the Weyl group element
s ∈ WR(T ). Let T (R)reg denote the regular set of T (R). Then there exists a unique constant
ε(χ̃,∆+) = ±1, depending only on χ̃ and ∆+, and a unique relative discrete series representation
of G(R), denoted π(χ̃), such that

Θπ(χ̃)(h) =
ε(χ̃,∆+)

∆0(h,∆+)ρ(h̃)

∑
s∈WR(T )

ε(s)χ̃(sh̃), for h ∈ T (R)reg

where h̃ ∈ T (R)ρ is any element such that Π(h̃) = h. Moreover, every relative discrete series
character of G(R) is of this form.

It is important to note that while the numerator and denominator of the character formula are
functions on T (R)ρ, the quotient factors to a function on T (R)reg.

We conclude the section by describing the local Langlands correspondence for relative discrete
series representations of G(R), assuming that G(R) has relative discrete series. Fix a positive set of
roots ∆+ of G with respect to T . Let WR be the Weil group of R. Let φ :WR → LG be a relative
discrete series Langlands parameter. The theory in [2] canonically attaches a genuine character χ̃
of T (R)ρ to φ. Then the local Langlands correspondence for relative discrete series representations
of G(R) is given by attaching to χ̃ the absolute Weyl group orbit of Θπ(χ̃), where the absolute Weyl
group acts on Θπ(χ̃) via its action on χ̃. The rest of the paper will be devoted to proving a p-adic
analogue of this correspondence, for depth-zero supercuspidal L-packets of PGSp(4, F ).
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4 Groups of type L

We now review the theory of “groups of type L” due to Benedict Gross. Let F be a field, F s

a separable closure, and T a torus defined over F that splits over an extension E ⊂ F s. Let
Γ = Gal(E/F ). Let X∗(T ) be the character module of T and X∗(T ) the cocharacter module of T .
Define T̂ = X∗(T )⊗ C∗. The group Γ acts on T̂ via its action on X∗(T ).

Definition 4.1. A group of type L is a group extension of Γ by T̂ .

Let D be such a group. Then we have an exact sequence

1→ T̂ → D → Γ→ 1

We now describe how, to a given Langlands parameter

φ :WF → D,

we can naturally attach a character of T (E)Γ := T (E)/IΓ(T (E)), where IΓ(T (E)) = {(1 − γ)t :
t ∈ T (E), γ ∈ Γ}. Restricting φ to WE we get a homomorphism

φ|WE
:WE → T̂

By the Langlands correspondence for tori, this gives us a character ξ : T (E) → C∗. Since φ|WE

extends to φ, one can see that
ξ(tσ) = ξ(t) for all σ ∈ Γ.

Therefore, ξ(tσ−1) = 1 for all σ ∈ Γ. Thus, ξ is trivial on the augmentation ideal IΓ(T (E)) and
therefore ξ factors to a character

ξ : T (E)Γ → C∗

Invariants and coinvariants are related by the norm map

N : T (E)→ T (F ), t 7→
∏
ξ∈Γ

ξ(t)

in the exact Tate cohomology sequence

1→ Ĥ−1(Γ, T (E))→ T (E)Γ
N−→ T (F ) = T (E)Γ → Ĥ0(Γ, T (E))→ 1, (2)

noting that the norm map N factors to T (E)Γ. We have thus constructed a character ξ of T (E)Γ

from a Langlands parameter φ. We note that T (E)Γ is a cover of N(T (E)Γ), which is a subgroup
of T (F ). It is sometimes the case that N is surjective, in which case ξ is then a character of T (E)Γ,
which is a cover of T (F ).

We will need the following result on Weyl group actions on T (E)Γ in §9.1.

Lemma 4.2. Let G be a connected reductive F -group and let T be a maximal F -torus of G. Let E
be the splitting field of T . Then the standard actions of WF (G,T ) and WF (G,T ) on T (E) factor
to actions on T (E)Γ.
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Proof. Since WF (G,T ) ⊆ WF (G,T ), it suffices to to prove the statement for the group WF (G,T ).
By [11, Lemma 2.11.2], WF (G,T ) = N(G(E), T (F ))/T (E). Let n ∈ N(G(E), T (F )). Then since
n normalizes T (F ), n also normalizes T (E). Therefore, we have that N(G(E), T (F ))/T (E) acts
on T (E).

We now have to show that N(G(E), T (F ))/T (E) sends the augmentation ideal

{tσ(t)−1 : t ∈ T (E), σ ∈ Γ}

to itself. Let t ∈ T (E), σ ∈ Γ and let w ∈ (N(G,T )/T )(F ). Then

w

(
t

σ(t)

)
=

w(t)

wσ(t)
=

w(t)

σ(σ−1(w(σ(t))))
=

w(t)

σ(σ−1w)(t)
=

w(t)

σ(w(t))
,

the last equality coming from the fact that w ∈ (N(G,T )/T )(F ), so w is fixed by Γ.

5 Review of part of the construction of DeBacker and Reeder

In this section, we recall the part of the construction of DeBacker and Reeder that associates a
character of an elliptic torus to a TRSELP.

Suppose G is an unramified connected reductive group defined over F . We fix S ⊂ G, an
F u-split maximal F -torus which is contained in a Borel F -subgroup. We let X := X∗(S) be the
character module of S, and let Wo = W (G,S). We denote by ϑ the automorphism of X and XoWo

induced by Φ, where X oWo is the extended affine Weyl group.
We now review some of the basic theory from [11]. Let Ĝ denote the complex dual group of

G. Let Ŝ ⊂ Ĝ be a maximal torus and fix an identification δ : X
∼−→ X∗(Ŝ). Fix a pinning

(Ŝ, B̂, {xα∗}α∗∈Φ∗) for Ĝ once and for all. The operator ϑ̂ on X∗(Ŝ) dual to ϑ induces an automor-
phism of Ŝ. There is a unique extension of ϑ̂ to an automorphism of Ĝ, satisfying ϑ̂(xα∗) = xϑ·α∗
(see [11, §3.2]). Following [11], we may form the semidirect product LG := 〈ϑ̂〉n Ĝ.

Definition 5.1. A Langlands parameter φ :W ′F → LG is called a tame regular semisimple elliptic
Langlands parameter (abbreviated TRSELP) if

1. φ is trivial on I+
F ,

2. The centralizer of φ(IF ) in Ĝ is a torus.

3. CĜ(φ)o = (Ẑ ϑ̂)o, where Ẑ denotes the center of Ĝ, and where CĜ(φ) denotes the centralizer

of φ in Ĝ.

Condition (2) forces φ to be trivial on SL(2,C) ⊂ W ′F . Let N̂ = N(Ĝ, Ŝ). After conjugating

by an appropriate element of Ĝ, we may assume that φ(IF ) ⊂ Ŝ and φ(Φ) = ϑ̂f , for some f ∈ N̂ .
Let ŵ be the image of f in Ŵo = N̂/Ŝ, and let w be the corresponding element of Wo under the
natural identification of Wo with Ŵo.

Let φ be a TRSELP with associated w and let σ be the automorphism wϑ of S. Let σ̂ be the
automorphism of Ŝ dual to σ, and let n be the order of σ. We set Ĝab := Ĝ/Ĝ′, where Ĝ′ denotes
the derived group of Ĝ. Let LSσ := 〈σ̂〉 n Ŝ. DeBacker and Reeder (see [11, §4]) associate to φ a
Ŝ-conjugacy class of Langlands parameters

φS :Wt → LSσ (3)
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as follows. Set φS := φ on IF , and φS(Φ) := σ̂ n τ where τ ∈ Ŝ is any element whose class in
Ŝ/(1− σ̂)Ŝ corresponds to the image of f in Ĝab/(1− ϑ̂)Ĝab under the bijection

Ŝ/(1− σ̂)Ŝ
∼→ Ĝab/(1− ϑ̂)Ĝab (4)

In [11, §4], DeBacker and Reeder construct a canonical bijection between Ŝ-conjugacy classes of
admissible homomorphisms φ :Wt → LSσ and depth-zero characters of S(F u)Φσ , where we identify
S(F u) = X ⊗ F u and Φσ is the automorphism σ ⊗ Φ−1. We briefly summarize this construction.
Let S := X⊗F∗ and note that Φσ also acts on S. Given automorphisms α, β of abelian groups A,B,
respectively, let Homα,β(A,B) denote the set of homomorphisms f : A→ B such that f ◦α = β ◦f .
Composition with the norm map Nσ(t) = tΦσ(t)Φ2

σ(t) · · ·Φn−1
σ (t) induces isomorphisms

Hom(SΦσ ,C∗) ∼→ HomΦσ ,Id(SΦnσ ,C∗) ∼→ HomΦσ ,Id(X ⊗ f∗n,C∗).

Moreover, the map s 7→ χs gives an isomorphism

HomΦ,σ̂(f∗n, Ŝ)
∼→ HomΦσ ,Id(X ⊗ f∗n,C∗),

where χs(λ ⊗ a) := λ(s(a)). The canonical projection It → f∗m induces an isomorphism as Φ-
modules It/(1−Ad(Φ)m)It

∼→ f∗m. Since σ̂ has order n, we have HomΦ,σ̂(f∗n, Ŝ) ∼= HomAd(Φ),σ̂(It, Ŝ).
Therefore, the map s 7→ χs is a canonical bijection

HomAd(Φ),σ̂(It, Ŝ)
∼→ Hom(SΦσ ,C∗).

Moreover, if 0S(F u) denotes the maximal bounded subgroup of S(F u), we have an isomorphism

0S(F u)Φσ ×Xσ ∼→ S(F u)Φσ , (γ, λ) 7→ γλ($).

Finally, note that Ŝ/(1 − σ̂)Ŝ can be identified with the character group of Xσ, via the map
taking τ ∈ Ŝ/(1− σ̂)Ŝ to χτ ∈ Hom(Xσ,C∗), where χτ (λ) := λ(τ). Therefore, we have a canonical
bijection φ 7→ χφ between Ŝ-conjugacy classes of admissible homomorphisms φ : Wt → LSσ and
depth-zero characters of S(F u)Φσ given by

χφ := χs ⊗ χτ , (5)

where s := φ|It , φ(Φ) = σ̂ n τ .

6 Maximal tori in GSp(4) and PGSp(4)

In this section, we describe the unramified elliptic maximal F -tori in GSp(4) and PGSp(4) as these
are the tori that are relevant to the construction of L-packets in [11]. The torus

Ṡ = {diag(x1, x2, x3, x4) : x1x4 = x2x3}

is a split maximal torus of GSp(4). Its Weyl group has order 8 and can be identified with the
group of permutations of the elements {x1, x2, x3, x4} that fix the relation x1x4 = x2x3. We choose
a system of positive roots

α(x) = x1/x2, β(x) = x2/x3, (α+ β)(x) = x1/x3, (2α+ β)(x) = x1/x4, (6)
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where x = diag(x1, x2, x3, x4). All calculations in this paper will be performed with respect to
this choice of positive roots. However, our results do not depend on this choice (see remark 9.7).
We note that if ρ denotes half the sum of the positive roots, then 2ρ(x) = x3

1/x
2
3x4, where again

x = diag(x1, x2, x3, x4).
Let A = E1×E1, and from now on let σ denote the generator of Gal(E1/F ). By [16, §1], there

is a stable conjugacy class of elliptic maximal F -tori Ṫ of GSp(4) such that

Ṫ (F ) ∼= {a ∈ A : aσ(a) ∈ F ∗},

where σ acts componentwise, and F ∗ is embedded diagonally as the set of pairs {(z, z) : z ∈ F ∗}.
Thus

Ṫ (F ) ∼= {(x, y) ∈ E∗1 × E∗1 : NE1/F (x) = NE1/F (y)}.

It follows from [10, Thm. 3.4.1] that there exists an F -torus Ṫ0 (resp. Ṫ1) in this stable class such
that the maximal compact subgroup of Ṫ0(F ) (resp. Ṫ1(F )) is contained in a hyperspecial (resp. non-
hyperspecial) maximal compact subgroup of GSp(4, F ). For i = 0, 1, there exists gi ∈ GSp(4, E1)
that conjugates Ṫi to Ṡ and which satisfies

σ(g−1
i diag(a, b, c, d)gi) = g−1

i diag(d̄, c̄, b̄, ā)g−1
i

for diag(a, b, c, d) ∈ Ṡ(E1). Thus, for i = 0, 1, we can and will identify Ṫi(E1) with the group
{(a, b, c, d) ∈ (E∗1)4 : ad = bc}, where σ ∈ Γ1 acts via the formula σ(a, b, c, d) = (d̄, c̄, b̄, ā) (recall
that Γ1 = Gal(E1/F )). Then Ṫi(F ) = Ṫi(E1)Γ1 = {(a, c, c̄, ā) : aā = cc̄}, which can further be
identified with {(x, y) ∈ E∗1 × E∗1 : NE1/F (x) = NE1/F (y)}.

From now on, denote by τ a fixed generator of Gal(E2/F ). Again by [16, §1], there is a stable
conjugacy class of elliptic maximal F -tori Ṫ of GSp(4) such that Ṫ (F ) ∼= {x ∈ E2 : xτ2(x) ∈ F ∗}.
Let Ṫ2 be such a torus. Let g2 ∈ GSp(4, E2) be an element that conjugates Ṫ2 to Ṡ. Then g2 can
be chosen to satisfy

τ(g−1
2 diag(a, b, c, d)g2) = g−1

2 diag(τ(c), τ(a), τ(d), τ(b))g2.

for all (a, b, c, d) ∈ Ṡ(E2). Thus Ṫ2(F ) = Ṫ2(E2)Gal(E2/F ) is E2-conjugate to the group of matrices
of the form diag(a, τ(a), τ3(a), τ2(a)), where a ∈ E∗2 satisfies aτ2(a) ∈ F ∗, i.e., NE2/E1

(a) ∈ F ∗.
Thus we will identify Ṫ2(E2) with the group {(a, b, c, d) ∈ (E∗2)4 : ad = bc}, where τ ∈ Γ2 acts

via the formula τ(a, b, c, d) = (τ(c), τ(a), τ(d), τ(b)). Then

Ṫ2(F ) = Ṫ2(E2)Γ2

= {(a, τ(a), τ3(a), τ2(a)) : a ∈ E∗2 , aτ2(a) ∈ F ∗},

which can be identified with N−1
E2/E1

(F ∗) = {a ∈ E∗2 : aτ2(a) ∈ F ∗}.
We denote by S the image of Ṡ in PGSp(4). Thus the roots described earlier in this section

can be viewed as roots of S.

6.1 The tori T0 and T1

Let T0 (resp. T1) be the image of Ṫ0 (resp. Ṫ1) in PGSp(4). Then T0 (resp. Ṫ1) is an elliptic F -
torus such that Ṫ0(F ) (resp. Ṫ1(F )) is contained in a hyperspecial (resp. non-hyperspecial) maximal
compact subgroup of GSp(4, F ). It follows from [10, Thm. 3.4.1,Cor. 4.3.2] that T0 and T1 are not
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rationally conjugate, and the union of their rational conjugacy classes is a stable conjugacy class
of maximal F -tori in PGSp(4). Let T be either T0 or T1. Then we can identify T (E1) with

{(a, b, c, d)E∗1 : a, b, c, d ∈ E∗1 , ad = bc},

where E∗1 is embedded diagonally. Then σ acts on T (E1) via σ((a, b, c, d)E∗1) = (d̄, c̄, b̄, ā)E∗1 . In
this section, we will compute the Tate cohomology groups of T , and then give a simple description
of the Tate cohomology exact sequence for T (see §4). In order to compute Galois invariants and
coinvariants of T (E1), it is useful to further identify T (E1) with E∗1 × E∗1 as follows.

Lemma 6.1. For i = 0, 1, identify Ti(E1) with {(a, b, c, d)E∗1 : a, b, c, d ∈ E∗1 , ad = bc} as above.
There is a Galois-equivariant isomorphism

ψi : T (E1)→ E∗1 × E∗1

(a, b, c, d)E∗1 7→ (a/b, b/c)

where the Galois action on E∗1 × E∗1 is given by σ(w, z) 7→ (1/w̄, 1/z̄). Thus

Ti(F ) = Ti(E1)Γ1 ∼= ker(NE1/F )× ker(NE1/F ).

Proof. The map is easily seen to be well defined. To show injectivity, suppose ψi((a, b, c, d)E∗1) =
(1, 1). Thus, a = b = c. Since ad = bc, we have a = b = c = d, so (a, b, c, d)E∗1 is trivial in T (E1).
The inverse of ψi is given by (w, z) 7→ (w, 1, 1/z, 1/wz)E∗1 . To show that ψi is Galois equivariant,
note that

ψi(σ((a, b, c, d)E∗1)) = ψi((d̄, c̄, b̄, ā)E∗1)

= (d̄/c̄, c̄/b̄)

= (b̄/ā, c̄/b̄)

= σ(a/b, b/c)

= σ(ψi((a, b, c, d)E∗1))

since ad = bc. The final statement now follows easily.
Again, let T be either T0 or T1. We now consider the norm map N : T (E1) → T (E1)Γ1 given

in §4.

Lemma 6.2. Ĥ0(Γ1, T (E1)) = 0.

Proof. Recall that Ĥ0(Γ1, T (E1)) = T (E1)Γ1/N(T (E1)), where N is the norm map T (E1)→ T (F ).
Identifying T (E1) with E∗1×E∗1 as in Lemma 6.1, we have N(w, z) = (w/w̄, z/z̄). Thus, by Hilbert’s
Theorem 90, N(T (E1)) = ker(NE1/F )× ker(NE1/F ) = T (E1)Γ1 .

Lemma 6.3. Ĥ−1(Γ1, T (E1)) ∼= (Z/2Z)× (Z/2Z).

Proof. Recall that Ĥ−1(Γ1, T (E1)) = ker(N)/IΓ1(T (E1)). Let (w, z) ∈ E∗1 ×E∗1 , which we identify
with T (E1) as above. Since N(w, z) = (w/w̄, z/z̄), it follows that ker(N) = F ∗ × F ∗.

Let 1 − σ : T (E1) −→ T (E1) be the map x 7→ x/σ(x). Then IΓ1(T (E1)) = im(1 − σ).
For (x, y) ∈ E∗1 × E∗1 = T (E1), we have (1 − σ)(x, y) = (NE1/F (x), NE1/F (y)), so im(1 − σ) =
NE1/F (E∗1)×NE1/F (E∗1). Thus

ker(N)/IΓ1(T (E1)) = (F ∗/(NE1/F (E∗1))× (F ∗/NE1/F (E∗1)) ∼= (Z/2Z)× (Z/2Z).
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The map N factors through the group T (E1)Γ1 of coinvariants to give a map N : T (E1)Γ1 →
T (E1)Γ1 . By the proof of the preceding theorem, we have that T (E1)Γ1 can be identified with

E∗1 × E∗1
(1− σ)(E∗1 × E∗1)

=
(
E∗1/NE1/F (E∗1)

)
×
(
E∗1/NE1/F (E∗1)

)
.

Recalling that T (E1)Γ1 = ker(NE1/F )× ker(NE1/F ), we have that N : T (E1)Γ1 → T (E1)Γ1 is given
by

(wNE1/F (E∗1), wNE1/F (E∗1)) 7→ (w/w̄, z/z̄).

Therefore, the exact sequence of Tate cohomology groups in §4 reduces in our case to the standard
exact sequence

1→ Z/2Z× Z/2Z→ E∗1/NE1/F (E∗1)× E∗1/NE1/F (E∗1)
N−→ ker(NE1/F )× ker(NE1/F )→ 1

6.2 The torus T2

In this section, we will compute the Tate cohomology groups of T2, and then give a simple descrip-
tion of the Tate cohomology exact sequence for T2.

Let T2 be the image of Ṫ2 in PGSp(4). If follows from [10, Cor. 4.3.2] that the rational conjugacy
class of T2 in PGSp(4) is a stable class. We can identify T2(E2) with {(a, b, c, d)E∗2 : a, b, c, d ∈
E∗2 , ad = bc}, where E∗2 is embedded in diagonally. Then τ acts on T2(E2) via τ((a, b, c, d)E∗2) =
(τ(c), τ(a), τ(d), τ(b))E∗2 . In order to compute Galois invariants and coinvariants of T2(E2), the
following further identification is useful.

Lemma 6.4. Identifying T2(E2) with {(a, b, c, d)E∗2 : a, b, c, d ∈ E∗2 , ad = bc} as above, there is a
Galois-equivariant isomorphism

ψ2 : T2(E2)
∼−→ E∗2 × E∗2

(a, b, c, d)E∗2 7→ (a/b, a/c),

where the Galois action on E∗2 × E∗2 is given by τ(x, y) := (τ(y)−1, τ(x)).

Proof. The map is clearly well defined, injective, and surjective as in the proof of Lemma 6.1.
Moreover, if (a, b, c, d)E∗2 ∈ T2(E2) (so that ad = bc), then

ψ2(τ((a, b, c, d)E∗2)) = ψ2((τ(c), τ(a), τ(d), τ(b))E∗2)

= (τ(c/a), τ(c/d))

= (τ(c/a), τ(a/b))

= τ(a/b, a/c)

= τ(ψ2((a, b, c, d)E∗2)).

Lemma 6.5. Ĥ0(Γ2, T2(E2)) = 0
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Proof. Recall that Ĥ0(Γ2, T2(E2)) = T2(E2)Γ2/N(T2(E2)), where N is the norm map T2(E2) →
T2(F ) and Γ2 = Gal(E2/F ). We identify T2(E2) with E∗2 ×E∗2 as in Proposition 6.4. Suppose that
(x, y) ∈ T2(E2)Γ2 . Then one easily sees that y = τ(x) and x ∈ ker(NE2/E1

). Since τ2 generates
Gal(E2/E1), it follows from Hilbert’s Theorem 90 that x = w/τ2(w) for some w ∈ E∗2 . Then

N(w, 1) = (w, 1) · τ(w, 1) · τ2(w, 1) · τ3(w, 1)

= (w, 1) · (1, τ(w)) · (τ2(w)−1, 1) · (1, τ3(w)−1)

= (w/τ2(w), τ(w/τ2(w)))

= (x, τ(x))

Thus (x, y) ∈ N(T2(E2)), so N(T2(E2)) = T2(E2)Γ2 .

Lemma 6.6. Ĥ−1(Γ2, T2(E2)) ∼= Z/2Z

Proof. Recall that Ĥ−1(Γ2, T2(E2)) = ker(N)/IΓ2(T2(E2)). Let (w, z) ∈ E∗2×E∗2 , which we identify
with T2(E2) as in Lemma 6.4. Note that

N(w, z) = (w, z) · τ(w, z) · τ2(w, z) · τ3(w, z)

= (w, z) · (τ(z)−1, τ(w)) · (τ2(w)−1, τ2(z)−1) · (τ3(z), τ3(w)−1)

= (wτ(z)−1τ2(w)−1τ3(z), zτ(w)τ2(z)−1τ3(w)−1).

Thus N(w, z) = (x, τ(x)), where x = wτ(z)−1τ2(w)−1τ3(z). The condition N(w, z) = (1, 1) is
therefore equivalent to x = 1, or w/τ(z) = τ2(w)/τ3(z) = τ2(w/τ(z)). It follows that w/τ(z) ∈ E∗1 ,
so that τ(z) = wα for some α ∈ E∗1 . Thus

ker(N) = {(w, τ−1(w)β : w ∈ E∗2 , β ∈ E∗1}.

Let ϑ : T2(E2) −→ T2(E2) be the map x 7→ x/τ(x). Then IΓ2(T2(E2)) = im(ϑ). For (x, y) ∈
E∗2 × E∗2 = T2(E2), we have

ϑ(x, y) = (x, y)τ(x, y)−1 = (x, y)(τ(y), τ(x)−1) = (xτ(y), y/τ(x)).

Making a change of variables by setting w = xτ(y), we get that

y/τ(x) = yτ2(y)/τ(w) = τ−1(w) ·
NE2/E1

(y)

τ(w)τ−1(w)
= τ−1(w) ·NE2/E1

(y/τ(w)).

It follows that
IΓ2(T2(E2)) = {(w, τ−1(w)β) : w ∈ E∗2 , β ∈ NE2/E1

(E∗2)}, (7)

and hence that ker(N)/ im(ϑ) ∼= Z/2Z.

Lemma 6.7. There are natural isomorphisms

T2(E2)Γ2
∼= E∗2/NE2/E1

(E∗2)

T2(E2)Γ2 ∼= ker(NE2/E1
).

Identifying these pairs of isomorphic groups, the norm map N : T2(E2)Γ2 → T2(E2)Γ2 is given by

wNE2/E1
(E∗2) 7→ w/τ2(w) for w ∈ E∗2 .
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Proof. Identify T2(E2) with E∗2×E∗2 as above. Using (7), we see that the surjective homomorphism
T2(E2)→ E∗2 defined by (w, z) 7→ wτ(z)−1 maps IΓ2(T2(E2)) onto NE2/E1

(E∗2). It therefore defines
an isomorphism T2(E2)Γ2

∼= E∗2/NE2/E1
(E∗2). Moreover, by the proof of Lemma 6.5, we have

T2(E2)Γ2 = {(x, τ(x)) : x ∈ ker(NE2/E1
)} ∼= ker(NE2/E1

)

via the map (x, τ(x)) 7→ x.
Let (w, 1) ∈ E∗2 ×E∗2 , which we identify with T2(E2) as above. Let (w, 1) be the image of (w, 1)

in T2(E2)Γ2 . As in the proof of Lemma 6.5,

N(w, 1) = (w/τ2(w), τ(w/τ2(w))).

Under the isomorphisms in the preceding paragraph, (w, 1) ∈ T2(E2)Γ2 corresponds to wNE2/E1
(E∗2) ∈

E∗2/NE2/E1
(E∗2), while (w/τ2(w), τ(w/τ2(w))) ∈ T2(E2)Γ2 corresponds to w/τ2(w) ∈ ker(NE2/E1

).

Therefore, we have shown that the exact sequence of Tate cohomology groups in §4 reduces
therefore in our case to the standard exact sequence

1→ Z/2Z→ E∗2/NE2/E1
(E∗2)

N−→ ker(NE2/E1
)→ 1

wNE2/E1
(E∗2) 7→ w/τ2(w)

7 Characters of covers of tori associated to TRSELPs

From now on, unless otherwise specified G will denote the group PGSp(4). Let φ : WF → LG be
a TRSELP for G(F ) = PGSp(4, F ). Note that LG = Spin(5,C) × 〈ϑ̂〉. Recall that by the theory
of groups of type L, φ naturally gives rise to a character ξ of the group of coinvariants T (E)Γ of a
elliptic maximal F -torus T that splits over some extension E of F , where Γ = Gal(E/F ). In this
section, we explicitly compute the restriction of ξ to Ĥ−1(Γ, T (E)) (see §4).

Given a root α∗ of Ŝ in Spin(5,C), we denote by wα∗ the reflection in the Weyl group of Ŝ
in Spin(5,C) through α∗. For each such α∗, there is an associated homomorphism SL(2,C) →
Spin(5,C). Let nα∗ be the image of the matrix

(
0 1
−1 0

)
under this map. Then nα∗ lies in the

normalizer N(Ĝ, Ŝ) of Ŝ in Spin(5,C), and its image in the Weyl group of Ŝ is wα∗ . Let α∨∗ denote
the coroot of Ŝ corresponding to α∗. Then

n2
α∗ = α∨∗ (−1). (8)

We have the following commutation relations for all roots α∗, β∗ and t ∈ C (see [9, §7.2])

nα∗β
∨
∗ (t)n−1

α∗ = (wα∗(β∗))
∨(t) (9)

nα∗nβ∗n
−1
α∗ = (wα∗(β∗))

∨(ηα∗,β∗) · nwα∗ (β∗) for a certain ηα∗,β∗ ∈ C. (10)

We will henceforth denote by α∗ and β∗, respectively, the long and short simple roots of Ŝ in
Spin(5,C) (with respect to B̂).

Lemma 7.1. Let n̂ = nα∗nβ∗nα∗nβ∗. Then n̂2 = β∨∗ (−1).
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Proof. Observe that
n̂2 = nα∗nβ∗nα∗nβ∗nα∗nβ∗nα∗nβ∗

= nα∗nβ∗ · (nα∗nβ∗n−1
α∗ ) · n2

α∗ · nβ∗nα∗nβ∗
= nα∗nβ∗ · (α∗ + β∗)

∨(ηα∗,β∗) · nα∗+β∗ · α∨∗ (−1) · nβ∗nα∗nβ∗
by (8) and (10), since wα∗(β∗) = α∗ + β∗. The above expression is equal to

nα∗ ·
(
nβ∗

(
(α∗ + β∗)

∨(ηα∗,β∗) · nα∗+β∗ · α∨∗ (−1)
)
n−1
β∗

)
· n2

β∗ · nα∗nβ∗
= nα∗ ·

(
(α∗ + β∗)

∨(ηα∗,β∗) · (α∗ + β∗)
∨(ηβ∗,α∗+β∗) · nα∗+β∗ · (α∗ + 2β∗)

∨(−1)
)

·β∨∗ (−1) · nα∗nβ∗ (11)

again by (8), (9), and (10), since wβ∗(α∗+ β∗) = α∗+ β∗ and wβ∗(α∗) = α∗+ 2β∗. But (11) can be
rewritten as

nα∗
(
(α∗ + β∗)

∨(ηα∗,β∗ ηβ∗,α∗+β∗) · nα∗+β∗ · (α∗ + 2β∗)
∨(−1) · β∨∗ (−1)

)
n−1
α∗ · n

2
α∗ · nβ∗

= β∨∗ (ηα∗,β∗ ηβ∗,α∗+β∗) · β∨∗ (ηα∗,α∗+β∗) · nβ∗ · (α∗ + 2β∗)
∨(−1)

·(α∗ + β∗)
∨(−1) · α∨∗ (−1) · nβ∗ , (12)

since
wα∗(α∗ + β∗) = β∗, wα∗(α∗ + 2β∗) = α∗ + 2β∗, wα∗(β∗) = α∗ + β∗.

We may re-express (12) as

β∨∗ (ηα∗,β∗ ηβ∗,α∗+β∗ ηα∗,α∗+β∗) · nβ∗
(
(α∗ + 2β∗)

∨(−1) · (α∗ + β∗)
∨(−1) · α∨∗ (−1)

)
n−1
β∗
· n2

β∗

= β∨∗ (ηα∗,β∗ ηβ∗,α∗+β∗ ηα∗,α∗+β∗) · α∨∗ (−1) · (α∗ + β∗)
∨(−1) · (α∗ + 2β∗)

∨(−1) · β∨∗ (−1),

as above, noting that wβ∗(α∗ + 2β∗) = α∗. One checks easily that (α∗ + β∗)
∨ = 2α∨∗ + β∨∗ and

(α∗ + 2β∗)
∨ = α∨∗ + β∨∗ . Therefore, the preceding displayed expression equals

β∨∗ (−ηα∗,β∗ ηβ∗,α∗+β∗ ηα∗,α∗+β∗) · α∨∗ (−1) ·
[
2α∨∗ (−1) · β∨∗ (−1)

]
·
[
α∨∗ (−1)β∨∗ (−1)

]
= β∨∗ (−ηα∗,β∗ ηβ∗,α∗+β∗ ηα∗,α∗+β∗)

Basic results on Chevalley groups (see [9]) allow one to compute that

−ηα∗,β∗ ηβ∗,α∗+β∗ ηα∗,α∗+β∗ = −1,

concluding the proof.
Recall that our parameter satisfies φ(IF ) ⊂ Ŝ and φ(Φ) = ϑ̂f , for some f ∈ NĜ(Ŝ). The Weyl

group of Spin(5,C) is the dihedral group of order 8. If we set r = wα∗wβ∗ , then for φ to be a
TRSELP, it is necessary that ŵ must be a nontrivial element of 〈r〉. Therefore, without loss of
generality, we may take ŵ to be r or r2 (since r3 is conjugate to r in the Weyl group of Spin(5,C),
so replacing r by r3 would yield an equivalent TRSELP).

Definition 7.2. We say that a TRSELP φ is of type r if ŵ = r. We say that a TRSELP φ is of
type r2 if ŵ = r2.

15



7.1 Parameters of type r2.

Let φ be a TRSELP of type r2. We first note that this type of TRSELP is associated to the stable
conjugacy class of the tori T0 and T1, in the sense that these are the representatives for the rational
classes of elliptic tori on which the action of the Galois group is obtained by twisting the action on
S by the Weyl group element r2.

Let T be either T0 or T1, and correspondingly, let g ∈ PGSp(4, E1) be either the element g0

or g1 in GSp(4, E1) from §6 (whose image in PGSp(4, E1) conjugates T to the image S of Ṡ in
PGSp(4)), and let ψ be the isomorphism ψ0 or ψ1 from Lemma 6.1. Via conjugation by g, we
can transfer the roots α and β of S to roots of T (which we will also denote by α and β to ease
notation). Note that

ψ((a, b, c, d)E∗1) = (a/b, b/c) = (α((a, b, c, d)E∗1), β((a, b, c, d)E∗1)).

There is a compatible identification of Ŝ with C∗ × C∗, as follows. First, recall that we have fixed
a duality map δ : X∗(Ŝ)

∼→ X∗(S). Composing δ with conjugation by g gives us a duality map
δ′ : X∗(T )

∼→ X∗(Ŝ). Under this map, the action of the generator σ of Γ1 on X∗(T ) corresponds
to the action of r2 on X∗(Ŝ) (via the scalar −1). We now use the images of the simple roots α and
β of PGSp(4) under δ′ to decompose Ŝ as a direct product. We may assume that these images
are the coroots α∨∗ and β∨∗ described above (after possibly altering our fixed pinning, if necessary).
Explicitly, the isomorphism C∗ × C∗ ∼−→ Ŝ is given by

(w, z) 7→ α∨∗ (w)β∨∗ (z).

Via the duality map δ′, the action of Γ1 on T transfers to one on Ŝ ∼= C∗ × C∗ given by σ(w, z) =
(1/w, 1/z).

By the theory in §4, φ naturally gives rise to a character ξ of T (E1)Γ1 . We wish to compute
ξ|Ĥ−1(Γ1,T1(E1)) explicitly.

By Lemma 6.2 and (2), we have an exact sequence

1→ Ĥ−1(Γ1, T (E1))→ T (E1)Γ1 → T (F )→ 1.

Since φ|WE1
has image in Ŝ and the abelianization of WE1 is naturally isomorphic to E∗1 , φ|WE1

factors through a map φ′ : E∗1 → Ŝ. Via the above identification of Ŝ with C∗ × C∗, we get a
canonical map

E∗1 → C∗ × C∗

x 7→ (ξ1(x), ξ2(x))

The local Langlands correspondence for tori says that ξ(w, z) = ξ1(w)ξ2(z) for all w, z ∈ E∗1 , where
we view ξ as a character of E∗1×E∗1 via the identification of T (E1) with E∗1×E∗1 in §6.1. Under this
identification, Ĥ−1(Γ1, T (E1)) = F ∗/NE1/F (E∗1)× F ∗/NE1/F (E∗1). Therefore, we wish to compute
ξ($,$), ξ($, 1), and ξ(1, $).

Proposition 7.3. We have ξ($,$) = −1, ξ($, 1) = 1, and ξ(1, $) = −1. Therefore, ξ factors to

a genuine character of the two-fold cover T̃ (F ) := T (E1)Γ1/〈($, 1)〉 of T (F ).

Proof. Recall that the Artin map WE1 → E∗1 sends Φ2 to $. Write φ(Φ2) = φ′($) as α∨∗ (a)β∨∗ (b),
for some a, b ∈ C∗. The above discussion allows us to conclude that ξ($,$) = ab, ξ($, 1) = a, and
ξ(1, $) = b. We must therefore calculate φ(Φ2).
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Since the element r2 of the Weyl group of Ŝ can be written wα∗wβ∗wα∗wβ∗ , the element n̂ =

nα∗nβ∗nα∗nβ∗ lies in the preimage of r2 in N(Ĝ, Ŝ).
We first assume that f = n̂, and then we will show that our result is independent of choice of

lift of r2. By Lemma 7.1, we have f2 = β∨∗ (−1) = α∨∗ (1)β∨∗ (−1). Therefore, the claim follows in
the case that f = n̂.

Now suppose f = t̂n̂, for some t̂ ∈ Ŝ. Then

φ(Φ2) = t̂n̂t̂n̂ = t̂n̂t̂n̂−1n̂2.

We need to write t̂n̂t̂n̂−1n̂2 in the form α∨∗ (a)β∨∗ (b) for some a, b ∈ C∗. Note that n̂t̂n̂−1 =
wα∗wβ∗wα∗wβ∗(t̂). Since ŵ acts via (w, z) 7→ (1/w, 1/z) on Ŝ, it follows that t̂n̂t̂n̂−1 = 1. In
particular, φ(Φ2) = α∨∗ (1)β∨∗ (−1), so we have our result.

7.2 Parameters of type r.

Let φ be a TRSELP of type r. Note that this type of TRSELP is associated to the stable conjugacy
class of the torus T2, in the sense that this is an elliptic torus on which the action of the Galois
group is obtained by twisting the action on S by the Weyl group element r.

The element r acts on the module X∗(Ŝ) ∼= Z × Z by (a, b) 7→ (−b, a). As in §7.1, we transfer
the roots α and β of S to roots of T2 via conjugation by the element g2 of §6. Note that we
have identified T2(E2) with E∗2 × E∗2 in §6.2 via the roots α and α + β of T2. More precisely, our
identification is

ψ2 : T2(E2)
∼−→ E∗2 × E∗2

(a, b, c, d)E∗2 7→ (a/b, a/c) = (α((a, b, c, d)E∗2), (α+ β)((a, b, c, d)E∗2)).

As in §7.1, there is a compatible identification of Ŝ with C∗ ×C∗, as follows. We first compose the
duality map δ and conjugation by the element g2 from §6 to get a duality map δ′ : X∗(T2)

∼→ X∗(Ŝ)
as in §7.1. We then use the images of α and α+β of PGSp(4) under δ′ to decompose Ŝ as a direct
product. Recall from §7.1 that δ′(α) = α∨∗ and δ′(β) = β∨∗ . Then explicitly, the map C∗ ×C∗ ∼−→ Ŝ
is given by

(w, z) 7→ α∨∗ (w)(α∨∗ + β∨∗ )(z) = α∨∗ (wz)β∨∗ (z).

Via the duality map δ′, the action of Γ2 on T2 transfers to one on Ŝ ∼= C∗ ×C∗ given by τ(w, z) =
(1/z, w). As in §7.1, we wish to compute the restriction to Ĥ−1(Γ2, T2(E2)) of the character ξ
attached to φ by the theory in §4.

By Lemma 6.5 and (2), Recall the exact sequence

1→ Ĥ−1(Γ2, T2(E2))→ T2(E2)Γ2 → T2(F )→ 1.

Since φ|WE2
has image in Ŝ, it follows that φ|WE2

factors through a map φ′ : E∗2 → Ŝ, as in §7.1.

Via the above identification of Ŝ with C∗ × C∗, we get a canonical map

E∗2 → C∗ × C∗

x 7→ (ξ1(x), ξ2(x))

The local Langlands correspondence for tori says that ξ(w, z) = ξ1(w)ξ2(z) for all w, z ∈ E∗2 , where
we view ξ as a character of E∗2 × E∗2 via the identification of T2(E2) with E∗2 × E∗2 in §6.2. Under
this identification of T2(E2) with E∗2 × E∗2 , the element ($, 1) represents the nontrivial class in
Ĥ−1(Γ2, T2(E2)) (see lemma 6.6). Thus, we wish to compute ξ($, 1).
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Proposition 7.4. We have ξ($, 1) = −1. Therefore, ξ is a genuine character of the two-fold cover

T̃2(F ) = T2(E2)Γ2 of T2(F ).

Proof. Recall that the Artin map WE2 → E∗2 sends Φ4 to $. Write φ(Φ4) = φ′($) as α∨∗ (a)(α∨∗ +
β∨∗ )(b), for some a, b ∈ C∗. The above discussion allows us to conclude that ξ($, 1) = a. We must
therefore calculate φ(Φ4).

The element m̂ = nα∗nβ∗ lies in the preimage of r in N(Ĝ, Ŝ). We first assume that f = m̂,
and then we will show that our result is independent of choice of lift of r.

Note that m̂4 = nα∗nβ∗nα∗nβ∗nα∗nβ∗nα∗nβ∗ . This is precisely the expression that was calcu-
lated in the proof of Lemma 7.1 to equal β∨(−1). Therefore, in the case that f = m̂, we have our
result, since β∨∗ (−1) = α∨∗ (−1)(α∨∗ + β∨∗ )(−1), so that ξ($, 1) = −1.

Now suppose f = t̂m̂, for some t̂ ∈ Ŝ. Then

φ(Φ4) = (t̂m̂)4 = t̂m̂t̂m̂−1m̂2t̂m̂−2m̂3t̂m̂−3m̂4.

Note that ŵ acts by (a, b) 7→ (−b, a) on X∗(T ). It therefore must act via (w, z) 7→ (1/z, w) on Ŝ.
It follows that if t̂ = (w, z), then t̂m̂t̂m̂−1m̂2t̂m̂−2m̂3t̂m̂−3 = (w, z)(1/z, w)(1/w, 1/z)(z, 1/w) = 1.
Therefore, φ(Φ4) = m̂4 = α∨∗ (−1)(α∨∗ + β∨∗ )(−1), so we finally have our result.

Remark 7.5. To summarize, we have calculated in each case the restriction of ξ to Ĥ−1(Γi, Ti(Ei))
by computing powers of φ(Φ). On the other hand, one can see that the computation of these powers
of φ(Φ) are also precisely the data needed to compute the cohomology classes of the groups of type
L that arise for each Langlands parameter. In fact, Gross has predicted a canonical link between
ξ|Ĥ−1 and the cohomology class of the group of type L as follows. Recalling the notation of §4,
there is a canonical sequence of isomorphisms

H2(Γ, T̂ ) ∼= H3(Γ, X∗(T )) ∼= Ĥ−3(Γ, X∗(T ))∗ ∼= Ĥ−1(Γ, T (E))∗,

where Ĥ−1(Γ, T (E))∗ denotes the dual of Ĥ−1(Γ, T (E)). These isomorphisms are given by the
exponential sequence

1→ X∗(T )→ X∗(T )⊗ C→ T̂ → 1,

the universal coefficients theorem, and Tate duality, respectively. Therefore, if D is a group of type
L, the composition of the above isomorphisms canonically gives a homomorphism

cD : Ĥ−1(Γ, T (E))→ C∗.

Gross has predicted that if φ :WF → D is a Langlands parameter, and if ξ ∈ T̂ (E)Γ is the character
that φ gives rise to as in §4, then the restriction of ξ to Ĥ−1(Γ, T (E)) is equal to cD.

8 Relating the constructions of Gross and DeBacker–Reeder

We consider here a TRSELP φ for any unramified connected reductive group G. Let w be the Weyl
group element associated to φ, and set σ = wϑ as in §5. Let S,Φσ be as in §5. Let Sσ denote the
torus S with Galois action given by Φσ. Let E be the splitting field of Sσ, and set Γ = Gal(E/F ).
Then φ has image inside a group of type L for Sσ. Let χφ be the character of Sσ(F ) that DeBacker
and Reeder attach to φ (see §5).

We have the exact sequence

1→ Ĥ−1(Γ, Sσ(E))→ Sσ(E)Γ → Sσ(F )→ Ĥ0(Γ, Sσ(E))→ 1.

18



Let Ωφ be the character of Sσ(E)Γ associated to φ via the theory of groups of type L (see §4). Note
that the above exact sequence restricts to an exact sequence

1→ Ĥ−1(Γ, Sσ(oE))→ Sσ(oE)Γ → Sσ(oF )→ Ĥ0(Γ, Sσ(oE))→ 1

Moreover, one can show using a profinite version of Lang’s theorem and various results about
tori over finite fields, that since Sσ is unramified, Ĥ−1(Γ, Sσ(oE)) = Ĥ0(Γ, Sσ(oE)) = 1 (see [7]).
Therefore, the map

Sσ(oE)Γ
N−→ Sσ(oF )

is an isomorphism, and we may view Ωφ|Sσ(oE)Γ
as a character of Sσ(oF ) via this isomorphism.

Now, since Ωφ was obtained from φ|WE
via the local Langlands correspondence for tori, and since

χφ|Sσ(oF ) was obtained from φ|WE
via the local Langlands correspondence for tori, it follows that

χφ ◦N = Ωφ on Sσ(oE)Γ. We have therefore proven the following lemma.

Lemma 8.1. The restriction to Sσ(oE)Γ
∼= Sσ(oF ) of the genuine character arising from the Gross

construction coincides with the character of Sσ(oF ) that is constructed from φ via the construction
of DeBacker–Reeder.

Let T̂(G) be the set of all pairs (T, θ), were T is an F -minisotropic maximal torus of G, and

θ ∈ T̂ (F ). There is a natural action of G(F ) on T̂(G) and a natural notion of stable conjugacy on
T̂(G). DeBacker and Reeder [11] associate to φ a stable conjugacy class T̂st in T̂(G) (see [11, §10.1,

§9]). Specifically, for (T, θ) ∈ T̂st, the torus T is in the stable class determined by Sσ, and θ ∈ T̂ (F )
is obtained by transporting χφ from Sσ(F ) to T (F ) via conjugation.

Choose a set of representatives {(T, θ)}T,θ for the G(F )-orbits contained in T̂st. Then T ranges
over a set of representatives for the rational conjugacy classes of tori in the stable class determined
by Sσ, and for each such T , θ ranges over a set of representatives for a WF (T )-orbit in the WF (T )-
orbit of characters attached to χφ. Let T̂ be a rational class in T̂st represented by (T, θ). DeBacker

and Reeder associate to T̂ a depth-zero supercuspidal representation, which we will denote by π(T̂ ).
Let Θπ(T̂ ) denote the character of π(T̂ ). For s ∈ WF (T ), let s∗θ(γ) := θ(s−1γs). As in [11,

§4.4], let ε(G,T ) denote (−1)r1−r2 , where r1 and r2 are the respective relative ranks of G and T
over F . Let T (F )0,s denote the set of strongly regular topologically semisimple elements of T (F )
(see [11, §7]). DeBacker and Reeder prove the following see [11, §10, Thm. 4.5.3].

Theorem 8.2. For all γ ∈ T (F )0,s,

Θπ(T̂ )(γ) = ε(G,T )
∑

w∈WF (T )

w∗θ(γ).

Moreover, the L-packet of G associated to the TRSELP φ is {π(T̂ ′)}, where T̂ ′ ranges over the set
of rational classes in T̂st.

Remark 8.3. We remark that for the group that we are interested in, PGSp(4, F ), it is always
the case that if T is unramified elliptic, then T (oF ) ∼= T (F ). In particular, Ĥ0(Γ, T (E)) = 1 and
we have an exact sequence

1→ Ĥ−1(Γ, T (E))→ T (E)Γ → T (F )→ 1.

In addition, ε(G,Ti) = 1 for i = 0, 1, 2.
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Remark 8.4. Let T be a torus in a stable conjugacy class of F -minisotropic maximal tori of
G determined by φ. Then once one chooses a particular isomorphism X∗(T ) −→ X∗(T̂ ) that
implements duality between T and T̂ , φ determines a character ξ of T (E)Γ via the theory of groups
of type L. It is easily seen that there exists g ∈ G(F ) such that Int(g)(T ) = S and ξ = Ωφ ◦ Int(g).
Altering the duality isomorphism has the effect of replacing ξ by w∗ξ = ξ ◦ Int(w−1) for some
w ∈WF (T ). Moreover, if θ = χφ ◦ Int(g), then (T, θ) is in the stable class T̂st determined by φ, and
moreover, ξ and θ bear the same relationship to each other as χφ and ξ do in Lemma 8.1. That is
θ ◦N = ξ on T (oF ).

Remark 8.5. Let T̂st be the stable class determined by φ. Let Given T , ξ and θ as in the preceding
remark, let T̂ be the rational class of (T, θ) in T̂(G). In the case G = PGSp(4), we show in §9
that π(T̂ ) is the unique depth-zero representation satisfying the condition in Conjecture 1.1(1),
i.e., π(T, ξ) = π(T̂ ). Then for G = PGSp(4) (or in general assuming the previous sentence holds
for general G), Conjecture 1.1(2) follows from this fact, Theorem 8.2 and Remark 8.4.

9 Character formulas

9.1 Our conjectural character formula

In this section, we return to the setting in which G = PGSp(4). We define our character formula
and prove that it agrees with the character of a unique depth-zero supercuspidal representation on
T (F )0,s for an appropriate torus T .

Let φ be a TRSELP. If φ is of type r2 (see Definition 7.2), let i be either 0 or 1, and if φ is of
type r, let i = 2. Let ξ be the character of Sσ(E)Γ determined by φ as in §8. For i = 0, 1, 2, it
follows from Remark 8.4 that the element gi from §6 conjugates the character Ωφ to a character ξi
of Ti(E)Γ, and that ξi arises from φ via the theory of groups of type L, applied to the torus Ti.

As in §6, we transfer the positive roots of the diagonal torus S to the torus Ti by conjugating
by the element gi.

In §6, we described the group Ti(F ) of F -rational points via the isomorphism ψi. Under these

identifications, the two-fold cover T̃i(F ) arising from Langlands parameters via the theory of groups
of type L is

T̃i(F ) =

{
(E∗1 × E∗1)/(E∗1 ×NE1/F (E∗1)) if i = 0, 1,

E∗2/NE2/E1
(E∗2) if i = 2.

Moreover, we have the identification

Ti(F ) =

{
ker(NE1/F )× ker(NE1/F ) if i = 0, 1,

ker(NE2/E1
) if i = 2.

The covering norm map N : T̃i(F )→ Ti(F ) is

([w1], [w2]) 7→ (w1/σ(w1), w2/σ(w2)) if i = 0, 1,

[w] 7→ w/τ2(w) if i = 2.

We will compute our character formula using these realizations of T̃i(F ). In particular, we
will need to compute root values on elements of Ti(F ). This is done by pulling back via ψ−1

i . In

20



particular, if z ∈ imψi and ν is a positive root as above, then ν(z) is defined by ν(ψ−1
i (z)). In

particular, it is readily computed that the values of the positive roots on Ti(F ) for i = 0, 1 are

α((z1, z2)) = z1, β((z1, z2)) = z2, (α+ β)((z1, z2)) = z1z2, (2α+ β)((z1, z2)) = z2
1z2,

while the values of the positive roots on T2(F ) are

α(z) = z, β(z) = τ(z)/z, (α+ β)(z) = τ(z), (2α+ β)(z) = zτ(z).

We now define our Weyl denominator. Recall from §3.2 that in the real case, the Weyl denom-
inator was given by ∆0(t,∆+)ρ(t̃), where t ∈ T (R) and t̃ was a lift of t to T (R)ρ. We now define a
p-adic analogue of ∆0(t,∆+)ρ(t̃).

For a regular semisimple element t ∈ Ti(F ), note that ∆0(t,∆+) takes values in E∗i , not C∗.
Hence we must compose ∆0 with an appropriate C∗-valued character η which we define later. For

the p-adic version of ρ(t̃), we wish to define a complex-valued function on T̃i(F ) that will act as a
“square root of η ◦ (2ρ)”, in analogy with the case of real groups. More precisely, we will define a
function ηρ on Ti(E)Γ that is a canonical square root of η ◦ (2ρ) ◦N , which we will later compute
in the separate case T1 and T2.

In order to define our character formula, we need to remark that the action of WF (Ti) on Ti(Ei)

descends to one on Ti(Ei)Γi and T̃i(F ).

Remark 9.1. It is easily seen that (N(G,Ti)/Ti)(F ) stabilizes ker ξ ⊂ Ti(Ei), hence acts on T̃i(F ).

We now define a character formula associated to the Langlands parameter φ. Abbreviate WF (Ti)
by Wi for i = 0, 1, 2 We will define η and ηρ in §9.1.1.

Definition 9.2. Let γ be a regular semisimple element of Ti(F ). Define

Θξ(γ) :=

∑
w∈Wi

w∗ξ(γ̃)

η(∆0(γ,∆+))ηρ(γ̃)

where γ̃ is any element of Ti(Ei)Γi such that N(γ̃) = γ. Here w∗ξ(γ̃) := ξ(w−1(γ̃)) for w ∈ Wi.
(Recall from Lemma 4.2 that Wi does indeed act on T (Ei)Γ.)

A priori, this expression depends on the particular choice of γ̃, not just γ. However, we will
verify in §9.1.2 and §9.1.3 that it doesn’t depend on the choice. We let D(γ̃) denote the denominator
of this formula, i.e.,

D(γ̃) = η(∆0(γ,∆+))ηρ(γ̃).

The next section concerns the character ηρ appearing in our Weyl denominator. In the two
subsequent sections, we construct ηρ for Ti, and then we prove that Θξ agrees, via stable conjugation
by gi (see §6), with the character of a depth zero supercuspidal representation on Ti(F )0,s.

9.1.1 The p-adic Weyl denominator

In §9.1.2 and §9.1.3, for each of the two tori Ti, i = 0, 1, 2, we construct a genuine character ηρ of

T̃i(F ) such that we have a commutative diagram

T̃i(F )
ηρ−−−−→ C∗yN ys

Ti(F )
η◦(2ρ)−−−−→ C∗
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where s : C∗ → C∗ is the map s(z) = z2. Equivalently, we will show that there exists a genuine

character ηρ of T̃i(F ) whose square is the character η ◦ (2ρ) ◦ N . The character ηρ is unique up

to multiplication by a non-genuine character of T̃i(F ) of order dividing 2. We will require that ηρ

satisfy the additional condition that its restriction to the image of Ti(oEi)Γi in T̃i(F ) be trivial.

It is easily seen that this determines ηρ uniquely (recall that T̃i(F ) is a two-fold cover of Ti(F )).
The character ηρ constructed in §9.1.2 and §9.1.3 does indeed satisfy this extra condition and is

therefore the unique character of T̃i(F ) with these properties. By pullback under the canonical

projection Ti(E1)Γ1 → T̃i(F ), ηρ may be viewed as a character of Ti(E1)Γ1 .

9.1.2 The tori T0(F ) and T1(F )

We first consider the case in which φ is of type r2 and hence a character formula on Ti(F ), where
i = 0 or 1. Let η = ωE2/E1

. Let (z1, z2) ∈ Ti(F ). Then

η(∆0((z1, z2),∆+)) = η

(
1− 1

z1

)
η

(
1− 1

z2

)
η

(
1− 1

z1z2

)
η

(
1− 1

z2
1z2

)
.

Note that this equals

η

(
1− σ(w1)

w1

)
η

(
1− σ(w2)

w2

)
η

(
1− σ(w1w2)

w1w2

)
η

(
1− σ(w2

1w2)

w2
1w2

)
for any ([w1], [w2]) ∈ T1(E1)Γ such that N([w1], [w2]) = (z1, z2).

We now determine the character ηρ. To calculate ηρ, we must find a canonical square root of

η ◦ (2ρ) ◦N . For ([w1], [w2]) ∈ T̃i(F ), we have

η((2ρ)(N([w1], [w2]))) = η((2ρ)((w1/σ(w1), w2/σ(w2)))) =

η

(
w1

σ(w1)

w2

σ(w2)

w1w2

σ(w1w2)

w2
1w2

σ(w2
1w2)

)
= η

(
w4

1w
3
2

σ(w4
1w

3
2)

)
.

Multiplying by η(σ(w2))/η(σ(w2)), and noting that η is trivial on w2σ(w2), we get

η(2ρ(N([w1], [w2]))) = η

(
w4

1w
2
2

σ(w4
1w

4
2)

)
.

Observe that the character

([w1], [w2]) 7→ η

(
w2

1w2

σ(w2
1w

2
2)

)
is a square root of η ◦ (2ρ) ◦ N . Moreover, this character is trivial on the image of Ti(oE1)Γ1 in

T̃i(F ) and is genuine since it is nontrivial on ([1], [$]) ∈ Ĥ−1(Γ1, Ti(E1)). Hence this character
must equal the character ηρ from 9.1.1. Therefore, we have that

D([w1], [w2])

= η

(
1− σ(w1)

w1

)
η

(
1− σ(w2)

w2

)
η

(
1− σ(w1w2)

w1w2

)
η

(
1− σ(w2

1w2)

w2
1w2

)
η

(
w2

1w2

σ(w2
1w

2
2)

)
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= η

(
1

σ(w1)
− 1

w1

)
η

(
1

σ(w2)
− 1

w2

)
η

(
1

σ(w1w2)
− 1

w1w2

)
η
(
w2

1w2 − σ(w2
1w2)

)
.

Since η is trivial on the norms, we may multiply this whole expression by η(w1w2σ(w1w2))2 = 1 to
get

η(w1 − σ(w1))η(w2 − σ(w2))η(w1w2 − σ(w1w2))η(w2
1w2 − σ(w2

1w2)).

Proposition 9.3. Let θ = χφ ◦ Int(gi). Let T̂ be the rational class of (Ti, θ) in T̂(G). Then
Θξ(γ) = Θπ(T̂ )(γ) for all γ ∈ Ti(F )0,s.

Proof. Let γ = (z1, z2) ∈ Ti(F ) Assume that γ is strongly regular and topologically semisimple.
The assumption of topological semisimplicity on γ means that the zi are roots of unity. Moreover,
the assumption of strong regularity implies that z1 6= 1, z2 6= 1, z1z2 6= 1, z2

1z2 6= 1. We will
compute the terms in Θξ on Ti(E1)Γ1 . Note that ηρ pulls back to a character of Ti(E1)Γ1 via the

canonical projection Ti(E1)Γ1 → T̃i(F ). We will denote the latter character by ηρ as well. Let
γ̃ = ([w1], [w2]) ∈ Ti(E1)Γ1 = (E∗1/NE1/F (E∗1))× (E∗1/NE1/F (E∗1)) satisfy N(γ̃) = γ.

By Remark 8.3, we have that N gives an isomorphism Ti(oE1)Γ1
∼= Ti(F ). Thus, given γ as

above, one can choose γ̃ to lie in Ti(oE1)Γ1 . We suppose first that this is the case, i.e., that wi ∈ oE1

for i = 1, 2. Then w1 and w2 may be chosen to be roots of unity. Plugging in w1, w2, we get that
w1/σ(w1) 6= 1, w2/σ(w2) 6= 1, (w1w2)/(σ(w1w2)) 6= 1, (w2

1w2)/(σ(w2
1w2)) 6= 1. Since w1, w2 are

roots of unity and η is unramified, we therefore get that

η(w1 − σ(w1))η(w2 − σ(w2))η(w1w2 − σ(w1w2))η(w2
1w2 − σ(w2

1w2)) = 1.

Now recall from §8 that ξ = χφ ◦N on T1(oE1)Γ1 . Therefore,

Θξ(γ) =

∑
n∈Wi

n∗ξ([w1], [w2])

D([w1], [w2])
=
∑
n∈Wi

n∗ξ([w1], [w2]) = Θπ(Ti,θ)(γ)

for ([w1], [w2]) ∈ Ti(oE1)Γ1 mapping to γ = (z1, z2) via the norm map.
Now suppose that w1, w2 ∈ E∗1 are arbitrary, i.e., γ̃ is an arbitrary element of Ti(E1)Γ1 such that

N(γ̃) = γ. By Remark 8.3, γ̃ = γ̃0δ for some γ0 ∈ Ti(oE1)Γ1 and δ ∈ Ĥ−1(Γ1, Ti(E1)). It suffices
to show that Θξ(γ0δ) = Θξ(γ0) for all δ ∈ Ĥ−1(Γ1, Ti(E1)) and strongly regular, topologically
semisimple γ0 ∈ Ti(oE1)Γ.

First consider δ = ([$], [$]). Note that

D([$w1], [$w2])

= η($w1 − σ($w1))η($w2 − σ($w2))η($w1$w2 − σ($w1$w2)) (13)

·η
(
($w1)2$w2 − σ(($w1)2$w2)

)
= η($)7D([w1], [w2]) = −D([w1], [w2]).

Moreover, ∑
n∈Wi

n∗ξ([$w1], [$w2]) =
∑
n∈Wi

n∗ξ([$], [$]) · n∗ξ([w1], [w2]).

To simplify this sum, we need to compute the Weyl group Wi and its action on Ti(E1) = E∗1×E∗1 .
Since Ti is elliptic, there is a unique maximal compact subgroup K containing Ti(F ). (If i = 0, K is
hyperspecial, while if i = 1, K contains a non-hyperspecial maximal parahoric with index 2.) The
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quotient K/K+ of K by its pro-unipotent radical is the group of f-points of a reductive f-group G.
(If i = 0, then G ∼= PGSp(4), while if i = 1, then G ∼= H o (Z/2Z), where H is semisimple of type
A1 × A1.) The image of Ti(F ) in G(f) is the set of f-points of an elliptic maximal f-torus T ⊂ G.
Since r2 commutes with every element of the Weyl group W (G,T) of T in G, it follows that every
element of the normalizer N(G,T) of T in G has a representative in N(G(f),T(f)). It is easily seen
from [10, Lemma 2.2.2] that each such representative lifts to an element of N(G(F ), Ti(F )). It
follows that Wi

∼= W (G,T), and since W (G,Ti) ∼= W (G,T), we have Wi = W (G,Ti).

Remark 9.4. Since there are two rational conjugacy classes of maximal F -tori in the stable con-
jugacy class of Ti and since Wi = WF (G,Ti) = W (G,Ti), it follows from §8 that that the L-packet
attached to a parameter φ of type r2 has size 2. Moreover, since |WF (G,Ti)| = 8, an elementary
computation shows that the number of WF (G,Ti)-orbits of depth-zero regular characters of Ti(F )
is (q2 − 4q + 3)/8. From §8, we see that this is the number of distinct L-packets of this form.

Let wα, wβ be the simple reflections in W (G,Ti) corresponding to the simple roots α and
β. Using the isomorphism ψi as in Lemma 6.1, we have wν(w, z) := φ(wν(φ−1(w, z))) for all
(w, z) ∈ E∗1 × E∗1 and any root ν. The action of wα and wβ on Ti(E1) is given by

wα((x1, x2, x3, x4)E∗1) = (x2, x1, x4, x3)E∗1 wβ((x1, x2, x3, x4)E∗1) = (x1, x3, x2, x4)E∗1 .

Thus we have

wα(w, z) = φ(wα(w, 1, 1/z, 1/(wz))) = φ((1, w, 1/(wz), 1/z)) = (1/w,w2z)

wβ(w, z) = φ(wβ(w, 1, 1/z, 1/(wz))) = φ((w, 1/z, 1, 1/(wz))) = (wz, 1/z).

Using the above formulas, we get that wα([$], [$]) = ([1/$], [$3]). But ([1/$], [$3]) =
([$], [$]) ∈ E1/NE1/F (E∗1) × E1/NE1/F (E∗1) since $2 ∈ NE1/F (E∗1). Therefore, wα([$], [$]) =
([$], [$]). Similarly, wα([1], [$]) = ([1], [$]). Moreover, we have wβ([$], [$]) = ([1], [$]) and, since
wβ has order 2, wβ([1], [$]) = ([$], [$]). It follows that we must have wα([$], [1]) = wβ([$], [1]) =
([$], [1]).

Since Wi is generated by wα, wβ and since ξ([$], [$]) = ξ([1], [$]) = −1, we have∑
n∈Wi

n∗ξ([$], [$]) · n∗ξ([w1], [w2]) = −
∑
n∈Wi

n∗ξ([w1], [w2]).

Therefore, by (13), ∑
n∈Wi

n∗ξ([$w1], [$w2])

D([$w1], [$w2])
=

∑
n∈Wi

n∗ξ([w1], [w2])

D([w1], [w2])
.

Now consider the case δ = ([1], [$]). It is easy to see that D([w1], [$w2]) = η($)3D([w1], [w2]).
Since η($) = −1, we have D([w1], [$w2]) = −D([w1], [w2]). Also, the above discussion of the
action of Wi shows that∑

n∈Wi

n∗ξ([1], [$]) · n∗ξ([w1], [w2]) = −
∑
n∈Wi

n∗ξ([w1], [w2]),

which handles the element ([1], [$]).
Now consider ([$], [1]). It is easy to see that

D([$w1], [w2]) = η($)4D([w1], [w2]) = D([w1], [w2]).
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Moreover, ∑
n∈Wi

n∗ξ([$w1], [w2]) =
∑
n∈Wi

n∗ξ([$], [1]) · n∗ξ([w1], [w2]).

Since wα, wβ both fix ([$], [1]), and since ξ([$], [1]) = 1, we have∑
n∈Wi

n∗ξ([$w1], [w2])

D([$w1], [w2])
=

∑
n∈Wi

n∗ξ([w1], [w2])

D([w1], [w2])
.

9.1.3 The torus T2(F )

We now consider the case in which φ is of type r and hence a character formula on T2(F ). Let η
be an unramified character of E∗2 of order 4. Let z be an element of ker(NE2/E1

), which we identify
with T2(F ) as in Lemma 6.7. Then

η(∆0(z,∆+)) = η

(
1− 1

z

)
η

(
1− z

τ(z)

)
η

(
1− 1

τ(z)

)
η

(
1− 1

zτ(z)

)
. (14)

Let [w] ∈ E∗2/NE2/E1
(E∗2) = T̃2(F ) = T2(E2)Γ2 satisfy N(w) = w/τ2(w) = z. Then (14) equals

η

(
1− τ2(w)

w

)
η

(
1− wτ3(w)

τ(w)τ2(w)

)
η

(
1− τ3(w)

τ(w)

)
η

(
1− τ2(w)τ3(w)

wτ(w)

)
.

We now wish to define the function ηρ on T2(E2)Γ2 as we did for T1(E1)Γ1 . Again, we first
compute η ◦ (2ρ) ◦N . For [w] ∈ T2(E)Γ, let z = N([w]) = w/τ2(w). Then η((2ρ)(z)) = η(zτ(z)3)
so

η((2ρ)(N([w]))) = η

(
wτ(w)3

τ2(w)τ3(w)3

)
.

If we multiply this by η(wτ(w))/η(wτ(w)), we get

η((2ρ)(N([w])) = η

(
w2τ(w)4

wτ(w)τ2(w)τ3(w)τ3(w)2

)
= η

(
w2τ(w)4

τ3(w)2

)
since η is trivial on NE2/F (E∗2). Thus the character

w 7→ η

(
wτ(w)2

τ3(w)

)
is a square root of η ◦ (2ρ) ◦N . This character is trivial on the image of T2(oE2)Γ2 and nontrivial
on Ĥ−1(Γ2, T2(E2)), hence must equal ηρ (see 9.1.1).

Therefore, we get

D([w]) = η(∆0(N([w]),∆+))ηρ([w])

= η

(
1− τ2(w)

w

)
η

(
1− wτ3(w)

τ(w)τ2(w)

)
η

(
1− τ3(w)

τ(w)

)
η

(
1− τ2(w)τ3(w)

wτ(w)

)
η

(
wτ(w)2

τ3(w)

)
= η

(
w − τ2(w)

)
η

(
τ(w)− wτ3(w)

τ2(w)

)
η
(
τ(w)− τ3(w)

)
η

(
1

τ3(w)
− τ2(w)

wτ(w)

)
(15)
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Since η is trivial on NE2/F (E∗2), we have η(wτ(w)τ2(w)τ3(w)) = 1. Thus, multiplying (15) by
η(wτ(w)τ2(w)τ3(w)), we find that

D([w]) = η(w − τ2(w)) · η(τ(w)τ2(w)−wτ3(w)) · η(τ(w)− τ3(w)) · η(wτ(w)− τ2(w)τ3(w)). (16)

Proposition 9.5. Let θ = χφ ◦ Int(g2). Let T̂ be the rational class of (T2, θ) in T̂(G). Then
Θξ(γ) = Θπ(T̂ )(γ) for all γ ∈ T2(F )0,s.

Proof. Let γ ∈ T2(F ) correspond to the element z ∈ ker(NE2/E1
) via our realization of T2(E2) in

§6.2. Suppose that γ is strongly regular and topologically semisimple. Then z is a root of unity,
and moreover, z 6= 1, z 6= τ(z), and z 6= τ(z)−1. Let γ̃ ∈ T2(E2)Γ2 satisfy N(γ̃) = γ. Then γ̃
corresponds to an element [w] ∈ E∗2/NE2/E1

(E∗2) (as in Lemma 6.7) such that w/τ2(w) = z. The
strong regularity of γ implies that w 6= τ2(w), wτ3(w) 6= τ(w)τ2(w), and wτ(w) 6= τ2(w)τ3(w).

As in the case of the torus T1, by Remark 8.3, N gives an isomorphism T2(oE2)Γ2
∼= T2(F ).

Thus, given γ as above, one can choose γ̃ to lie in T2(oE2)Γ2 . Suppose first that this is the case,
i.e., that w ∈ oE2 . Then w may be chosen to be a root of unity. It follows from this, the fact that
η is unramified, and (16) that D([w]) = 1. Since ξ = χφ ◦N on T2(oE2)Γ2 (see §8), we obtain

Θξ(γ) =

∑
n∈W2

n∗ξ([w])

D([w])
=
∑
n∈W2

n∗ξ([w]) = Θπ(T2,θ)(γ).

Now suppose that w ∈ E∗2 is arbitrary, i.e., γ̃ is an arbitrary element of T2(E2)Γ2 such that
N(γ̃) = γ. As in §9.1.2, it suffices to show that Θξ(γ0δ) = Θξ(γ0) for all δ ∈ Ĥ−1(Γ2, T2(E2)) and
strongly regular, topologically semisimple γ0 ∈ T2(oE2)Γ2 . From Lemma 6.6, it follows that the
nontrivial element δ of Ĥ−1(Γ2, T2(E2)) ⊂ T2(E2)Γ2 is [$].

First note that

D([$w])

= η($w − τ2($w))η(τ($w)τ2($w)−$wτ3($w))η(τ($w)− τ3($w)) (17)

· η($wτ($w)− τ2($w)τ3($w))

= η($)6η(w − τ2(w))η(τ(w)τ2(w)− wτ3(w))η(τ(w)− τ3(w))η(wτ(w)− τ2(w)τ3(w))

= η($)6D([w]).

This is equal to −D([w]) since η($) has order 4.
To simplify the numerator of Θξ([$w]), we compute the Weyl group action on T2(E2) = E∗2×E∗2 .

Let wα, wβ be the simple reflections in the Weyl group W (G,T2) of PGSp(4) with respect to T2

corresponding to the simple roots α and β. Under the identification ϕ in Lemma 6.4, we have

wα(w, z) = ϕ(wα(wz, z, w, 1)) = ϕ(z, wz, 1, w) = (1/w, z)

wβ(w, z) = ϕ(wβ(wz, z, w, 1)) = ϕ((wz,w, z, 1)) = (z, w).

Recall from Lemma 6.4, that τ(w, z) = (τ(z)−1, τ(w)). One easily checks that the subgroup
WF (G,T2) of elements of W (G,T2) which commute with the action of Gal(E2/F ) is precisely
〈wαwβ〉. Moreover, as in §9.1.2, one can show that each element of WF (G,T2) has a representative
in N(G,T2)(F ), so that W2 = WF (G,T2).
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Remark 9.6. Since the rational conjugacy class of T2 is stable, and since W2 = WF (G,T2), it
follows from §8 that that the L-packet attached to a parameter φ of type r is a singleton. Since
|WF (G,Ti)| = 4, an elementary computation shows that the number of WF (G,T2)-orbits of depth-
zero regular characters of Ti(F ) is (q2 − 1)/4. From §8, this is the number of distinct L-packets of
this form.

Now the element [$] of E∗2/NE2/E1
(E∗2) corresponds to the coset in T2(E2)Γ2 represented by

the element ($, 1) via the identification ϕ in Lemma 6.4. But (wαwβ)($, 1) = (1, $), which
corresponds to the element [$−1] = [$] ∈ E∗2/NE2/E1

(E∗2). If follows that (N(G,T2)/T2)(F ) acts

trivially on Ĥ−1(Γ2, T2(E2)). Therefore,∑
n∈W2

n∗ξ([$w]) =
∑
n∈W2

n∗ξ([$]) · n∗ξ([w]) =
∑
n∈W2

ξ([$])n∗ξ([w]) = −
∑
n∈W2

n∗ξ([w]),

since ξ([$]) = −1. Therefore, we get∑
n∈W2

n∗ξ([$w])

D([$w])
=

−
∑
n∈W2

n∗ξ([w])

−D([w])
=

∑
n∈W2

n∗ξ([w])

D([w])

and we are done.

Remark 9.7. We note that our definition of Θξ involved a choice of positive roots ∆+. We are
now in a position to analyze the dependence of this function on ∆+. Note that the numerator is

independent of ∆+. So it suffices to analyze how D(γ̃) (γ̃ ∈ T̃i(F )) depends on ∆+. Selecting a
different set of positive roots is equivalent to replacing the conjugating element gi of §6 by gin,
where n ∈ N(G(Ei), Ti(Ei)). If n ∈ N(G(Ei), Ti(F )), then the results of this and previous sections
still hold, and their proofs are unchanged. However, if n /∈ N(G(Ei), Ti(F )), then in our explicit
realization of T (Ei) from §6, the action of Γi will be modified slightly. Nevertheless, although the
proofs of a number of results must be slightly modified in this case, the results of this section remain
true. In particular, the functions Θξ do not depend on the choice of positive roots.

9.2 Uniqueness of restrictions of characters

Let G be an unramified connected reductive F -group. In this section, we show that a depth-zero
supercuspidal character of G that comes from the elliptic maximal F -torus T via the construction
of [11] is uniquely determined by its restriction to T (F )0,s.

Let π be a depth-zero supercuspidal representation of G(F ) associated to an elliptic maximal
F -torus T as in [11]. We show that if the character of π coincides on Z(F )T (F )0,s with that of
another depth-zero supercuspidal representation of G(F ), then these representations are equivalent.
We do this first when both representations arise from the same elliptic maximal F -torus T of G.

Lemma 9.8. Let Ξ be a nonempty set of depth-zero characters of T (F ), and for each ξ ∈ Ξ, let
aξ = ±1. Then for q sufficiently large, the function

f =
∑
ξ∈Ξ

aξξ, .

is not identically zero on Z(F )T (F )0,s.
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Proof. Suppose to the contrary that f vanishes on Z(F )T (F )0,s. The group TΦσ ⊂ T is the quotient
of the maximal compact subgroup T (oF ) of T (F ) by its pro-unipotent radical. Since the characters
in Ξ have depth-zero, f can be viewed as a function on TΦσ . Thus, if χ ∈ Ξ, |〈f, χ〉| = |aχ| = 1,
where 〈·, ·〉 denotes the standard Hermitian inner product on the space of complex-valued functions
on TΦσ .

Let Y be the complement of the image of T (F )0,s ∩ T (oF ) in TΦσ . Then as a function on TΦσ ,
f vanishes off Y . Thus

1 = |〈f, χ〉| = 1

|TΦσ |

∣∣∣∣∣∣
∑
y∈Y

∑
ξ∈Ξ

aξξ(y) · χ−1(y)

∣∣∣∣∣∣ ≤ |Y ||Ξ||TΦσ |
.

It follows that
|Y |/|TΦσ | ≥ 1/|Ξ|. (18)

It is easily seen that the absolute Weyl group W (G,T ) acts naturally on T and that Y lies in the
union Y of the fixed-point subgroups Tw of T as w ranges over the nontrivial elements of W (G,T ).
Suppose y ∈ Y lies in Tw for some w ∈W (G,T ). Then y ∈ TΦnσ(w) for all n ∈ Z. Thus y is contained
in the f-subgroup

⋂
n∈Z TΦnσ(w) of T. Let V denote the set 〈Φσ〉\(W (G,T )− {1}) of orbits of 〈Φσ〉

on W (G,T ) − {1}. Then the preceding discussion shows that for O ∈ V , TO :=
⋂
w∈O Tw is a

f-subgroup of T and that

Y ⊂
⋃
O∈V

(
TO
)Φσ

.

Note that TO is not necessarily connected. However, it is clear that there exists a positive
integer C, depending only on the algebraic closure f̄ of f, such that |TO/

(
TO
)◦ | ≤ C for all O.

Then Lang’s theorem, together with standard results on Galois cohomology, imply that∣∣H1(〈Φσ〉,TO)
∣∣ =

∣∣∣H1(〈Φσ〉,TO/
(
TO
)◦∣∣∣ ≤ C

and hence that ∣∣∣(T/TO)Φσ ∣∣∣ ≤ C ∣∣∣TΦσ/
(
TO
)Φσ ∣∣∣ .

Thus
|Y |
|TΦσ |

≤
∑
O∈V

|(TO)Φσ |
|TΦσ |

=
∑
O∈V

1

|TΦσ/(TO)Φσ |
≤
∑
O∈V

C

|(T/TO)Φσ |
. (19)

Note that for each O ∈ V , T/TO is a positive-dimensional f-torus. It follows from [19, §9.1]
that

∣∣(T/TO)Φσ
∣∣ ≥ q − 1. Combining this with (19), we get that

|Y |
|TΦσ |

≤ C|V |
q − 1

,

and hence by (18),
q ≤ C|V ||Ξ|+ 1 ≤ C(|W (G,T )| − 1)|Ξ|+ 1,

and the result follows.
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Proposition 9.9. Let χ1, χ2 be depth-zero characters of T (F ) that are in general position with
respect to the action of WF (T ). Suppose∑

n∈WF (T )

n∗χ1(zγ0) =
∑

n∈WF (T )

n∗χ2(zγ0)

for all strongly regular, topologically semisimple elements γ0 ∈ T (F )0,s and for all elements z ∈
Z(F ). If q is sufficiently large, then χ1 = n′∗χ2 for some n′ ∈ WF (T ).

Proof. Consider the function

f =
∑

n∈WF (T )

n∗χ1 −
∑

n∈WF (T )

n∗χ2

on T (F ). This function vanishes on Z(F )T (F )0,s by assumption. It follows from Lemma 9.8 that
for q sufficiently large, when f is expressed as a linear combination of distinct characters, the
coefficients cannot all be ±1. This, together with the fact that χ1 and χ2 are in general position,
implies that χ1 = n′∗χ2 for some n′ ∈ WF (T ), as desired.

Remark 9.10. In the case of G = PGSp(4), one can calculate that the inequality (18) (with
|Ξ| = 2|W | as in Proposition 9.9) holds for T1 when q > 89 and for T2 when q > 3.

Remark 9.11. Proposition 9.9 and Theorem 8.2 together imply that if π is a depth-zero super-
cuspidal representation of G(F ) associated to the elliptic maximal F -torus T , then the values of
its character on Z(F )T (F )0,s distinguish it from all other such representations associated to T .

Proof of Theorem 1.2. Now let T ′ be an elliptic maximal F -torus of G that is not F -conjugate
to T . By [11, §10.1], the character of a depth zero supercuspidal representation coming from T ′

vanishes completely on Z(F )T (F )0,s. The reason is that if γ0 ∈ T (F )0,s, then γ0 is not contained
in any F -conjugate of T ′. We have shown in Lemma 9.8 that the character of any depth zero
supercuspidal representation coming from T doesn’t vanish on all of Z(F )T (F )0,s. Therefore, the
character of the above supercuspidal representation π associated to T cannot agree on Z(F )T (F )0,s

with the character of a depth-zero supercuspidal representation associated to T ′. As a result of
this fact, together with Remarks 9.11 and 8.5, and Propositions 9.3 and 9.5, we have now proved
Theorem 1.2.

Remark 9.12. There is one minor point here to be stated. We do not claim that there are no
other supercuspidal representations outside of [11] of G(F ) whose characters agree with Θξ on
Z(F )T (F )0,s, even though we expect this to be true.
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