
Homework 9
Due Wednesday, November 23rd

1. Direct limits commute with tensor products. Let R be a commutative ring with 1
and let (Mi, µij)i∈I be a direct system in the category R-mod over a directed set I and
let N be any R-module. Show that (Mi ⊗R N,µij ⊗ 1) is a direct system and denote
P = lim

−→
(Mi⊗RN). Let (M,µi) be a direct limit of (Mi, µij). Then for each i ∈ I we have

an R-module homomorphism µi ⊗ 1 : Mi ⊗R N −→ M ⊗R N . Show that µi ⊗ 1, i ∈ I,
induce an R-module isomorphism from P to M ⊗N .

2. Direct limits exist in the category of rings. Let (Ri, αij)i∈I be a direct system in
the category of rings (not necessarily commutative with identities) over a directed set I.
Regarding each Ri as a Z-module we can form an abelian group R = lim

−→
Ri with group

homomorphisms αi : Ri −→ R. Show that R inherits a ring structure from the Ri’s so
that each αi is a ring homomorphism. Assume that each Ri has an identity. Show that if
R = 0 then Ri = 0 for some i ∈ I.

3. Let R be an integral domain and let M be a flat R-module. Prove that M is R−torsion-
free.

4. Prove that the inverse limit of simple groups Gn, n ∈ N, in which the homomorphisms
are surjective is either the trivial group or a simple group.

5.
(i) Let p be a prime. Show that Zp maps surjectively on each Z/pnZ under the projection
maps.
(ii) Do problem 11 (p. 270, Chap. 7) from Dummit and Foote (2nd edition).
(iii) Consider all non-zero ideals of Z as forming an inverse system by divisibility, i.e., for
each n,m ∈ Z with n|m define λmn : Z/mZ −→ Z/nZ induced by the identity map on Z.
Prove that

lim
←−

(Z/nZ) ∼=
∏
p

Zp,

where the limit on the left is taken over all n ∈ N and the product on the left is taken
over all primes p.

6. Let {Mi} be a family of modules over a ring R. For any R-module N show that there
are R-module isomorphisms:

HomR(⊕iMi, N) ∼=
∏
i

HomR(Mi, N),



HomR(N,
∏
i

Mi) ∼=
∏
i

HomR(N,Mi).

7. Let (Li, λij) be an inverse system of modules over a ring R. For any R-module N show
that there is an R-module isomorphism

HomR(N, lim
←−

Mi) ∼= lim
←−

HomR(N,Mi).

8. Show that any module is a direct limit of finitely generated submodules.


