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It is shown that the multifractal property is shared by both Lyapunov exponents and dual Lyapunov
exponents related to scaling functions of one-dimensional expanding folding maps. This reveals in
a quantitative way the complexity of the dynamics determined by such maps. ©1999 American
Institute of Physics.@S1054-1500~99!00204-9#
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One of the topics in dynamical systems is to study the
geometric structure of some invariant set associated with
a given dynamical system. The scaling function has bee
used to describe the geometric structure of the maximal
invariant set of a certain dynamical system studied in this
article. In many cases the maximal invariant set is a frac-
tal. More interestingly, the graph of the scaling function
in many cases also looks like a fractal. Therefore to ana-
lyze a certain fractal property of the maximal invariant
set and the dual symbolic space where the scaling func
tion lives becomes important. The multifractal analysis
provides us with a tool to conduct this study. In this ar-
ticle, we use the Lyapunov exponent and the dua
Lyapunov exponent for such a given dynamical system to
give some multifractal decompositions for the maximal
invariant set and the dual symbolic space. We then use
Ruelle–Perron–Frobenius operators in the thermody-
namical formalism to calculate the Hausdorff dimensions
of the subsets in the multifractal decompositions. Our
analysis says that the Lyapunov exponent and the dua
Lyapunov exponent for a dynamical system studied in
this article are indeed multifractal functions.

I. INTRODUCTION AND STATEMENTS OF MAIN
RESULTS

The graph of a scaling function for a folding map~see
Ref. 1, p. 115! looks like a fractal. However, the direct stud
of the fractal property of the graph is rather difficult. In th
article, we study the dual Lyapunov exponent which we
fine as the ergodic mean value of the scaling function.
prove that the dual Lyapunov exponent is a multifractal fu
tion ~Theorem 2!. We also study the Lyapunov exponent
the folding map and show that it is also a multifractal fun
tion ~Theorem 1!.

Scaling functions for expandingC11a folding maps are
introduced in mathematics by Sullivan in Ref. 2~see Ref. 1,
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pp. 8–9 for a more comprehensive definition!. It has a root in
physics, in particular, in the study of period doubling bifu
cations in chaos~see Refs. 3,4,5!. Scaling functions are also
defined for Markov maps of intervals in Ref. 1, p. 76. A
though the results in this article can be proved for any M
kov map of an interval, we will only state them for foldin
maps of an interval~in order to have notational simplicity!.

Let I be the interval@21,1#. Supposef :I→R is a map.
Let f n denote then-time composition off . Suppose,

~i! f (21)5 f (1)521 and f (0).1,
~ii ! f u [ 21,0] is increasing andf u [0,1] is decreasing,
~iii ! f is continuously differentiable onf 21(I ) with non-

zero derivatives~at an endpoint of an interval we onl
consider one-side derivatives!.

We call such a map aC1 folding map. Themaximal invari-
ant setof f is

L5 ù
n50

`

f 2n~ I !.

Our main concern is the dynamical system (L, f ). We say a
folding map f is expandingif, furthermore

~iv! There are constantsC.0 andl.1 such that

u~ f n!8~x!u>Cln, S ;xP ø
j 50

n21

f 2 j~ I ! D .

By a theorem due to Mather~see Ref. 6 for a proof!, for an
expanding mapf , there exists aC1 change of coordinate
such that under the new coordinate we haveu f 8(x)u>l.1
(;xP f 21(I )). In the following, ‘‘expanding’’ will mean
this last condition.

We will denote byv f 8 the modulus of continuity off 8
on f 21(I ) which is defined in the usual way,

v f 8~r !5 sup
ux2yu<r

u f 8~x!2 f 8~y!u,

wherex andy stay in a same component off 21(I ). We say
that f 8 satisfies theDini condition if

E
0

1

v f 8~r !
dr

r
,`.

We say thatf 8 satisfies thestrong Dini conditionif

te
© 1999 American Institute of Physics
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E
0

1

v f 8~r !
u log r u

r
dr,`.

The Lyapunov exponentof (L, f ) at xPL is defined as

L~x!5 lim
n→`

1

n
logUd fn

dx
~x!U

~if the limit exists!. It follows from the ergodic theorem tha
L(x) is almost everywhere constant with respect to
f -invariant ergodic measure and the constant is the inte
of loguf8(x)u with respect to this measure~called the
Lyapunov exponent of the measure!. Since there are a lot o
invariant ergodic measures, we should get different c
stants. In this paper, we first describe more quantitativ
how the Lyapunov exponents are different by discussing
sizes via Hausdorff dimensions of the following sets:

Ea5$xPL:L~x!5a%.

Our study of the Hausdorff dimension dimEa is based on
transfer operators. ForbPR, consider the transfer operato

Tbc~x!5 (
yP f 21(x)

u f 8~y!ubc~y!, ~xPI !.

The operatorTb acts on the spaceC(I ) of continuous func-
tions. The logarithm of its spectral radius is denoted
Ploguf8u(b) or simply P(b) which is called the pressur
function.7,8

Theorem 1: Suppose f is an expanding folding ma
whose derivative satisfies the strong Dini condition. Th
P(b) is everywhere differentiable and ifa5P8(b) for some
b, we have

dimEa5
P~b!2ab

a
.

Now let us look at the scaling functions of (L, f ). It is
defined on the dual Cantor setS* ~see Ref. 1, p. 9! which is
composed of sequences of the formv* 5••• i n••• i 1i 0 and is
equipped with the usual ultrametric. Letu* be the shift on
S* defined asu* :••• i n••• i 1i 0°••• i n••• i 1 . Instead of di-
rectly studyingf , we shall study its inverses. Letg0 andg1

be the left and right inverse branches restricted onI of f . By
the above hypothesis made onf , the mapsg0 :I→g0(I ) and
g1 :I→g1(I ) areC1 diffeomorphisms. For a finite sequenc
vn5 j 0i 1••• j n21 ~read from left to right! of symbols$0,1%,
let

gvn
5gj 0

+gj 1
+•••+gj n21

, I vn
5gvn

~ I !.

Let vn* 5 i n21••• i 0 denote the samevn but read from right
to left. Thescaling function sof (L, f ) is defined as

s~v* !5 lim
n→`

s~vn* !, ~v* 5••• i n21••• i 1i 0PS* !

~if the limit exists for everyv* ), where

s~vn* !5
uI i n21••• i 1i 0

u

uI i n21••• i 1
u

(uJu denoting the length of an intervalJ). It will be seen
~Theorem 3! that the scaling function is well defined whenf 8
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satisfies the Dini condition. Note thats is a C1-invariant
~refer to Ref. 1!. For a scaling functions defined onS* , we
define

varn~s!5sup$us~v* !2s~v* 8!u:vn* 5vn*
8%

as then-variation ofs. We say a scaling function is of sum
mable variation if

(
n51

`

varn~s!,`.

Furthermore, we prove thats is of summable variationif f 8
satisfies the strong Dini condition~Corollary 1!.

We define thedual Lyapunov exponentof (L, f ) at v*
PS* as

L* ~v* !52 lim
n→`

1

n (
k50

n21

logs~u* kv* !

~if the limit exists!. Our purpose is to study the sizes of th
following sets:

Ea* 5$v* PS* :L* ~v* !5a%.

We prove the following theorem:
Theorem 2: Suppose f is an expanding folding ma

whose derivative satisfies the strong Dini condition. Ifa
5P8(b) for someb, we have

dimEa* 5
P~b!2ab

log 2
.

We call øaEa* ~resp.øaEa) the multifractal decompo-
sition of S* ~resp.L) with respect to dual Lyapunov expo
nents~resp. Lyapunov exponents!. They areC1 invariants.
Theorems 1 and 2 say that Hausdorff dimensions ofEa* and
Ea are well calculated, that is, the dual Lyapunov expon
and the Lyapunov exponent for an expandingC1 folding
map whose derivative satisfies the strong Dini condition
multifractal functions.

II. DINI CONDITION, STRONG DINI CONDITION, AND
DISTORTION

For n>0, denote

In5$I vn
:vn5 j 0••• j n21P$0,1%n%, dn5max

I PIn

uI u.

Consider the spaceS of infinite sequencesv5 j 0 j 1••• j n21

••• of 0’s and 1’s. Forv5 j 0 j 1•••PS and an integern
>1, we writevn5 j 0••• j n21 . Let u:S→S be the shift map
defined by (uv)n5 j n11 . Let uj :S→S ( j 50,1) be the in-
verses ofu, which can be defined byujv5 j v.

Lemma 1: Suppose f is a folding map and supp
limn→` dn50. Then, the limit

p~v!5 lim
n→`

gvn
~x!, ~;xPI !

exists and is independent of x. The functionp:S→L is con-
tinuous and

p+u5 f +p, p+uj5gj +p~ j 50,1!.
IP copyright, see http://ojps.aip.org/chaos/chocpyrts.html.
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Proof: Note that$I vn
% is a sequence of embedded inte

vals whose length tends to zero. So,ùn50
` I vn

5$x̄% for some

x̄. Sincegvn
(x)PI vn

~for all xPI ), we get the existence o

the limit and p(v)5 x̄. Recall thatd(v,v8)522n, where
n5sup$m:vm5vm8 %. If d(v,v8)522n, we have

p~v!5gvn
~z!, p~v8!5gvn

~z8!

for somez,z8PI . So, up(v)2p(v8)u<uI vn
u<dn . To get

the last equalities in the lemma, it suffices to check them
using the definition ofp and the fact thatf +gj is the identity
of the intervalI for j 50 or 1. h

It follows from the last lemma that we have the follow
ing relations:

L5p~S!, L5g0~L!øg1~L!.

The first relation says thatL is the image ofS underp. The
second relation means thatL is a self-similar set~see Ref. 9!.

Lemma 2: Suppose f is a C1 folding map. For any finite
sequencevn of 0’s and1’s of length n, gvn

+ f n is the identity

on Iv , f n+gvn
is the identity on I, and we have

d fn

dx
~gvn

~y!!5
1

gvn
8 ~y!

~;yPI !.

Proof: Immediate. h

If f 8 satisfies the Dini condition, we can then define

V f 8~ t !5E
0

tv f 8~r !

r
dr.

Lemma 3~naive distortion!: Suppose f is an expandin
C1 folding map whose derivative satisfies the Dini conditi
and has expanding constantl.1. Then for any x,yPI and
any vn5 j 0 j 1••• j n21 , we have

Ugvn
8 ~x!

gvn
8 ~y!

U<exp@CV f 8~ ux2yu!#,

where C5 (1/l logl).0 (which is a constant independen
of x, y, andvn).

Proof: Let xn5gvn
(x) and yn5gvn

(y) and let xn2 i

5 f i(xn) and yn2 i5 f i(yn) for 0< i<n. Note that x05x
5 f n(xn),y05y5 f n(yn). By Lemma 2, we have

Ugvn
8 ~x!

gvn
8 ~y!

U5U~ f n!8~yn!

~ f n!8~xn!
U .

It follows that

logUgvn
8 ~x!

gvn
8 ~y!

U<U(
i 50

n21

logu f 8u~yn2 i !2 logu f 8u~xn2 i !U
<

1

l (
i 50

n21

u f 8~yn2 i !2 f 8~xn2 i !u

<
1

l (
i 50

n21

v f 8~yn2 i2xn2 i !.
Downloaded 21 Nov 2000  to 149.4.46.230.  Redistribution subject to A
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Note that uyn2 i2xn2 i u<l2(n2 i )ux2yu. The last sum is
bounded by

(
i 50

n21

v f 8~l2(n2 i )ux2yu!<E
0

`

v f 8~l2tux2yu!dt

5
1

loglE0

ux2yuv f 8~ t !

t
dt.

h

Theorem 3: Suppose f is an expanding C1 folding map
whose derivative satisfies the Dini condition. Then the sc
ing function s exists and satisfies

varn~s!<CV f 8~dn!,

where C.0 is a constant.
Proof: For v* 5••• i ni n21••• i 0PS* , let vn*

5 i n21••• i 0 . If m.n, we have

us~vm* !2s~vn* !u5UuI i m21••• i 1i 0
u

uI i m21••• i 1
u

2
uI i n21••• i 1i 0

u

uI i n21••• i 1
u U

5Uugi m21••• i n
~ I i n21••• i 1i 0

!u

ugi m21••• i n
~ I i n21••• i 1

!u
2

uI i n21••• i 1i 0
u

uI i n21••• i 1
u U

5U ugi m21••• i n
8 ~jm,n!u

ugi m21••• i n
8 ~hm,n!u

21U• uI i n21••• i 1i 0
u

uI i n21••• i 1
u

,

wherejm,n and hm,n are some two points inI i m21••• i 1
. By

the above naive distortion lemma, we have

U ugi m21••• i n
8 ~jm,n!

ugi m21••• i n
8 ~hm,n!

21U<CV f 8~j2h!<CV f 8~dn!,

where j5 f m2n(jm,n) and h5 f m2n(hm,n) are some two
points in I i n21••• i 1

. Thus we have proved that

us~vm* !2s~vn* !u<CV~dn!, ~m.n!.

Sincedn→0, $s(vn* )% is a Cauchy sequence. The existen
of the scaling functions(v) is proved. Lettingm→` in the
above inequality, we get

us~v* !2s~vn* !u<CV~dn!.

Now it is easy to get the claimed result by replacingC by
2C. h

Moreover, we have that
Corollary 1: Suppose f is an expanding C1 folding map

whose derivative satisfies the strong Dini condition. Then
scaling function s is of summable variation.

Proof: According to Theorem 3,

E
0

1

V f 8~r !
dr

r
,`

implies thats is of summable variation. Now let us see ho
to control *0

1V f 8(r ) (dr/r ) from the strong Dini condition.
From
IP copyright, see http://ojps.aip.org/chaos/chocpyrts.html.
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E
0

1

V f 8~r !
dr

r
5 lim

e→0
V f 8~e!loge1E

0

1

v f 8~r !
u log r u

r
dr

and

V f 8~e!logueu<E
0

e

v f 8~r !
u log r u

r
dr,

we see that*0
1V f 8(r ) (dr/r ),` if

E
0

1

v f 8~r !
u log r u

r
dr,`.

This completes the corollary. h

We have seen thatL is related toS via p. Define the
following transfer operator onC(S):

Sbw~v!5qb~u0~v!!w~u0~v!!1qb~u1~v!!w~u1~v!!,

where

qb~v!5ugj8~pv!u2b if vPuj~S!.

Now we see thatSb is associated toTb in the following way.
For simplicity, we write simplyT5Tb and S5Sb in the
following theorem.

Theorem 4: Suppose f is an expanding C1 folding map
with expanding constantl.1, i.e., u f 8(x)u>l and whose
derivative satisfies the Dini condition. Then we have

~1! The operators S, TuC(I ) andTuC(L) have the same spec
tral radius r.

~2! There are unique probability measuren and m respec-
tively supported byS and L such that S* n5rn,T* m
5rm, where S* and T* are respectively the adjoin
operator of S and T.

~3! m is the image ofn underp.
~4! m has the following Gibbs property: there is a consta

C.0 such that

C21<
m~ I vn

!

r2nGvn
~x!

<C

holds for any sequencevn5 j 0••• j n21 , any xPI , where

Gvn
~x!5)

k50

n

ugj k
8 ~gj k11••• j n

~x!!u2b.

Proof: The proof is based on Lemma 1, the naive dist
tion lemma and the Ruelle transfer operator theorem on s
bolic space~see also Refs. 7,8,10!. Its details are given in
Ref. 11.

III. MULTIFRACTAL ANALYSIS I: THE PROOF OF
THEOREM 1

Let x5pv with v5 j 0 j 1•••. Let vn5 j 0••• j n21 . By
Lemma 2, we have

~ f n!8~x!5
1

gvn
8 ~ f n~x!!

5
1

Pk50
n21gj k

8 ~gj k11••• j n
~j!!

,

wherej5 f n(x). By the naive distortion lemma, we have
Downloaded 21 Nov 2000  to 149.4.46.230.  Redistribution subject to A
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L~x!52 lim
n→`

1

n (
k50

n

logugj k
8 ~gj k11••• j n

~j!!u

52 lim
n→`

loguI vn
u

n
.

The limit does not depend uponj. So takej5p(unv). We
have

gj k
8 ~gj k11••• j n

~j!!5gj k
8 ~puks!)5gj k

8 ~p~ j k j k11••• !!.

Now let us define a functionq on S as

q~v!5 logugj 0
8 ~pv!u

for v5 j 0 j 1••• j n•••. Then we have that

L~x!52 lim
n→`

1

n (
k50

n

q~ukv!52 lim
n→`

loguI vn
u

n
.

Note that the middle term in the last equation is in the fo
of ergodic means of the Birkhoff ergodic theorem. Therefo
for anyu ~as well asf ) invariant ergodic measuren, L(pv)
exists and equals a constant for almost everyn point. The
constant equals2*Sq(v)dn.

Let mb be the Gibbs measure of the operatorTb . By the
Gibbs property ofmb , we have

lim
n→`

logmb~ I n~x!!

loguI n~x!u
52b2P~b! lim

n→`

n

loguI n~x!u
,

whereI n(x)5I vn
means the interval inIn containingx. For

mb-almost everywhere we also have

lim
n→`

loguI vn
~x!u

n
5E

S
q~t!dmb~t!52P8~b!

~if P(b) is differentiable atb). So, if a5P8(b), we have
mb(Ea)51. On the other hand, ifxPEa ,

lim
n→`

logmb~ I n~x!!

loguI n~x!u
52b1P~b!/a5

P~b!2ab

a
.

Now the dimension formula follows from the Billingsle
theorem.12 We postpone the proof of differentiability o
P(b) at the end of the proof of Theorem 2.

IV. MULTIFRACTAL ANALYSIS II: THE PROOF OF
THEOREM 2

The following result is well-known in symbolic dynami
cal systems~see Ref. 13!. Let F be a real valued continuou
function defined onS* . Let PF(b) be the pressure of the
following transfer operator:

TFw5ebF(u0* v* )w~u0* v* !1ebF(u1* v* )w~u1* v* !,

whereui* for i 50 and 1 are the inverses of the dual shiftu*
and can be defined asui* (v* )5v* i . If PF is differentiable
at some pointb, by noting thata5PF8 (b), we have
IP copyright, see http://ojps.aip.org/chaos/chocpyrts.html.



at

s
el
y-
bl
in
m
ia

f

s

a
v

e

ls

-
ng

the

e.

tes

.

m-

by
the

e

0

ns-

oc.

o-

of
l.

ra-

ings

or

-

es’’

n.

853Chaos, Vol. 9, No. 4, 1999 Exponents and multifractal analysis
dimH v* PS* : lim
n→`

1

n (
k50

n

F~u* kv* !5aJ
52

1

log 2
@ab2PF~b!#.

It suffices to apply this toF(v* )52 logs(v* ). But we
have to show thatP2 log s(b)5P(b), the pressure function
associated with the operatorsTb , to show thatP(b) is ev-
erywhere differentiable. Note that the spectral radius ofTb

can be expressed as

lim
n→`

1

n
logS (

xPFix( f n)
)
k50

n21

u f 8~ f k~x!!ubD
5 lim

n→`

1

n
log (

xPFix( f n)

u~ f n!8~x!ub

5 lim
n→`

1

n
log (

v* PFix(u* n)
)
k50

n21

us~u* kv* !u2b).

~See Ref. 1 pp. 276 and 76 for the above two equalities!. The
last quantity is just the spectral radius of the transfer oper
associated with the potential function2b logs. Thus we
have proved the equalityP(b)5P2 log s(b).

From Corollary 1, the scaling function under the a
sumption of Theorem 2 is of summable variation. It is w
known from Thermodynamical Formalism for symbolic d
namical systems that for a potential being of summa
variation, there is a unique equilibrium state correspond
to it.7,10,14It is also known that the uniqueness in equilibriu
states for a given potential function implies the different
bility of the pressure function~see Ref. 15!. Therefore,P(b)
and P2 log s(b) are both differentiable atb. Thus we proved
Theorem 2 and completed the last argument of the proo
Theorem 1.

V. SOME REMARKS

~1! Theorem 1 and Theorem 2 provide us the relation,

dimEa5
log 2

a
dimEa* .

Note that metrics are different for the two dimension
The reason for the factor log 2/a would be that the shift
u has a constant ‘‘Lyapunov exponent’’ log 2 and th
the map f restricted onEa has a constant Lyapuno
exponenta.

~2! If q(v)5ugj 0
8 (pv)u is not constant onS, logq(v) can

not be written asu(uv)2u(v)1C for any continuous
function u and any constantC.16 Then the dimension
function in Theorem 2 is strictly concave on som
interval.8

~3! From a result in Ref. 17, we know that iff is just con-
tinuously differentiable, the setL f of all possible
Downloaded 21 Nov 2000  to 149.4.46.230.  Redistribution subject to A
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t

Lyapunov exponents is just the set of integra
* loguf8udm, where m varies in the set off -invariant
measures.18

~4! The method in this paper also works for anyC1 expand-
ing Markov maps satisfying the Dini or Strong Dini con
dition. See Ref. 1 for Markov maps and their scali
functions.
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Zoltan Kovács, NATO Adv. Sci. Inst. Ser. B Phys., Lake Como, 199
~Plenum, New York, 1991!, Vol. 280, pp. 1–23.

5M. Feigenbaum, ‘‘Quantitative universality for a class of nonlinear tra
formations,’’ J. Stat. Phys.19, 25–52~1978!.

6H. Hirsch and C. Pugh, ‘‘Stable manifolds and hyperbolic sets,’’ Pr
Symp. Pure Math14, 133–163~1970!.

7R. Bowen,Equilibrium States and the Ergodic Theory of Anosov Diffe
morphisms. LNM 470 ~Springer, Berlin, 1975!.

8D. Ruelle, ‘‘Thermodynamic formalism: The mathematical structures
classical equilibrium statistical mechanics,’’ Ency. Math. App
~Addison–Wesley, Reading, 1978!, Vol. 5.

9K. Falconer,Fractal Geometry~Wiley, New York, 1990!.
10A. H. Fan, ‘‘A proof of the Ruelle operator theorem,’’ Rev. Math. Phys.7,

1241–1247~1995!.
11A. H. Fan and K. S. Lau, ‘‘Iterated function systems and Ruelle ope

tor,’’ J. Math. Anal. Appl.~to be published!.
12P. Billingsley,Ergodic Theory and Information~Wiley, New York, 1975!.
13A. H. Fan, ‘‘Sur les dimensions de mesures,’’ Stud. Math.111, 1–17

~1994!.
14P. Walters, ‘‘Invariant measures and equilibrium states for some mapp

which expand distances,’’ Trans. Am. Math. Soc.236, 121–153~1978!.
15F. Takens and E. Verbitski, ‘‘Multifractal analysis of local entropies f

expansive homeomorphisms with specification’’~preprint, 1998!.
16A. H. Fan and K. S. Lau, ‘‘Asymptotic behavior of multiperiodic func

tions G(x)5)n51
` g(x/2n), ’’ J. Fourier Anal. Appl.4, 129–150~1998!.

17A. H. Fan and D. J. Feng, ‘‘Ergodic means, dimensions, and entropi
~in preparation!.

18Y. Jiang, ‘‘Asymptotic differentiable structure on Cantor set,’’ Commu
Math. Phys.155, 503–509~1993!.
IP copyright, see http://ojps.aip.org/chaos/chocpyrts.html.


