CHAOS

VOLUME 9, NUMBER 4

DECEMBER 1999

Lyapunov exponents, dual Lyapunov exponents, and multifractal analysis

Aihua Fan?®

Facultede Mathenatiques et d'Informatique, Universitie Picardie, 33, Rue Saint Leu, 80039 Amiens
and Analyse Harmonique, Universite Paris Sud, 91405, Orsay, France

Yunping Jiang®

Department of Mathematics, Queens College of CUNY, Flushing, New York 11367
and Department of Mathematics, Graduate School of CUNY, New York, New York 10036

(Received 19 March 1999; accepted for publication 13 June)1999

It is shown that the multifractal property is shared by both Lyapunov exponents and dual Lyapunov
exponents related to scaling functions of one-dimensional expanding folding maps. This reveals in
a quantitative way the complexity of the dynamics determined by such map4.999 American

Institute of Physicg.S1054-150009)00204-9

One of the topics in dynamical systems is to study the
geometric structure of some invariant set associated with
a given dynamical system. The scaling function has been
used to describe the geometric structure of the maximal
invariant set of a certain dynamical system studied in this
article. In many cases the maximal invariant set is a frac-
tal. More interestingly, the graph of the scaling function
in many cases also looks like a fractal. Therefore to ana-
lyze a certain fractal property of the maximal invariant
set and the dual symbolic space where the scaling func-
tion lives becomes important. The multifractal analysis
provides us with a tool to conduct this study. In this ar-
ticle, we use the Lyapunov exponent and the dual
Lyapunov exponent for such a given dynamical system to
give some multifractal decompositions for the maximal
invariant set and the dual symbolic space. We then use
Ruelle—Perron—Frobenius operators in the thermody-
namical formalism to calculate the Hausdorff dimensions
of the subsets in the multifractal decompositions. Our
analysis says that the Lyapunov exponent and the dual
Lyapunov exponent for a dynamical system studied in
this article are indeed multifractal functions.

I. INTRODUCTION AND STATEMENTS OF MAIN
RESULTS

The graph of a scaling function for a folding mégee

pp. 8—9 for a more comprehensive definijio has a root in
physics, in particular, in the study of period doubling bifur-
cations in chaossee Refs. 3,4)5Scaling functions are also
defined for Markov maps of intervals in Ref. 1, p. 76. Al-
though the results in this article can be proved for any Mar-
kov map of an interval, we will only state them for folding
maps of an intervalin order to have notational simplicity

Let| be the interval —1,1]. Supposd:l—R is a map.
Let f" denote then-time composition off. Suppose,

() f(-1)=f(1)=—1 andf(0)>1,
(i) fl{—1,07 is increasing and|o 1; is decreasing,
(i) f is continuously differentiable ofi" (1) with non-

zero derivativegat an endpoint of an interval we only
consider one-side derivatives

We call such a map &* folding map The maximal invari-
ant setof f is
A=n 7).
n=0

Our main concern is the dynamical systern,{). We say a
folding mapf is expandingif, furthermore

(iv) There are constantS>0 and\>1 such that
n—-1
[(f") (x)[=CA\", (VxE U fJ(l)).
j=0

By a theorem due to Mathésee Ref. 6 for a progf for an

Ref. 1, p. 115 looks like a fractal. However, the direct study expanding mapf, there exists &C* change of coordinate
of the fractal property of the graph is rather difficult. In this such that under the new coordinate we haf/gx)|=\>1
article, we study the dual Lyapunov exponent which we de{V¥xe f~1(1)). In the following, “expanding” will mean
fine as the ergodic mean value of the scaling function. Wehis |ast condition.

prove that the dual Lyapunov exponent is a multifractal func-

We will denote byw;, the modulus of continuity of’

tion (Theorem 2. We also study the Lyapunov exponent of on f~%(1) which is defined in the usual way,

the folding map and show that it is also a multifractal func-

tion (Theorem 1L
Scaling functions for expanding!* ¢ folding maps are
introduced in mathematics by Sullivan in Ref(see Ref. 1,
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wp(r)=sup [f'(x)=f"(y)l,

x=yl=r

wherex andy stay in a same component bf(1). We say
thatf’ satisfies theDini condition if

1 dr
f a)fr(r) —< 0,
0 r
We say thatf’ satisfies thestrong Dini conditionif
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1 |logr|
J wfr(r)
0 r

The Lyapunov exponerdf (A,f) atxe A is defined as

dr<ow

n

ax X

1
L(x)= lim—log
n wh

—

(if the limit existg. It follows from the ergodic theorem that

L(x) is almost everywhere constant with respect to an
f-invariant ergodic measure and the constant is the integral

of log|f’(x)] with respect to this measurécalled the
Lyapunov exponent of the measur8ince there are a lot of

invariant ergodic measures, we should get different con-
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satisfies the Dini condition. Note thatis a Cl-invariant
(refer to Ref. 1. For a scaling functios defined on>*, we
define

vary(s)=sud|s(*) — s(* )|: 0k = ot}

as then-variation ofs. We say a scaling function is of sum-
mable variation if

oo

> var,(s)<.

n=1

Furthermore, we prove thatis of summable variatiornif f’
satisfies the strong Dini conditioiCorollary 1).

We define thedual Lyapunov exponemf (A,f) at o*

stants. In this paper, we first describe more quantitatively- 3 * gg

how the Lyapunov exponents are different by discussing the

sizes via Hausdorff dimensions of the following sets:
E,={xe A:L(X)=a}.

Our study of the Hausdorff dimension dimE based on
transfer operators. F@8 e R, consider the transfer operator,

>

yef (%)

Tpip(x)= ' WIPu(y),  (xel).

The operatofT ; acts on the spacg(l) of continuous func-

tions. The logarithm of its spectral radius is denoted as

Piogt(B) or simply P(B) which is called the pressure
function.8

Theorem 1: Suppose f is an expanding folding map

n—-1
L* (0*)=— lim — k§_)o logs( 6*“w*)

n—o

(if the limit existg. Our purpose is to study the sizes of the
following sets:

EX={w* eX*L*(w*)=0a}.

We prove the following theorem:

Theorem 2: Suppose f is an expanding folding map
whose derivative satisfies the strong Dini condition.alf
P’(B) for somep, we have

P(B)—ap
log2

dimE} =

whose derivative satisfies the strong Dini condition. Then

P(B) is everywhere differentiable anddf=P’(3) for some
B, we have

_P(B)—ap

a

dimE

a

Now let us look at the scaling functianof (A,f). Itis
defined on the dual Cantor sEt (see Ref. 1, p. Bwhich is

composed of sequences of the foawrhi=---i,---i;igandis
equipped with the usual ultrametric. L6t be the shift on
* defined as9*:- - -i,- - -iqig—- - -in- - -iq. Instead of di-

rectly studyingf, we shall study its inverses. Lgt andg;

be the left and right inverse branches restricted ohf. By
the above hypothesis made dnthe mapg,:1—go(l) and
g;:1—g4(1) areC?! diffeomorphisms. For a finite sequence
®,=]Jol1 " jn_1 (read from left to right of symbols{0,1},

let

= . O . O« O .
g’”n gJo ng gln—l’

Let wy =i,_1---ig denote the same, but read from right
to left. Thescaling function sof (A,f) is defined as

Lo, =G (1.

* —

S(w*)=lim s(w}),

n—ow

(o cripogeecigigeX¥)

(if the limit exists for everyw*), where

i,y il

S(wp)= [

iyl
(]3] denoting the length of an intervdl). It will be seen
(Theorem 3 that the scaling function is well defined whéh

We callU ,E% (resp.U,E,) the multifractal decompo-
sition of %* (resp.A) with respect to dual Lyapunov expo-
nents(resp. Lyapunov exponentsThey areC! invariants.
Theorems 1 and 2 say that Hausdorff dimensiongpfand
E, are well calculated, that is, the dual Lyapunov exponent
and the Lyapunov exponent for an expandi@g folding
map whose derivative satisfies the strong Dini condition are
multifractal functions.

II. DINI CONDITION, STRONG DINI CONDITION, AND
DISTORTION

For n=0, denote

In={|wn2wn=j0-~-jn_1e{0,1}n}, é\n:ma)du-

le,

Consider the spack of infinite sequence®=jgj1---jn_1

- of 0's and 1's. Foro=jgj;--- €2 and an integen
=1, we Writew,=jg- - - jn—1. Let 8:2—3 be the shift map
defined by ¢w),=j,.1. Letu;:2—3 (j=0,1) be the in-
verses off), which can be defined by;w=jw.

Lemma 1: Suppose f is a folding map and suppose

lim,_. 6,=0. Then, the limit

m(0)=lim g, (), (¥xel)

n—o

exists and is independent of x. The functier® — A is con-
tinuous and

o @=fonr,

7T°Uj:gj°7T(j :0,1).
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Proof: Note that{l,, } is a sequence of embedded inter-

vals whose length tends to zero. $u,_| wnz{;} for some
X. Sincegwn(x) el . (for all xel), we get the existence of
the limit and () =x. Recall thatd(w,w’)=2"", where
n=sugdm: wn=w,}. If d(w,0')=27", we have

m(@)=0,(2), m(0)=0,(2)

for somez,z' el. So, [7(w)— m(w')|<|l, [<5,. To get

the last equalities in the lemma, it suffices to check them by

using the definition ofr and the fact that-g; is the identity
of the intervall for j=0 or 1.

It follows from the last lemma that we have the follow-
ing relations:

A=m(%), A=go(A)Ugs(A).

The first relation says that is the image o underw. The

second relation means thatis a self-similar setsee Ref. 9
Lemma 2: Suppose f is a'Golding map. For any finite

sequencev, of 0’'s and1’s of length n, g)nof“ is the identity

onl,, f”ogwn is the identity on I, and we have

df” 1
TG, V)= (Yyel).

90, (¥)

n

Proof: Immediate. O
If f’ satisfies the Dini condition, we can then define

t ’
Qf/(t):j 0Ufr(r)

0

dr.

Lemma 3(naive distortion: Suppose f is an expanding

C! folding map whose derivative satisfies the Dini condition

and has expanding constant>1. Then for any xy el and
any wn=joj1---jn-1, We have

9,,(X)
90 ()

sex;{Cer(|X—y|)],

where C= (1/\ log\)>0 (which is a constant independent
of X, y, andw,)).

Proof: Let x,=g,, (X) and y,=g, (y) and letXx,_;
=fl(x,) andy,_;=f'(y,) for 0<i=<n. Note thatx,=x
=f1"(X,),Yo=y="1"(y,). By Lemma 2, we have

9o, (X) _ (f“)'(yn)‘
g, (| () (x|
It follows that
9., (¥)| |[?
log| ——| <| 2 log|'|(yn—i)—log|f'|(X,_;)
go)n(y) i=0
1 n—-1
<X “~ [F (Yn—i) =" (Xa-))|
1 n—1
gx 2 ot (Yn—i—Xn—i).
=0
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Note that |y,_i—X,_i|<\"""D|x—y|. The last sum is
bounded by

n—-1

s wffa*(“*‘)lx—yl)sfo w0r (N x—y])dt

B 1
~ log\

|X_y|wfr(t)

fo t
O

Theorem 3: Suppose f is an expanding f6lding map
whose derivative satisfies the Dini condition. Then the scal-
ing function s exists and satisfies

var,(s)<CQ;: (8,),

where C>0 is a constant.

Proof: For w*=---iji,_1---igeX*, let o)
=ip_1--ig. If m>n, we have
LT I F |||‘
*\ wy— | m-1halol - Te-1 o
[s(em)=s(f)] il I ||‘
m—1 1 n—-1 1
_ 9i il i) - ||in_l~--ilio|‘
19i, izl T
|gi,m71.--in(§m,n)| ||in71~~i1io|
|gi,m71-..in(7]m,n)| ||in—1"'i1| ,
where ¢, , and 5, , are some two points imimfl"'il' By

the above naive distortion lemma, we have

|gilmfl~ . 'in(gm,n)

|gi,m71~ . .in( 77m,n)

— 1| <CQ (- 7)<CQ(5y),

where ¢=f"""(¢,, ) and n=f"""(5,,) are some two
points inlinfl"'ill Thus we have proved that

|s(wpy) —s(wh)[<CQ(8,), (m>n).

Since 8,—0, {s(wy)} is a Cauchy sequence. The existence
of the scaling functiors(w) is proved. Lettingn— oo in the
above inequality, we get

|s(@*) =s(wy)|<CQ(S).

Now it is easy to get the claimed result by replaci@goy
2C. O
Moreover, we have that
Corollary 1: Suppose f is an expanding' @lding map
whose derivative satisfies the strong Dini condition. Then the
scaling function s is of summable variation.
Proof: According to Theorem 3,

1 dr
f Qf/(r)_<00
0 r

implies thats is of summable variation. Now let us see how
to controlf(l)ﬂf,(r) (dr/r) from the strong Dini condition.
From
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logr
IglO|r

1 dr
J Qf,(r)T= limQ;¢ (e)loge+
0

e—0

folwf,(r)

dr,

and

|logr|

Qf/(E)IOg|6|$ fo (,()f/(r)

we see thaf§Q/(r) (dr/r)<ee if

1 |logr|
f o (1)
0 r

This completes the corollary. O
We have seen that is related toX via 7. Define the
following transfer operator o€(X):

Spe(w)=0g(Ug(w))p(Ug(w))+ap(Ui(w))p(Ui(w)),
where

dr<o

dp(w)=g{(mw)|# if weui(X).

Now we see thaBy is associated td 4 in the following way.
For simplicity, we write simplyT=T; and S=S; in the
following theorem.

Theorem 4: Suppose f is an expanding' @lding map
with expanding constant>1, i.e., |f’(x)|=\ and whose
derivative satisfies the Dini condition. Then we have

(1) The operators ST|c() andT|c(s) have the same spec-
tral radius p.

(2) There are unique probability measugeand u respec-
tively supported by, and A such that Sv=pv,T* u
=pu, where $ and T* are respectively the adjoint
operator of S and T.

(3) wm is the image ofv under .

(4) u has the following Gibbs property: there is a constant

C>0 such that

u(l,)
s — T _<C
p "G, ()

holds for any sequence,=jq---j,_1, any xel, where

n

G0 =11 100y, -1, 00| 7.

=0

A. Fan and Y. Jiang

1 :
im o 2, 1099, (gj, .., (€))]

—

L(x)=—1

~ loglt, |
=—lim .

n—ow

The limit does not depend upan So takeé=7(6"w). We
have

9 (9,1, (E)=0] (T8 D)) =0g] (7(jiiks1- )
Now let us define a functiog on X as

q(w)=log|g{ (7w)|
for o=joj1---jn---. Then we have that

log|t,,, |
L(x)= .

lim

n—oo

1 n
—lim = > q(6*w)=—

noow N k=0
Note that the middle term in the last equation is in the form
of ergodic means of the Birkhoff ergodic theorem. Therefore,
for any 6 (as well asf) invariant ergodic measung L(7w)
exists and equals a constant for almost evergoint. The
constant equals- [sq(w)dw.

Let uz be the Gibbs measure of the operafqr. By the

Gibbs property ofug, we have

i 09000

n
n—oo Iog“ﬂ(x)l >3] |09||n(x)| ,

whereln(x)=lwn means the interval iff,, containingx. For
wg-almost everywhere we also have

log|l,, (x)]
lim ——— =
n

n—o

| adugn=-pip)

(if P(B) is differentiable at8). So, if a=P’'(8), we have
m(E,)=1. On the other hand, X< E,,

log ug(In(x)) P(B)—ap
—

2 logior PPN

Now the dimension formula follows from the Billingsley
theorem'? We postpone the proof of differentiability of

Proof: The proof is based on Lemma 1, the naive distor-P(8) at the end of the proof of Theorem 2.
tion lemma and the Ruelle transfer operator theorem on sym-

bolic space(see also Refs. 7,8,10lts details are given in
Ref. 11.

IIl. MULTIFRACTAL ANALYSIS I: THE PROOF OF
THEOREM 1

Let X=7w W|th (1):]0]1 Let wn=jo---jn_1. By
Lemma 2, we have

(f")(x) - -
X) = = ,
9o, (F"))  TIR=59; (9j,, .1, (€)

whereé=f"(x). By the naive distortion lemma, we have

IV. MULTIFRACTAL ANALYSIS II: THE PROOF OF
THEOREM 2

The following result is well-known in symbolic dynami-
cal systemgsee Ref. 18 Let ® be a real valued continuous
function defined o>*. Let P4(B) be the pressure of the
following transfer operator:

Tog=ef U5 p(us %) + Mg u] ),

whereu;* fori=0 and 1 are the inverses of the dual shift
and can be defined a§ (w*)=w*i. If P4 is differentiable
at some poiniB, by noting thata=P4(8), we have
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n Lyapunov exponents is just the set of integrals
dim{ w* e3*: lim— D, ®(6* 0*)=a [ log|f’|du, where u varies in the set off-invariant
n—cefl k=0 measures®
1 (4) The method in this paper also works for a@y expand-
=— m[aﬁ— Po(B)]. ing Markov maps satisfying the Dini or Strong Dini con-
9 dition. See Ref. 1 for Markov maps and their scaling

It suffices to apply this tab(w*) = —log s(w*). But we functions.

have to show thaP_4(B)=P(B), the pressure function
associated with the operatofg, to show thatP(p) is ev- ACKNOWLEDGMENTS
erywhere differentiable. Note that the spectral radiu§ pf
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