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Abstract

In this paper, we give a proof of Sullivan’s complex bounds for the
Feigenbaum quadratic polynomial and show that the Julia set of the
Feigenbaum quadratic polynomial is connected and locally connected.

1. Introduction

Quadratic polynomials Q. = 2% + ¢, where c is a complex parameter, define a
rich family of dynamical systems on the Riemann sphere C=cCu {o0}. For
any parameter ¢ € C, the infinity oo is a super attracting fixed point in the
sense that the derivative of Q. at oo is zero. The attracting basin Fu(Q,.) of
Q. at oo is defined to be the set of all points converging to the infinity under
the iterates of Q.. And the boundary of Fi,(Q.) is called the Julia set of Q..
It is easy to see that the Julia set J(Q.) is connected if and only if the forward
orbit of the critical point 0 under Q. is bounded. The so-called Mandelbrot set
M is defined to be the set of the parameter ¢ for which the Julia set J(Q.) is
connected. Douady and Hubbard proved that M is connected [DH1]. The study
of further regularities of M becomes very important since the local connectivity
of M implies the open density of the hyperbolic ones in this family. Here by
a hyperbolic polynomial we mean that all critical points are in the basins of
attracting periodic cycles. For a survey, see [Mcl]. An apriori problem is
to study the local connectivity of the Julia set J(Q.) when ¢ € M. From a
theorem in [DH2|, the Julia set J(Q.) is connected and locally connected if
the critical point of @, is either contained in a periodic attracting basin or a
parabolic attracting basin or lands on a repelling periodic orbit. This implies
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that J(Q.) is locally connected if the parameter c is in the interior of M. When
¢ is on the boundary OM of M, the local connectivity of J(Q.) is uncertain.
There are a lot of ¢’s on M for which J(Q.) is locally connected, and also
¢ € OM for which J(Q.) is not locally connected. More precisely, Yoccoz
showed that J(Q.) is locally connected if ¢ € OM, Q. has neither Cremer
periodic points nor Siegel disks, and Q.. is not infinitely renormalizable (for the
references on this matter, see [Mi2] or [Hub] or [Ji4]). Sullivan and Douady
proved that J(Q.) is never locally connected if it contains a Cremer periodic
point (see [Sul] or [Do]), and Peterson gave the examples of Q. which has a
Siegel disk and a locally connected Julia set [Pe]. And Douady and Hubbard
gave an example of an infinitely renormalizable Q. whose Julia set is connected
but not locally connected (this unpublished example was described by Milnor
in [Mi2]). A natural question arises: Is there ¢ € M such that Q. is infinitely
renormalizable (see section 2 for the definition) and J(Q.) is connected and
locally connected? In 1992, one (YJ) of us outlined an idea in [Ji2] to answer
this question by assuming some presumptions such as complex bounds and
unbranch condition. This result is published in [Ji3] (see also [Ji4]). In 1993,
we found the first positive example (see [JH] and refer to [Ji4]) in the course
of studying Sullivan’s result announced at that time, i. e., Sullivan’s complex
bounds for the renormalizations of the Feigenbaum quadratic polynomial [Su2].
The purpose of this note is to give a historic remark, a proof of Sullivan’s
complex bounds without using Sullivan’s sector lemma, and a complete proof
of the result of [JH], that is,

Theorem 1.1 The Feigenbaum quadratic polynomial Qr has a connected and
locally connected Julia set.

A precise definition of the Feigenbaum quadratic polynomial Qr and its
infinitely renormalizability are given in section 2. We first give, in section 3,
the statement of so-called Sullivan’s complex bounds for the renormalizations of
@, and then in section 5 we provide a direct proof of this geometric property by
using some ideas in [LY, LS] instead of applying Sullivan’s sector lemma. A key
step in the proof of Theorem 1.1 is to show that for each renormalization domain
U, there exists a central puzzle piece W, (the one containing the critical point)
such that W, C U,,. Sullivan’s complex bounds of the renormalizations of Qg
implies that the renormalization domains U, shrink to a point as n — oo.
Therefore the puzzle pieces W, shrink to a point, and then J(Qp) is locally
connected at the critical point 0. Similar arguments show the local connectivity
of J(Qr) at the points which converge to the critical orbit under the iterates
of QF, and the proof of the local connectivity of J(Qp) at the other points
is simple. All of these are arranged in sections 4. We finish this note by
mentioning a few open questions about J(Qr) in the last section.
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Remark 1.1 One can find a proof of Sullivan’s complex bounds by using Sul-
livan’s sector lemma as well as a proof of Sullivan’s sector lemma in [Far, Ji4].
For the initial idea of Sullivan’s complex bounds and an outlined proof, one
can find in [Su2, MS].

Remark 1.2 It is worth to mention that the method in our proof contains an
important improvement of the method used by Yoccoz in his work (refer to [Ji3,
Jid]), that is, Yoccoz puzzle pieces are pullbacks of some fixed initial puzzle
pieces selected at the beginning, but the initial puzzle pieces in our method will
change as the renormalization level changes. Similar ideas were used in [Jil].
More general puzzles for infinitely renormalizable quadratic polynomials were
introduced and studied initially in [Ji3], which lead to a more general result
about the local connectivity of infinitely renormalizable quadratic polynomials.
For a survey on these more general puzzles, see [Ji5]. For an application of
these general puzzles to the study of the local connectivity of the Mandelbrot
set, see [Ji6]. After the preprints [Ji3, JH] were circulated and the second
author talked to people privately, they realized that it is possible to show that
J(Q.) is locally connected for any ¢ € M N R by just showing the complex
bounds of renormalizations for all types of infinitely renormalizable quadratic
real polynomials. This has been carried out in [LS, GS, LY].

Remark 1.3 The Julia set of the Feigenbaum quadratic polynomial also sup-
plies an example of the fractal sets, produced by dynamics, which can be un-
derstood in certain ways. Some further investigation of J(Qr) can be found
in [Hu].

Acknowledgement: Both authors would like to thank their theses advisor
Dennis Sullivan for his introducing us into the filed of renormalization and
his stimulating lectures and talks. They also wish to thank Curt McMullen
for his constant interest on this work. Part of the second author’s work (YJ)
was done when he was at the Institute for Mathematical Sciences of SUNY at
Stony Brook. The first author (JH) would like to acknowledge the support of a
Mathematical Postdoctoral Research Fellowship of NSF (USA) for the summer
and Fall of 1998, and the second author (YJ) would like to acknowledge the
support from the institute for Mathematical Research (FIM) at ETH-Zurich
while this new version was carried out.

2. Real Dynamics of the Feigenbaum quadratic
polynomial

Consider the family of real quadratic polynomials

Qr(z) = 22+,
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where 7 is a real parameter. Let 7, denote the parameter r such that 0 is
a periodic point of period 2™ under @Q,, where n € {0} UN. The bounded
monotone deceasing sequence {r, }°, converges to a limit 7., and numerical
data indicate ro, = —1.401155---. We call the quadratic polynomial @, the
Feigenbaum quadratic polynomial because of his remarkable discovery of the
asymptotic geometric convergence of r,, to T in 1978 [Fel, Fe2]. We simply
denote it by Q.

The map Qr has two fixed points. Let p denote the fixed point where Qg
has a positive derivative. Clearly Qr maps the interval [—p, p] into itself, and
hence the orbit of the critical point 0 under @ lie in the interval [—p, p|, and
hence the Julia set J(Q ) is connected ( [Ju] [Fat]). By Sullivan’s nonwandering
domain theorem [Su3|, the Julia set J(QF) is equal to the complement of
F.o(Qp) in C, and hence J(Qr) NR = [—p, ).

In the following, we summarize some known properties of the dynamics of
Qr on the real line R, see [Gul, Gu2], [Mis], or [Su2] for other references.

(1) The period n of a real periodic point z under QF is called a real period
of Q. Then the set RP(Qp) of all real periods of QF equals to the set

RP(Qr)=1{2":n=0,1,2,---,m,---}.

Furthermore, the Feigenbaum quadratic polynomial has exactly one real peri-
odic orbit of period 2" for each n € N, and every real periodic point of Qp is
a repelling periodic point of period 2™ for some n € NU {0}. They are called
real period-doubling periodic points.

(2) Given any integer n € N, let p,, be the real periodic point of period
2"~ under Qr closest to the critical point 0 and let I denote the interval
[—|pnl, [Pnl]. Then the 2-th iterate Q*" of Qr maps the interval I} into
itself with one critical point at 0, and hence the restriction Q%'| Iy — Iy
is a quadratic-like map and is called a renormalization of Qr. And Qp is
said to be infinitely renormalizable in the sense that there exists an infinite
sequence {I1}52 ; of nested intervals centered at the critical point 0 satisfying
that |I}| — 0 as n — oo, and

2" . Tn n

is a quadratic-like map for any n € N.

(3) Let I = Q%(I"), 1 <i < 2™ —1. For each n € N, the intervals I,
0 < i < 2" — 1, have no pairwise intersection except at their ends. In fact,
[ U?lal I7 is the closure K of the forward orbit of the critical point 0, i.e.,

m:,o:1 Uflal I’ZL:{Q%(O)W‘:O717277”’}

And hence K is a Cantor set, called the critical orbital Cantor set attractor of
Q r since almost every point of the interval [—p, p], with respect to the Lebesgue
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measure, converges to the Cantor set K under the iterates of @p. Furthermore,
each point of K has a dense forward orbit in K under the iterates of Q.

(4) Asymptotic constant rescaling ratios: The ratios of the lengths of
two adjacent intervals I'’s converge to a constant > 0 and < 1. Numerical

data show
15"
lim =2

w1

=0.3995---.

It implies that the lengths of the renormalization intervals I§ converge to zero
geometrically fast as n — oo. Besides Feigenbaum, this phenomenon was also
independently discovered by Coullet and Tresser around same time in Europe
(see [CTY).

(5) The real preimages of the critical point 0, i.e., the set

{r eR:Q%(x) =0 for some ne NN{0}}

is dense in the interval [—p, p)].

3. Sullivan’s complex bounds of renormalizations

From now on we simply denote by @ the Feigenbaum quadratic polynomial Q.
Clearly the renormalizations F,, = Q2" Iy — Iy, n € N, can analytically
extend to open domains U,,, containing I, in the complex plane C.

Let U and V be two simply connected open domains in C with U C V.
There exists a conformal mapping between the annulus A = V \ U and a
standard annulus {z : 1 < |z| < r} for some r > 1, where r is uniquely
determined by A [Ah1]. The modulus of A is defined as L logr.

A polynomial-like mapping of degree d is a triple (U, V, F), where U and V
are two simply connected open domains with U C V, and F : U — V is an
analytic proper mapping of degree d. And a polynomial-like mapping of degree
2 is called a quadratic-like mapping [DH2].

Theorem 3.1 (Sullivan’s complex bounds [Su2]) There exists € > 0 and
M > 0 such that for any n € N, the n'" renormalization

Fo=Q |1p : I} = I

can be analytically extended to a quadratic-like mapping F,, : U, — V,, satisfy-
mg: -
(1) I} C U, and the closure U, C V,

(2) the modulus of V,, \ U,, is greater than €, and

(8) the ratio |U, NR|/|I§| is bounded from above by M.

We will first apply this property to prove our main theorem in the next
section. A direct proof of Sullivan’s complex bounds will be given in section 5
by using some ideas of [LY, LS] instead of applying the sector lemma in [Su2].
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4. The local connectivity of J(Qr)

Suppose F' : U — V is a quadratic-like map with connected Julia set Jg.
Suppose m > 2 is an integer. We say F' : U — V is m renormalizable if there
are two simply connected domains isomorphic to an open unit disc such that
F' = F™ : U — V' is again a quadratic-like map with connected Julia set
Jrr. The quadratic-like map F’ : U’ — V' is called an m-renormalization of
F : U — V. From the definition, the Julia set Jp/ depends on the choice of
U’, but the following lemma proved in [Ji3] assuring that for a given m, Jp: is
unique if ' : U — V is m renormalizable. This result plays a key role in the
study of the local connectivity of the Julia set of an infinitely renormalizable
quadratic polynomial.

Lemma 4.1 Suppose F : U — V is an m renormalizable quadratic-like map.
Let F' :U — V' and F" : U"” — V" are two m-renormalizations of F : U — V.
Let Jpr and Jgin be the corresponding Julia sets. Then Jpr = Jpr.

A special version of Lemma 4.1 when m = 2" will be raised and shown
in the proof of Lemma 4.4, and it is all needed for this note. For interesting
readers, please refer to [Ji3] for a proof of Lemma 4.1.

Lemma 4.2 [Koebe Distortion Lemma [Ah2]] Let F' be an univalent function
defined on the unit disk {z : |z| < 1}. Then for any 0 < r < 1, there exists a

constant M (r) > 0 such that Ml(r) < ‘llz’gi\l < M(r) foranyxz,y € {z:|z| <r}.

By applying Riemann mapping theorem [Ah2], it is easy to have

Corollary 4.1 For any constant € > 0, there exists a constant M (r) > 0 such
that if f is univalent on a simply connected open domain V- and U is a simply
connected open subdomain of V' with the modulus of V\ U greater than €, then

L |F (@) T
ey < o)l < M(r) for any x,y € U.

From now on, we denote ¢(n) = 2". Let F,, : U, — V,, be the same as
in Sullivan’s complex bounds. Clearly F,, is called a g(n)-renormalization in
Lemma 4.1.

Lemma 4.3 Let diam(U,,) denote the diameter of U,. Then
diam(Uy) — 0 as n — oo.

Proof. Let D = {z € C: |z| < 1} and G, : D — V,, be the Riemann
mapping. Clearly the modulus of D\ G;'(U,) is equal to the modulus of
V.o \ Uy, which is greater than a constant ¢ > 0. Hence there exists 0 < r < 1
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such that G, }(U,) C D, = {2 : |z] < r}. By Koebe distortion theorem, the
nonlinearity of G,, is bounded from below and from above on D,., and hence
on G 1(U,). Therefore diam(U,,) is commensurate to |U, NR|. Since |U, NR|
is commensurate to |If|, diam(U,) is commensurate to |I}|. We know that
[I'] — 0 as n — oo, so diam(U,) — 0 as n — cc.

We define the filled-in Julia set of F,, as K(F,) = N, F*(U,). And the
boundary of K(F,) is called the Julia set J(F,) of F,. In literature, they are
called small (filled-in) Julia sets of Q. In our consideration, K (F,) = J(F,), in
another word, the small filled-in Julia set has no interior point. This is easily
concluded from Sullivan’s nonwandering domain theorem [Su2]. From Lemma
4.3, we have

Proposition 4.1 Asn — oo, diam(J(F,)) — 0.

Remark 4.1 An alternative proof of this proposition is given in [Ji3] by ap-
plying so-called modulus inequality in renormalization proved in [Ji3].

Before we start to prove the local connectivity of J(Qr) at the critical point,
we need to introduce a few more concepts.
A renormalization F,, : U,, — V,, satisfies unbranched condition if

Orb(Q,0) NV, = Orb(Q1™, 0),

where Orb(f,x) denotes the orbit of the point x under the map f.
In the following, we explain why the renormalizations F, : U, — V,, can
satisfies unbranched condition and have complex bounds simultaneously.
In the study of the geometric properties of the critical orbital Cantor-set
attractor
K=np2, Uity

7

one found the following interesting result: if I” has a space (an interval) J
(which is commensurate with the length of I7) in the complement of U~ 17
on one side of I?*, then in the next level of renormalization there is a space (an

interval) J’ (which is commensurate with the length of I;"H) in the complement

of U?S(L)Jrl)_lffﬂ at the other side of I;”“l whenever I;“Ll C I7*. Therefore we
have the following proposition.

Proposition 4.2 ( [Mcl]) There exists 6 > 0 such that for each n € N there
are intervals Jp and J, on R in the complement of K in R connected to the
end points of I§ respectively and satisfying

I J
% >0 and l—Zl > 0.
15| 15|
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Proposition 4.3 The renormalizations F,, : U, — V, of the Feigenbaum
quadratic polynomial can satisfy unbranched condition and have complex bounds
simultaneously.

Proof. By Sullivan’s complex bounds and Proposition 4.2, there exists
m > 0, independent of n, such that F,,™(V,,) NR is contained in J,, U IJ U J,.

Clearly the restriction of F,, on Fy (m+1)(Vn) is a polynomial-like mapping

with the modulus of F;™(V,,)\ Fn_(m+1)(Vn) greater than 5. Since the orbit
Orb(Q,0) of the critical point is contained in K, it is easy to check that the

unbranched condition is satisfied.

It is easy to see that at the infinity co, the Feigenbaum quadratic polynomial
Q is locally analytically conjugate to the square map Qo(z) = 22, and the
conjugation can be extended to the whole attracting basin Fi.(Q). Therefore
there exists a holomorphic homeomorphism ® from F,(Q) onto the unit open
disk D = {z : |z| < 1} such that ®(cc) = 0, ®'(c0) = 1, and P conjugates
Qlr. (@) : Fx(Q) = Fs(Q) to the square map S : D — D : z +— z*. The map
® is called the local normalization of @) at the infinity. Given any real number
0 < 6 < 1, the preimage under ® of the ray {z : z = pe?™? 0 < p < 1} is called
an external ray of the Julia set J(Q), 0 is called the angle of the external ray,
and it is denoted by 6. For any real number 0 < p < 1, the preimage under ®
of the circle {z : |z| = p} is called an equipotential curve for the Julia set J(Q).

Now we start to prove the local connectivity of J(Q) at the critical point 0.

It was known in [Sul] that there exist finitely many external rays landing
on each repelling periodic point. Let p, denote the end point of the renor-
malization interval IJ} which is a repelling periodic point of period 2"~1. Let
i =1,2,---,k(n), denote the external rays which land on the orbit of p,.
We use these external rays and an equipotential curve I' surrounding the Ju-
lia set J(Q) to have a partition {Df, z(znll) of the domain containing J(Q)
and bounded by I'. By pulling back the external rays and the equipotential
curve, we have a deeper partition of the domain bounded by Q~*(T'). Go on
pulling back, we get deeper and deeper partitions {ngi}gi’;’“),a =1,2,3,---.
Let DZ,i(O) denote the puzzle piece in the a*® partition containing the critical

point 0. Let J,, = NgZ, Dy, -
Lemma 4.4 fn C J(Fy,), where F, is the nt" renormalization of Q which also
satisfies unbranched condition.

Proof. Let V,, = D:;(nfl),i(o) and U,, = D;’(nfl)Jrq(n)_’i(O) denote the puzzle
pieces containing 0 when a = g(n — 1) or g(n — 1) + g(n) respectively. Because

of renormalizability of @, the g(n)*" iterate of @ maps U, into V,, which
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satisfies unbranched condition. In fact F, = Q4" : int(U,) — int(V,) is a
proper mapping, but it is not a polynomial-like mapping since U,, and V. have
some common boundaries. The good thing is that one can thicken the puzzle
pieces V, and U,, to have two open domains V, and U, containing U, and
7,; respectively such that F,/Ll = Qi . U,/{ — V,;' is polynomial-like mapping
(see [Mi2] or [Hub]) and satisfies unbranched condition.

Let F, : U, — V, be the n'* renormalization of  which satisfies the
unbranched condition and has the complex bounds. By the property of poly-
nomial-like mappings, one has

J(Fy) = Uiez(F)'(0) and J(F,) = Uiez(F,)*(0).
By the unbranched condition and our particular constructions of F,/Ll , one has
Orb(F,,0) = I? N Orb(Q,0) = Orb(F.. , 0).

Clearly 0 has two preimages under F, in U, and has two preimages under
F,;/ in U,:. And F,, and F;l, follow the same renormalization cycle, their in-
verses are compositions of Q~'. Among this composition, except the last
pull back has two preimages, all of them are monotone pullbacks. There-
fore (F,,)~1(0) = (F,))~*(0). Inductively (F,)~%(0) = (F,,)~i(0) for all i € N.
Hence Usez(F,) (0) = Uiez(F.,)i(0), and hence J(F,) = J(E. ). Clearly

n

" ~

J(E,) = Nien(F,) (V) D Mien(F,) ™ (Vi) D e
Therefore J, C J(F},).
Lemma 4.5 The Julia set J(Q) is locally connected at the critical point 0.

Proof. Following the proof of the above lemma, for each n, one can find a
puzzle piece DZ(n),i(O) in a deep enough partition such that 0 € Dg(n),i(O) cU,,
where U, is the same as in Lemma 4.4. We know that the diameter of U,
and hence the diameter of D;‘(n)’i(o), goes down to zero as n — oo. Since

D)0y N J(Q) is connected, J(Q) is locally connected at 0.

An immediate corollary of the pullback is the following.

Corollary 4.2 The Julia set J(P) is locally connected at any point z in the
grand orbit Orbg(Q,0) = U;czQ%(0) of the critical point 0.

By moving around the initial renormalization domain I, the same methods
of the proofs of Lemma 4.4 and Lemma 4.5 can show

Corollary 4.3 The Julia set J(Q) is locally connected at any point z in K,
and hence locally connected at any point in the grand orbit of z.
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In the rest of this section, we will finish a proof of our Theorem 1.1 by
separating the remaining points z of J(Q) in two cases, that is, 0 € w(z) or
0 ¢ w(z), where w(z) is the w-limit set of z under Q.

Lemma 4.6 If z € J(Q) and 0 € w(z), then J(Q) is locally connected at z.

Proof. We assume that the point z is not equal to any point which has been
considered in Corollary 4.3. From Lemma 4.5, there exists an infinite sequence
{W,}22, of open neighborhoods of 0 such that W,, N J(Q) is connected for any
n € N and diam(W,,) — 0 as n — co. In fact we take W), to be the interior of
Dg(n),i(O) in Lemma 4.5. So W,, ¢ U,, C V,,, where U,, and V,, are the same as
in Lemma 4.4. It is easy to see that there are ¢(n) polynomial-like mappings
along the orbit of U, under @, which are Q4™ : Q*(F7'(U,)) — Q*(U,) for i =
1,2,---,q(n). All of them satisfy the unbranched condition. We denote these
polynomial-like mappings by F! = Q4™ : Ul = Q' (F; (U,)) — Vi = Q*(U,)
fori=1,2,---,q(n). We also denote W} = Q*(F,1(W,,)) fori=1,2,---,q(n).

Since 0 € w(z) and 0 is dense in K, we have K C w(z). We also know
K C ugi’;)W;; for each n € N. Also notice that W', i = 1,2,---,q(n), are
pairwise disjoint and Uginl) W} does not cover the Julia set J(Q). We will use
this property later.

Suppose that the first return time for z entering Ufg) W is I(n). We denote
by Wi®) the puzzle piece containing Q"™ (z). There exists a I(2)"" monotone

pullback of Wfl(z) under @ containing z, denoted by D"(z). By unbranched

th

condition, there exists a [(z)" monotone pullback of Vi) containing D" (z).

So
D"(z) c Q7' (WUH)) c @7V,

Claim: N, D"(z) = {z}.
Suppose that N2, D™(z) contains at least two points z and y. Since Q1) .

vie) Q~'®)(V;,) D D"(z) is monotone and the modulus of Vi) \ UL i
greater than a constant ¢ > 0 when n is large enough. By the corollary of
Koebe distortion theorem, the monotone pullback branches Q') : Vrf(z) —
Q~'™(V,,) D D"(2), n € N, have uniformly bounded nonlinearity on UL,
Since z,y € D™(z) and |z — y| # 0, D™ (z) contains an open domain W for any
n € N. Then z € W C N2, D™(z). Since z is a point in J(P), there exists m €
N such that Q™ (W) > J(Q) (see [Mil]). But Q'™ (W) c Wi™ and {W;}2")
does not cover J(Q), a contradiction. Therefore the claim N2, D" (z) = {z}
holds, and hence J(Q) is locally connected at z.

Lemma 4.7 If z € J(Q) and 0 ¢ w(z), then J(Q) is locally connected at z.
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Proof. Since the orbit of each point in K is dense in K, 0 ¢ w(z) implies that
the distance between K and Orb(Q, ) is positive. Let W}, i =1,2,3,---q(n),

n?

be the same as in Lemma 4.6 for any n. We know that they cover K and

their diameters go to zero as n — o0o. So when n is large enough, U;?W};

has no intersection with Orb(Q,z). Let y € w(z). So y ¢ U?g)WZ when
n is large enough. Fix such a large n. There exists a puzzle piece Dgi(y)
in a deep enough partition such that it contains y and is different from any

Wii=1,2,--,q(n). The distance from D;Li(y) to K is also positive, so we

can find the a simply connected open domain E™(y) containing Dgi(y) with

the modulus of E"(y) \ D', greater than § > 0 and E™(y) N K = 0.

Since y € w(z), the iterates of z under @ enter ngi(y) infinitely many
times. Let us denote the entering times by [(z),l € N. Pullback Dli(y) and
E™(y) according to the returns of z to D:,i(y)' These pullbacks, denoted by
Q') are monotone on E™(y). Then Q') (Dg,i(y)) gives an infinite sequence
{Dg(l(z)))i(z)}fil of puzzle pieces containing z. Because of the definite modulus

of E™(y) \ Dy ;> monotone pullbacks and z € J(Q), by the argument of
proving the claim in Lemma 4.6, we can show ﬂfilDZ(l(z)) i) is the point z.
Hence J(Q) is locally connected at the point z.

Lemmas 4.6 and 4.7 complete a proof of the Theorem 1.1.

5. A direct proof of Sullivan’s complex bounds

Let T = [a,b] be a compact nonempty interval on the real line R, and Cr
denote the complement of two half lines (—o0,a] and [b,c0) in the complex
plane C. Sullivan originated the idea of using hyperbolic neighborhoods of T
in Cr to study the complex bounds of renormalizations [Sul].

The Riemann surface Cr admits a hyperbolic metric in which 7" is a geo-
desics. The hyperbolic r-neighborhood of T' is the set of all points of Cr
which have hyperbolic distance to T less than r. It is easy to see that such a
neighborhood is symmetric with respect to R and its boundary consists of two
partial Euclidean circumferences whose angles with R are denoted by 6 = 6(r).
Such a neighborhood is denoted by Dy(T'), it will also be called a hyperbolic
disk (see Figure 1). The hyperbolic disk Dz (T') is simply denoted by D(T).
Sullivan introduced the following version of Schwartz lemma.

Lemma 5.1 (Schwartz Lemma) Suppose that two intervals J' C J C R,
¢ : Cy— Cy is an analytic injection and ¢(J) C J'. Then for any 6 € (0,7),

¢(Dg(J)) C Dg(J").
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Figure 2: An illustration of ang(z,T).

For a point z € Cr, the angle between z and T', denoted by ang(z,T), is the
least angle of the ones between the intervals [a, z], [b, 2] and the corresponding
rays [a, —00), [b, +00) of the real line, measured in the range from 0 to 7 (see
Figure 2). Lyubich and Yampolsky introduced the following corollary of the
Schwartz lemma [LY].

Lemma 5.2 Under the circumstances of the Schwarz lemma, let us consider
a point z € Cy with dist(z,J) > 0|J| and ang(z,J) > €. Then

. y .
dzst(gf)(;z),l]) < Cdzst(z, J)7
/'] /]

for some constant C' = C(g, 9).

Proof. See the proof of Lemma 2.1 in [LY].

A collection (finite or infinite) of intervals on the real line R, denoted by
Jo=J,J_1,J_2,---, is said to be a string of monotone pull-backs of an interval
J C R under the map Q if @ : J_; — J_;41 is homeomorphic for each i =
1,2, --. For any point z € J, the backward orbit of z corresponding the above
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pullbacks is clearly the sequence of the points zy = z,2_1,2_9,- -, satisfying
that z_; € J_; and Q(z—;) = z—;41 for each i = 1,2, - -, that is the iterates of
z under the inverse branch of @ which maps J_; to J_;;;1 for each i. For any
point z € C;, we define the corresponding pullbacks of z as the iterates of z
under the analytic continuation of the inverse branch of ¢ which maps J_; to
J_j4q foreachi=1,2,---.

Now let us consider the renormalizations of ). For each n € N, () maps
Iy onto IT" with a folding, then @ maps I monotonically onto I} ; for i =
1,2,---,q(n) — 1, and at last Q maps I;‘(n)fl monotonically onto its image
J = Q(I;(n)fl). Therefore J, I;L(n)fl, -+« I} I are monotone pullbacks of J
under Q). The string of these pullbacks can be extended to a maximal interval
N§ D J. And in fact N§ D I and there exists A > 0 and § > 0 (independent
of n) such that A > |L™|/|IJ| > ¢ and A > |R"|/|I}| > §, where L™ U R™ =
N§\ Iy. This is a part of the real bounds of the renormalizations of ). Given
any z € (CN(;L, let 20 = 2,2-1,2-2, " 2_g(n)+1 be the pullbacks corresponding to
the above pullbacks of Ng' under ). And let z_(,,) denote one of the preimages
of 2_g(n)+1 under Q. The following lemma is a slightly changed version of a
key lemma introduced by Lyubich and Yompolsky in [LY].

Lemma 5.3 For all z € Cnp with dist(z,If) > |Ii|, one has

d’L‘St(Z,q(n) 5 IS)
1| -

dist(zo, I7)
1|

C( ).

Through this lemma, one can easily prove Sullivan’s complex bounds. In
the next, we first give a somehow different proof of this lemma with the details.
Then we provide a proof of Sullivan’s complex bounds at the end of this section.

We first state three useful properties of square root functions. Let ®(z) =
V/z be the branch of the square roots which maps the slit plane C \ R~ into
itself. The following geometric properties also hold for the other branches of
the root functions with or without precomposition and/or postcomposition by
affine maps except some slight modifications of the statements.

Proposition 5.1 Let K > 1,5 >0, K~! < a < K. Suppose that T = [—ab,b],
T' = [0,Vb], and J is an interval contained in [0,b] and J' = ®(J). Then:
(1) ®(Dy(T)) C Do/ (T"), where §' only depends on 0 and K.
(2) If 2/ € ®(D(T)) \ D([—6v/b, (1 + 6)V]), then

ang(2',T') > e(K,§) > 0,

dist(z',T")

Ci(K,0) ! < 7

< Cl(K,(S),
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and

dist(z, J)
F/.

dist(2', J")
|J" <Oy (K’ 6)

Proof. (1) There exist §; > 0 and 62 > 0, depending only on 6 and
K, such that Dg(T) C Dy, ([—ab,0]) U Dy, ([0,b]). Applying ® to Dy,([0,d]),
by Schwartz lemma, one has ®(Dy,([0,b])) C Dg,(T"). When applying ® to
Dy, ([—ab, 0]), one can think of applying another branch of the square root to it,
and hence again by Schwartz lemma, one has ®(Dy, ([—ab, 0])) C Dy, ([0, Vabi]).
Therefore ®(Dg(T)) C Dp, ([0, Vabi]) U Dy, (T"), and hence there exists ' > 0,
depending only on 6 and K, such that ®(Dy(T)) C Dg.(T").

(2) Given 2’ € ®(D(T)) \ D([-6vb, (1 + §)Vb]), it is easy to see that

ang(2',T') > ¢(K,6) > 0 and C1(K,0)"! < % < C1(K,6) because
z' is in Dy (T") from (1) for some constant 6’ but not in D([—db, (1 + §)b]),
where 6" comes from the part (1) when § = 7, and it only depends on K. We

only need to show the last inequality. Clearly

dist(z’,J") dist(z’,J") |T

[J'] _ [T'] T
dist(z,J) dist(z,0) 1]~
[J] T 1]
Since 2’ € Dy (T’),
dist(2’, J')
I 9/
S C3(0')
Through the mean value theorem, one has
7’| Vb
T (+a)d 2 T
R/ U 1+a%§2’
[J] 2Vz

where z € [0,b]. And since z ¢ ®~1(D([-db, (1 + §)b])), one can show

dm%"]) > Ca(6,7) > 0.

Together we can see that the last inequality follows.

Proposition 5.2 Let 6 > 0. Let J = [a,b] C [0,+00), J = ®(J) = [/, V],
z€ C\R™ and 2/ = ®(2). Then:
(1) If dist(z,J) > 0|J|, then

dist(2', J") dist(z, J)
PSR APS 5 R S
77 Y
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(2) If dist(2',J") > 0|J'|, then

dist(2', J")
/']

dist(z, J)

< C(d) ]

(3) Let 0 denote the angle between the line segment [z,a] and the ray on
the real line which starts at a and does not contain J, and 6’ the angle between
[2/,V'] and the ray on the real line which starts at b’ and does not contain J'.
FO<T, thent >Z.

Proof. (1) Take a small angle 0 < 6y < 7, the inequality follows from
Lemma 5.2 if ang(z,J) > 6p. Since the root function ® is quasisymmetric
on the whole real line (take any branch of the root function as the definition
of ® on R7), it is also quasisymmetric in the region {z € Cg- : dist(z,J) >
0|J| and ang(z,J) < 6p}. This shows the inequality for z if ang(z, J) < 6.

(2) Since dist(z’, J') > ¢'|J'|, then there exists 6 > 0 such that dist(z, J) >
0. Applying (1), one has the proof of (2).

(3) The proof is straight forward.

Proposition 5.3 Let A > 0, J = [0,b] C RT, J = ®(J), z € C\R™ and
2= ®(z). If dist(z,J) > A|J|, then

o .
dzst|(5/|,J) - C(A)(dzsi(j, J))%.
If dist(2',J") > A'|J'|, then
dist(2', J') dist(z, J)
/'] 7]

Proof. 1If dist(z,J) > A|J|, then dist(z,J) is commensurate to |z| and
dist(z’, J) > §|J’| for a constant ¢ only depending on A. Therefore dist(z’, J')
is also commensurate to |J'|, and hence

dist (2, J")
']

[N

< C(A")( )2,

dist(z, J)

<O =72

The proof for the second part is similar.

Let H D J be two nonempty open intervals with H \ J consisting of two
connected components L and R. Suppose that L lies to the left of R. Let
So, «(H,J) denote the intersection of the hyperbolic disk Dy(H) with two dis-
joint R-symmetric 2e-wedges with vertices at 9.J. Let B.(.J) be the complement
of the above two wedges in the complex plane C, that is the set of all points
looking at J with an angle at least e. See Figure 3. If z_, € B.(I",) at some
moment s < [, then we say that the backward orbit of z has an e-jump.
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€ \ €

Figure 3: Domains B.(J) and Sp .(H,J).

Lemma 5.4 If z_ in the backward orbit of a point z € Cnp has an e-jump at
dist(zq(n)—1:1(my—1)

a moment s € [0,q(n) — 1], then either i < Cy(e) or
q(n)—1
dist(z n,,[” _ ; I
Gat=1: ly 1) < Oy Tte=s 124
L Giny 1 =
q(n)—1 s

Proof. If dist(z_s, I*,) < |I*,|, then there exists § = 6(¢) such that
z_g € Dy(I™,). Since Q~(@(™=s=1) ig univalent on Ci»_, by Schwartz lemma,
Zamn)—1 € Do(I_gq(n)+1). Therefore there exists Cy = C1(0) = Ci(e) such that

dist(z, I )

(n)—1r g(n)—1

" ‘ S Cl (6)
q(n)—1

If dist(2_g, I* ) > |I* |, then Lemma 5.2 shows the rest.

Lemma 5.5 Let Jy = J,J_1,...,J_; = J' be the monotone pullbacks of an
interval J under Q. Suppose T D Jy is the mazximal interval on which the
corresponding inverse branch of Q' is well defined. Let z € Cp and zy =
2,21, ..,2_1 = 2’ be the corresponding backward orbit of z. Then for all suffi-
ciently small € > 0 (independent of Q), either z_; € B.(Js) at some moment
s<l,orz €8y (T",J) with =F — Oe), where T' = Q'(T), which is the
mazimal interval of monotonicity of Q' containing J'.

Proof. Let Ty, be the maximal interval on which @~ is well defined and
T—i = 6277;(710,2')7 where 7 = 1, 27 BN l.
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Given a small ¢ > 0, after applying the first square root, either z_; €
B.(J) or z_1 € Sgye(Tfl,J,l), where T_; is a ray on R!. One connected
component of Sz (71, J-1) is a union of two right triangle, denote it by A_y,
its intersection with R' by R_; and its vertex of the right angle by a_;. The
other component is an R!-symmetric 2¢ wedge. Let § = 5 — O(e) be the
smallest such that A_; C Dg(R_1).

In the following pullbacks before the moment (denoted by —t) that the
square root function cuts the pullback of the R!-symmetric 2 wedge, by ap-
plying the Schwartz lemma to the domain Dy(R_1) in the monotone pull-
backs, we have either z_, € B.(J_4) for some moment 0 < s < ¢t —1 or
Z_4—1) € Dg(R_(4_1)), or z_(;—1) is in an R!-symmetric 2¢ wedge, where
R_;_yy is the finite component of T_;_1y \ J_(;—1). So either z_, € B.(J_;)
for some moment 0 < s < (t —1) or z_;—1) € So.c(T_(4—1), J—(t—1))-

Now the next square root will cut the wedge component of Sp o (T_(;_1),
J—(s—l))~ If Z_(t—1) € SG,E(T—(t—l), J—(t—l)) N Dg(R_(t_l)), then by Schwartz
lemma, z_y € Dg(Q ' (R_—1). If

Z_(4—1) € S0, (T_(4—1), J_(t-1)) \ Do(R_(1—1)),

then either z_; € B:(J_¢) or in a union of two right triangles with one sharp
angle ¢ (denote it by A_;, and its intersection with R! by L_;). Together if
2_(t—1) € So.e(T_(t-1), J_(t—1)), then either z_; € Bc(J_¢) or z_; € Dy(L_4)U
Dy(R_¢), and hence z_y € S (T4, J_¢), where L_; and R_; are two compo-
nents of T_; \ J_;.

Inductively, in the further pullbacks, by applying Schwartz lemma to cer-
tain domains in the monotone pullbacks, we can see that if z_; € Dy(L_;) U
Do(R_t)N Sy (T, J_¢) then either z_, € B.(J_;) for some moment ¢ < s <
or z_; € Dg(L_;) UDg(R_;) N Sp.(T_;,J_;), where L_; and R_; are the two
components of T_; \ J_;.

For an interval J = [a, b] and § > 0, the (1+ ) — scaled nbhd of J is defined
to be the interval [a — (b — a)d,b + (b — a)d].
Now we are ready to show Lemma 5.3.

Proof of Lemma 5.3. Given a point zg € Cny with dist(20, [5') > [Ig], from
(1) of Proposition 5.1 and Proposition 5.3, we only need to show the following
claim: either

diSt(Z_q(n)+1, Iﬁq(n)+1) < A|Ifq(n)+1|
or )

dlSt(Zq(n)—h I;l(n)_l) < CdiSt(Z()7 I{f)
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Figure 4: The nested intervals introduced in the proof of Lemma 5.3.

for some constants A and C. Secondly through Lemma 5.4, we only need to
show that either

dist (2_g(n)+1 Ifq(n)-ﬁ-l) < A|Ifq(n)+1 |

or the backward iterate z_; has an e-jump at some moment s € [0, —g(n) + 1]
with )

dist(z_g, I",)

‘In

5]

s|

for some constants € > 0 and C' > 0. We will show this statement through
an induction on the renormalization level n by considering the pull-back z_g
following the reverse cycles of renormalizations at level 1, 2 and so on.

Before getting into the details, let us first introduce some notations.

Denote I7; = IFN(—00,0] and I§ = IF'N[0, 00). Clearly Q4™ is monotone
on Ij; or Ifg.

Let J (or JJz) be the maximal interval containing I§;, (resp. Ifz) on
which Q4™ is monotone. Clearly, j(? = j& U ng is a symmetric interval
centered at 0.

Let Tg‘ be the smallest symmetric interval centered at 0 containing Q4(") (j{f ).
We also denote Ty, = T N (=00, 0] and g, = T5 N [0, 00).

From the real analysis of renormalizations, we know that Tg* D ng D Iy,
and T§ contains a (1 + d;)-scaled nbhd of J3. Now let T¢ be the (1 + d;/2)-
scaled nbhd of J§, T3, = T3 N (—00,0] and Ty, = Tg N [0, 00).

Let JJ, C JJ, such that QY™ (Jy,) = Ty, and J§, C JJs such that
Q1M (Jrg) = Tos. And denote J§ = J& U Ji, which is again a symmetric
interval centered at O.

From the real bounds of the renormalizations, 7' O JI D I, and Ty
contains a (1 4 d2)-scaled nbhd of J§' and J§ contains a (1 + d3)-scaled nbhd
of I§. In the above, d1, d2 and d3 are independent of n.

Together we have Ty D Ty D J& D J§ D I}, and any two intervals in
between are commensurate to each other in length, see Figure 4.
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Figure 5: Some important domains introduced in the proof of Lemma 5.3.

Recall that N§ is the maximal interval on which the inverse branch Q~4(M+1
is well-defined. Clearly either Tg, € T, C N§ or Tgy C Tgy C N Again
from the real bounds, N§ contains a (14 d4)-scaled nbhd of T}, or T{,, where
d4 is independent of n.

Now suppose that S§; (or Sjy) is the (14-§)-scaled nbhd of J§, (resp. Jig),
and S (or SPy) is the (1 + &)-scaled nbhd of S, U J§y (vesp. Sip U Jii).
Clearly when 0 is small enough, we can require that S{; and Sip are well
contained in J§, and either 5& or ggR is contained in IN§', where § only
depends on §; and dy4.

Before carrying on further, let us first notice the following two observations.

Observation 1: The inverse branch Q-9+ ig univalent on the disk D( ~(’)LL)
or D(S03), and D(S§.) \ D(S§;,), respectively D(S{z) \ D(Siy), has a definite
modulus. Therefore Q=™+ has bounded nonlinearity in D(Sg;) or D(S§z)

by Koebe distortion theorem.
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Observation 2: Denote S, = Q4(")(D(Sf,) NH.) NR and
Sor = Q"™ (D(S5r) NHE) NR,

where Hy, (or Hg) denotes the closed left (resp. right) half plane. When 0 is
small enough, N§' contains a (1 + ¢’)-scaled nbhd S§; or S{)‘R. And further-
more, there exists 6y > 0, only depending on 9, such that Q‘I(" (D(Sy)NHy)
and Q9" (D(S§r) NHg) are contained in Dy, (Sg;,) and Dy, (Sgy) respectively.
Since N§ contains a (1 4 ¢’)-scaled nbhd of SOL or SOR, the inverse branch
Q1M+ is univalent on Dy, (NZ') and Dg,(Ng) \ Do, (S§;.) (vesp. Do, (Ng) \
Dy, (S’{}R)) has a definite modulus, again by Koebe distortion theorem, the in-
verse branch Q4" *1 has bounded nonlinearity on Dy, (52, ) (resp. Dy, (Siz)).

Now we begin to prove the claim: for any point 2q € Cnp with dist(zo, I§) >
|[IF], either
diSt(Z—q(n)-‘rl?I q(n) +1) < A"[ n)+1|

or
dist(24(n)— 1,1(7;(”)71) <Cdist(z0,lgf)
. - ']

I q(n)
for some constants A and C.
Without loss of generality, we assume n > 2.
Let 27 denote the extension of the interval Tj to both sides by its half
length.
If 29 ¢ D(2T}), then by applying Proposition 5.2 twice, there exists 1 > 0
and C1 > 0 such that ang(z_q, I§) > €1 and

dist(z_o,1",) < dist(z9, I})
n - 1 n
17| 1

Then the claim follows Lemma 5.4 for such zg’s.
If zp € D(QTO) then by applying Proposition 5.1 twice, z_» is either in
D(S};) or in Q2(D(213)) \ D(S8;), where S}; is either SOL or Sip, and
furthermore there exists €5 > 0 and Cy > 0 such that if z_5 € Q~2(D(27})) \
D(S};) then ang(z_g, I",) > €5 and

dist(z—2,I"5) dist(zo, IJ)
<Oy .
17, 15|

Notice also that if z_5 € D(SJ;), then by applying (2) of Proposition 5.2 twice,
we also have that if dist(zo, IJ}) > |I{|, then

dist(z_g,I",) < dist(zq, I})
n - 3 n
117, 151
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for some constant C3 > 0.

Step 1: In order to achieve the claim, by Lemma 5.4, we only need to take
care of the points z’s with z_y € D(S};). On the other hand, by applying
Lemma 5.5, for any small e > 0, either z_5 € B.(I™) or z_5 € Sg7g(j31, Im,) for
some constant 6§ = 7 — O(¢). Clearly when ¢ is small enough, Sy (1) C

D(S0 1), and we can also require that one connected component of Sy E(JO 1)
is contained in D(S3;). Therefore by Lemma 5.4, we only need to take care of
the points zy’s with z_o € Sy (Jd;, I"5) C D(S;).

Step 2: Now we consider separately the points z_y € Sg o (Ji;, I™5)\D(S8;)
and the points z_o € Sp o (J¢;, I5) N D(SE).

Let us first consider the points z_» € Sp . (J&;, I"5)\D(S3;). Since Q~4(M+1
is univalent on D(N{) and D(N})\ D(S};) has a definite modulus, by Schwartz
lemma and Koebe distortion theorem, we have

@41 = Zoag)41 = QI (2 q)) = QTIMH(z,)

€ Do(Q 1T (J5)) N D(Q™MH(SG,))

and )
dist(z_g(2)+1, 1" (2)11) _ dist(z_2,I™,)

<Oy n
[ 17|

"ol
If z_4(2)+1 has an e-jump, then the claim follows Lemma 5.4. If

mq(@)+1 € So.£(Q7 1T (o), 2 g2)40) \ D(Q™TDH(SG))),

then after pulling back z_4(2)41 one more time and by Proposition 5.1, z_4(2)
will have an &’-jump, where €’ essentially depends on the real bounds only, and

dist(2—g(2), 1" y2)) s dist(2_q(2)+1, 1" y(2)11)
ol = |
a(2)

—a( 2)+1|

And hence the claim follows Lemma 5.4.

Step 3: Secondly we consider the points z_5 € Sy (J3;) N D(SE;). Similar
to Step 2, we know that z_g2)41 € D(Q~1M+1(S1 1)) and

dist(z—g@ 11, Mg 11) _ , dist(22,1%5)

n - 6 n
T 77,
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By (2) of Proposition 5.2, if dist(2_q(2), 1" (5)) = [I” ()|, then

dist(z,q(g), Iﬁq@)) < diSt(Z,q(g)Jrl, Ifq(2)+1)

n = ~7 n :

R 2 g2) 41l

By Lemma 5.5, eithe~r Z_4(2) has an 5—j}1mp Or 2_g(2) € ngs(jgl, Iﬁq@)), where
we also have 5975((]021,[2(1(2)) C D(SZ;) and one connected component of
Sg7g(j021,lﬁq(2)) is contained in D(S3;). If the former case happens then the
claim follow Lemma 5.4. If the later one happens, we need one more step
to complete an inductive proof of the claim. From Observation 2, the inverse
branch Q~%2)*! has bounded nonlinearity on the disk Dg, (S, ), therefore there
exists a constant Cg > 0, independent of n, such that

n

dist(z_q(2)+1, 1" g(2)41) < Ce distl(;g, 1)
0

|Iﬁq(2)+1|

And then by (2) of Proposition 5.2, there exists a constant Cg > 0, independent
of n, such that
dlSt(Z—q(Z)v Iﬁq(z)) diSt(Zo, Igb)

15|

< Co

|Iﬁq(2)|

Step 4: Repeat the cycle of Steps 1, 2 and 3 by replacing ¢(k — 1) and ¢(k)
by ¢(k) and g(k + 1) and doing corresponding changes of subscript indexes for
k=2,3,4,---,n— 2, and then we can show that either z_4 has an e-jump at
some moment s € [0,¢(n — 1)] and

dist(z_s, I",) dist(zo, IJ)
117, 15|

if dist(z_s, I"™,) > |I",|, where the constant Cyg is independent of n, or

Z—q(n-1) € SG’E(j(?Iil?IEq(nfl))'
If the former case happens, then Lemma 5.4 shows the claim. Suppose that
the later one happens. We also have SgyE(JgI_l,Ifq(n_l)) c D(Sy; ). Since
Q~9(=D+1 is univalent on D(NJ ') and D(NJ ™)\ D(Sy; ") has a definite

modulus, by Schwartz lemma and Koebe distortion theorem, we have

Q*q(nfl)ﬂ(

Z_g(n)+1 = Z—2¢(n-1)+1 = Z_g(n-1))

€ Dy(@ 1 V() N D@ IH(SE)
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and

dist(z q(n)ﬂ,lﬁq(n)ﬂ) _ dist(zfq(nfl)alﬁq(nfl))

dist(zo, I3)
< Cy o —
‘I |Ifq(n71)|

15|

< C4Cy
" gmy+1]

Together we have shown that for any 2o € Cny with dist(zo, I§) > |If'], either

dist (2—g(n)+15 1" 4 (ny11) dist(zo, I})
= - 15

ny+1l

for a constant C' > 0, or z_, has an e-jump with dist(z_s, I"™,) < |[I™|. If the
later one happens then z_s € Do (I™,), where a = a(e). By Schwartz lemma,

Z_q(n)+1 € Da q( ) and hence dist(z _q(n)+1,1fq(n)+1) < A\Iﬁq(n)+1| for
a constant A > 0. We complete a proof of the claim.

Now we can give a simple proof of Sullivan’s complex bounds of the renor-
malizations of @ by using the following lemma (see Lemma 2.4 in [LY] or
Proposition 4.10 in [Mc2]).

Lemma 5.6 Let U C U’ C C be two topological disks which are conformally
equivalent to the unit disk. Suppose that F' : U — U’ is a complex analytic
branched covering map of degree 2 with a non-escaping critical point and a
compact filled-in Julia set K(f). Then there are topological disks K(f) CV C
V' C U’ such that the restriction F : V. — V' is a polynomial-like mapping.
Moreover, if mod(U'\ K(f)) > ¢ then mod(V'\ V) > () >0

Proof of Sullivan’s complex bounds. Let F, = Q4" : (CMSL — (CNSL be the
analytic extension of the nt" renormalization of Q. By Lemma 5.3, if z € C Nz
and dist(Fy,(z),I') > 1 then

dist(Fo(2), 1)
15|

dist(z;; ) el
'

for some constant C' > 0. Then the filled-in Julia set K(F7,) has its diameter
commensurate to I'. Hence K(F,) C D(NF) when n — k is larger than an

integer N, which only depends on the above constant C' and the real bounds.
Vz € K(F,), let 2/ = F,,(z). Consider the backward orbit

/
20 = 2 ,2-1,2-2,""",Z—q(n) = %

In the proof of Lemma 5.3, either z_; has an e-jump at some moment or
z € D(N§). If the former case happens, then by Koebe distortion theorem,
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the property of diam(K(F,)) commensurate to /g implies that dist(z_;, ")
is commensurate to I";, and hence z_; € Dy(IZ;) for some 6 > 0, which
depends on € and N. By the Schwarz Lemma and (1) of Proposition 5.1,
z € Dy/(I) for some ¢ > 0, which only depends on 6 and the real bounds.
Thus z € D/ (I#)UD(N§) and hence K (F,,) C Dy (I3) UD(N). This implies
that K(F),) is compact and mod((CNS \ K(F,)) > ¢ for some constant € > 0,
which only depends on the real bounds of the renormalization intervals of Q.
Finally Lemma 5.6 completes the proof.

Remark 5.1 For an infinitely renormalizable real quadratic polynomial of an
arbitrary combinatorial type, there also exists a complex bounds for analytic
extensions of renormalizations (see [LS] or [LY] or [GS]), and hence the local
connectivity of the Julia set follows to be true by a more general result in [Ji3].

6. Some open questions on the Julia set J(Qp)

We finish this paper with three open problems on the study of the Julia set
J(Q) of the Feigenbaum quadratic polynomial Q.

Problem 6.1 Is the Lebesque measure of the Julia set J(Q) zero?

Problem 6.2 What is the Hausdorff dimension of J(Q)? Is it 2%

A subset S of the complex plane is conformally removable provided that
for any homeomorphism defined on the complex plane if it is conformal in the
complement of S then it is conformal on the whole complex plane

Problem 6.3 Is the Julia set J(Q) conformally removable in the complex
plane?
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