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Abstract

Following the first part of our research, we prove in this paper
that a sub-hyperbolic semi-rational map with infinite post-critical
set is combinatorially and locally holomorphically equivalent to a
rational map if and only if it has no Thurston obstruction. More-
over, the rational map is unique up to holomorphic conjugation.
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1 Introduction

We study geometrically finite branched coverings of the Riemann sphere.
In the first part of this research [CJS], we studied a local combinatorial
property of a geometrically finite branched covering at an accumulation
point of its post-critical set. We showed that only the global condition, no
Thurston obstruction, was not enough for a geometrically finite branched
covering to be combinatorially equivalent to a rational map. The locally
combinatorially attracting condition is necessary for this problem. Pre-
cisely, we show that a geometrically finite branched covering is combina-
torially equivalent to a semi-rational map (see below for the definition) if
and only if it is locally combinatorially attracting. The semi-rational map
can be further chosen to be sub-hyperbolic (refer to Theorem 2 in [CJS]).

In this paper, we study whether a sub-hyperbolic semi-rational map is
combinatorially equivalent to a rational map. Note that a geometrically
finite rational map admits a quasiconformal deformation in general, that
means a semi-rational map may be combinatorially equivalent to many
rational maps up to holomorphic conjugation. To recover the rigidity the-
orem, we introduce CLH-equivalence (see below) between semi-rational
maps instead of combinatorial equivalence.

Now let us give some definitions and state our main theorem. Suppose
that f is a geometrically finite branched covering of the Riemann sphere
C, that means the accumulation point set P]’c of the post-critical set Py is
finite. The set P} consists of finite number of periodic cycles. The map
f is called a semi-rational map (see §3 in [CJS]) if (i) f is holomorphic in
a neighborhood of P}; (ii) each cycle in P is either attractive or super-
attractive or parabolic; and (iii) each attracting petal associated with a
parabolic cycle in P} contains a post-critical point. Furthermore, if all
cycles in PJQ are either attractive or super-attractive, then we call f a
sub-hyperbolic semi-rational map.

We call two sub-hyperbolic semi-rational maps f and g are CLH-
equivalent (CLH means combinatorially and local holomorhically) if there
is a pair of homeomorphisms (¢, 1) of the Riemann sphere C such that

e 7 is homotopic to ¢ rel Py,
* of = gv,
e ¢ is holomorphic in a neighborhood of P%.

The reader may refer to [DH] or [CJS] for the definition of a Thurston
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obstruction. He also can find a brief introduction to the history of re-
search in this direction in [CJS]. Our main result in this paper is that

Theorem 1 (Main Theorem). A sub-hyperbolic semi-rational map
with infinite post-critical set is CLH-equivalent to a rational map if and
only if it has no Thurston obstruction. Moreover, the rational map is
unique up to holomorphic conjugation.

We will give a proof of the Theorem 1 in §2 and §3. Here we outline
our idea in the proof as follows.

We start with a sub-hyperbolic semi-rational map f. Pick a round
disk in Koenig’s (or Boettcher’s) coordinates for each point of P; and
denote by Uy their union such that f~!(U,) contains the closure of Uj.
Let U, = f7(Uy) and V,, = C — U, for all integers n > 0. Then
{Un, Vi }22, gives a sequence of partitions of C. This sequence of parti-
tions has a similar flavor to the sequence of partitions used by Branner-
Hubbard (see [BH]) in the studying of cubic polynomials and the se-
quence of partitions used by Yoccoz in the study of non-renormalizable
quadratic polynomials (see [Hu, Ji]). We then classify the connected
components of V,, into strictly essential components, semi-essential com-
ponents, and non-essential components according to their relations with
P; homotopically (see §2 for the definition). We observe that the number
of homotopic classes of strictly essential components of V,, is eventually
a constant. Moreover, each strictly essential component of V,, contains
exactly a strictly essential component of V,,, 1 and they are homotopically
equivalent. This observation is formulated into Lemma 1 in §2.

Choose the standard complex structure on Uy. Pull it back by f",
we get a complex structure on U,. Take an integer N > 0 such that
strictly essential components of V,, are stabilized for n > N. On each
periodic strictly essential component Ey of Vy, (f, Enx) can be extended
to a critically finite branched covering. Applying Thurston’s Theorem,
we know that there exists an invariant complex structure on Ey.

By the no Thurston obstruction condition, we can set a modulus for
each semi-essential component of Vy such that Vy.; with the pullback
complex structure from Vy by f can be holomorphically and homotopi-
cally embedded into Vy. Now pasting these invariant complex structures
on Vy and Uy by quasiconformal surgery, we get a global invariant com-
plex structure.

We discuss mainly the global combinatorial structure of the topolog-
ical Julia set J = C — Us® U, of a sub-hyperbolic semi-rational map f.
We can also use the sequence of partitions {U,, V,,}5°, about J to study
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the topological property, like connectivity and local connectivity, of the
Julia set of a sub-hyperbolic rational map (refer to [PT]).

ACKNOWLEDGEMENT. The first and second authors would like to thank
Tan Lei for suggestive conversations and Pilgrim for comments. The
first author also would like to thank the Einstein Chair of Sciences in
the Graduate Center of CUNY for its support and hospitality during his
visit.

2 Partitions on the dynamical plane

We start with a sub-hyperbolic semi-rational map f with PJ’c non-empty.
Suppose that f is holomorphic on an open set W D PJ’C. From Koenig’s
Theorem and Boettcher’s Theorem (refer to [Mi]), for every point a € P4,
there is a round disk D, C W centered at a in Koenig’s or Boettcher’s
coordinates such that their boundaries are disjoint pairwise and disjoint
from P; and their union Uj satisfies that f~*(Uy) D Uy. Denote by U,, =
f(Uy) and V,, = C — U, for all integers n > 0. Then f~}(V,) = V1
and V,,;1 is contained in the interior of V,,. To describe the topology of V,,
with respect to the post-critical set, we introduce the following definition.

Definition 1. A continuum E C C is called non-essential (essential) if
there is (not) a simply-connected domain D D E such that D N Py = 0.
An essential continuum E C C is called semi-essential (strictly-essential)
if there is (not) an annulus A D E such that AN Py = (. It is called
peripheral (about a € Py) if there is a simply-connected domain D D E
such that D N Py = {a}.

Two essential Jordan curves in C — Py are called parallel if they are
homotopic to each other rel P;. The following properties can be deduced
from the definition directly.

e Suppose that E; and E5 are continua with Fy D FEs. If E5 is essen-
tial (strictly-essential), then Fj ia also essential (strictly-essential).

e Each component of the preimage of a non-essential continuum is
also non-essential.

e Each component of the preimage of a semi-essential continuum is
either non-essential or semi-essential.
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e Each component of the preimage of a peripheral continuum is either
non-essential or peripheral.

e [f a component of V,, is semi-essential, then its boundary contains
exactly two essential Jordan curves. Moreover, these two essential
curves are parallel.

e [f a component of V,, is strictly essential, then its boundary con-
tains at least one essential curve. Any two essential curves on its
boundary (if there are) are not parallel.

Lemma 1. There exists an integer N > 0 such that for any n > N,
each strictly-essential component E of V,, contains exactly one strictly-
essential component Ey of Vi,41. Moreover, E — E is disjoint from P
and every essential curve on the boundary of E (or Ey) is parallel to a
Jordan curve on the boundary of Ey (or E).

Proof. Let B, be the collection of essential Jordan curves on the bound-
ary of U,. Since Vj N Py is finite, the number of homotopy classes of
curves in UL (B, is bounded for all integer m > 0. This implies that
there exists an integer Ny > 0 such that each curve v in B, with n > N
is parallel to a curve ¢ in B,, with m < Nj.

Suppose FE; is a strictly-essential components of V.1 with n > Nj.
Let E be the component of V,, with £ D Ej, then F is also strictly-
essential. Suppose 7, is an essential Jordan curves on the boundary of
E:. From the above argument, there exists a curve 8 € B,, with m < N,
such that 3 is parallel to v;. Since F D Fy, there exists a unique Jordan
curve v on the boundary of E such that v separates v, from 3. Hence ~
is also parallel to ;.

Conversely, for any essential curve 7/ on the boundary of E, let 7}
be the Jordan curve on the boundary of F; such that ~] separates the
interior of F; from +, then 7] is essential. From the above discussion, 7]
is parallel to +'.

If there exists a strictly-essential component of V., in F — Fy, say
Ej. Let 7 be the Jordan curve on the boundary of E; such that v,
separates the interior of F; from Ej, then 7, is essential. Let v be the
Jordan curve on the boundary of E such that 7 is parallel to ;. Then
E7 is contained in the annulus bounded by v and ;. It contradicts with
that F1 is strictly-essential. The same argument also implies that F — E
is disjoint from Pj.
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Let s, be the number of strictly-essential components of V,,, then s,
is non-increasing for n > Ny. So s, is a constant as n > N for some
N > Ny. This completes the proof of the lemma. m

Lemma 2. Suppose that a € Py — PJQ s a fized point. Suppose that 7y is
a Jordan curve on the boundary of V,, with n > N so that v is peripheral
about a. Let § be the component of f~(v) which is parallel to . Then &
separates 7y from a.

Moreover, either § and ~y are contained in different components of
V., or both of them are contained in a peripheral and strictly-essential
component of V,,.

Proof. Since a € V; for all j > 0, @ is contained in a component of V,,
denoted by D,,. Let ;, 0 < ¢ < k be all the curves on the boundary
of V,, which are parallel to ~, so that (; separates (3,11 from a. Then
By C OD,,. Let a; be the component of f~!(3;) which is parallel to 7.
Since the component of V,,; which contains a is contained in the interior
of D, ag separates (3, from a.

We claim that «; separates [3; from a for all 1 < ¢ < k. Otherwise,
A(B;, Biz1) C A(ay, ;) for some 1 < i < k, where A(S;, 5;_1) denotes
the annulus bounded by (; and ;_;. Note that both 3; and [3;_; are con-
tained in the boundary of either a component W,, of U,, or a component
of V,,. The later case can not happen since otherwise both a; and a;_;
are contained in a component of V.. This contradicts to V,,.; C V,,. In
the former case, f~1(W,)NW,, # 0 and hence f~'(W,) D W,,. Therefore
f"(W,) ¢ W,, € A(G;, Bi—1). But f*(W,) is a component of Uy, which
contains a point in Pj’c. That is a contradiction.

Now, if v = [y, then both v and ¢ are contained in D,,, which is
strictly-essential and peripheral. Otherwise, v and ¢ are contained in
different components of V,. n

To find an invariant complex structure on Vy, let us simplify the
topology of components of Vi at first. For every component E of Vy,
the enclosure of E id defined by the following: If F is non-essential,
then there exists a unique non-essential closed Jordan domain, which
is defined to be the enclosure of E, such that the boundary of E’ is
contained in the boundary of E. If E is essential, the enclosure of F
is defined to be the domain bounded by essential Jordan curves on the
boundary of E. It is easy to see that when E' is semi-essential, then the
enclosure of E is a closed annulus. When F is strictly essential, then
either its enclosure meets post-critical points, or is bounded by at least
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three essential curves. When F is strictly-essential and peripheral around
a € Py, then its closure is a closed Jordan domain which intersects with
P; on the single point a. Enclosures of essential components of Vy are
disjoint pairwise.

Denote by V{; the union of enclosures of essential components of Vi,
V41 the union of essential component of f~'(V}). Then Vi, is also
contained in the interior of V.

Proposition 1 (Holomorphic and homotopic embeddings). Sup-
pose that [ has no Thurston obstruction. Then the restriction f : Vi, —
Vi satisfies the following condition: For any component Ey of Vy;, there
exist an embedding ¢ from Ej into C and a homeomorphism 6y from Ej,
to itself such that:

o 0; is homotopic to the identity rel Py N Ej, and

e for each component E of Vi, let E; be the component of Vi, which
contains E and E; = f(E), then ¢jo f o (¢;06;)~" is holomorphic
in the interior of ¢; o 6;(F)

We will prove Proposition 1 in the next section. Now we will use
Proposition 1 in the proof of our main result.

Proof of Theorem 1 (Main Theorem). We assume that the semi-rational
map [ is a quasiregular map (a rational map composed with a qua-
siconformal map) and holomorphic in Uy;; and the boundary of U,
(0 < n < N+ 1) consists of quasicircles. This can be done by making
a CLH-equivalence as the following: Note that there exists a homeomor-
phism ¢, of C so that f o ¢! is holomorphic. Since f is holomorphic on
Us, (o is holomorphic on Uy. Therefore, fo = (oo f o ¢; "' is holomorphic
in (o(U;). There is also a homeomorphism (; of C so that fyo ¢! is holo-
morphic. Since fy is holomorphic in (4(U;), (3 is holomorphic in (o(Uy).
Therefore, f; = (1 o fo o ¢; ' is holomorphic in ¢; o (4(Us). Continuing
this process, we get homeomorphisms ¢, (0 <n < N +2) of C such that
fn_10¢; 1 is holomorphic. ¢, is holomorphic in ¢, 1 0 --- o (y(U,) and

fn:Cnofn—loggl:Cno"'OCOOfO(CnO”'OCU)_I

is holomorphic in ¢, o -+ 0 {o(Ups1).
Since V41 N Py is a finite set, there exists a quasiconformal map 7
of C so that n = (yy2 in (ni1 0+ 0 (o(Uny1) is homotopic to (o rel
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Pyy. .. Since fyyq0 C&fﬂ is holomorphic, fyi10 C]T[fr? on is quasiregular,
which is CLH-equivalent to f by the pair

(Cns10:-0C, 1 " olni20Cns1 0 0C(p).

Note that the boundary of (x4 0 -+ 0 ((U,) (0 < n < N + 1) con-
sists of analytic Jordan curves (holomorphic preimages of round circles
in Koenig’s or Boettcher’s coordinates). Hence they are quasicircles.

From Proposition 1, there exist an embedding ¢ from V5, into C and
a homeomorphism 6 from Vy to itself such that ¢ is homotopic to the
identity rel Py NV} and ¢o fo(¢o6)~! is holomorphic in the interior of
¢ o 0(Vii).

Let Vy be the union of enclosures of components of V. Then V{,, =
f7HV¥) is contained in the interior of V. Since any component of
Vi — V§ is non-essential, the embedding ¢ and the homeomorphism 6
can be extended to Vy such that 6 is homotopic to the identity rel PyNVy
and ¢ o f o (¢ o06)~! is holomorphic in the interior of ¢ o (Vi ;).

Moreover, both ¢ and 6 can be chosen so that they are quasiconformal
and 6 is homotopic to the identity rel (P; N Vy) U OVy. This shows that
f can be extended to a homeomorphism of C such that it is the identity
on the complement of Vy and is homotopic to the identity rel P;.

Consider the semi-rational map g = f o §=1. It is quasiregular and
CLH-equivalent to f. Restriction to the complement of V7, it is holomor-
phic. Restriction to interior of Vy_, it is quasiconformally conjugated to
a holomorphic map. Since every grand orbit of G passes over Vy — Vy_
at most twice, it is quasiconformally conjugated to a rational map by
a quasiconformal map which is holomorphic in the complement of V.
That means f is CLH-equivalent to a rational map.

Suppose that f is CLH-equivalent to rational maps R; and R, be
pairs (¢1,11) and (¢9,12). Then Ry and Ry are CLH-equivalent by the
pair (o157, 11y "). Apply Theorem 2 in [Cu], we see R; and R, are
holomorphically conjugated. This is the uniqueness part of the theorem.

O

3 Holomorphic and homotopic embeddings
This section is devoted to the proof of Proposition 1. Before to do that,
we present some lemmas.

Lemma 3. Let h be a critically finite branched covering of S?. Suppose
that the signature of Oy, is not (2,2,2,2), P D Py is a finite set and
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H(P) C P. If for any multicurve T on S* — P, \(T') < 1, then there exist
homeomorphisms ¢, : S? — C such that ¢ is homotopic to ¢ rel P and
dohoy~! is a rational map.

Here we use the homotopy rel P instead of P, when we define mul-
ticurves and their transition matrices. One may verify the above lemma
following the proof of Thurston’s theorem (refer to [DH]).

Lemma 4. Suppose (D1, z1) and (Ds, z2) are disjoint simply-connected
domains in C with marked points zy € Dy and zy € Dy. Let Di(rq),
Dy (rg) be hyperbolic disks in Dy and Do, respectively, with pseudo-hyperbolic
radii v and ro, and centers z, and zo. Then there exists a constant C' > 0
which is independent of r1 and ry such that

mod((@ - D1 (7"1) - DQ(T‘Q)) S mod(D1 — Dl(’l"l)) + mod(Dg - Dg(?"g)) + C.

Proof. Let ¢ be a Mébius transformation of C with ¢(z1) = 0 and ((z;) =
00, so that the conformal radius of ({(D;),0) is 1, which means the
Riemann mapping from the unit disk to {(D;) with the origin fixed having
derivative 1 at the origin. Suppose the conformal radius of ({(Ds), o)
is Cy. By the Koebe 1/4-Theorem, ((D;(r1)) contains the disk with
radius r;/4 and center the origin, and ((Dy(r2)) D {2z : |2| > 4/Cira}.
Therefore

mod(C — Dy(r1) — Dy(r3)) < mod({z : 11 /4 < |2| < 4/Cyry})
< mod(Dy — Dy(r1)) + mod(Dy — Dy(r2)) + (log 16) /(27 Ch).

]

Lemma 5. Let A be a non-negative matriz, A\(A) the spectral radius of A.
Then for any e > 0, there is a positive vector v such that Av < (A(A)+e€)v.

Proof. There exists a permutation matrix P such that

Biy Bz -+ B
prap—p—| " ?22 o B
0 .. 0 B.
where the square matrices B;;, 1 = 1,2, -, k, are irreducible with maxi-

mal eigenvalues

M= AA) > Ay > > N,
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and Bj;, j = k+1,---,m, are 1 x 1 zero-matrices (refer [LT]). Let
vi, © = 1,---, k, be the eigenvectors corresponding to the eigenvalues ;.
They are positive vectors. Let

2 k—1 k k
v = (v1,009, 0703, -+, 0" U, 0%, - -+ 7).

It is easy to see that Av < (A(A) + €)v for any given € > 0 whenever the
constant ¢ > 0 is small enough. O

Now we are going to complete the proof of Proposition 1. For the
simplicity of the notation, we use V and V' to replace V} and V}_,. Let
us classify the components of V' as the following:

e V,; is the union of non-peripheral and strictly-essential components
of V.

e V), is the union of non-peripheral and semi-essential components

of V.

e V), is the union of peripheral and strictly-essential components of
V.

e V), is the union of peripheral and semi-essential components of V.

Note that each component of V,,; UV, is a closed annulus; each com-
ponent of V,; is a closed disk which contains exactly one post-critical
point. By Lemma 1, for each component E; of V,,; and each k > 0, there
exists exactly one strictly-essential component of f=*(V), denote by E¥,
so that E¥ C E;. Therefore Ej is either periodic (that means fP(E?) = E;
for some integer p > 1) or preperiodic (that means f*(E¥) is periodic for
some k > 1 but F; is not periodic).

Let I" be the collection of non-peripheral boundary curves of V. Define
the transition matrix A by the formula:

1
Ao —
o= L o)

where the sum is taken over all components « of f~!(~y) which are parallel
to 0 and contained in the same component of V' with §.

Let I'" C ' be a multicurve such that for any v € I, there is 7/ € I
such that +' is parallel to 7. Then

/
E A(;,y - 6/,Y/

o~o’
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where A’ is the transition matrix of ['. If v = {v, },er is an non-negative
eigenvector of A corresponding to the eigenvalue A(A), let u., = va, Uy,
then

(A’u)(;/ = Z,y/ Ag/,y/u,\// = Z'Yl Z'YN'YI 'U,y 25N6, Aér\/
= ZM&/ ny Uy Agy = Zéwy MA)vs = AM(A)ug.

So A(A) is an eigenvalue of A" and hence A\(A) < A\(A') < 1.
Let I be the collection of boundary curves of V' — V,,. Define the
transition matrix A” by the formula:

1
"o
‘”_za:deg(f:a—w)’

where the sum is taken over all components of o of f~'(v) which are
parallel to 0 and contained in the same component of V with §. By
Lemma 2, A(A”) = A(A). From Lemma 5, we have:

Lemma 6. There is a positive function v : I — R such that

> ;ég((;i)) < MA; L) <o)

where the sum is taken over all Jordan curves on the boundary of V'
which are parallel to v and contained in the same component of V' with

v.
Let us prove Proposition 1 now.

Proof of Proposition 1. For each component FE; of V,;, pick a point in
each component of C - E; and denote by P; the union of Py N E; with
these points. Then f : E} — E; can be extended to a branched covering
(or a homeomorphism) h; from C to itself such that deg(h;) = deg(f|z),
h;(P;) C P; and there is at most one critical point in each component of
C — E} whose image is contained in P;.

Suppose that Y — EV' — ... — E} — Ej is a cycle. Let 7° be a
Jordan curve on the boundary of E;. Then there exists a unique Jordan
curve 4?7 on the boundary of E¥ which is parallel to v° by Lemma 1.
Therefore there are integers k > 0 and ¢ > 1 such that f*P(/*P+aP) = P
is parallel to f%(a%) = o°. By Lemma 2, a° is non-peripheral. Hence
deg(f® : a® — %) > 1 since f has no Thurston obstruction. So

deg(f?|pr) > 1.
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Let h = hyo---ohgohy. Then h is a critically finite branched covering
with deg(h) > 1, P, C P, and h(P;) C P,. From the above discussion,
we see that the orbit of each point in P, — E; converges to a periodic
cycle in P, — E; whose degree is bigger than one. Therefore the signature
of Oy is not (2,2,2,2). Let I' be a multicurve on C — Py. Since each
component of C — E; contains exactly one point in P, each v € I is
homotopic to a curve 3 € E; rel P;. So the transition matrix of I' under
h is less than the one of fP and hence its spectral radius is less than 1.
By Lemma 3, there exists a pair of homeomorphisms (¢q,11) : C—C
such that ¢, is homotopic to ¢y rel P, and ¢;0ho wl_l = R is a rational
map.

There is a homeomorphism ¢, from C to itself such that ¢, o hy o
o, ' = R, is a rational map. Inductively, there are homeomorphisms
¢; (1 < j < p) from C to itself such that Gj+1 0 hy o qu_l = R, is a
rational map. In particular, ¢, o hy 017" = R, is a rational map and
R,o---0Ry0 Ry = R.

For each point a € P, — Fy, since ¢;(a) is eventually a superattracting
periodic point, it is contained in a Fatou domain W, of R, which is called
the marked disk corresponding to a.

Let ~v be the Jordan curve on the boundary of E; so that v separates a
from the interior of F4, then we can choose the homeomorphism ¢, such
that ¢1(7y) is the hyperbolic circle in W, with center ¢;(a) and pseudo-
hyperbolic radius exp(—v(y)M), where v(7) is defined in Lemma 6 and
M > 0 is a constant.

Now we have defined embeddings ¢; for periodic components of V.
Suppose that E;, is a preperiodic component of V,,,. Let k > 1 be the
minimal number so that

FHER) = B == FU(BL) = B,
is periodic. Let ¢, be the homeomorphism of C defined as above for
periodic components of V,,;. Then there exists a homeomorphism ¢;, of
C such that

¢jk+1 o hjk - hjl © j_11 = Rj1
is a rational map. For each point a € P;, — Ej,, let W be the marked disk
corresponding to the point f*(a). Then there exists a component W, of
R;1(W) such that W, contains ¢;,(a). We also call W, the marked disk

J1
corresponding to a.
Let v be the Jordan curve on the boundary of Ej; so that v separates

a from the interior of Fj; , then we can choose the homeomorphism ¢;,
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such that ¢; (y) is the hyperbolic circle in Wy with center ¢;, (a) and
pseudo-hyperbolic radius exp(—v(y)M).

Now let us embed other components of V' into C. If E; is a semi-
essential component of V| define ¢; : E; — C by

¢i(Ei) = {2 - exp(=v(n)M —v(72)M) < [2] < 1}

where v, and 7, are the curves on the boundary of F;. If E; is strictly-
essential and peripheral, define ¢; a homeomorphism from FE; to be the
unit disk with ¢;(a) = 0, where a the only point in E; N Pg.

Now we begin to construct 6;. Suppose E; is a component of V;
with E; = f(E!). Then there exists a homeomorphism 1; of C which is
homotopic to ¢; rel P; such that ¢;oh;0v); ! = R, is a rational map. It is
easy to see that for each essential curve ; on the boundary of E}, 1;(71)
is a hyperbolic circle in a marked disk with pseudo-hyperbolic radius
exp[—v(f (1)) M/ deg(fl,)]-

Suppose E} C E; is a component of V. Then E| is semi-essential.
Let ay, Bk be the essential curves on the boundary of E}. If f(F}) = Ej is
strictly-essential (then it must be non-peripheral), there exists a branched
covering hy, of C such that hilgr = flg1, deg(hy) = deg(f|gp), and there
is at most one critical point in each component of C— E} whose image is
contained in P,. Let ¢, be a homeomorphism of C such that ¢rohyo 1/),;1
is a rational map. By Lemma 4, the modulus of the 1,-image of the
interior of the enclosure of E}, denote by modiy(E}) for the simplicity,
satisfies the following inequality.

WS @)M | ol (B)M
deg(f|0ék) deg(f|ﬁk)
where C' > 0 is a constant independent of M.

If f(E}) = E, is semi-essential, let ¢y, : E} — C be an embedding
such that ¢; o fi, !'is holomorphic, then the modulus of the v;-image of
the interior of the enclosure of E} is

_ v(flew) +o(f(B)) , , _ vlflan)) M| o(f(B)) M

2rmodiy (E}) < +C

deg(f|g2)  deg(fla,)  deg(fls,)

Suppose v is a Jordan curve on the boundary of FE;. Let v; be a
Jordan curve on the boundary of E}. By Lemma 6, when M > 0 is large

enough,
v(f(n))
deg(fl+,)

2rmody;(E})

Z 2rmodyy,(E}) + M < v(y)M,
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where the sum is taken over all the semi-essential components of V' which
are contained in the component of E; — E} which attached to E} over ~;.
Therefore there exists a homeomorphism 6; of E; which is homotopic the
identity rel Py N E; such that ¢; o 0;|p1 = 9|z and such that ¢; o 6; o
;" is holomorphic in the interior of 1, (E}). Hence ¢; o f(¢; 0 6;)7 is
holomorphic in the interior of ¢; o 6;(E}).

If E; is semi-essential, the same argument also guarantees the exis-
tence of 6;. If E; is strictly-essential and peripheral, since the modulus
of ¢;(E; — Py) is infinity, there is no obstruction for the construction of

0;. [l
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