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Abstract

We give a survey on some recent developments in the spectral
theory of transfer operators, also called Ruelle-Perron-Frobenius
(RPF) operators, associated to expanding and mixing dynami-
cal systems. Different methods for spectral study are presented.
Topics include maximal eigenvalue of RPF operators, smooth in-
variant measures, ergodic theory for chain of markovian projec-
tions, equilibrium states, spectral gaps for RPF operators, spec-
tral decomposition and perturbation theory, central limit theorem,
Hilbert metric and convergence speeds of RPF operators, and dy-
namical determinants and zeta functions.
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1 Introduction.

Let (X,d) be a compact metric space and f : X — X be a continuous
map. This gives us a topological dynamical system {f™}>° . We simply
call f a dynamical system on X. Let ¢ : X — C be a function. For the
given f and ¢, we can define an operator £ = Ly, as

Lo(y) = D P(x)p(x)

zef~y)

for ¢ in a suitable function space on X. The operator we just defined
is called a transfer operator. If 1) is positive, i.e., ¥(z) > 0 for all x in
X, then the operator is a positive operator, this means that it maps a
positive function to a positive function. A positive transfer operator is
also called a Ruelle-Perron-Frobenius (RPF) operator.

When the given dynamical system f is the one-side shift on a sym-
bolic space of finite type and when the given function ¢ is positive
and Holder continuous, Ruelle proved in [Rul, Ru2] (see also [Bo]) that
the RPF operator acting on the Holder continuous function space has
a unique maximal positive eigenvalue p with a positive eigenfunction.
He used this result when completing a mathematical understanding of
the existence and uniqueness of the equilibrium measure (or the so-called
Gibbs measure). Ruelle’s theorem represents an important result in mod-
ern thermodynamical formalism. Since then RPF operators have be-
come a standard tool in many different areas in dynamical systems and
other branches of mathematics and mathematical physics as well. Wal-
ters [Wa] proved Ruelle’s theorem in more general settings. In Walters’
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paper, a dynamical system can be any expansive and mixing map and
a function can be a positive summable variational function. There are
many textbooks and articles about Ruelle’s theorem. We give a partial
list [Bal, Bo, Fa, FJ1, FJ2, FS, Ji, PP, Vi| in the literature.

Ruelle’s theorem consists of two parts. The first part concerns the
existence and simplicity of a unique maximal eigenvalue for an RPF op-
erator acting on a Holder continuous function space. The second part
concerns the existence and uniqueness of the Gibbs measure. The proof
of the second part is based on the first part. A geometric proof of the first
part for a given expanding and mixing dynamical system on a compact
metric space and for a given positive Holder continuous function is given
by Ferrero and Schmitt in [F'S], where a remarkable point is that the
Hilbert projective metrics introduced by Birkhoff in [Bi] are useful. In
fact, Ferrero and Schmitt showed that the operator contracts the Hilbert
projective metric on the convex cone of positive functions in the space
of Holder continuous functions. Therefore, the existence and simplicity
of a maximal eigenvalue follows directly from the contracting fixed point
theorem. In [Ji], we found an elementary but elegant proof of the first
part of Ruelle’s theorem. In [Fa], we gave a new probabilistic proof of
the second part of Ruelle’s theorem for symbolic dynamical systems. By
combining the ideas in [Ji] and in [Fa] (see also [DF]), we give a proof
of Ruelle’s theorem in [FJ1, FJ2] for general dynamical systems with
Dini continuous potentials. Furthermore, we studied in [FJ1, FJ2] the
convergence speed of a RPF operators under general setting.

Ruelle’s theorem becomes more and more important in the study of
modern dynamical systems like searching Sinai-Bowen-Ruelle measures
for deterministic and stochastic dynamical systems. In this article, we
give a survey on some recent development on the spectral theory of trans-
fer operators. Section 2 to Section 6 present a discussion of Ruelle’s theo-
rem. In Section 2, we discuss some geometry of an expanding and mixing
dynamical system on a compact metric space. In Section 3, we present
an elementary but elegant proof of the first part in Ruelle’s theorem,
that is, the existence and uniqueness of a maximal eigenvalue for a RPF
operator. The study of the maximal eigenvalue for a RPF operator is not
only beneficial for itself, it is also beneficial for the study of many other
subjects. In Section 4, we give an application of the first part of Ruelle’s
theorem to Krzyzewski-Szlenk’s Theorem [KS] which is about the exis-
tence and uniqueness of a smooth invariant measure for a C1*t® expanding
and mixing dynamical system on a compact C? Riemannian manifold. In
Sections 5 and 6, we present the theory of chains of markovian projections
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and apply it to give a proof of the existence and uniqueness of the Gibbs
distribution for a given expanding and mixing dynamical system acting
on a general metric space. Section 7 is devoted to the spectral decom-
position of a bounded operator. In Section 8, we discuss the relation of
the maximal eigenvalue and the rest of spectra for a RPF operator. This
relation will be further discussed in Section 10 by a new method called
Hilbert metric. The existence of a gap between the maximal eigenvalue
and the rest of spectra for a RPF operator provides many important prop-
erties for the underline dynamical systems, two of which are discussed in
Section 9 and Section 10, one is the central limit theorem and the other
one is the convergence speed. Another topic closely related to transfer
operators is dynamical determinants and dynamical zeta functions. In
Sections 11-13, we give an introduction to this topic. The reader who
is interested in this topic may refer to [Ba2, BL, Fr, PP, Rg, Ru3] for
further study.

2 Geometry of expanding and mixing dy-
namical systems

Let X be a compact metric space with metric d. Let f : X — X be
a continuous map. The iterates {f"}52, of f give rise to a dynamical
system on X. We simply call f a dynamical system.

For each n > 0, we define d,, as

dy(w,y) = max {d(f'(z), f'(y))}

0<i<n
and call it the n-Bowen metric. We also call
Bu(z,r)={y € X ; d,(z,y) <r}

the n-Bowen ball centered at z of radius r > 0. The 0-Bowen metric
and a 0-Bowen ball are just the original metric d and a ball for d. The
Bowen metrics, which describe how orbits are close, will be very useful
for studying the dynamics.

The dynamical system f is said to be locally expanding if there are
constants A > 1 and b > 0 such that

d(f(z), f(z") > Md(z,2"), z,2' € X with d(x,z") <b.

The couple (A, d) is called a primary expanding parameter. We say f is
miaxing if for any open set U of X, there is an integer n > 0 such that

(U) = X.
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Remark 2.1. In general one can define locally expanding as that there
are three constants C;b > 0 and X\ > 1 such that

d(f"(x), f*(2)) = CA"d(,2")
for any x, 2’ € X with d,(z,z") <b.

Suppose f is locally expanding and mixing with a primary expanding
constant (A, b). We are going to present some geometric properties for
such a dynamics f, as stated in the following propositions.

Proposition 2.1. The map f s locally homeomorphic. More precisely,
[ B(z,b) — f(B(z,b))
1s homeomorphic for any v € X.

Proof. 1t is clear that f|B(x,b) is injective. Since f is continuous on the
closed ball B(z,b) and since the closed ball is compact, the inverse of
f|B(z,b) is also continuous. But f: B(x,b) — f(B(z,b)) is bijective, so
it is homeomorphic. O

Proposition 2.2. There is a constant 0 < a < b such that for anyy € X
with f~Y(y) = {1, -, 3, }, there are local inverses gy, -+, gn of [ defined
on B(y,a) such that g;(y) = x; and {g;(B(y, a))}!, are pairwise disjoint.
Moreover, there is a constant integer ng > 1 such that #(f1(y)) < ng
forally € X.

Proof. First #(f~*(y)) is finite for each y € X because otherwise f would
not be homeomorphic around a limit point of f~1(y). Let

d(y) = inf d(zg,z;)

1<k#j<n

be the shortest distance between the preimages of y. It is clear that
d(y) >b. For 0 <r <b/2, f: B(z;,r) — f(B(z,7)) is homeomorphic
for each 1 < i < n. Since the open set NI, f(B(x;, 7)) contains y, it must

contain a sufficiently small closed ball B(y,r,) with 7, > 0 such that the
inverse g;, mapping y to x; satisfies

iy B(y,ry) — giy(B(y,1y)) C B(wi, 7).

Since B(z;,r) are disjoint, g;,(B(y,r,)) are disjoint. Now take a finite
number of balls { B(y;,r,,)} such that {B(y;,r,,/2)} form a cover of X.
Let

1

a=g jin{ry].}.
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Then it satisfies the proposition. In fact, for any y € X, we have y €
B(yj,ry,/2) for some j. Then B(y,a) C B(y;,ry,;). Let

9i = Giy;|B(yj,a), 1<i<n.

Then gy, -+, g, are local inverses of f on B(y,a) such that g;(y) = z;
and {g;(B(y,a))}, are pairwise disjoint

Since #(f~!(y)) is a locally constant function of 3. It is then bounded
because of the compactness of X, that means that we have a constant
integer ng > 1 such that #(f~!(y)) < ng for all y € X. O

We call (A, a) where a is a number in Proposition 2.2 an ezpanding
parameter for f. Note that any (X, a’) where 0 < o’ <aand 1 <X <A
is also an expanding parameter. In this chapter (), a) will always mean
an expanding parameter for f. For any 0 < r < a and y € X, let g be
an inverse branch of f on B(y,r). Let z = g(y). For any z,w € B(y,r),

d(z,w).

> =

d(g(2), g(w)) <

This implies that
,
o(Bly.1) € Bz, 5).

Moreover, By(z,r) = g(B(y,r)) and f : By(x,r) — B(y,r) is homeomor-
phic. Furthermore, we have

Proposition 2.3. For any 0 <r < a and x € X, the map
f": Bu(z,r) — B(f"(z),r)
18 homeomorphic.

Proof. Let z, f(x),---, f"(x) be a finite orbit of f. Then we have the n
local inverses, hy, - - -, h,, of f such that

h1 ha h hn-1 pp— hn n
x e f(x) <= fAx) = S T @) < ().
From the argument before this proposition, we know that
h = B(f"(x),7) — Bi(f"'(x),7)

is homeomorphic. This implies that

ha(B(f"(w),7)) = Bi(f" (@), 7).
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Suppose we already know that

hp_ty1 00 hy(B(f"(x),r)) = Bk(f”_k(x), T)
for 1 <k <mn-—1. Then

hint, © - 0 h(B(f"(2),7)) = hui(Bi(f" " (), 7).
This implies that z € h, (B (f"*(x),r)) if and only if f(2) € Bp(f" *(z),7r)
and if and only if
d(f'(f(2), f'(n —k(z))) <r, 0<i<k

So we have

d(f(2), f" 7M@) <o d(f(2), M (@) <
This combining with the fact that
(e, "7 @) < Sd(F2), 4 ) <
gives us that

hng © - 0 ha(B(f™(2),7)) = B (f" (), 7).

Now the induction implies
hl (e} h2 O+++0 hn(B(fn<$),7")) - Bn(x,r),

that is f"(B,(z,r)) = B(f™(x),r). Because f™ on B, (z,r) is also injec-
tive,

f": Bulw,r) — B(f"(x),r)

is homeomorphic. O

Proposition 2.4. For any 0 < r < a, there is an integer p = p(r) > 1
such that fP(B(z,r)) = X for any z € X.
Proof. Let {B(y:,7/2)} be a finite ball cover of X. For each i, there is
an integer p; = p(y;) > 0 such that

,

fpi(B(yi,E)) =X

Let
p= m?X{pi}.
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For any y € X, we have y € B(y;, 5) for some i. Then

B(y.r) > Blyi, 5)

and
r

PBlyr)) 2 P77 (Bl ) 2 77(X) = X.

]

Proposition 2.5. For any 0 < r < a, let p = p(r) be the integer in
Proposition 2.4 and let ng be the integer in Proposition 2.2, then

1< #(f7" P (y) N By(a,r)) < nf
for any x,y € X and any n > 1.

Proof. Since f": B,(z,r) — B(f™(z),r) is a homeomorphism,

fP(Bu(x,r)) = f1(B(f"(x),1)) = X.

This implies that f~("*?)(y)NB, (x,7) # 0. On the other hand, #(f?(y)) <
ng and every z € f7P(y)NB(f™(x),r) has exact one preimage in B,(z,r)
under f". So

L< #(f70(y) N Ba(w, 7)) < mj,

3 Maximal eigenvalues of RPF operators

Usually, one proves the existence of positive eigenfunction of a RPF op-
erator by using the Schauder fixed point theorem. In this section, we
present a direct proof just basing on the Ascoli-Arzela theorem.
Suppose f is a locally expanding and mixing map with an expanding
parameter (), a). Let R denote the real line. Let C° = C°(X,R) be the
space of all continuous functions ¢ : X — R with the supremum norm

Io1] = max o).

Let 0 < a < 1 and let C* = C*(X,R) be the space of all a-Holder
continuous functions ¢ in C%, that is, ¢ € C° satisfying
|9(x) — o(y)]

Gl = sup —F—— < 00,
[ ] 0<d(z,y)<a d('xa y)a
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where [¢], is called the local Holder constant for ¢. For two functions ¢,

and ¢y, we write ¢1 > @9 if ¢1(x) > ¢o(x) for all x in X. A function ¢ is

called positive if ¢ > 0. A positive function in C* is called a potential.
For two constants K, s > 0, define

Cis = Ci (X, R) ={0€C; ¢ =5, [logdla < K}.
Recall that [log ¢], < K means that

o(z) < o(y)e ="

The following lemma is a consequence of Ascoli-Arzela Theorem.

Lemma 3.1. Any bounded sequence in C% . has a convergent subsequence
in C° whose limit is in C3 .

Let 1) be a potential. The Ruelle-Perron-Frobenius (RPF) operator
with weight v is defined as

zef~1(y)
It is clear that £(C%) C C° and
L£:C°—C°

is a bounded linear operator. Moreover for any ¢ € C%, consider y,y’ € X

with d(y.y) < a. Let {z1,---, 2} = f(y) and {a}, - a1} = [ ()
be the corresponding inverse images of y and ' such that d(z;, x}) <
A ld(y,y) for all 1 <4 < k. Then

£6(y) = Loy)] = |3 _v(@)o(w) = D v(ah)o(al)]

= |3 (vl @) - o) + o) — via) |
So .
£6)a < 32 (Ill[g]a + 16l [¥]a) < oo.
Thus £(C*) C C* and
L:C*—C”
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is a bounded linear operator. It is well known that being a positive
operator on C° (i.e. L¢ > 0 when ¢ > 0), £ has its spectral radius
as a spectral point. We will prove that it is actually an eigenvalue of
L:C* — C* and there is a corresponding strictly positive eigenfunction.

For the purpose of the study of eigenvalues of £, we can normalize the
weight ¢ such that min,e x ¥ (x) = 1. Henceforth, we will always assume
that 1 is a normalized element in C%, ; for some constant Ky > 0 in the
rest of this section. Let 0 < s < 1 and K > Ky/(A\*—1) > 0 be two fixed
constants.

Lemma 3.2. For any ¢ > 0 in C* with ||¢|| = 1, there is an integer
N = N(¢) > 0 such that

Lr¢ eCy,, Vn>N.

Proof. Since ||¢|| = 1, there is a point y in X such that ¢(y) = 1. We
thus have a neighborhood U of y such that ¢(y') > s for all ¥ in U.
Since f is mixing, there is an integer n; > 0 such that f*(U) = X for
all n > ny. Therefore for any z in X, f~"(z) N U is non-empty for all
n > ny. Thus L"¢(z) > s

For any y and ¢ in X with d(y,v) < a, let {z1, -, 2} = f1(y)
and {x},---, 2} = f~'(y') be the corresponding inverse images of y and
y' such that d(z;,«}) < A\ 7d(y,y’) for all 1 <i < k. Let

K' = [log L™ ¢],.
Then

LL)yY) = Zw VLM

k
< D () exp (Kod(ai, @) ") £ () exp (K'd(w, 7))

i=1
< exp (Ko + KA d(y,y")*) L(L™ §)(y)
for all y and 3/ in X with d(y,y’) < a. Inductively, for

n

K, = Ko( Y A+ K'\™",

=1

we have

LML) (y') < exp (Knd(y,y")*)L" (L™ D) (y)
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for all y and ¢ in X with d(y,y’) < a. It is clearly that K, tends to
Ky/(A* —1) as n goes to infinity. So there is an integer ny > 0 such that
for any n > nq

LML) (y') < exp (Kd(y,y")*)L"(L™ ¢)(y)

for all y and 3 in X with d(y,vy’) < a. Then N = ny + ny satisfies the
lemma. [

Lemma 3.2 implies that if ¢ > 0 is an eigenvalue of £ : C* — C* with
a non-zero eigenfunction ¢ > 0. Then this eigenfunction must be in C% ..
Therefore, we are led to find positive eigenvalues of £ : C* — C* with
non-negative eigenfunctions in Cy .

From the proof of Lemma 3.2, we have seen that

L(Ck ) € Ck s
because (Ko + K)A\™® < K for K > Ky/(A* — 1). Define
S={teR; t>0,thereis a ¢ in Cx , such that Lo > td}
Lemma 3.3. The set S is a nonempty bounded subset on the real line R

Proof. Take a function ¢ in C% ;. Then for any z and y in X,

co) = Y vt = (X Su@)ot) = 50
z€f~1(y)

=t y) ¢l
Thus s/[|¢|] € S. So, S is nonempty. Let
m = sup Z (z).
VX 2er 1)
For any ¢ in C ,, let ¢(y) = [|¢]|. Then
Loly) = D v@)o(x) <dly) D v(x) <moy)
z€f~1(y) zef~1(y)
Therefore, any ¢t > m will not be in S. Thus S is bounded. [

Theorem 3.1 (Ruelle). The linear operator L : C* — C* has a unique
maximal positive ergenvalue whose corresponding eigenspace has dimen-
sion one.
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Proof. Take 6 = supS > 0. Then there is a sequence {t,}5°, in S
converging to 0. Let ¢, be a corresponding functions in C ; such that
Lon, > tn¢,. Let us normalize ¢, with min,ex{¢,(z)} = s. Then
{#n}oe; is a bounded sequence in CF .. From Lemma 3.1, {¢,}72, has
a convergent subsequence in C° whose limit is in Ci s Let us assume,
without loss of generality, that {¢,}>2 ; itself converges to ¢y. Then

n=1
Lpg > 0¢p.

We now show that Loy = d¢g. Suppose there is a point y in X such that

Lo(y) > ddo(y).
Then there is a neighborhood U of y such that

Loo(y') —d¢o(y’) >0

for all ¢ in U. Since f is mixing, there is an integer n > 0 such that
f"(U) = X. Then
£n(£¢0 — (5¢0) > O,

that is,
L(L ) > 6L ¢o.

Therefore for ¢ = L¢Py, we have a t > o such that Lo > t¢p. This
contradicts to the maximal property of §. This proved that

Log = 0¢py.

Now let us show that ¢ is simple, i.e., the eigenspace
Es={¢ € C% L¢ =09}

has dimension one. Suppose ¢ is any function in Ej. Let

a = min o(z)
zex ¢o(x)

and
1= ¢ — agy.

Then ¢, is in E5 and ¢; > 0. Moreover, there is a point y in X such that
#1(y) = 0. Then ¢;(z) = 0 for all z in f~!(y) because

Lon(y)= D, ola)=0.

zef~y)
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Inductively, we have ¢; = 0 on X, = U, f~"(y). Since f is mixing, X,
is a dense subset in X. So ¢; =0 on X, that is, ¢ = a¢y.

The reminder is to prove that ¢ is the biggest eigenvalue but it is easy
as follows. Suppose t # § is an eigenvalue of £ : C* — C®. Then there
is a non-zero function ¢ in C* with ||¢|| = 1 such that L¢é = t¢. So
L|¢| > |t||¢|. There is an integer N > 0 such that £V|¢] is in Cf, and
also L(LN|¢]) > [t|LN|#|. Thus [t| is a number in S, so [t| < §. If [t| < 6,
then we have nothing to prove. If |t| = ¢, by using the mixing property
as we did in the previous two paragraphs, we have |¢| = a¢gy for some
a > 0. This implies ¢ = +apg and t = 9. m

4 Application: existence of smooth invari-
ant measure

As an application of Theorem 3.1, we are going to prove the existence
of smooth invariant measure for differentiable expanding dynamical sys-
tems. This result is due to Krzyzewski-Szlenk.

Suppose M is an m-dimensional compact C? Riemannian manifold
where m > 1 is an integer. Let f : M — M be a C! map. We say f is
C1te for 0 < a < 1 if the determinant J(f) of the Jacobi matrix Jac(f)
of f is an a-Holder continuous function defined on M. A probability
measure v on M is called f-invariant if v(f~1(A)) = v(A) for all Lebesgue
measurable subsets A of M. Let dy denote the Lebesgue measure on M.
A probability measure v is called a smooth measure if there is a continuous
function p defined on M such that

v(4) = / p(y)dy

for all Lebesgue measurable sets A in M. The function p is called the
density function of the smooth measure v.

Lemma 4.1. Suppose [ : M — M is a C* map such that J(f)(y) # 0 for
ally in M and suppose v is a smooth probability measure with v = [ pdy.
Then v is a f-invariant measure if and only if

p()
= p(y)
xele@) J(f)(x)

for all y in M.
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Proof. Since J(f)(y) # 0 for all y in M there is a constant a; > 0 such
that for any connected domain U with diameter less than or equal 2a,
f on each component V of f~1(U) is injective and has the local inverse
g : V. — U such that fg = identity. If v is a f-invariant measure,
then v(f~1(U)) = v(U) for all Lebesgue measurable subsets U of M. In
particular, take U as the ball of centered y and radius 0 < € < a; and
denote Vi, -+, Vi as the components of f~(U). Then

Z/ da:—/ p(y)dy.

By the mean value theorem and let € tend to zero, we get

Now assume

p(x)
= p(y)
2 T
for all y in M. For any ball U with radius a; , let Vj, ---, Vi be the
components of f~}(U). Then f on each Vj is injective and has the local
inverse. So

_ _ p(l’
A0 = [ ol = / E;( TG
= p(x)dx
Ef () ;/V
= ;y D =v(fH(U))

]

Theorem 4.1 (Krzyzewski-Szlenk). Suppose f: M — M is a C*T
locally expanding map for some 0 < a < 1. Then f has a unique
smooth f-invariant probability measure with an a-Hdélder continuous den-
sity function.

Proof. Since f is C' and locally expanding, J(f)(y) # 0 for all y in M.

Let
O
J(f)

) = max J())  and =
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Then 1 is an function in C%, ; for some Ky > 0. Consider the RPF
operator with weight v

z€f~1(y)
Theorem 3.1 implies that there is a unique maximal positive eigenvalue
0 with a positive eigenfunction in C* and the corresponding eigenspace

is one-dimensional. Let p be the one in the eigenspace normalized by
Jy pdy = 1. Then Lp(y) = dp(y), that is,

plr) _
xele(y) e~

for 6o = 6/||J(f)||. Integrate on both sides of the last equation, we have
that the right hand side is d;. Now let us calculate the left hand side.
Cut M into path connected pieces My, ---, M, such that

1. M:M1UM2UUMH,

2. the Lebesgue measure of each M; N M; is zero for ¢ # j,

3. f on each component of f~1(M;) is injective, 1 < i < n.
Let M/, 1 < j < k; be the components of f~1(M;) for 1 <i < n. Then
M=ur U i M? and the Lebesgue measure of each M? N M3 is zero for
i # 4. Let us use x;; to denote the point in f~'(y) N M/ for any y € M;,
where 1 <i <n and 1 < j < k;. Therefore,

px) _
L. 2 T - >, > 5

Mi pcp—1

- > st
i=1 j5=1 x”

:ZZ/ p(i;)dx;;
=1 j=1

= /Mp(y)dy—l-

So we have that §y = 1 (that is, 6 = ||J(f)||) and that v = [ pdy is a
smooth f-invariant measure following Lemma 4.1.
Uniqueness follows the fact that if v = [ pdy is a smooth f-invariant

measure, than p is in the eigenspace of £ with respect to the eigenvalue
0. m
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5 Chains of markovian projections

In this section we present the theory of chains of markovian projections
and G-measure theory [DF]. This theory includes RPF operators as a
special case.

Let X be a compact Hausdorff space. Let Fx be the standard o-
algebra generated by all open sets in X. Let C° = C(X,R) still be the
space of all real valued continuous functions on X, equipped with the
supremum norm || - ||. Let M = M(X) = (C°)* be the dual space of
CY. By Riesz representation theorem, M is identical to the space of all
measures on X with respect to Fx. Let My C M be the family of all
probability measures. We use

<u,¢>=/X¢du

to mean the integral of a function ¢ with respect to a measure p in M.

Definition 5.1. A linear map P : C° — C° is said to be a projection if
P? = P. It is said to be markovian if P1 = 1 and if P¢ > 0 whenever
¢ > 0.

Let us first give some basic properties about projections and marko-
vian projections. Let Ker(P) = {¢ € C°; P¢ = 0} and let Zm(P) =
P(CY).

Proposition 5.1. Let P and () are two projections. Then
(1) C° = Ker(P)@Im(P).

(2) ¢ € Zm(P) if and only if Pp = ¢.

(3) PQ = Q if and only if Im(Q) C Im(P).

(4) QP = Q if and only if Ker(P) C Ker(Q).

Proof. (1) means that for each ¢ € C° we can write ¢ = ¢ + ¢” in a
unique way with ¢’ € Ker(P) and ¢” € Zm(P). This is true because
¢ = (¢ — Pp) + Pop. (2) is a consequence of (1). Suppose ¢ € Im(Q)
and PQ = Q. By (2), we have Q¢ = ¢. So Pp = PQo = Qo = ¢, i.e.,
¢ € Im(P). Conversely, for any ¢ € C°, there is another map ¢’ € C°
such that Q¢ = P¢'. Then PQ¢ = P*¢ = P¢' = Q¢. For (4), suppose
QP = @ and ¢ € Ker(P). Then it is clear that Q¢ = 0. Conversely,
for ¢ € C° we decompose it as ¢ = (¢ — Pp) + P¢. By assumption,
¢ — Po € Ker(Q), so Qod = QPo. ]



Complex Dynamics and Related Topics 79

For an operator P : CY — CY, let P* : M — M be its dual operator.
The proof of the next proposition is not hard. The reader may do it as
an exercise.

Proposition 5.2. Let P and Q be markovian projection on C°. We have
1) [Pl = [[P*]] = 1.

2) P*? = Pp*.

3) P*(Mp) € M.

4) PQ = Q if and only if Q*P* = Q*.

A sequence of markovian projections P = {P,}°°, defined on C°
is called a chain of markovian projections (abbreviated as CMP) if it
satisfies

P,.P,=F,, 1<n<m.

For such a chain, define
Gn={p€eMo; Pu=p}, 1<n<oo

Because M, is a weakly compact convex subset of M and P; : My, —
Mo, from the Schauder-Tychonoff theorem (see [DS]), G, # 0. Let

goo = mzozl gn

If G, is non-empty, then every element in it is called a G-measure with
respect to P. If G, contains only one element, then we call the given
CMP uniquely ergodic.

Theorem 5.1. For any CMP P, Go, # 0. Actually, for any sequence
{n}22 in Mo, any weak limit of {P*pu,}22, is an element in G .

Proof. Since ||P*u,|| = 1, there is a weak limit of {Pfu,}5°,. Let v be
such a weak limit. Then there is a subsequence P, i, tends to v weakly
as i goes to infinity. This implies that for any ¢ € C°,

lim < Py P; pin,, @ >= lim < P pin,, Py >=< v, P9 >=< Pv,¢ > .

1—00

On the other hand,
< Pyv,¢ >= lim < P} i, P, >= lim < pp,, P, Prp >
= lim < pi,, Pp,¢ >= lim < P} pin,, ¢ >=<v,¢ > .

1—00

So Prv=vfor all n > 1, that is, v € G. n
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Theorem 5.1 says that G, is weakly compact. It is clear that G, is
convex, i.e., ty + (1 — t)us € Goo if 11, 1o € Goo and 0 < ¢ < 1.

Theorem 5.2. Suppose P is a CMP defined on C°. Then the following
are equivalent.

1) The CMP is unique ergodic.

Y
(2) for every ¢ € C°, P,¢ converges uniformly on X to a constant.
(3) for every ¢ € C°, P,¢ converges pointwise on X to a constant.

Proof. 1t is clear (2) implies (3). Assume (3), for any pu € G, the
constant is < u, ¢ > because by the Lebesgue theorem

<, >=<Piu,¢ >= lim < p, P,¢ >=< pu, lim P,¢ >= lim P,¢.

Therefore, for any u,v € G, and ¢ € C°,
<, ¢ >=<v,¢ >= lim P,¢.

It implies that ;1 = v, so (1) holds. Now assume (1) and suppose p is
the unique element in G.,. Suppose (2) is false. There exists ¢ € C°
such that P,¢ does not converge to < u,® > uniformly. So we have a
constant € > 0 and a subsequence {n;}32, of integers and a sequence of
points {z;}3°; such that

| Pa, (i) — < p, ¢ > | > €
for all 7 > 1. Let J,, be the Dirac measure concentrating at x;. Then
P (@) =< P0n, 6> .
By Theorem 5.1, any weak limit v of { P} 6,,}52, is in Goo. But
| <v,0>—<pu,p>|>e

It contradicts with the assumption of (1). O
A CMP P = {P,}>, is said to be compatible if it satisfies

(a) Pu(ox) = xPuo if x € ImP,.
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Suppose P = {P,}32, is a compatible CMP. Let Fy be the standard
o-algebra on R generated by all open sets. For a function ¢ : X — R,
let Fy = ¢~ '(Fo) be the pull-back o-algebra on X. Given a family of
functions I', we use Fr to mean the minimal o-algebra containing all o-
algebras F, for ¢ € I'. Let F,, = Fgyp, for all n > 1. Then {F,}2, is
a decreasing sequence of sub-o-algebras in Fy, i.e.,

e CFm CF S CF C Py
This is because from Proposition 5.1
.- CImP,,y CImP, C---CImP CC"

Let F be the o-algebra generated by the limit of {F,}>°, which is
defined as
foo = U;.Lozl mmzn fm<: ngl UmZn -,/tm)

A G-measure p is called P-ergodic if pu|F is trivial, i.e., u(A) =0 or 1
for any A € F..

Let ;1 € My be a probability measure. For any ¢ € C° and n > 1, we
have a measure u, defined on the sub-c-algebra F, by

fin(4) = /A oy, A€F,

It is clear that pu, is absolutely continuous with respect to p|F,. By the
Radon-Nikodym theorem there exists a unique (modulo sets of measure
zero) L'(X,F,, p)-function denoted by E(¢|F,) and called the condi-
tional expectation of ¢ given F,, such that

() = / E@|F)du,  AcF
A
The function is defined uniquely a.e. by
i fAE<¢|~IFn)dM = ngbd,u: Ae Fny
ii E(¢|F,) € LNX, F, ).
The operator E(-|F,) enjoys the following properties:

iii For all ¢ € L*(X, Fx,p) and ¢/ € L=(X, Fp, 1),

E(¢¢'|Fn) = ¢'E(|Fn).
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The proof of the following theorem can be found in [Pa, pp. 30]

Theorem 5.3 (Decreasing martingale theorem). If
o Fp1 CFLC - CFL C Fx

15 a decreasing sequence of sub-o-algebras such that NS F,, = Fuo, then

E(¢|F,) — E(¢|Fx) a.e. and in LN X, Fx,u) when ¢ € LY X, Fx, p).

Now assume that pu € G, is a G-measure for P. Then we have that
for any ¢’ € ImP,,

<y @' Pop >=< 1, Po(¢¢) >=< Py, ¢ >=< p, ¢¢' >,

SO

Following Theorem 5.3, the limit of P,¢ exists pu-a.e. and, furthermore,
a P-invariant measure pu is P-ergodic iff lim,, .. P,¢ =< u, ¢ > p-a.e.
for any ¢ € C° (see [Pa, pp. 21]). Then we have the following classical
ergodicity theorem.

Theorem 5.4. Suppose P = {P,}°, is a compatible CMP.
1. If 1 and pse in Goy are P-ergodic, then either iy = pg or py L po.
2. 1 € G 15 P-ergodic iff 1 s an extremal point in G .

Proof. (1) Suppose pi; # uz. There exists ¢ € C° such that

<:U’17¢>§£< :u27¢> :

Define
Ay ={zx € X; lim P,¢p =< p1,¢ >} and Ay = {z € X; lim P,¢ =< g, ¢ >}.

We have p;(A;) = 1 and pa(A;) = 0, and p(A2) = 0 and pa(As) = 1.
This implies that gy L po.

(2) Suppose p € Gy is P-ergodic and p = tpy + (1 — ) e with py, po
in Goo and 0 < ¢t < 1. For any A € Fu, u(A) = 0 or 1 because of the
ergodicity of p. Then py(A) = ua(A) = 0 or 1 because 0 < ¢t < 1. That
means that p; and ps are also P-ergodic. According to (1), if py # po
we can find A € F with p;(A) = 1 and pe(A) = 0. Consequently
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u(A) = t. This contradicts the ergodicity of . Therefore g = po and p
is extremal.

Conversely, suppose p € G, is not P-ergodic. Let A € F, such that
0 <t=u(A) <1. Define

1 1

H1 t'u As H2 1—t'u X\A

We are now going to show puq, po € Go. For any n > 1
1
<P7>::u17¢>:< II’L’Z]‘AP'”¢ >, ¢€CO'

Since A € F, C F,,

1 1 1
< u, glAPngb > = 7 Sup < p,¢'P,p >= 7 8up < P, ¢p¢’ >
1 1
= Jsup <, o >=< Tlp, ¢ >

where the supremum is taken over {¢' < 14,¢" € ZmP,}. This implies
that Prpu; = py for all n > 1, that is, p € G. Similarly, we can prove
that ps € Go. But

p=tu + (1 —t)u, 0<a<l
which implies that p is not an extremal point. O

The space M is a locally convex topological space and metrizable.
So G is a compact metrizable convex subset in M. Let £G., be the set
of P-ergodic i in Go. Then the above theorem says that £G., consists
of all extremal points in G,,. The relation between G, and £G., can be
obtained from the Choquet representation theorem (see [OR, pp. 1-32]
for the proof).

Theorem 5.5 (Choquet representation theorem). For each pu €
G0, there exists a Borel probability measure m on G, supported on the
set £EGo, of extremal points, so that

u:/ vdm(v), p € Guo.
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6 Gibbs distributions

Suppose that a physical system of n states {1, 2, - - -, n} with their energies
Ey, ---, E, and that the system is put in contact with a much larger
“heat source” which is at temperature 7. Energy is therefore allowed
to pass between the original system and the heat source. Suppose the
temperature T of the heat source remains constant. It is a physical fact
derived in statistical mechanics that the probability p; that state j occurs
is given by the Gibbs distribution

e PE;
DT e

where = kiT and k is a physical constant. This is the starting point for
the thermodynamical formalism. In this section, we combine Theorem 3.1
and the theory of chains of markovian projections (Section 5) to develop
a thermodynamical formalism for more general systems. We will keep
use the same notations as those in Sections 2, 3 and 5.

Suppose f is a locally expanding and mixing dynamical system with
an expanding parameter (A, a) and suppose ¢ >0€C* 0 <a <1,is a
potential. Define

n—1

Gu(x) = [[v(f'(x)), z€X, n>1

=0

Let

z€f~1(y)
be the RPF operator with weight 1. Let 6 > 0 be the maximal eigenvalue
and h > 0 € C* be a corresponding eigenvector of L. Let L* : M — M
be the dual operator of L.

Theorem 6.1 (Ruelle). There is a unique probability measure v = vy, €
My such that L*v = v and for any 0 < r < a/2, there is a constant
C =C(r) > 0 such that

B, (z, .
ol < % <C (Gibbs Property)
for allx € X and n > 1. And moreover, take h such that fX hdv =1.
Then for any ¢ € C°,

lim 0L =< v, ¢ > h

n—oo
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uniformly.

The inequality in the theorem is called the Gibbs Property and the
probability measure p = hv is called the Gibbs measure for (f,1). To
prove Theorem 6.1, we first normalize the operator £. Take

)
V) = SR

Then it is still a positive function in C*. So we can consider the RPF
operator

().

yef~(z)
The important feature of £ is that
L£1=1.

We call it a normalized RPF operator. Let £* be the dual operator of £
acting on the space M. Let

1
(fi(x), zeX, n>1

Gp(z) = H
=0
Then we have b
Cn = Fi o faCn

and relations between £ and £ and between £* and £*,

Lr¢ =6"hL(¢h™")  and  L7Mv = "ATILT (W)
From these relations, Theorem 6.1 follows from the following statement
for normalized RPF operators.

Theorem 6.2. Suppose L is a normalized RPF operator, i.e., L1 = 1.
Then there is a unique probability measure y € Mgy such that L*u =
and for any 0 < r < a/2, there is a constant C' = C(r) > 0 such that the
Gibbs property holds, i.e.,

- = 7 <
G (2) C (Gibbs Property)

for all z € X and n > 1. Moreover, for any ¢ € C°

1<

lim L") =< p, ¢ >
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Suppose L is normalized in the rest of this section. Define
Pup(x) = L0(f"(x) = D, Guly)oly).
yef—m(f"(x))

It is a linear operator from C° into itself with P,1 = 1 and P,¢ > 0
whenever ¢ > 0. Moreover, we have the following facts.

Lemma 6.1. For anym >n2>1, P,P,, = PP, = P,.
Proof. Let us show that P, P, = P,,.
PmPan(I) = Z Gm(y)Pn¢(y)

yef~m(fm(2))

= Z Z Gmn(W)Gn(y) Pad(y)

we f=m=n)(fm(z)) yef~"(w)

- S Z Grn(@)Galy) Y, Gu(2)0(2)

wef—(m=n)(fm(z)) y€f~(w) zef=m(f™(y))

Z Y @ Z Gm W ()G (2)6(2)
we f=m=n)(fm(z)) y€f~"(w) zef
>

> Gn<y>)( Z Gn()0(2) )

wef- (m— n)(fm(m)) yef—m(w) z€f~™(w)
= 2 2 Ca
we f=m=m)(fm(z)) z€f " (w)

= Y Gul)é)

zef~m(fm(x))
= PLo(x).

We use the fact that }° ., Gn(y) = 1. This also implies that P, is a
projection, i.e., P? = P,. Similar arguments imply that P, P,, = P,,. [

Lemma 6.2. For any ¢ € C° and x € ImP,, P,(¢x) = xPn¢.

Proof. Suppose X() = 3_ ¢ -n(sn(x)) Gn(y)B(y). Then

Pu(¢x)(@) = > Gu(2)e(z) Y. Ga(y)By)

zef=m(f™(2)) yef~(f™(2))

= Z Z Gn(y)Gn(2)0p

yef (" (x) zef " (f(z))
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= ) GwBl) D Gu2)é(2)

yef~"(f(z)) zef~m(f™(x))

O

Lemmas 6.1 and 6.2 say that P = { P, }2°, is a compatible CMP. So we
can apply the theory of CMP in Section 5 to give a proof of Theorem 6.2.

Let Pr be the dual operator of P,. Remember that G is the set
of common fixed points of P!’s and an element of G is called a G-
measure. An element o such that £*p = pu is called a 1-measure. Because
L(po f) = ¢, any Y-measure p is f-invariant, i.e., u(f~(A)) = u(A) for
any p-measurable sets A. So a Y-measure is a G-measure. Since M,
is a weakly compact convex subset of M and L* : My — M,, by the
Schauder-Tychonoff fixed point theorem there is at least one 1-measure
(and G-measure). Now we use the results in Section 5 to prove the
uniqueness of G-measure.

Lemma 6.3. For any ¢ in C°, P,¢ converges to a constant if and only
if L@ converges to the same constant. And moreover, the constant has
to be < p, ¢ > for any -measure (or G-measure) p.

Proof. Since
Pup(x) = > 2)éy) = (L") (f"(x))
yef~(f(z))

and f: X — X is surjective, it is clear that
[Pnd(x) —cl| = [|I£7¢(z) — ]|

Therefore, P,¢ converges to c if and only if £"¢ converges to c. Suppose
P,¢ converges to c¢. Then

c=lim P,¢p = lim < pu, P,¢ >= lim < P u,¢ >=<p,¢ > .

n—oo
[l

Lemma 6.4 (Naive distortion lemma). There is a constant C' > 0
such that for any n > 0 and any z,y € X with d,(z,y) < a,

Q

n()
n(Y) =¢

c' <

Q
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Proof. Let z; = f'(x) and y; = fi(y) for 0 <7 < n. Then

d(xiv yz) S /\n_id(xnv yn)

So
n—1
[log G (z) — log Giu(y)| < [ log ¥ (x;) — log 1 (y;)|
i=0
n—1
< hﬂa d(x;, v:)”
=0
WJ]a — —a(n—1i) «
<
< 120)\ d(xp, Yn)
< Gy

where A = min,¢e x ¥ () and [¢], is the Holder constant for ¢, and

B [w]aaa)\a
Co= A —1)
Therefore, let C' = e“°, we have
Gn(y)

]

Proof of Theorem 6.2. We prove the Gibbs Property first. Let u be a G-
measure. Let r be a real number such that 0 < 2r < a. For any x € X,
let ¢ be a function such that

]-Bn(x,r) S Qb S ]-Bn(x,Qr)
where 15 denotes the characteristic function of a set B. Then we have
p(Ba(er)) < [odu= [0 aPiu= [ Puod
where

Pply)= Y. Gu(2)0(z) < > Gu(2)lpu@an(2).

zef~(f"(y)) z€f~"(f"(y))
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From Lemma 6.4 and Proposition 2.3, there is a constant C' > 0 such
that

#(f(f"(y)) O Bu(x,2r)) < C

and
Gn(2) < CG,(x), =z€ By(z,2r).

Thus we get
(Bn(w,1)) < C*Gr().

On the other hand, we have

i(Ba(e20) = [0 du= [0dPin= [ P du
where p is an integer in Proposition 2.4 in Section 2 and

Poipdly) = Z Grip(2)9(2)

zef~nmP(f P (y))

> Z Gn—i—p(Z)an(m,r) (2).

zef~nP(f P (y))

Proposition 2.5 says that there is at least one term in the sum is non-
zero. This and Lemma 6.4 imply that there is a positive constant, we
still denote it as C, such that

p(Bn(x,2r)) 2 CGrip(r) =2 CAPGy (),

where A = mingex (). Let s be the least integer such that A\* >
2. Then we have B, (z,7) D Buis(z,\°r) D Buis(z,2r). By the last
inequality, we get

w(Bn(x,1)) > CAPT*G, ().

Therefore, we have a positive constant depending on r only, which we
still denote it as C, such that

Following Section 5 and the Gibbs Property, only remaining thing to
be proven is that a G-measure is unique. From Theorem 5.5, we only need
to prove that a P-ergodic G-measure is unique. Theorem 5.4 says that
any two P-ergodic G-measures are either equal or totally singular. Now
we use the Gibbs Property to prove that any two P-ergodic G-measures
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1 and v are mutually absolutely continuous, that is, there is a constant
C > 0 such that
C™w(U) < p(U) < Cv(U)

for any open set U of X. Let us prove it as follows.

Fix a real number r, 0 < 2r < a. Let {x1,--+,2,,} be a 2r-net in
(X, d), this means that the balls { B(z;, ) }1<;<m are disjoint and the balls
{B(z,2r)}1<i<m form a cover of X. Define

Ay = B(x1,2r)\ (B(z2,7)U---UB(zpm, 1))

Then we get a partition Qy = {A4;}, of X satisfying
B(z;,r) CA; C B(x;,2r), 1<i<m.

For every n > 1 and every 1 < i < m, denote f~"(x;) = {zj}k”’
Let g;, be the inverse of f" : B,(zj,2r) — B(z;,2r). Define A,;; =
gjn(A;). We call A,,;; a n-component of f~"Qy. Let Q,, be the set of all
n components of f7"|Q,. It is again a partition of X and satisfies that
for any A € Q,,

Bn(ca,m) € AC By(ca,2r)

where ¢4 € A such that f"(cq) = x;. The point cy4 is called the center
of A. It is worth to note that for n > k > 1 and for any A € Q,,
f("*k)(A) € Q. However Q; may not be a refinement of Q,,. (So they
are not Markov partitions.)

Let U be an arbitrary open set in X. For n > 1, let Q,(U) be the
family of all elements A of the partition Q,, such that the n-Bowen ball
By, (ca,r) is entirely contained in U. Let

= U 4
AeQn(U)

This is a Borel subset of U which is a countable union of disjoints sets.
From the Gibbs Property, we get

wV) = 30 wA) < Y p(Balea2r))

A€Qn(U) A€Qn(U)
< C Z n(ca) < CP Z v(By(ca,T))
A€Q,(U) A€, (U)

< X = U a=cu

A€Q,(U) A€Q, (U
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Then we have u(U) < C?v(U) by using Fatou lemma and the fact that
U = liminf V,.

Similarly v(U) < C?u(U). Therefore, a G-measure is unique.
Let i be the unique G-measure. Then following Theorem 5.2, P,,¢p —<

i, ¢ > as n — oo for any ¢ € C°. Therefore, L —< u, ¢ > as n — 0o
(Lemma 6.3). This completes the proof. O

7 Spectral gaps of RPF operators

It will be proved in this section that all the spectral points other than
the maximal eigenvalue of £ acting on a-Hoélder continuous functions
is contained in a disk centered at 0 of radius strictly smaller than the
maximal eigenvalue. As we shall see, there are many consequences of
this fact.

Let £ be the RPF operator in the previous section. Recall that C2 =
C°(X,C) is the Banach space of all continuous complex valued functions
¢ : X — C, equipped with the supremum norm

lo1] = max l6(z)].

Let 0 < a < 1 and let C¢ = C*(X,C) be the space of all a-Holder
complex valued continuous functions ¢ in C2, that is, ¢ € C2 satisfying

- [9(x) — o(y)]
9l = 0<ds(1;j,5)§a d(x,y)" 7

where [¢)],, is called the local Holder constant for ¢. For any ¢ € C2, we
can write it as

¢:¢1+i¢27 ¢17¢2 GCO
Then ¢ is in C¢ if and only if ¢; and ¢ are both in C*. Since 1) is a real
valued function, we have

Lé = L1+ ilps.

Thus we have that £y : C2 — C2 is a bounded linear operator. The
space C¢ equipped with the norm

[18lle = 1l + [0a

is a Banach space. Then £, = £ : C& — Cg is a bounded linear oper-
ator (refer to the argument between the statements of Lemma 3.1 and
Lemma 3.2). The following is a directly consequence of Theorem 6.1.



Complex Dynamics and Related Topics 92

Corollary 7.1. The mazimal eigenvalue 6 of L : C3 — C§ is the spectrum

radius of
Lo=L:C —C2.

Proof. The spectrum radius can be calculated as

p(Lo) = limsup [|£7]|7

n—oo
where

15[l = sup  |[L5e]].
$eC,|l4]I<1

For any ¢ € C2 with ||¢|| < 1, from Theorem 6.1,

07" LGl < | <w, o> [-[[hll +1 < |n][+1

for n large. So
o "Ll < [[All+1

and ) )
LG (1= < ([l +1)=6

for n large. So p(Ly) < d. But ¢ is a spectrum point, we have p(Ly) =
J. O

Furthermore, we have
Theorem 7.1. The mazimal eigenvalue 9 is the spectrum radius of
L,=L:C¢— C¢g.

The rest of spectrum is in a disk of center O with radius strictly less than

J.

This is a direct consequence of the relation between £. More precisely,
it follows from the next corollary which is a consequence of Theorem 6.2.

Corollary 7.2. Suppose L is a normalized RPF operator, i.e., L1 = 1.
Then the maximal eigenvalue 1 is the spectrum radius of

Lo=L:Ce—CL.

The rest of spectrum is in a disk of center 0 with radius strictly less than
1.



Complex Dynamics and Related Topics 93

Proof. The spectrum radius can be calculated as

1
p(Le) = limsup [|Lh]]a,

n—oo

where

1£alla =" sup [[L5¢]a-
9eCg |I6llas1

For any ¢ € C¢ with |||l < 1 and z,y € X with d(z,y) < a, let

_l(x) = {$17"'7xn} and f_l(y) = {yla"'ayn} such that d('rwyz) S

1
W . Then

1Lod(z) — Lad(y)| < lep(xi)qb(:c@-) — (Yo (i)

ngw yzud)ylHZw )o(x:) — o(yi)l.

Since d(z;, ;) < 74— and since Y, ¥(x;) = 1, we have

= Xd(z,y)
[4] 1

alo
[Lad)a < TWH + F[(ﬁ]a-

It follows that 1
Lo < Chll9|| + FHQsHaa

where C; =1 — 1/A\* 4 [¢]ano/A%. Inductively, suppose

1£67 0lla < Coal9]] + om= |9 lla-

Then
1£50lle < CoallLadll + 1ms IIEa¢||a

< n1\|¢!|+a 5 Cillell + 2 [19lla

)\cm

= Gulloll + 15 19]la

)\an
where C,, = Cp_; + (1/X*DC, < C = O */(A\* — 1). Therefore we
have that

1£50l1a < Cllol| +

< a6l
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for all n > 1.
Let
Cet={peC¢; <p,¢>=0}

Then Cg = C& @ C because ¢ = (¢p— < p, ¢ >)+ < p, ¢ >. To prove
the rest of spectrum of £, is in a disk of center 0 with radius less than
1, we only need to prove that the spectrum of

Lolcgt gt — gt

is strictly less than 1. We prove this as follows.
Suppose n, k > 0. Then

1
1£575 0l < ClILaell + 1ol Ladlla
1 1
k
< CllLadll+ Ol + o 1lla-
Since {¢ € C&* ; |9l < 1} is a compact set in C2 (because it is a

uniformly bounded and equicontinuous family), following Theorem 6.2,
for any 0 < 7 < 1 there are m, k > 0 such that

1£5756]la < 7

for all ¢ € C&+ with ||¢]|lo < 1. So ||L7F*]|, < 7. Therefore,

1
limsup || £"|C&M |5 < 77F < 1.

This completes the proof. n

In Section 10, we will prove an estimate on the gap between the
maximal eigenvalue and the rest of spectrum of £, by using a new method
(see Theorem 10.2 and Corollary 10.3).

8 Spectral decomposition and perturbation

In this section, we present two standard results on bounded linear oper-
ators. One is the spectral decomposition and the other is a perturbation
theorem.
A projection on a Banach space B is a bounded linear operator P such
that
P?=P.
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It is clear that P is a projection if and only if I — P is a projection. The
space B is a direct-sum of two closed subspaces By and Bs, written as
B = B, ® Bs, if B; and By are complementary in the following sense

B=Bi+B,, Bi)B=0

To specify a projection P is essentially the same thing to specify a direct-
sum decomposition B = By @ Bs. In fact, if P is a projection, then

B=R(P)® N(P)

where R(P) denotes the range of P and N(P) denotes the null space of
P. Notice that R(P) is closed because of the fact P? = P. So does
N(P)=R(1-P).

If B =B;® B, is written into a direct-sum of two closed subspaces,
then the operator P : B — B defined by

T=x1Pxy — Pr=u

is a projection having B; as its range. Notice that P is continuous because
of the closed graph theorem. We may speak of the projection P onto B
along Bs.

It is easy to see that a projection P commutes with a bounded oper-
ator A if and only if its range and null set are invariant under A, i.e.

AR(P) c R(P),  AN(P) C N(P).

The main core of spectral decomposition is the following: to any splitting
of the spectrum
g (A) = Sl U 52

into two disjoint closed subsets, there corresponds a direct-sum splitting
of the space
B=DB;& B,

into two closed invariant spaces, i.e.
AB; C Bl, ABy C By
such that the spectra of the restrictions

A|31 281—>81, A|32 IBQ—>BQ
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are respectively S7 and S,. The splitting is not only invariant under A
but also invariant under any operator which commutes with A. All these
determine uniquely the splitting B = By ® Bs.

The construction of the space splitting is trivial in the case of a di-
agonalizable operator in a finite-dimensional space: B; is spanned by all
eigenvectors with eigenvalues in S; (i = 1,2). Unfortunately, this con-
struction can not be generalized. However, the projection onto B; along
Bs can be written as follows

1
T=— ¢\ —A)td\
2 J,
where v is a contour enclosing all points of the set S; but none of the
points of Sy. In order to see that 7' is really the projection, we have only
to verify

(i) Tz = x for any eigenvectors with eigenvalue in Sy;
(ii) Tz = 0 for any eigenvectors with eigenvalue in Ss.

In fact, since A is diagonalizable, i.e. A = QDQ~! with D diagonal, we
have
M —A)"'=Q\N —-D)'Q .

Now we may check (i) and (ii) by the Cauchy integral formula.

This representation of a projection in a space of finite dimension can
be generalized to the general case as we will state in the following theo-
rem.

Let v be a cycle which is defined as a formal sum of closed paths in C
and z € C be a point not on . Define the winding number of v around

z as the integer
1 d\

2mi Jo N — 2

Theorem 8.1. Let A be a bounded linear operator on a Banach space
B. Let 0(A) = S1 U Sy be a decomposition of the spectrum of A into two
disjoint closed subsets. For any cycle v in the complement of the spectrum
which winds once around each point of S1 and zero times around each

point of Ss, let
1
P=— ¢ R(\ A)d\

21 ~

where R(X\, A) = (M — A)™, called the resolvent of A. Then
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(1) The integral depends only on Sy and Ss, not on ;

(2) The operator P is a projection which commutes with every bounded
operator commuting with A;

(3) The spectrum of A|gcpy is S1 and the spectrum of A|n(py is Sa;
(4) The properties of P listed above uniquely determines P.

Proof. (1) The independence of + is a consequence of the Cauchy integral
formula. By the way we point out that if Sy is empty and ~ is a large
circle centered at the origin, for A on v we have the Neumann series

n

R()\’ A) - Z AntLT
n=0

Integrating term by term gives P = I.

(2) Take another cycle 4" with the same properties as 7y, such that ~/
is inside v in the sense that + winds once around each point of 7/ but
~" winds zero times around each point of v. We may take +' to lie in a
small neighborhood of S;. Then we have

P L 7{ R(A,A)d)v% 7{ RON, A)dN
’Y !

2mi i J,
1 / /
= Wﬁ]{/ R\ A)R(N, A)dAdN.
Applying the identity
vlt-vi=vuHv-u)wt
toU =X —Aand V = XNI — A allows us to write
R(A\A) — RWN,A) = —(A=XN)R\, AR, A).

So, we have

(271'2)2 vy A N

1 1 1 1
= — A) §———dAdN — —— A dNd).
(2mi)? }{,R(A’ )ng—x A (2m’)2],{R()\’ )7,{, U




Complex Dynamics and Related Topics 98

Since 7' est inside v, we have

1 1
d\ = 2ri, f d\ = 0.
f;A—X N =N

Finally we have P? = P, as desired. It is clear from the definition of P
that P commutes with any bounded operator which commutes with A.

(3) In particular, P commutes with A, so the range and the null space
of the projection P are invariant under A. Let A; : R(P) — R(P) be
the restriction of A on R(P) and A, the restriction of A on N(P). The
following inclusion is clear by the definition of spectrum

o(A)| Jo(Ar) co(A) =5 =S 5.

We are going to prove o(A;) C S; by showing that A\ — A; is invertible
for A € Sy. Actually we can construct its inverse explicitly as a contour
integral:

1 R(z, A)

- omi . A—2z

dz

where v as in the statement of the theorem. In fact, since B commutes
with A, it also commutes with P. Hence

1 [ )+ (2] — A)

ANM—-AB = — R(z, A)d
( ) 2mi J, A—z (2, A)dz
1 1
= — A d
2mi ), <R(Z7 )+ A—z) :
1 1
= P+ — dz

271 7)\—2

=P

Thus if Px = x, (A — A)Bx = z. We also have B(AI — A)x = = because
A and B commute. Thus the restriction of B on R(P) is the inverse of
the restriction on R(P) of AI — A. Interchanging the roles of S; and S5,
we get o(Ay) C Ss.

(4) It remains to prove the uniqueness of P. Let P be another pro-
jection such that

(i) P commutes with every operator commuting with A;

(i) the spectrum of A restricted to R(P) (resp. N(P))is Sy (resp. Ss).
It follows that
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(a) P(I — P) is also a projection;
(b) it commutes with A.

Since the range of P(I — P) is contained in both R(P) and N(I — P),
the spectrum of A restricted on the range of P(I — ]5) is contained in
both S; and Sy. So, the spectrum of P(I — ﬁ) is empty since S; and
Sy are disjoint. So, P = PP. Interchanging the roles of P and P gives

P = PP. Finally we get P = P. O

Assume now that S; = {A} consists of a single eigenvalue isolated
(by 7y) from the rest of the spectrum of A. We consider the projection
P associated to {A}. If A" is a bounded operator sufficiently close to A,
then the spectrum of A" also consists of an eigenvalue {\'} isolated by
~ from the rest of the spectrum of A’. The projection P’ associated to
{N\'} is called the eigenprojection of X'. The map A’ — P’ is analytic in
a neighborhood of A. Let us state more precisely the following theorem
for the case where A is a simple isolated eigenvalue.

Theorem 8.2 (Perturbation theorem). Let A be an element of the
Banach algebra L(B) of bounded linear operators on a Banach space B.
Suppose that A has a simple isolated eigenvalue X\ with eigenvector v.
Then for any € > 0 there exists § > 0 such that if B € L(B) with ||B —
A|| < 6, then B has a simple isolated eigenvalue A\(B) and a corresponding
eigenvector v(B) with the following properties

(1) M(A) =X and v(A) = v;
(2) The maps B — A(B) and B — v(B) are analytic in |B — A|| < ¢;

(3) for any B with ||B — Al < 9, A(B) is inside the open disk D(\,€)
centered at \ of radius € and o(B) \ {\(B)} is outside the closed

disk DX, €).

If X\ is an isolated eigenvalue of A of finite multiplicity m, then for suf-
ficiently close operator B of A the spectrum of B inside an neighborhood
of A\ (delimited by «y) will consist of eigenvalues A}, ---, X | associated to

which is the projection 7’ of B, and the map B — 7 will still be analytic.
However the individual eigenvalues A are not well defined maps of B.
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9 Application: central limit theorem

As application of the fact of spectral gaps (Theorem 7.1), we prove that
for any Holder continuous function ¢ and any Gibbs measure p associated
to a Holder potential, the central limit theorem holds on the probability
space (X, u) for the process

Sud(x) = d(x) + o(fx) +--- + o(f" ')
(see [FSc]).

Recall that f : X — X is a continuous dynamical system on a com-
pact metric space (X, d). Let C(X) = C(X,C) be the space of real or
complex continuous functions defined on X. Two functions gy, g2 € C(X)
are said to be cohomologous if

=g tuof—u+c

for some u € C'(X) and some constant ¢. Then we write g; < go. Func-
tions of the form uo f —u+c are called coboundaries. The relation ” <" is
an equivalence relation in C(X). The quotient space C'(X) = C(X)/ =,
like C'(X), is also a linear space. If functions ¢4, ..., ¢, € C(X), regarded
as functions in the linear space C (X), are linearly independent, we say
that they are cohomologously independent. This is equivalent to saying
that any linear combination &;1¢1 + - - - 4+ &4¢q (§;’s being not all zero) is
not cohomologous to a constant.

Let 1 be the Gibbs measure (also called equilibrium state) associated
to a real valued a-Holder function ¢. The measure p depends only on
the cohomology class of 1. Thus we may assume that the potential v is
normalized in the sense that

Z W =1 (Vz € X).

fy)=z
Let ¢ = (¢1,...,¢4) be a Ri~valued a-Holder continuous function.
Let z = (21,...,24) € CL Consider the transfer operator
P
Lou(x) = Z e W)+ lei@(y)u(y).
fy)=x

For fixed z, the operator £, is defined by a complex valued potential.
It acts on the space of a-Holder continuous functions. We denote its
spectral radius by p(z) and write

P(z) = log p(2).
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By Theorem 7.1 and Theorem 8.2, the function P(z) is analytic in a
neighborhood U of 0 € C%, the eigenspace associated to p(z) is simple
and it is possible to take an eigenvector v(z) such that v(z) is analytic in
U and v(0) = 1. Thus we have

L.v(2) = eP®u(z) (zeU).

For a R%-valued function defined on X, we write

n—1

Su®(z) =Y ®(fix).

Jj=0

Theorem 9.1. Let p be the equilibrium state associated to a normal-
ized Holder continuous potential 1. Let ® = (¢1,...,dq) be a R¥—valued
Holder continuous function such that E,® = 0. Suppose that the compo-
nents of ® are cohomologously independent. Then

Sp®
NZD

where P"(0) is the Hessian matriz of the second order derivative of P(z)
at zero, which is positive definite.

— N(0, P"(0)) in distribution

Proof. Recall that
L.v(z) =eP@y(z) (ze€U).

The partial derivatives of the both sides of this equation are respectively

ai Lol = L <¢jv(z>+§—jj<z>)

O PEy(s) — PO or  ov
azje v(z) = e v(z)azj—l—azj(z) .

Write £ = L. Taking z = 0 leads to

mwo_ap v

£(¢j+a—zj —8—%(0)+8—Zj(0).

Integrating with respect to u, we get

or
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Differentiate a second time:

2 2
o £e0(e) = £ (9n2) + 005 () 0 () + ()
0? oPOP OP Ov o?pP 0%
021,02, 6P(Z)U<Z) =" (U<Z)3_2k@_zj + 8_2;38_% * 021,02, + 62;492])

Taking z = 0 and then integrating, we get
o0?pP
021,0%;
Similarly, from the equality

LMv(2) = e"P@y(2) (ze€U)

0 0
(0) = B, (éxey) + a—jkm + a—w

we can obtain

aQP 8/0 87}
nc‘?zkéz] <O) o E“(S”¢ksn¢7> + 8_21€E”Sn¢j + a—ZJE#Sncbk
Let P”(0) be the matrix (83554 (0) ). Let £ = (&,...,&) € R Multiply

both sides of the above equality by £,§; and then sum over £ and j. We
obtain

nE' P"(0)€ = E,(Sn(0,€))* + 2(Vv, &) - E.S, (9, €).
Divide by n then take the limit. According to the Birkhoff Theorem, we
have

) 1
EP(0)€ = lim B, = (5,(6,))*
It can be proved that & P”(0)¢ > 0 if and only if (¢, &) is not cohomolo-
gous to a constant. Consequently P”(0) is positive definite if and only if

(¢, &) is not cohomologous to a constant for any £ # 0.
Consider now the characteristic function of \/LﬁSngb

£ = [ expile. (V) Sudhdu = [ Lty et

() (5)

£,(6) = enPEn, (\Z/_fﬁ) Loll),

Taking the second order Taylor development of P(z) at zero yields that

for any ¢ € R?, £,(£) tends to exp(—%). Thus we can conclude by
using the Lévy continuity theorem. O]

Write

we get
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10 Hilbert metric and convergence speed

In this section, we will present a new method, called Hilbert projective
metric method, to prove Theorem 3.1. This method further provides us
an estimate on the spectral gap as well. See [Bi, FS].

Let v be the unique probability measure in Theorem 6.1 and define

p(¢) =<v,¢>, ¢€C

Then p is a functional from C2 to C. From Theorem 6.1, we know that
for ¢ € C2, 5 L"¢ converges to p(¢)h uniformly as n goes to infinity.
An important question in thermodynamical formalism is how fast does
d~"L"¢ converge to p(¢)h? We discuss this question in this section (refer
to [FJ1, FJ2] for some further study).

Define

Cpr={peC”; ¢>0and [log¢|, < K} U({0}.

One can check that C% is a convex cone in C%, this means that (1) for
any ¢ € C% and any real number t > 0, t¢ € C% and (2) for any ¢; and
¢oin C% and any 0 <t <1, tpy + (1 — t)¢po is in CE.

Suppose ¢ is in Cf for some Ky > 0. Let K > Ky/(A* — 1) be a
fixed constant and define 7 = (K + Ko)A™*/K < 1. Then we have

Lemma 10.1.

L(C%) C Clg.
Proof. Suppose ¢ # 0 € C% and z,y € X with d(z,y) < a. Then

Lo@)= Y v(z)p(z) and  Loy)= Y d(w)d(w).

zef~1(x) wef~1(y)

We can arrange z’s and w’s such that d(z, w) < 2% So

Lo(x) = Y ¥(2)6(2)

zef~1(x)
<Y d(w)eR e ()i

wef~1(y)
< (Egb(y)) Ko+ KA~ d(a,y)°

- (et
This implies that L¢ € C2. O
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The real valued function space C* equipped with the norm

[18lla = 1l + [0]a

is a Banach space. The convex cone Cj is closed in it. So we can define
a so-called Hilbert projective metric with respect to the convex cone C%
as follows (refer to [Bi])

First let < be the partial order in C* defined as ¢; = ¢ if po—¢1 € CR.
The partial order = is integral, meaning that if ¢, < ¢ for all n and ¢,
converges uniformly to ¢g, then ¢ < ¢g. Let

A = A(¢1, ¢2) = sup{t > 0; to1 < ¢o}

and
B = B(¢1, ¢2) = inf{t > 0; ¢ < te1}.

Note that A may be 0 and B may be oo, however, if both ¢; and ¢, are
not zero, then both A and B are finite numbers. The Hilbert projective
metric with respect to Cj is defined as

B
) = log —.
<¢17 ¢2) og A
The following lemma gives an explicit formula for ©.

Lemma 10.2. Let ¢1,¢2 € Cs. If both ¢1 and ¢2 are not zero, then

_ KU 6, (2) — du(y) XU gy (2) — pa(w)
Olor.02) =log = SUD I gy (2) = 1(w) KD G(2) = ba(y)

Proof. By the definition,

001, 6) = log -
where
A1 (z) < ¢o(x) < Béi(z), =€ X,
and
G2(y) — Adr(y) < XN (gy(z) — A (), d(z,y) < a,
and

Boi(w) — go(w) < (B (2) — d2(2)),  d(z,w) < a.
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Then do()
o(x
As ¢1(z) =oeed
and KU o () — daly)
AL eKd=v)*p (x) — ¢1(y)’ A=
and el A=) 6o (2) — o(w)
B> T (g (0 d(z,w) < a
We have
e te() L R gy (2) — go(y)
A = min{ ;g)f( or(z) i) <a KA G () — 1 (y)}
and Glz) R g2) — golw)
B = max { sup — 2 "

) up @
zeX I(Z) d(z,w)<a eKd(zw) ¢1<Z) - ¢1 (w)

Let xy € X such that

Then for z € X with d(z,z¢) < a,

eKd@a0)® o) — Go(x) eKd(x’“O)a%ﬁbl(xo) - iigg%(z) < Pa()
eKd@20)% ¢y (zg) — d1(z) e le:20) Gy (o) — ¢1(x) ~ (=)

Take a sequence {z,} tending to 2o in X as n goes to infinity. Then

p " () — baly) _ N (o) — dalen) _ dalien)
d(z,y)<a eKd(x,y)a¢1 (:)3) _ ¢1(y) eKd(zn,xo)a¢1(x0) & (fb"n) = ¢1(93n)'

As n goes to infinity,

<

inf K@D o () — do(y)
d(zy)<a eXUE9y (2) — P1(y)

We get
A= inf
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Similarly we can get

Kd(z,w)* o
B= sup a¢2(2) ¢a(w)
iomya KTy (2) = 61 (w)
Thus
eKd@y)® 4 (1) — eKd(zw)® o (N b
O(¢1, ) =log  sup Kd(zw)“¢1< 1) i )(fb?( ) — $a(w)
() d(zw)<a EXIE Dy (2) — ¢y (w) K@V hy(x) — da(y)
]
Let
A: sup ®(¢17¢2>
¢1,p2€CS
and A
Aztanh (Z)

Let ko be the minimal positive integer such that there are ky balls of
radius a covering X.

Lemma 10.3.

1
A < 2log <1+—T> +2(1 — 7+ 2ko) Ka”.
-7

Thus 0 < A < 1.

Proof. For any ¢1, ¢ € C2%,

eKd(Z’w)a¢2(Z)—¢2(w) _ (eKd(z,w)“_zjéjj)))¢2(z) < (eKd(z,w)"‘_efTKd(z,w)D‘)qbQ(Z).

In the same way, we get that

KU go(z) = Ga(y) 2 (K" = U o)

and
€Kd(m’y)a¢1(x) — ¢1 (?J) < <€Kd(m’y)a - G_TKd(x’y)a>¢1 (x)a

eKd(Z,w)a¢1(Z) . ¢1<w) Z (eKd(z,w)a B eTKd(Z,w)a>¢1(Z)'
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This implies that

107

@(¢17 ¢2)
c L “ (eKd(m,y)o‘ o 6—7Kd(x,y)°‘) (eKd(z,w)a _ e—TKd(z,w)o‘) ¢2(2) ¢1 ([L’)
B gd(x,w,dé’,w)ga (efd@y)® — erKdwy)®)  (eKdzw)® — erKdzw)™) ¢y (x) ¢y1(2)
1— —(147)Kd(z,y)> 1— —(1+7)Kd(z,w)~
N e ') () r(a)
d(wy)d(zw)<a (1 — e UmDEA@D™) (1 — e=(=Kdzw)%) ¢y (1) ¢ (2)
Since .
e_ctgl—e_t:/ efdé <t, 0<t<C
—t
and since
$2(2) ¢1(x) < ghoKa®
Pa(r)” P1(2) ~ ’
we have
« o 2
@(¢17 Qb?) S (1 i T)Kd(x’ y) o (1 il T)Kd(27 w) a <6koKaa)
(1 —7)Kd(x,y)*e1-1Ea" (1 — 7)Kd(z, w)*e~(1-7)Ka
_ (1 + T> 262(1—7)1(@&6%01(@&‘
1—7
Therefore,

1
A <2log <1+—T> +2(1 — 7+ 2ko) Ka”.

Lemma 10.4. For any ¢y, ¢ € C%,

@<‘C¢17 ‘C¢2) S A6(¢1a ¢2)
Proof. By the definition,

@(¢1; ¢2) = 10g§

and ¢y — A¢y and B¢y — ¢ are both in Cf. From Lemma 10.1,

O(L(p2 — Agn), L(Bo1(x) — ¢2)) < A.

Let Ay and By be two corresponding numbers in the definition of

O(L(p2 — Agn), L(Bo1(z) — ¢2)).
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Then we have B
=0 < eA
Ay —
and

AoL(p2 — Ad1)) 2 L(Bo1 — ¢2) = BoL(pa — Agn).
This gives us that

B+ ByA B+ AyA
Rl Lo 2 Loy = A

T, STt

So

(B+ AgA)(1 + By)
(B + ByA)(1+ Ap)
66(¢1’¢2) _'_AO 1+A0

1 —1
08 eOd1.62) 4 By 08 1+ By

B /®(¢1,¢2) (By — Ag)et 2
N 0 (66 + Ao)(€§ + BQ)

O(Lp1,Lops) < log

1— 4o

< — B 9(¢y, )
T (61, b

S A®(¢17 ¢2>

It is easy to check that the functional p satisfies

1. p(sg) = sp(¢) for any s > 0 and ¢ € C* and

2. if @1 =X ¢o, then p(d1) < p(d2).

Use these properties, we have

Lemma 10.5. For any ¢1 and ¢y in C$ satisfying p(¢1) = p(¢p2) # 0,
162 — nl| < (79192 —1)]|gn].
Proof. From the definition,
B
O(¢1, p2) = log 1

where

Apr = ¢ X Boy.
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We get
Ap(p1) < p(¢2) < Bp(¢r).
So
A<1<B
Thus

B
|lg2—o1|| < ||%_1||||¢1|| < (B=Dlg1ll < (=Dl < (=)}l

]

Lemma 10.6. Suppose ¢ € C*, ¢ > 0. Then there is an integer N =
N(¢) > 0 such that
L € Cx

for alln > N.

Proof. Let [log @], be the Holder constant of log¢. From the proof of
Lemma 3.2 we see that

[log L¢a < ([log @l + Ko)A ™™

In general,

Ko

[log £ ¢lo < Ko(A™* + 4+ + A7) + Ko\ —

as n — 00.
Since K > Ky/(A\* — 1), we can find an integer N > 0 satisfying the
lemma. [

Theorem 10.1. Suppose ¢ € C*. Then there is a constant Cy > 0
independent of ¢ and an integer N = N(¢) > 0 such that

167"L"6 — p(¢)hl| < CoA™ V||gll, n > N.
Proof. Suppose ||¢|| > 0. Otherwise it is trivial. Take

,_ 2ol

min, h(x)

Then ¢+bh > 0. From Lemma 10.6, there is an integer N = N(¢+0bh) >
0 such that
L"(¢+bh)eCx, n>N.
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For n > 0,
p(0~"LM(p+bh) = " / L"(¢ + bh) dv
= 6" /(¢ + bh) dL™v

_ / (6+ bh)dv

= p(¢ + bh)
= p(¢) +0.

Because
Il

min, h(z)’

10(6)| = 1o(Ch)] <
p(é) + b # 0. From Lemma 10.4,
107"L% = 67" L™0l| = [[07"L"(¢ + bh) — 67" L™ (¢ + bh)|
< (eOlerormenen) _ 1) |5mLm (o 4 bh)|
for any m > n > N. Since L¥(¢ + bh) € C% for k > N,
O(L"(p+bh), L™(p+bh)) < A" NO(LN (p+bh), L™ "N (p+bh)) < A"NA.
Thus
167"L"g — 67 L™ || < (eMTTA = 1)[|5TMLT (¢ + bh)].
Let m — oco. We get
1677L7¢ = p(@)hl] < (€72 = 1)(p(¢) + b)||h]| < CoA™™]|¢]]
for n > N, where Cy > 0 is a constant independent of ¢. O]

Remember that p = hv is the Gibbs measure for (f,+) and is f-
invariant. For any ¢ € CY, define

w) = | [ o005 du—( [0y
It is called the correlation for ¢. Since L*"'v = §"v,
[ovorin = 5 [0 00 pmacny

= (5‘”/[,"(¢-h-¢0f”) dv

- / (6L (oh))o dv.
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Thus for n > N,
®(n) < / 167" L™ (h)—p(he)hl|-|¢]| dv < Col[h||A"N]|p]|* = CA™N]|g]]?

where C' = C||h|| is a constant independent of ¢. This gives us that

Corollary 10.1. The decay of correlation is exponential. More precisely,
there is a constant C' > 0 such that for any ¢ € C%, there is an integer
N = N(¢) > 0 such that

®(n) < CA"N9|F, n>N.
Assume L is normalized, i.e., L1 = 1. Let

ct={peC; p(¢) =0}
Then
C*=C*""®R
since ¢ = (¢ — p(¢)) + p(¢). For ¢ € C*+, Theorem 10.1 says that there
is an integer N = N(¢) > 0 such that
12701 < CoA™ M[g]l, n = N.

This is useful in the proof of the next lemma, from which will deduce
an estimate on the essential spectral radius of £ : C* — C* (see Theo-
rem 10.2. Let

rk =max{\ % A} < 1.

Lemma 10.7. There is a constant C > 0 independent of ¢ such that
[L"0la <C - (n+1—N)-w""V|g||
for alln > N.

Proof. Suppose z,y € X with d(z,y) < a. Let f~'(z) = {2} and
fHy) = {w}. We can arrange z’s and w’s such that d(z,w) < A7 'd(z,y).
Then

[Lo(z) — Loy)] = | > (V(2)o(z) — Y(w)o(w))|
zef~1(z),wef1(y)

> [¥(2) = d(w)l|o(2)] + Y (w)]d(w) — ¢(2)].

zef~H(z)wef1(y)

IN
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So
[ ]ano‘

[Lola < 911 + [ Jo-
Let Cy = [1)]anoCoA~*A"®. Then for n > N,

[L7la = [L(L"9)la

< el petg) g Lienig,
< M;;”OOA“N||¢||+ el
< A M[ol] + 3517

Further,

L. < czA"*N|r¢\|+i< AN ] 4 5517 20l)

IN

205" V|9]] + = [£"dla

)\2(1 [

IN

< (0= NG l0l + 5
< C-(n=N+1)- "¢

N)a [£N¢]Oé

where C' = max{Cy, C;} > 0. O

Lemma 10.8. For any ¢ € C*t and for any & € R such that || > k,
the series

Ko =60+ 2Lo+E L2+ + € LG 4o

converges in the supremum norm and its sum K¢ belongs to C*+. Thus

K:Ccot — cot,

Proof. The convergence of the series in C° follows directly from The-
orem 10.1. Because p(L"¢) = 0 for all n > 0, p(K¢) = 0. From
Lemma 10.7,

Kela < Y1)

T
Ll

< D TTHL e+ C Y TR N (i = N+ 1) < o0

n=N

Therefore, K¢ is in C+. n

Il
o

n
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Now consider complex valued function spaces C and C&+. Both of
them are Banach spaces under the norm ||¢||,. Then

L= L1+ 1Ly for ¢ =d1+ig2, ¢1,¢2 € C”.
Thus we have £ : C¢ — C& and £ : C¢+ — C&+. Similarly, K is also
defined on C&*+ and for any ¢ € C&+ and any ¢ € C such that |¢] > &,
the series
6= €10+ E2Lo+E 3020+ + € LG+
converges in the maximal norm and belongs to C&+. So K : C&+ — C&*.

Now we prove a stronger result than Theorem 7.1.

Theorem 10.2. Suppose L is a normalized RPF operator, i.e., L1 = 1.
Then the spectrum radius of L|C&+ : C&t — C&t is less than or equal to
K.

Proof. From Lemma 10.8, for £ € C such that [¢| > &,
KEI—-L)=(I—-L)K =1 on C&.
So &I — L @ C&+ — €&t is bijective. By the Banach theorem, it is

invertible. This implies that £ is not a spectrum point of £|C&*+. This
proves the theorem. O

Corollary 10.2. For any ¢ € C&t and any ¢ > 0, there is an integer
N = N(¢,€) > 0 such that

1£°¢la < (& +€)"||]la, n > N.

Proof. From the spectrum formula,

1
limsup ||£"C&H||& < k.

n—oo

We have an integer N = N(¢,€) > 0 such that
1£7¢la < (K +€)"|lla; n=N
O

Corollary 10.3. For a normalized RPF operator L : C&¢ — Cg, the
mazimal eigenvalue is 1 and the rest of its spectrum is inside the closed
disk centered O of radius k.

From the relation between an RPF operator and its normalization,
Corollary 10.3 implies that

Corollary 10.4. For any RPF operator L : C& — C&, let § be its maximal
positive simple eigenvalue. Then the rest of its spectrum is inside the
closed disk centered 0 of radius k9.
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11 Nuclear operators

Suppose B and D are two Banach spaces. We denote by B’ the dual space
of B, i.e., the space of all bounded linear functionals from B to C. Let
L(B, D) be the space of bounded linear operators from B to D. If B =D,
we write L(B) = L(B, D).

For 2’ € B and y € D and X\ € C, denote by 2’ ® y the linear operator
¥ ®@y(z) = 2'(2)y defined for z € B and taking values in D. It is a
bounded linear operator. A bounded linear operator N is said to have

finite rank if there are {z/}, C B and {y;}/~, C D and {\;}, C C
such that

=1

When D = B, the operator N defined above belongs to L(B). Then we
can define its trace as

= Z i (Ys)-
=1

The finite rank operator N has different representations. However as
the following lemma shows, the trace is independent of representations.
First remark that if {y;} are independent and z, are such that z(y;) = d;;,

then . .
ST St
i=1 i=1
Lemma 11.1. The trace tr(N) of a linear operator of finite rank in L(B)

15 independent of its representations.

Proof. Let {e1,---,en} be a linearly independent set in B such that
lle;|| = 1 and such that {y1, -, y,} C span{ey,---,en}. Then

Yi = @jn€1 + -0+ QimCm, t=1,-,n.
Let €, € B’ be the linear functional satisfying that €}(e;) = d;;. Then

Z A J} €k Z aij€; = Z Z i iij T; ek Z ( )‘iaij'rg(ek))ej
j=1

=1 j=1 7=1 =1

It follows that

el (N(ek.)> = i @i (ex).
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So
tr(N) = Z N (y;) = Z N ( Z aiker)
i—1 i=1 k=1
= Z Z Niagwl(er,) = Z Z Niag )z (ex) = Z € (N(ek)>.
i=1 k=1 k=1 i=1 k=1

This implies that the trace Tr(/N) is independent of representations. [

A sequence a = {\,,}7° of complex numbers is in [,,, 0 < p < 1 if

o0 1
lally = (2 Al)” < oo
n=1

and it is in [, if
l|al|oo = sup max |\;| < oo.
n>0 1<i<n

A linear operator N in L(B,D) is called a nuclear operator of order
0<gq<1if

oo
N=> A\, @y,

n=1
where {\,}52, is in {7 for any p > ¢, {y,}22, is a sequence of elements in
D with norms ||y,||p = 1, and x = {2} }32, is a sequence of elements in
B’ with also norms ||z},||r = 1. In other words, N is a nuclear operator
if and only if it can be decomposed as the product N = ABC where
C:B = lx, B:low = Ngep<ily, and A : Nyep<il, — D are bounded
linear operators.

A nuclear operator of order ¢ is compact but a compact operator

may not be nuclear because all eigenvalues of a compact operator may
accumulate to 0 very slowly.

Theorem 11.1. Suppose B, D, and £ are three Banach spaces. Suppose
N € L(B,D) and M € L(D,E) are bounded linear operators. If one of
N and M 1is nuclear of order 0 < g < 1, then M N is a nuclear operator
of order q.

Proof. Suppose N is nuclear and has a representation

N = i)\n:p;@yn.

n=1
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It is easy to see that

MN = ) Al @ M(y,)

n=1

B > 2 M
= D AllM(yn)lla), ® 1M (y,)]|

n=1

for all n > 0 such that M(y,) # 0. Therefore, we have
MN => "X, @ n
n=1

where 7, = M (y,)/||M (y»)|| or 0 and A, = X\, M(y,). Since

S < 3 Pl < o
n=1 n=1

for any ¢ < p < 1, we get that M N is a nuclear operator of order q.
Similarly, we can prove that M N is a nuclear operator of order ¢ when
M is nuclear of order gq. Il

For a nuclear operator in L(B) having its representation N = > 7 X, y,®
x,, we could define its “formal” trace

“tr’ (N) = Z A, (Yn)-

neN

A Banach space B is said to have approximation property if there is a
sequence {e,}> ; of independent unit elements in B such that any ele-
ment x in B can be written as a linear combination of these independent

elements:
x
T = E Un€n,
n=1

where {a,}>° is a sequence of complex numbers (such a system {e,}) is
called a Schauder basis).

If B has approximation property and N is a nuclear operator of order
0 < ¢ < 1, then it may be proved that the trace defined above is indepen-
dent of representations (the same proof for finite rank operators). Not
every Banach space has approximation property. However, we have
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Theorem 11.2 (Grothendick [Gr]). If N € L£(B) is a nuclear opera-
tor of order 0, then “tr” (N) is unique, this means that it is independent
of representations, and we have a well-defined trace formula

=Y A= Y p
n=1

pESP(N)

and a well-defined determinant

det(I — zN) —exp< Z—trN”)* H (1—72),

n=1 TESP(N)

where sp(N) means the spectrum of N. Moreover, det(I — zN) is an
entire function of C.

Remark 11.1. To prove that det(I — zN) is entire, Grothendick proved

that
det(I — zN) = Z /\ N
n=0

where \"N means the n-fold exterior product of the linear operator N.
Then following the Hadamard Inequality, he showed that

nlogn

ytr(/\ N)| <Cn™3 =Ce "3

So det(I — zN) is an entire function.

Now let us look at an example of nuclear operators.

Let U and V be two bounded Jordan domains in the complex plane
such that U is compact and U C U C V. Suppose C¥(V) (resp. C*(U))
is the space of all complex analytic functions on U (resp. V') and sup-
pose C°(V) (resp. C¥(U)) is the space of all complex valued continuous
functions on U (resp. V). Let A(U) = C¥(U) N C°(U) and A(V) =
C¥(V) N COV). Define the restriction operator Ry : A(V) — A(U) by

Ry(¢) =¢lu, Vo€ A(V).

Example 11.1. The restriction operator Ry € L(A(V), A(U)) is a nu-
clear operator of order 0.
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Proof. Let D, = {z € C;||z|| < r} for any 0 < r < 1. First let us

consider a special case that U = D, for some 0 < r <1 and V = D, we

want to prove that R, = Rp, : A(Dy) — A(D;) is nuclear of order 0.
For any ¢ in A(D;), we have

Pl 1¢ -
— — )\n n
4(2) oD, U — % o Z ngl u” 2mi Z Tu(9) @ 9n(2)

where y,,(2) = (z/r)""1, A, = r"~! and

o) du

D u" 27TZ

2, (¢) =

Notice that ||2},||ap,) = 1 and y,, = (z/r) ! is a function defined on D,
with ||yn(2)]|ap,) = 1 and that > oo, rP""D < oo for all 0 < p < 1. So,
the operator

R. =) A, @ yn(2)

n=1
is nuclear of order 0.

Return to the general case. Since U and V' are Jordan domains, let
f: Dy — V be a conformal mapping (Riemann mapping). Then f can
be continuously extended to D;. Let f*¢ = ¢ o f for ¢ € A(V). Let 0 <
r < 1 such that f~Y(U) C D, and let g : D, — U be another conformal
mapping (Riemann mapping). Also g can be continuously extended to
D,. Let g.0 = pog~" for ¢ € A(D,). Let (go f~')"d(2) = ¢(go f~}(2))
for ¢ € A(U). Then

Ry=(gof™') ogioRyof"
Since Rp, is nuclear of order 0 and (go f~1)*, g., and f* are all bounded,

Ry is nuclear of order 0. O

12 Nuclear transfer operators and dynam-
ical determinants

Consider two complex numbers ¢, 6, |#| < 1. Define an operator Ny, :
A(D1) — A(Dy) by

Nopo(w) = cp(bw), ¢ € A(Dy).
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Theorem 12.1. The operator Ny . is nuclear of order 0.

Proof. Consider the restriction operator Rp, : A(D1) — A(Djg) which

is nuclear of order 0 ( Example 11.1), and the bounded operator N :
A(Dyg) — A(D;) defined by

No(w) = co(fw), ¢ € A(Djg)).
Then, by Theorem 11.1, the composition
Nyo=NoRp,.
is nuclear of order 0. O]

How to calculate the trace Tr(Ny.)? Consider the bases 1, w, w?, - - -,
w™, -+ of A(D;) and the Taylor expansion

o(w) = Z a,w"
n=0
for ¢ in A(D;). Notice that Ny .(w") = c"w™ for n = 0, 1, ---. Thus

{w™}>2, are all eigenvectors of Ny, with eigenvalues {c6"}2°,. So the
trace is equal to

> c
tr(Ng.) = " = )
r(No.) ;;; 19
It is clear that the determinant
det(1 — 2Ny,.) = H(l —cf"z)
n=0

is an entire function.

Let V and U are Jordan domains in the complex plane C with U C V.
Suppose g : V. — U is conformal. Then g has a unique fixed point
z, which is attractive (following hyperbolic geometry). Let ¢ € A(V).
Define N, : A(V) — A(V) by

Nyyp=vog-¢pog,  ¢eAlV).

Lemma 12.1. The operator Ng, is nuclear of order 0 and

R
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Proof. The restriction operator Ry : A(V) — A(U) is nuclear of order 0.
Since

Ngﬂ/, = N O RU,

where 3
Np=1og-pog,  ¢cA).

is bounded, N is nuclear of order 0.
For any ¢ € A(V),

Nyyd(w) = b ¢(Z)Zf(—gz()w)%'

Since for w € U and z € 9V, z — g(w) # 0,

_f 9&) dz _ Wla)
tr(Nyy) = ]gv z—f(z)2mi 1—g'(z)

Remark 12.1. In general if K(w, z) is a kernel function such that

No(w) = K(w,2)p(z)dz : A(V) — A(V)

oV

is an integral operator (called the standard Fredholm operator). The trace

of N can be calculated by tr(N) = ¢, K(z,z)dz (see [DS]).

Finally let us consider some conformal dynamics and its dynamical
determinants.

Suppose that V' is a Jordan domain and Uy, ---, Uy are sub-Jordan
domains of V' such that

d
UTkcVv and U;(U;=0, 1<i#j<d
k=1

Consider the dynamics f : UZ:1 Uy — V. Suppose that each f|Uy : U, —
V is conformal. Let ¢» € A(V'). The transfer operator £ for f with weight
1) is defined as

Lo(z)= Y dlw)glw), ¢ AV).

wef~1(z)
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Let gr = (f|Ux)™' and z;, be the unique fixed point of gy in Uy,
1 <k <d. Define Ny, : A(V) — A(V) by

Ny =vogy-gogy.

Then we have

Since each N}, is nuclear of order 0, so is £ and

- S o)
tr(L) = tr(N) =Y ——
2 =2
Let w,, = 1gt1 - - - i9p be a sequence of 1’s, ---, d’s of length n. Let
Ny, = N;,_,0---0N,,.
Define
wwn :wogio 'wogio Ogil"'wogio ©Gi; O 0Gi,_4
and
gwn = giO Ogl O oginfl‘

We have

an¢ = ¢wn : ¢O fwn
Furthermore,

S

and

(L") = tr(Ny,),
where the summations are over all sequence of 1’s, ---, d’s of length n.
Let z,, be the unique fixed point of g,,, in Uy, = gu, (V). Then we have
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Theorem 12.2 (Ruelle). The operator L is nuclear of order 0 and the
determinant

det(I — 2L) = exp ( Z Z %an Zw” ) H (1—27)

TESP(L)

is an entire function and the roots of det(I — AL) are exactly one over
the eigenvalues of L (with the same multiply), where sp(L) means the
spectrum of L.

Proof. Because

det(] — zL) = exp(— g Z—
n
n=1

and

Z ¢wn an

an

Now from Theorem 11.2, we have that

det(I — 2L) = exp< Z Z %n an

an

)> H (1—172)

TESP(L)

is an entire function. It is clear from the last formula that the roots of
det(I — zL) are exactly one over the eigenvalues of £ (with the same
multiply). [

13 Dynamical Zeta functions

We consider the same dynamics in the last section. Recall that V', Uy,
-, Uy are Jordan domains such that

Ul U, CV and UNU;=0, 1<i#j<d.

The dynamics f : Uf_, Uy — V is defined so that and each f|Uy, : U, — V
is conformal.
Let

A=[)Fv)
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Let CY(A) be the space of all continuous functions ¢ : A — C. Suppose
¥ is in CY(A). For any n > 0, let

Gula) = [[ 0@, w A

Remember that g, = (f|U)~! and that for w, = igi; i, 1, a se-
quence of 1’s, 2’s, - -+, d’s of length n,

Gwn = GioGir " Giny -V — Uy, = Gu, (V).

The map g, has a unique fixed point z,, in A,, = ANU,, because it
is a contracting map. For each n > 0, define

Zn(Y) = Z Gn(2w,)

where w,, runs over all sequences of 1’s, 2’s, ---, d’s of length n. The
functional Z, (1)) : C°(A) — C is called a partition function. The zeta
function of (f,) is defined as

e} n

S = exp (Y =2u(0)).

n=1

The number

1
P($) = limsup - log|Z,(v)

n—oo

is called the topological pressure of the observable log . The convergence
radius of £(z,1) is ef’.

Remark 13.1. If¢ > 0, we can define a measure p,, on A as

dun e M On A-’Uj/"/'

Zn(¥)

All weak limits of {p,} will be f-invariant probability measures on A and

are called Gibbs measures for (f, 1) (refer to §6).

Now let us see some examples to calculate zeta functions.



Complex Dynamics and Related Topics 124

Example 13.1. Suppose v = 1. Then Z,(1) = #(Fiz(f")) = d".
Let A be the d x d matriz with all entries 1. Then it is easy to see
Zn(1) = tr(A"). So

() = exp (32 T = gt

n=1

where I means the d X d identity matriz. The pressure is

1
P = lim —log Z,(1) = logd.

n—oo M

Example 13.2. Suppose ¢ is a function only depending on iyiy, that is,
V(T) = Gigiy, T € Nigyy

Let A = (a;y;,) be the d X d-matriz whose igii-entry is a;,;, . One can see
easily that Zy(yp) = Z?:l a; = tr(L) and Zy(¢) = Zle Z;l:l a;aj; =
tr(A?). In general, Z, = tr(A"). Therefore,

§(z,¢) = exp (i Z—;tf(An)) = m-

Now let us calculate the zeta function for a function ¢ € A(V).

Theorem 13.1 (Ruelle). Suppose v € A(V). Then the zeta function
£(z,%) can be extended to a meromorphic function of z and its pole are
ezactly the inverses of all eigenvalues of the transfer operator Ly, (counted
by multiplicity).

Proof. The transfer operator £ = L, can be written as

d

Lo(2) =Y b(gr(2))d(gr(2)).

=1

Furthermore, for any n > 1, we have

Lr(2) =Y tu, (2)0(gu, (2)),

where w,igiy - - - 1,1 runs over all strings of 1’s, ---, d’s of length n and

gwn = giO o g’il ©---0 g’infl
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and
wwn:¢09i0'¢ogioogi1""'wogioogilo"'ogin_l-

As we already know, L£" is nuclear of order 0 and its trace is

Z wwn an

1- gwn an

The difference between tr(£") and Z,(v) is the factor 1 — g, (zu,)-
However, it is quite easy to remove the factor as follows. Define Ly = £
and

Lyd(z) Z¢ (gr(= )o(gk(2))-

Then
Z) = Z¢wn(z)g;n(z)¢(gwn (2))
e Y ()9, ()
. wn (Zwn ) Gy, (Zon
tr( (1)> - %n: 1—gl, (2w,)
So

Za() = tx( L)) = tr ().

This gives us that

E(20) = exp (f}
(

Since det (I —zL1)) and Det(I — 2L g)) are both holomorphic functions of
z, £(z,1) is a meromorphic function of z. It is clearly the poles of £(z, )
are exactly one over the eigenvalues of £ (counted by multiplicity). [
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