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Abstract

We studied the rational realization problem for sub-hyperbolic
semi-rational branched coverings. By using the shielding ring
lemma, we are able to give a direct proof of CJS’s Theorem fol-
lowing the lines of the proof of Thurston’s Theorem given in the
paper of Douady-Hubbard.
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1 Introduction

Thurston’s Theorem in complex dynamical systems gives a topological
description of a critically finite rational map. A proof of this theorem
is an interesting application of the finite dimensional Teichmiiller the-
ory. The reader may refer to Douady and Hubbard’s paper for this
proof or Appendix to get some idea about the proof. The statement
of Thurston’s Theorem can be summarized as follows: A critically fi-
nite branched covering of the two-sphere associated with a hyperbolic
orbifold is combinatorially equivalent to a unique rational map (up to
conformal conjugation) if and only if it has no Thurston’s obstruction.
McMullen [Mc| further showed that no Thurston’s obstruction is essen-
tially true for any rational map with a hyperbolic orbifold—only trivial
Thurston obstructions inside Siegel disks or Herman rings may occur for
a rational map with a hyperbolic orbifold (see [CJS1] in this proceedings
for a precise statement of McMullen’s Theorem). So a basic problem is
whether a branched covering having no essential Thurston obstruction is
combinatorially equivalent to a rational map?

Cui, Jiang, and Sullivan studied this problem in 1994 for a geometri-
cally finite branched covering. Local combinatorial structures, like com-
binatorial contraction and combinatorially invariant shrinking family of
curves, have been studied in [CJS1]. Furthermore, a counter-example of
a geometrically finite branched covering is constructed in [CJS1] by using
this study. The example has no Thurston obstruction but is not com-
binatorially equivalent to a rational map. Therefore a combinatorially
contracting property is introduced into the further study.

Following the study in [CJS1], a class of semi-rational branched cov-
erings are introduced in [CJS2]. More precisely, a semi-rational branched
covering is a geometrically finite branched covering whose periodic accu-
mulation points of post-critical orbits can be combinatorially normalized
into super-attracting, or attracting, or parabolic periodic points. Fur-
thermore, they proved that a semi-rational branched covering is combi-
natorially equivalent to a rational map if and only if it has no Thurston
obstruction. However, the uniqueness in the geometrically finite case
is quite different from the critically finite case. By using combinato-
rially invariant shrinking family of curves, it is proved in [CJS1] that a
semi-rational branched covering is always combinatorially equivalent to a
sub-hyperbolic semi-rational branched covering, which is a semi-rational
branched covering whose periodic accumulation points of post-critical
orbits are only super-attractive or attractive. Therefore, to study the
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rational realization of semi-rational branched covering, we only need to
study the class of sub-hyperbolic semi-rational branched coverings. In
order to have a well-defined rational realization problem in the class of
semi-rational sub-hyperbolic branched coverings, a CLH-equivalence is
introduced in [CJS2] (see also §2). The theorem proved in [CJS2] is that
a sub-hyperbolic semi-rational branched covering is CLH-equivalent to
a unique rational map (up to conformal conjugation) if and only if it
has no Thurston obstruction. The proof given in [CJS2] is by the study
of combinatorial properties of a sub-hyperbolic semi-rational branched
covering. An interesting point in the proof is to use a similar partition
technique like those used in Branner-Hubbard’s work [BH] in the study
of cubic polynomials and in Yoccoz’ work (refer to [Hu, Jil]) in the study
of quadratic polynomials.

In this paper, we only concentrate in sub-hyperbolic semi-rational
branched coverings defined in [CJS2] and show a direct proof of CJS’s
Theorem following lines of the proof of Thurston’s Theorem given in
Douady and Hubbard’s paper [DH].

An essential difference between the studies of critically finite case and
geometrically finite case is the finite dimensional Teichmiiller theory and
the infinite dimensional Teichmiiller theory. Later one makes the study of
the problem harder. However, in both cases, following bounded geometry
properties should be studied first. These bounded geometry properties
enable us to have a similar study in both cases.

In the critically finite case, the base point of the Teichmiiller space is
the Riemann sphere minus finite points. The branched covering induces
an operator on the Teichmiiller space. Iterations of the operator produce
a sequence of sets of finite points in the Riemann sphere. The bounded
geometry in this case means that the sets of points move with a bounded
distance in the Riemann sphere (refer to [DH, Pi).

In the geometrically finite case, the base point of the Teichmiiller
space is the Riemann sphere minus infinite points. The branched cov-
ering induces an operator on the Teichmiiller space too. Iterations of
the operator produce a sequence of sets of infinite points in the Riemann
sphere. In order to have a similar bounded geometry concept like that in
the critically finite case, we need to find a holomorphic disk about each
accumulation point. Note that we only need to find finitely many such
disks. These holomorphic disks should keep a definite size under itera-
tions of the operator. More importantly, there should have an annulus
with a definite modulus around each holomorphic disk to keep away the
rest of finitely many points from these holomorphic disks. To have this
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property, we prove our shielding ring lemma (see §2). After having this
lemma, the problem essentially becomes a problem in the finite dimen-
sional Teichmiiller theory. So we can just follow main lines of the proof
of Thurston’s Theorem given in Douady-Hubbard paper [DH].

The article is organized as follows. In §2, we review the definition of
sub-hyperbolic semi-rational maps and prove the shield ring lemma. We
also state the main theorem in §2. In §3, we define the Thurston pull
back operator on the Teichmiiller space and push forward operator on
quadratic differentials. We also define bounded geometry for Riemman
surfaces, which are the Riemann sphere munius finite number of disks and
points. We then give our direct proof of CJS’s Theorem. To make the
paper a self contained, we write down main ideas of a proof of Thurston’s
theorem in Appendix.

Further result and study. The shielding ring lemma is shown by the
first author(YJ) and then the rest is finished by the second author(GZ)
under supervision of the first author(YJ). So it is put in the second au-
thor(GZ)’s thesis [Zh] as Chapter 2. The origination of this research
is started in the preparation of a suitable and workable thesis problem
for the second author (GZ) by the first author (YJ). During this prepa-
ration, the first author (YJ) formulates a conjecture that a branched
covering of the two sphere without essential Thurston’s obstruction and
linearizable at Siegel disks and Herman rings with bounded type rota-
tion numbers and with finite number post-critical points outside Siegel
disks and Herman rings is CLH (combinatorially and local holomorphi-
cally) equivalent (see §3) to a rational map and unique up to holomorphic
conjugation. In this conjecture, one need assume that there are finitely
many branch points on the boundary of each Siegel disks or each Herman
rings. Our successful story is that the conjecture is solved partially for a
subclass of simple Siegel disk type topological polynomials which forms
the main body of the second author(GZ)’s thesis [Zh]. A simple Siegel
disk type topological polynomials is a branch covering in the conjecture
with a completely invariant point oo and only one linearizable Siegel disk
with bounded type rotation number. Many other problems like the mea-
sure and local connectivity of the Julia set of a simple Siegel disk type
polynomial are also studied from the combinatorial equivalence point of
view. The further study of this conjecture is still underway and remains
an interesting problem for us. During the formulation of the conjecture
mentioned in the last paragraph. The first author(YJ) had some discus-
sion with Professor Linda Keen. He would like very much to express his
thanks for her valuable advises. During this research, both authors got
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great help from Professors Guizhen Cui, Fred Gardiner, and Linda Keen,
they would like to express their thanks to them.

2 Sub-hyperbolic semi-rational maps

Suppose S? is the two-sphere. Let f be an orientation preserving branched
covering. Then
Qp={reS?| deg, f > 1}

is called the set of branched points, where deg, f means the local degree
of f at x. The set
Pf = Uii"zlf"(Qf)

is called the post-critical set of f. The map f is called geometrically
finite if P; has only finitely many accumulation points. In this case,
every accumulation point of P; is periodic. The reason is the following.
Let P; = {p1,--+,pm} be all accumulation points. Then it is clear that
f(P;) C Pf. So every point is eventually periodic, i.e, for every p € P4,
there are minimal integers [ > 0 and k > 1 such that f"*(p) = f!(p).
If [ = 0, then p is periodic. So we only need to prove that [ = 0 for
every p € P;. Suppose there is a p € P; such that [ > 0. Assume
pi= f7p), 1 <i<Il+k. Then O = {p;1, -+, pis} is a periodic cycle.
So we can find a small number € > 0 such that f(B.(z)) N Be(y) = 0 for
all z € O and y € P; \ O, where B(-) means the disk of radius € and
centered -. Now let ¢ € Qf such that f™(c) — p = p; for a subsequence
{ni}. Then f***(c) — piy1. Since {f*(¢)}2y C Useq,Be(x) for some
M >0, {fi(c)}2n C UzeoBc(z) for some N > M. This contradicts with
fr(e) — p.

Let P! be the standard Riemann sphere. Suppose f is geometrically
finite and suppose p € P}. Let £ > 1 be the period of f at p. Then we
say f is combinatorially contracting at p if there exist homeomorphisms
¢, : S? — P! such that

* o(p) =0,
e ¢ is isotopic to ¢ rel Py, and

o (po forp71)k(2) = Az for some |\ < 1 if deg,f? =1 or (po fo
PR (z) = 24 if deg, fF = d > 1.

In[CJS1, CJS2], the following theorem is proved. See Appendix for
definitions of Thurston obstruction and combinatorial equivalence.
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Theorem 1 (Cui-Jiang-Sullivan’s Theorem). A geometrically fi-
nite branched covering f is combinatorially equivalent to a rational map
if and only if f has no Thurston obstruction and f is combinatorially
contracting at every accumulation point of Py.

From the study in [CJS1], in the study of the ”if” part of the above
theorem, we can assume the combinatorially contracting condition. So
a class of semi-rational maps and a class of sub-hyperbolic semi-rational
maps are defined in [CJS2] as follows. A geometrically finite branched
covering f is called semi-rational if

e f is holomorphic in a neighborhood of the set of accumulation
points Py;

e cach cycle in P} is either attractive or super-attractive or parabolic;
and

e cach attracting petal associated with a parabolic cycle in P} con-
tains a post-critical point.

Furthermore, if all cycles in P]’c are either attractive or super-attractive,
then f is called a sub-hyperbolic semi-rational map. It is shown in [CJS1]
that a semi-rational branched covering is always combinatorially equiv-
alent to a sub-hyperbolic semi-rational branched covering. So the rest
proof of the ”if” part of Theorem 1 is just for sub-hyperbolic semi-rational
branched coverings.

Suppose f is a sub-hyperbolic semi-rational branched covering. For
each point 2z € P}, let k& > 1 be the period of f at z, there is an open
disk D(z) centered z such that

fH(w) =2+ Mw — 2) + h.ot, we D(2)
for some A with 0 < |A\| <1 or
fHw) =2+ (w—2)"+ h.ot

for some n > 2, where h.o.t. means the higher order terms. By making
each D(z) small enough, we can assume D(z) and D(z') are disjoint for
z # 2" € P;. Moreover, by taking D(z) smaller, we assume that D(2)\{z}
contains no critical value. Let P; = {2} and let {D;} be a collection of
corresponding disks.
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Lemma 1 (Shielding Ring Lemma). There is a collection {D;} such
that for each D; there is an annulus A; attaching to it which is mapped
into some Dj; by f and which contains no post-critical point.

Proof. Start with a collection of disks {D;} satisfying f*(D;) C D; where
ki is the period of the point in D; N Pf. Let 21 € P} be a point with
period k > 0. Suppose {z;.1 = fi(z1)}74 is a periodic cycle. Let D be
the disk in the collection containing z;. Then f*(D) C D. Take an open
topological disk B with

fM(D)cBcD and (B\ f(D))NnP;=0.
Divide B\ f*(D) into k sub-annuli
By, By

such that E) attaches to f*(D) and E;,; attaches to E; for i = 1, ---,
E—1.
Let Ey = (0. The new disk, which we still denote as D;, about z; is

Dy = [7H (D) U (Vosicj1 Ei))-
The annulus A; attaching at D, is
Aj = [Y(E;).

The above construction works for every periodic cycle. Then the new
collection of disks satisfies the lemma. O

A collection of disks {D;} satisfying Lemma 1 are called standard
normal disks and corresponding annuli {A;} are called shielding rings.
Henceforth, we will assume that f is a sub-hyperbolic semi-rational branched
covering with a fixed collection of standard normal disks {D;} and a fixed
collection of shielding rings {A4;}. In order to have a well-understood
problem for the rational realization of sub-hyperbolic semi-rational branched
covering maps, the CLH-equivalent is defined in [CJS1, CJS2]. (CLH
means combinatorially and locally holomorphically.) Two sub-hyperbolic
semi-rational maps f and g are CLH-equivalent if there is a pair of home-
omorphisms (¢, 1) of the Riemann sphere P! such that

e 7 is homotopic to ¢ rel Py,
° of = gv,
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e ¢|Us; = ¢|Uy is holomorphic on some open set Uy D P;.

After having the above result and notations, we are ready to give a
direct proof of the following theorem in [CJS2].

Theorem 2 (Cui-Jiang-Sullivan’s Theorem). Suppose f is a sub-
hyperbolic semi-rational map with P]’c non-empty. Then f is CLH-equivalent
to a rational map R if and only if f has no Thurston obstruction. More-
over, the rational map R is unique up to holomorphic conjugation.

3 Thurston pull back operator on Beltrami
coefficients and push forward operator
on quadratic differentials

We keep using the notations in §2. Let P; = {z1,--+,2,} and Uy =
U, D;. Denote
P =P\ Uy

Then P; is a set containing only finite number of points. Let
X =0U;UP

Let M be the set of all the Beltrami coefficients on P*, which consists
of all measurable functions p defined on the Riemann sphere with ||u|s <
1. Consider the subset M; C M,

My ={pe M| pUs =0}

For each p € My, there is a unique quasi-conformal homeomorphism
¢, : P! — P! fixing 0, 1, and co and having complex dilation . Without
loss of the generality, we can assume that 0,1, and oo belong to P;. Two
elements 1, v € M are said to be equivalent, denoted as pp ~ v, if ¢, is
isotopic to ¢, rel X. Then the space of M,/ ~= {[u]} is the Teichmiiller
space, which we denote as 7;, with the base point (P'\ Uy, X). The
Thurston pull back operator associate with f is the operator oy : 7y — 7
defined as o¢([p]) = [f*p], where

(o) = Hr(2) 4 u((f(2))0(z)
Ay T
where py = ;—j and 0(z) = % Note that for p ~ v € My, then ¢, is

isotopic to ¢, rel X and ¢, = ¢, on Uy is analytic. Since f(U;) C Uy and
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f is analytic on Uy, ¢, o f is isotopic to ¢, o f rel X and ¢, 0 f =¢, 0 f
on Uy are analytic. Since f*u and f*v are the Beltrami coefficients of
¢po fand ¢, 0 f, so f*u~ fve My Indeed, os([p]) € Ty for any
(1] € T;. Furthermore, if (t) is a smooth curve in 77, then oz(y)(t) is
also a smooth curve in 7.

Let v : [0,1] — M/, be a C' Beltrami path and let ¢, = ¢,, be
the corresponding path of quasi-conformal homeomorphisms. For any
0 <7 <1, ¢u(7)(t) = [Hy,04-1] denotes the Beltrami path passing ap =
0] at 7. Let g = v(7) and let ¢, = ¢, be the corresponding quasi-
conformal homeomorphism. Use 7, to denote the Teichmiiller space with
the base point (P*\ ¢,(Uy), ¢,(X)). Denote n = +/(7) and £ = d,.(n) =
2L (¢u(7)(7). The norm of £ = £(2)% is defined as

1€l = sup’ //Pl\%wf) q(2)€(2)dz A dz

where the sup is taken over all the quadratic differentials ¢ = ¢(z)dz* on
P!\ ¢,,(Uy) such that

e All the poles of g are in ¢,(P;) and simple,

° f fPl\m(Uf) lg(2)|dz N dz = 1.

Since ¢,, induces an isometric mapping between 7; and 7, so the norm
of n can be calculated as [|n|| = ||£]|.

Similarly, let v = f*(u), 7 = df*(n), and £ = do,.(7), then we have
|7]] = ||€]|. Since the following diagram is commutative,

(P, f7N(Py) 2% (Pg\(P,))
Lf ly

bu
(Plvpf) - (P17P9)

We have & = dg*(§), where g is a rational map. We can use the following
diagram to show the relation among 7, 1, &, and &.

~ du« Ind ~

Ul — q

T df* Tdg* | L
Ay

n — & q

We conclude the above as follows. For each quadratic differential G(w)dw?
on P'\ ¢,(U;), there is a unique quadratic differential ¢(z)dz? on P\
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¢, (Uy) such that

// dz/\dz—// (w)dw A dw. (1)
Pl\%(Uf P1\¢u(Uf

Actually, ¢ = dg*q = LG(z)dz* is given by

@wzijgﬁP

g(w)=2

distributively. Note that £ is called a transfer operator (see [Ji2]). Here
we call 0g* the push forward operator.

4 Bounded geometry and contracting prin-
ciple

Theorem 2 is equivalent to the statement that o has a unique fixed point
in 7y. The reason is the following. If o has a unique fixed point [u] in 77,
then v = f*u € [p]. Let ¢, and ¢, be the corresponding quasi-conformal
homeomorphisms. Then ¢, = ¢, on Uy is analytic, ¢, is homotopic to
¢, rel P, and g = ¢, f¢, ! is a rational map. Therefore, our purpose now
is to find a unique fixed point of oy.

Let po = 0 and p,, = f*p,—1. Starting from «g = [po], define «,, =
[f*ptn—1] for all integers n > 1. If we can show oy is strictly contracting
on {ay,}, then it has a unique fixed point because 7; is complete and
oy is weakly contracting. The derivative do; maps n to 7. So to show
oy is strictly contracting, we need only to prove that there is a uniform
number 0 < § < 1 such that

171l = lldosnll < dlinl (2)

for all . As we have seen that ||n|| = |[|¢|| and ||7] = ||€]|. So let
¢ = ¢(w)dw? and ¢ = q(2)dz* = 6g*G = L§(z)dz* be the corresponding
quadratic differentials in Equation 1. Then

b= [ pi@mena=[ [ 1S o

< // |G(w)|dw A dw
P\ (¢ (Uf) Ui (As))

dz Ndz
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// w)|dw A dw — // |G(w)|dw A dw
Pl\%(Uf Uit (A7)
~ llal - / [t n i
Ui (As)

Assume ||¢|| = 1. Then

Hq||<1—// w)|dw A dw.
U¢V(A)

Thus Equation 2 holds if we can find a uniform € > 0 such that

// w)|dw A dw > e.
uUZA)

Let ¢, = ¢,,,, be the sequence of corresponding quasi-conformal home-
omorphisms. Let mg = #(Py).

Lemma 2 (Bounded Geometry). Let A= P U{D; A;;1 <i<m}.
We say A is of bounded geometry if there exists a uniform § > 0 such
that

o d(Pn(2), on(A;)), d(Dn(Ai), Pn(A;)), d(dn(2:), dn(2;)) > 0 for zi #
z; € P and A; # A; € A and

o ¢,(D;) contains a disk with radius 6 and mod(¢,(A;)) > 6 for all
A; €A

We have that

Lemma 3 (Bounded Geometry Implies Contracting Principle).

Suppose AN has bounded geometry. Then there exists a uniform € >
0, dependent only on m,mg,d, such that for any quadratic differential
q(2)dz* on P\ ¢,,(Uy), with possible simple poles at some ¢, (2;) € pn(Pr),

satisfying
// lg(2)|dz ANdz =1,
P1\¢n(Uf)

// 2)|dz N dZ > e.
U¢n

we have
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Proof. Without loss of generality, we assume co € D;. We prove the
lemma by the contradiction. Suppose there is a sequence of quadratic
differentials {g, = ¢,(2)dz?}°°, with

w(z)= Y ‘“—’"(,)m(z)

16i6my © Pn(2i
such that

hd ffp1\¢n(Uf) |Qn(Z)’dZ ANdz =1 foralln >1,
. ffu-%(A-) lgn(2)|dz AN dzZ — 0 as n — oo, and

e g,(2) is holomorphic on P\ ¢, (Uy).

// lgn(2)|[dzNdZ — 0 as n — oo,
Ui¢n(Aj)

we can take ', = {71, -, Ymn} Where 75, C ¢,(A;) is a simple closed
curve homotopic to the boundary of ¢, (4;) such that

Since

|gn(2)|dz — 0 as n — oc.
I'n

Since ¢, on every A; is holomorphic, the modulus of ¢, (A4;) is un-
changed with n. From the bounded geometry, each D; contains a disk
with a fixed radius and A; attaches at D, A, has a fixed thickness. By
taking a subsequence if necessary, we can assume ¢, (D;) and ¢,(4;)
converges to a disk F; and an annulus B; in the Carathéodory topology
such that every E; contains a disk with a fixed radius and mod(B;) =
mod(A4;). Also we can assume every 7; , converges to 7; in the Carathéodory
topology. Let I' = {~,}.

From the bounded geometry we can assume by take a subsequence
Zin = On(2i) € ¢n(P1) converges to z; o for every i. So we get a limiting
Riemann surface P!\ (U U P1 o) where Uy oo = U;E;j and P o = {2}

For any z € P'\ ¢,,(Us U P),

1 (&) . 1 () am
g”(z)_%/mg——zdg Q_W/r §—z Z/ T Z)df

1<<

1 Qn(g)

2mi Jp, § — =

dg
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(2R

since an mdf = 0. Therefore, g,(2) — 0 as n — oo on any
compact set in P*\ (U o U Py ). This implies that

/H Z &Hdz—%), as m — 00.
r, z — z

16i6mo L

We claim that a;, — 0 as n — oo. Let a, = max;{|a;,|}. If there is a
constant b > 0 such that a,, > b for at least a subsequence of n. Then
for this subsequence we take b;,, = a;,/a,. Then max;{|b;,|} =1 and

b:
" d 0 .
/|| Z Z_Zin||z—> as n — oo

n  1616mg ’

Every b, ,, converges to a number b; as n goes to infinity and max;{|b;|} =
1. This implies that

JIY =0

1626m0

Thus, 216i6m0 z—bﬁ = 0 on I'. This implies each b; = 0. This contra-
dicts to max{|b;|} = 1. We proved the claim.

Since g,(z) — 0 and every a;, — 0 as n — oo, this contradicts to
llgn|l = fp1\¢n(UfUP1) lgn(2)|dzAdz = 1. (For fix n, g,(z) may go to infinity
as z tends to the boundary of ¢,(Uy). But note that each B; has a fixed
thickness and we assume that fui%(m) |qn(2)|dzAdZ — 0asn — o00.) O

Let R = P'\ (U; U Py), we need to prove that ¢,(R) has bounded
geometry for all n = 1,2,---. This is equivalent to prove that the length
of the simple closed geodesics in ¢, (R \ P;) has a uniform positive low
bound for all n. Note that since f is holomorphic on Uy, for each disk
D;, if its center is attractive but not super-attractive, then critical orbits
are attracted to it in a bounded geometry fashion. So any non-peripheral
close curve in P\ Py inside D; should have a certain length. From this
fact, Koebe Theorem, and Theorem 6.3 in [DH], any short simple closed
geodesic in ¢, (P \ Pf) is either lies in ¢,(R) or lies deeply in a super
attracting disk, which is a disk of ¢, (Uy).

For each disk D of Uy, let a be the center of D and b be a point
in D N Py such that d(a,b) > adiam(D) for some o > 0. Let P, =
P U{a,be D|D e A}.

For each simple closed curve 7 € R, ¢() is a closed curve in the
Riemann surface P! \ ¢(P). We use ||v]|4.p, to denote the hyperbolic
length of the unique closed geodesic homotopic to ¢(v) in P!\ ¢(P).
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Lemma 4. There exists a uniform § > 0 such that ||y||s,.p, > 0 for all
simple closed curves in P\ Py and alln =1,2,---.

Denote
Fs =l |7 C R, |7illgny.p < 0}

Before we prove Lemma 4, we first prove that

Lemma 5. For § small enough, if there is a ng > 0 such that the family
Fs is not empty, then Fs must be a f-stable family.

Proof. Let v € Fs and 7/ be a non-peripheral component of f~(v). Then
7' must be in R. Let Py = P, U f(P,). Since ¢, is univalent in Uy, there
exists a number K > 1 independent of n and ~ such that

V60,25 < Kl[V][60, P,

On the other hand, we have

17 6122 < dllVllgn. 55

where d is the degree of f. So we get

H’7,H¢n+17P2 < dK||’7||¢n,P2

If § is small enough, by Lemma A9 in Appendix (note that ¢, is holo-
morphic on Uy), we know v € Fj. Therefore Fs is a f-stable family. [

Proof of Lemma 4. By lemma A6 in Appendix, any two simple closed
geodesics in ¢, (P! \ P;) whose spectra > A = —loglog(v/2 + 1) are
disjoint. Therefore there exists a k£ dependent only on f such that for all
n = 1,2,---, there are at most k simple closed geodesics whose spectra
greater than A.

Similar to Appendix, for each f-stable family F, we can define the
Thurston linear transformation and it’s associated linear transformation
matrix A. Since the size of A is bounded by k and each entry of A can
only be one of the finite values, so there are only finite many such linear
transformation matrixes. Since f has no Thurston obstruction, so we
have a uniform number m such that

™ <

N | —

for any Thurston transformation A associated to a f-stable family.
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When ¢ is small enough, By Lemma 5, we know Fj is a f-stable
family. Let F,, be the family consists of the non-peripheral components
of the pre-image of Fs by f°" in P!\ B,.

Define
|1Full = D ——

fourd ||7H¢n P

We will prove that || F,|| has a positive lower bound for all n = 1,2, ---
This will imply Lemma 4. Note F,, be the family consisting of all the
non-peripheral components of the pre-image of Fs by f°™ in P!\ P,.
Denote Y = P,U f"(P,) and Y,,, = f~™(Y). Then P, C Y,,. By Lemma

A7 in Appendix,
Fn< ) IV NGy + M
vV EFm
where M is a constant dependent only on f and m.
On the other hand, from the following diagram,

(SQ;Ym) ¢m_+n>0 <P17¢m+no(ym>>

L L gm
(S2,Y) 2% (B 6, (V)

where g, © (PY, dming(Ym)) — (P, ¢, (Y)) is a holomorphic covering.
We have

S WG v = wa”%”m Zb

’YE]'—m l‘]||,y7/||¢n0 Py

where b;; is exactly the (i, j) entry in A™. Since ||A™ [|max < 1/2, 32, bij <
1
5- So .

D 150 < 510

Y EFm
Therefore,

1
||-7:m+no|| < §||~7:0|| + M.

Now for any n > ng, write n = km + 7, where 0 < j <l —1and k > 1.
Then we have

1 Foll < (Ilf | =2M) +2M.

This implies that || F,|| has a umform upper bound for all n > 1. There-
fore there is a positive lower bound for |74, p, for all v € F, and all
n > 1. This completes the proof of Lemma 4. O]



Complex Dynamics and Related Topics 280

Proof of Theorem 2. The Thurston pull back operator ay is strictly con-
traction on {[u,]}. So [un] converges to a unique fixed point of ay. Thus,
there is a unique rational map combinatorially equivalent to f. O]

5 Appendix. Thurston’s Theorem

An orientation preserving branched covering f with degree greater than
one is said to be critically finite if Py is finite.

Two branched coverings f and ¢ are equivalent if there exist homeo-
morphisms ¢, : (S?, Py) — (52, P,) such that the diagram

(52, P;) % (8% P)
L f lg
(52, P;) % (8% P)

commutes and ¢ is isotopic to ¢ rel P.

If v is a simple closed curve on S?\ Py, then the set f~'(v) is a
union of disjoint simple closed curves. If v moves continuously, so does
each component of f~1(y). A simple closed curve ~y is non-peripheral if
each component of 5%\ v contains at least two points of P;. Consider a
multi-curve

F:{’Yl,"‘yf}/n}

of simple, closed, disjoint, non-homotopic, and non-peripheral curves on
S%\ P;. It is said to be f-stable if for any v € I, all the non-peripheral
components of f~*(y) are homotopic in S? \ P; to elements of I'. For
each f-stable multi-curve I', define a linear transformation,

fr:RI - RY,

as follows: Let 7, be the components of f~!(v;) homotopic to ~; in
S?\ Py and d; jo = degfly,,. : Vija — V-

Then 1
fo() = Zd Vi

T/’J)a

7,0
Since the matrix of fr is non-negative, there exist a largest eigenvalue

AT, f) € Ry and a correspondent non-negative eigenvector. A multi-
curve I is called a Thurston obstruction if A\(T', f) > 1.
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Lemma Al. The linear transformation fr commutes with the iteration,
1.€.,

(f")r = (fr)"
Let vy : S — Z* U {0} be the minimal positive function such that
o vs(r) =1 forall v ¢ Py.
e vs(z) is the integer multiple of v;(y) - deg, f for all y € f~(x).
Then O; = (5%, v;) is called an orbifold . It is called hyperbolic if

1
vg(z)

X@Qp)=2-) (1-

z€eS?2

) < 0.

Thurston proved the following remarkable theorem.

Theorem Al (Thurston’s Theorem). A critically finite orientation-
preserving branched covering f with hyperbolic Oy is combinatorially equiv-
alent to a unique rational map (up to conformal equivalence) if and only
if f has no Thurston obstruction.

We use P! to denote the two-sphere S? with the standard complex
structure. The Teichmiiller space T} is the Teichmiiller space with the
base point P! \ P;. It can be defined as

1. the space of smooth complex structures on S? module the equivalent
relation that y ~ v if u = h*v for some diffeomorphism h : S? — S?
with h|p, = id and h isotopic to the identity rel Py or

2. the space of diffeomorphisms ¢ : (S?, Py) — (P', ¢(Pf)) module the
equivalent relation ¢ ~ 1 if there exists an analytic isomorphism
h : P — P! such that the diagram

(52, P;) 5 (P ¢(Py))
| id L h
(52, P;) -2 (P, ¢(P)))

Let M be the space of all measurable functions u defined on P* with
llil|loc < 1. Here pu is called a Beltrami coefficient. By the measurable
Riemann mapping theorem, for each u € M, there exists a unique qua-
siconformal homeomorphism ¢ : P! — P! which fixes 0,1, co such that
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w(z) = ¢z/¢,. A Beltrami path is a piecewise smooth map v : [0,1] — M.
We use ¢, to denote the correspondent path of quasiconformal homeomor-
phisms which fixes 0,1 and oco. Let ¢ : P! — P! be any quasiconformal
homeomorphism, the pull forward of ¢; by ¢ is defined as

Gu(d0) = Proo™".

We use ¢,7(t) to denote the Beltrami coefficient of ¢.(¢). Let & = ~/(t)
be the tangent vector of y(t) at ¢, we use d¢.§ to denote the tangent
vector of ¢,y(t) at t. Now we take ¢ = ¢, and define the Teichmiiller
norm of ¢ (with respect to Ty) as

6l =sup [ [ atedo.caziz

where sup is taken over all quadratic differentials ¢(z)dz* on (P!, ¢(Py))

with
// lg(2)|dzd= = 1
p1

and ¢(Py) the set of poles. Since

/ lg(2)|dzdz = 1,
Pl

any pole of ¢(z) must be simple. For any two elements ;o and v in 7%,
the Teichmiiller distance between p and v is given by

do(pi,v) = inf{ / I/(t) 1t}

where in f is taken over all the piecewise smooth Beltrami path connecting
w and v. The reader may refer to [Ga, §7.1] for the above.

Let f be a critically finite orientation-preserving branched covering.
Then there exists a C'* branched covering ¢ such that

(i) f is combinatorially equivalent to g and

(ii) gz/g. is defined almost everywhere and ||gz/g.|| < § < 1 for some
6> 0.

Therefore, we can always assume that pr = fz/f, is defined almost ev-
erywhere and [|pf(2)|| < k < 1 for some k > 0.
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For each Beltrami differential  on P!, we define the pull back of u

by f as
. h(z) + p((f(2))0(z
£ (2) = (2) + u((f(2))0(z)
L+ h(z)u(f(2))0(2)
where () = f./f.. Clearly, the pull back of each piecewise C' Beltrami
path is still a piecewise C! Beltrami path. Now let u be a Beltrami

differential on P! and v = f*(u). Let ¢, and ¢, be the Beltrami solutions
with p and v fixing 0, 1, and co. The following diagram holds,

(8% F7U(P) 25 (P, (f7M ()
Lf lg

(%P 5 (BL6u(R)
where g is a rational function. Here we call ¢, the pull back of ¢, by f.
Let v(t) be a smooth Beltrami path passing though g, then the pull back
f*y(t) is a smooth Beltrami path which passes though v. Let n be the
tangent vector of y(t) at u, then 77 = df*n is the tangent vector of f*~(¢)
at v. Let § = d¢,.n and é = d¢,.7. We have the following diagram,

~ d¢u* ~

7 — 3

T df* T dg*
d

n — §

Let § = ¢(w)dw? be the quadratic differential on (P!, ¢, (Ps)). The
push forward of ¢ by g¢ is the quadratic differential ¢ = £,¢(2)dz? on
(P, ¢, (Pf)) where

: $(w)
0= X
g(w)=z
We use ¢ = dg*(¢) to denote the push forward quadratic differential.
Note that £,6(z) is a transfer operator (see [Ji2]). By the above formula,
we have .
< q,§>=<q,§>.

Therefore ||€]| < ||€]| and the pull back will not increase the Teichmiiller
length of the Beltrami path.

Starting from the standard complex structure py = 0, we can define
a sequence of pull back complex structures u, = f*(un—1) for n > 1.
Consequently, we have ¢, 0, = df*n,—1, & = dop, 1 «n—1, and ¢, =
dg5_1(qn) for n > 1. We call {¢,} the pull back sequence.
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Consider any composition of two consecutive pull backs in the follow-
ing diagram,

d¢n+2*
TNn+2 ? £n+2
T df* Tdgy 4
d¢n+1*
Thn+1 — gn—i-l
T df 1 dg;
dnx
Tin ? n

Lemma A2. 69095 19ns2ll < llgnsall- Therefore, [[€nia]l < [1€nll
For the proof of this lemma, see Proposition 3.3 of [DH].

Lemma A3. Let X C P! be a finite subset such that 0,1,00 € X. Let
m be the cardinality of X and suppose m > 4. For any a > 0, if all
the simple closed geodesic in P' \ X has length greater than a then the
spherical distance between any two distinct points in X has a positive
lower bound which depends only on a and m.

Proof. First we will show that the spherical distance between co and any
finite point in X has a positive low bound which is dependent only on
a and m. Let X = {xy, -+, 2,1} and z,, = co. Suppose |z1] < --+ <
|zpm—1|. Let M = |x,,_1|. Since x5 < 1, we have

H |Zig1] _ |Zm1] > M.

9<i<m—2 ] | 2|
S0
ma:c‘{|$i+1‘} > M3,
E
Let
Ai={zeP 2| < 2z < |wiga]}-

Then we have an integer iq > 0 such that

logM
Ap) > —————.
mod(4i,) 2 27t(m — 3)

Therefore the unique simple closed geodesic v in A;, has hyperbolic length

m 272 (m — 3)
171l = < :
" mod(A;,) logM
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Since
74, > lIvllprx > a,
This implies that
271'2(77173)
M<e a

So the spherical distance between oo and any finite point in X has a
positive low bound which depends only on a and m.

Now we will show that the spherical distance between any two fi-
nite points in X has a positive low bound dependent only on a and m.
Without loss of generality, we assume

d(z1,29) = min{d(z;,z;)} and d(z1,z;) < d(x1,Ti41)

T, AT

fori=1,---,m —1. Then

H d(l’i+17l’1) _ d(l’m_l,l’l) > max{ d([)’)l,O) d(ZEl, 1) > 1 .
d(ZEZ‘,JI1> d(IQ,ZL’l) - d(l’l,l'g)’ d(l’l,JIg) - Qd(ZEl,.’Eg)

2<i<m—2

Thus we have an integer 75 > 0 such that

1
log 2d(1‘1,x2)

mod(B or(m —3)

) >

10

where

Bio = {Z S IEDI | d($1,$z‘0) < d(l’l,Z) < d($1,$i0+1)}.

Let n be the unique simple closed geodesic in B;,. Then we have

il < 2m2(m — 3)
miB;, = S .
0 mOd(BlO) lOgm
Since
Iz, = lInllenx > a,

again we have
1 _27r2(m73)

d(z1,2) > ¢ a

This implies the spherical distance between any two finite points in X
has a positive low bound dependent only on a and m. O
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Let R¢ be the set of all the rational functions with degree d > 1. For
a sequence {f,} C R? and f € R%, we say f, — f if f, is convergent
to f uniformly in the spherical metric. Therefore we have a topological
space R?. We define an equivalent relation in R? as follows: for any f
and ¢ in R?, we say f is equivalent to g if f = h; o g o hy for some linear
transformation h;,i = 1,2. We denote the quotient space by S¢. For
a >0, let

Fua={[f] € S?| there is a f € [f] such that d(x,y) > a for all distinct critical

values x and y of f}
Lemma A4. F,;, is compact.

Proof. For f € Fu,, we use X to denote the set of its critical values.
If | X| = 1, the number of the pre-images of the critical value would be
>di > > (di—1)+1=2d—1. So we get d > 2d — 1 and therefore
d < 1 which is a contradiction with d > 1. If |X| = 2, f is equivalent
to 2% So F, . consists of one element and must be compact. So we need
only consider the case when |X| > 3. By a composition with a linear
transformation on the left and right, we can assume both X and f~1(X)
contain 0, 1, co.

Any simple closed geodesic in P! \ X has length bigger than a fixed
constant only depending on a. (The fixed constant is independent of
[ € Faa, refer to [Le, Chapter 1].) Since f: P!\ f7}(X) = P'\ X is a
covering, any simple closed short geodesic in P*\ f~!(X) will be mapped
to a shorter closed geodesic in P!\ X. So the length of the closed geodesic
in P!\ f~1(X) has a positive low bound. Since f~(X) contains 0, 1, oo,
so by Lemma A3, we have a constant b > 0 (only depends on a) such
that d(w,v) > b for any w # v € f~!(X). For any sequence f,, in Fy,,
by taking a subsequence we can assume X, — X and f 1(X,) — Y.
Since X,, contains 0,1, 00, so {f,} is normal in P!\ Y. Let g be the limit
point of any convergent subsequence f,, of {f,}. Then g is holomorphic
in P!\ Y. Clearly any point in Y can not be an essential pole of g, so
g must be a rational function. Now we show that f,, — ¢ uniformly on
the sphere under the spherical metric. For each x € X, there is a small
open disk centered at x with boundary circle v such that the closure of
the disk does not contain any other points in X. We denote this disk
by D(v). We can take D(7v) small enough such that any component of
g 1 (D(v)) must be an open topological disk contains only one point y
in Y with a smooth boundary curve 1. We denote such a component by
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D(n). We have g : n — v a covering with degree degg,. Since f,, — ¢
uniformly in any compact subset of P!\ Y, therefore, as k is large enough,
we have n,, near n such that f,, : 1, — 7 is a covering with the same
degree as g : 1 — . Since when £ is large enough, D(7,,) contains only
one point in f, '(Xy,), 80 fn, : D(n,) — D, is a branched covering with
the same degree as g : D(n) — D(v). Therefore f,, — ¢ uniformly on
the whole sphere. So g is rational map of degree d and dist(z,y) > a for
any two distinct critical values of g. Therefore g € F;,. This completes
the proof that Fy, is compact. O]

Now we can have that

Lemma A5. For the pull back sequence {¢,}, if there exists a constant
a > 0 independent of n such that the hyperbolic length of any simple
closed geodesic in P'\ ¢,(Py) is greater than a, then the pull back uni-
formly contracts the Teichmiiller metric on Ty, and therefore, {¢,} is
exponentially convergent in the Teichmiiller space T'.

Proof. Note that we have

(52, P5) 28 (P!, dnisn(Py))

l f l gn+1
(52, P;) 25 (P ¢ ()
L f | gn

(S2.Pp) 2% (P, .(P))

By Lemma A2,

109509 1 Gnr2ll < l|gn+2ll
for any quadratic differential ¢,.2 on P!\ ¢, 2(P;). Since the set of
poles of ¢, is contained in ¢, (Py), the space the space of such quadratic

differentials satisfying ||¢|| = 1 is compact. We have the biggest 0 < b, <
1 such that

||5g:;5.g:+1qn+2|| S (1 - bn)||Qn+2||
Let
b = inf{b,} > 0.

Al quadratic differentials ¢, o are contained in a compact set by the
assumption and Lemma A3, and the family of {g,} is a compact family
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by Lemma A4 and the assumption. Therefore we can assume ¢,12 — ¢,
gn — hl and gn+1 — hg such that

_ |loR3dhsq|
lql
Now by Lemma A2, we get by > 0. n

by =1

We list two lemmas in hyperbolic Riemann surfaces. Let S be a
hyperbolic Riemann surface. A spectrum of S is defined as w(y) =
—logl(7), where v is a closed geodesic of S. Let A = —loglog(v/2 + 1).

Lemma A6. If the spectrum w(y) > A, then v must be a simple closed
curve. And any two such geodesics are disjoint.

For the proof, see Corollary 6.6 and Proposition 6.7 in [DH]. From
now on, we say a closed geodesic v is short if w(y) > A.

Lemma A7. Let X C S be a finite set with |X| = p. Let v be a short
closed geodesic in S. Let " = S\ X. Let v;,i = 1,---,n, be all short
closed geodesics on S" which are homotopic to v in S. Then

| 1
‘ 2 (v) U(v) <o),

16i6n

where C(p) is a constant only dependent on p.

For the proof, see Theorem 7.1 in [DH]. Let v C S*\ Py be a simple
closed curve. Let ¢ : S2 — P! be a quasi-conformal homeomorphism.
Consider the hyperbolic Riemann surface P!\ ¢(P;). Let £ be the unique
simple closed geodesic in the homotopy class of ¢(y). We define the
¢-norm ||v||s of v to be the hyperbolic length of & in P*\ ¢(Py). Fur-
thermore, for a subset X € S? and a simple closed curve v € S?\ X, we
use ||7]/¢,x to denote the hyperbolic length of the unique simple closed
geodesic homotopic ¢(7) in P!\ ¢(X).

Lemma A8. For any simple closed curve v C S*\ Py, the map 7 :
T(S?, Py) — R defined by [¢] — log||7Y||¢,p, is a Lipshitz map with Lipshitz
constant 2.

For the proof of this lemma, see Proposition 7.2 in [DH]. Now we
mention the gap lemma for the set of spectra of a Riemann surface. Sup-
pose P is a finite set in S?. Let p = #(P) > 3. For any quasiconformal
map ¢ : (S%,, P) — (P!, ¢(P)). Let Sp(¢) = {w(y)} be the set of all
spectra of S. Then Sp(¢) N [A4, 00) is a discrete set and (A, c0) \ Sp(¢)
consists of intervals. Each interval is called a gap.
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Lemma A9. There is a sequence of positive numbers J, = Jip(p) — 00 as
k — oo such that for any quasi-conformal map ¢ : (S?, P) — (P!, ¢(P)),
there is a smallest gap I = I(¢) in (A, 00) with length greater than Jy.

Now consider the pull back sequences {¢,} starting from ¢y = id.

Lemma A10. Suppose f has no Thurston obstruction. Then there exists
a positive number a such that

17l > a
for for all simple closed curves v C S*\ Py and alln=1,2,---.

Proof. Without lost of generality, we assume f is a C' (or quasi-regular)
covering. Since there can only be finitely many distinct Thurston linear
transformations, so by Lemma Al, we have a universal number m such
that

(fr)™ =A™ = (by;)
with [|A™|] < 1 for any f-stable multi-curve T'.
For € > 0, if there is a ng > 0 such that

{v S\ Pr [ 1lle,, <€} #0,

By Lemma Al0, as long as € small enough, there is an a(e) > 0 such that

F={r S\ Pr [ [1llo,, <ale)} #0

is a f°"— stable family.
Let F,, be the family consists of the non-peripheral components of the
pre-image of F by f". Define

[FAJ ppe—

’Yej:n ||/y||¢n+n0

Let P, = f~™(Py). We have
(5% Pa) ™5 (P, Gty (Pr))
Lfom L gm

(52,P) 2% (B, (Pp)

Since

Im : (Pla Gt (Pm) — (Pla Png (Pf>>
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is a holomorphic covering, SO

2

56]: ||§H¢m+n0 Pm ||¢0

1 1
:wa” <_|| no“
,J
By Lemma A7, we have

[Fall < +M

E€EFm ‘|£H¢m+n0 Pr,

where the constant M is dependent only on f and m. So
1
[l < SlIFoll + M.

Similar arguments, for any 7 = 0,1,---,m —1and k = 1,2,---, we get
that

[ Fhm+ill < o7 (Hfll M) +2M.

So F,, has a uniform upper bound for all n > ngy. Therefore there is
a positive lower bound for all |||, for all n > 0 and all simple closed
curves 7 C S?\ P;. O

Proof of Theorem Al. For the necessary part, see Section 4 of [DH]. The
sufficient part follows now from Lemma A10, Lemma A4, and Lemma
A5, [
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