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FUNCTION MODEL OF THE TEICHMULLER SPACE
OF A CLOSED HYPERBOLIC RIEMANN SURFACE

YUNPING JIANG

ABSTRACT. We introduce a function model for the Teichmiiller
space of a closed hyperbolic Riemann surface. Then we introduce
a new metric by using the maximum norm on the function space
on the Teichmiiller space. We prove that the identity map from
the Teichmiiller space equipped with the usual Teichmiiller metric
to the Teichmiiller space equipped with this new metric is uni-
formly continuous. Furthermore, we also prove that the inverse of
the identity, that is, the identity map from the Teichmiiller space
equipped with this new metric to the Teichmiiller space equipped
with the usual Teichmiiller metric, is continuous. Therefore, the
topology induced by the new metric is just the same as the topol-
ogy induced by the usual Teichmiiller metric on the Teichmiiller
space. We give a remark about the pressure metric and the Weil-
Petersson metric.

1. Introduction

A closed Riemann surface is a compact connected complex one-
dimensional surface. We only consider an oriented surface. A topologi-
cal characterization of a closed Riemann surface is its genus g. Riemann
observed that all genus g = 0 closed Riemann surfaces are conformally
equivalent to the standard Riemann sphere P*. However, this is not in
general true for closed Riemann surfaces of positive genus. Suppose R
is a closed Riemann surface of genus g > 2. Then it is hyperbolic and
conformally equivalent to the open unit disk modulo a Fuchsian group.
A marked Riemann surface by R is a pair (X, h) where h: R — X is
an orientation-preserving homeomorphism. In the space of all marked
Riemann surfaces (X, h) by R, one can introduces a conformal equiv-
alence relation. This space modulo this equivalence relation is called
the Techmiiller space T'(R). In other words, T'(R) is the quotient space
of all complex structures on R by those orientation-preserving diffeo-
morphisms which are isotopic to the identity. We know that

a) T(R) is homeomorphic to R%~5
b) T'(R) admits a complex manifold structure of 3g — 3,
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¢) T(R) can be embedded into C*~3 as a contractible set, and
d) T(R) is a pseudoconvex domain.

The Teichmiiller space T'(R) is an important subject in the modern
mathematics and physics. It is a cover of the moduli space which is the
space of all complex structures on R modulo the action of orientation-
preserving diffeomorphisms. The moduli space has the same dimension
6g — 6. The moduli space was first considered by Riemann and plays
an important role in the modern string theory.

To understand the Teichmiiller space T'(R), several models have been
introduced. For examples, we have Bers’ embedding and Thurston’s
embedding. Furthermore, several metrics have been introduced on the
Teichmiiller space T'(R). The first metric dy(-,-) is introduced by Te-
ichmiiller. There are other metrics, for examples, the Kobayashi metric
and the Weil-Petersson metric. Royden proved that the Teichmiiller
metric is equal to the Kobayashi metric in this case and Gardiner even
generalized this result for any Riemann surfaces of infinite analytic type
(refer to [6] for a proof and furthermore references).

In this paper, we introduce a new model of the Teichmiiller space
from the dynamical system point of views. This new model is a space
of functions defined on a Cantor set >%. The graphs of these functions
are in the infinite-dimenisonal cube [][;7(0,1) of R*. Therefore, we
have the maximum norm on the function space. This maximum norm
introduces a maximum metric d,,.. (-, -) on the Teichmiiller space T'(R).
We prove that the identity map from the Teichmiiller space equipped
with the usual Teichmiiller metric to the Teichmiiller space equipped
with this new metric is uniformly continuous (see Theorem [)). Further-
more, we also prove that the identity map from the Teichmiiller space
equipped with this new metric to the Teichmiiller space equipped with
the Teichmiiller metric is continuous (see Theorem [B)). Therefore, the
topology induced by the new metric is just the same as the topology
induced by the usual Teichmiiller metric on the Teichmiiller space.

The paper is organized as follows. In §2, we define and review the
Teichmiiller space T'(R) of a closed hyperbolic Riemann surface R and
mention a theorem due to Earle and McMullen which we will used
in this paper (see Theorem [I]). In §3, we use the Nielsen development
for Fuchsian groups to construct expanding transitive Markov maps for
any marked Riemann surfaces by a standard closed hyperbolic Riemann
surface. We use Bowen'’s paper [2] and Bowen and Series’ paper [3] as
two references. In §4, we define the symbolic space ¥4 and the dual
symbolic space 2% for all marked Riemann surfaces by a fixed standard
closed hyperbolic Riemann surface. The symbolic space X4 is treated
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as the topological model of all such marked Riemann surfaces. We
define geometric models on the dual symbolic space ¥% for all marked
Riemann surfaces by a fixed standard closed hyperbolic Riemann sur-
face in §4.2. The geometric models are Lipschitz continuous functions
defined on ¥%. Their graphs are contained in the infinite-dimensional
cube [[;°(0,1). To prove these functions are geometric models, we
mention Tukia’s theorem which is a stronger version than Mostow’s
rigidity theorem in 2-dimensional case. For the sake of completeness
of the paper, we give a proof of Tukia’s theorem from the dynamical
system point of views. We call each geometric model a scaling func-
tion. We use F to denote the space of all scaling functions. In §5, we
prove that there is a one-to-one and onto maps between the Teichmiiller
space and the function space F. In §6, we discuss Bers’ embedding and
the complex manifold structure on F. Using the maximum norm on
the function space F, we define the maximum metric d,q. (-, -) on the
Teichmiiller space in §7. We prove, in the same section, Theorem [3,
that is, the identity map from the Teichmiiller space equipped with
the usual Teichmiiller metric to the Teichmiiller space equipped with
this new metric is uniformly continuous. Furthermore, we prove, in
the same section, Theorem [6] that is, that the identity map from the
Teichmiiller space equipped with this new metric to the Teichmiiller
space equipped with the Teichmiiller metric is continuous. Finally, in
§8, we give a remark to compare our function model and McMullen’s
thermodynamical embedding in his recent paper [16]. Furthermore, by
following McMullen’s calculation of the Weil-Petersson metric on the
tangent space of the Teichmiiller space by the pressure metric, we show
that the pressure metric of the tangent vector to any smooth curve at
a point in our function model is a constant times the Weil-Petersson
metric.
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of this paper and for pointing to me his recent paper [16] which leads
to §8.

2. Teichmiiller Space of a closed hyperbolic Riemann surface

We first discuss the Teichmiiller space of a closed hyperbolic Riemann
surface R. Suppose D is the unit disk and suppose S' = OD is the
unit circle. Let R = D/I" be a closed hyperbolic Riemann surface,
presented as the quotient of the unit disk by a Fuchsian group whose
limit set is the whole S'. Any quasiconformal map h : R — R can
be lift to a quasiconformal map H : D — . The map H can be
extended to a homeomorphism of D = DU S'. The key in defining the
Teichmiiller space is to know which quasiconformal maps h : R — R
are to be considered trivial. The following theorem gives an answer to
this question.

Theorem 1 (Earle-McMullen [5]). Suppose h : R — R is a quasicon-
formal map. The following are equivalent.

1) There is a lift of h to a map H : D — D that extends to the
identity on S*.

2) The map h is homotopic to the identity rel ideal boundary (in
this case the ideal boundary is empty).

3) The map h is isotopic to the identity rel ideal boundary, through
uniformly quasiconformal maps.

A marked Riemann surface by R is a pair (X, hx) where hy : R —
X is an orientation preserving quasiconformal homeomorphism. Two
marked Riemann surfaces (X, hx) and (Y, hy) are equivalent if there
is a conformal isomorphism « : X — Y such that

f:h;,loozthiRHR

is isotopic to the identity. The Teichmiiller space T'(R) of R is the
space of equivalence classes [(X, hx)] of all marked Riemann surfaces
(X, hx) by R, that is,

T(R) = {[(X, hx)l}-

3. Nielsen development, Markov partition, and expanding
transitive Markov map

Suppose X is a closed hyperbolic Riemann surface. Let g > 2 be the
genus of X. Since its universal cover is the unit disk D, so through the
universal cover, we can write X = ID/T"x where I'x is a Fuchsian group
whose limit set is the whole S*.
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Definition 1. A piecewise smooth map f : S* — S! is called Markov
for I'y if we can cut S* into finitely many intervals I, - - -, I;; such that
i) St=Ur, I,
ii) 1; and I; have disjoint interiors for any 1 <i # j <k,
ii) f|I; = %|I for some v; € I'x, and
iv) f(I;) is the union of some intervals of I;’s for each 1 < j < k.

Let W = U}_,01;. The iv) is equivalent to the statement that
f(w)cw.
For any 1 <14, j <k, we write ¢ — j if f(1;) D I,.

Definition 2. A Markov map f : S* — S* for the surface group Iy is
called transitive if for any 1 <i,5 < k, there are 1 < ig, i1, - ,1, < k
such that

1=109 =1 — =iy =].

This is equivalent to say that f"(I;) D I;

Definition 3. A Markov map f for I'x is called expanding if there are
two constants C' > 0 and A > 1 such that

[(f") (z)| > C\"
for x € I, and n > 0.

Suppose Xy = D/I'y is the closed Riemann surface of genus g such
that the fundamental domain D of X in D for I'y = I'y, is a regular
4g-sided non-Euclidean polygon. We call X, the standard Riemann
surface of genus g.

Each angle of D is %. Each vertex of D belongs to 4¢ distinct
translations (D) for v € I'y. All 4(D) for v € I'y form a net R in
D. The net R has the following property: the entire non-Euclidean
geodesic passing through any edge in the net R is contained in the net
R. Let Vy be the set of vertices of D. Let V be the set of vertices
in the net R which are adjacent in R to V4 but not in V4. Consider
all polygons D adjacent to D. Then V are all vertices of D minus V4.
For each vertex p of R, there are 2¢g non-Euclidean geodesic passing
through it. These 2g non-Euclidean geodesics have 4g endpoints at
infinity. Let W, be the set of these 4g points at infinity. Define

W == U;DGVW;D’

Then W, C W for any vertex ¢ of D.
The 4g sides of D give a set of generators for [y as follows. Divide
the sides of D into g groups of 4 consecutive sides; label the j** group
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a;, bj, aj_l, bj_l. Call a; and aj_1 and b; and bj_1 corresponding sides. For
each side s of D there is an element 7, € I'y such that

7s(s) = D N ¢s(D) = side corresponding to s.

The set {7} generates I'g. The non-Euclidean geodesic passing s cuts
S into two intervals. Let J, be the smaller one. Then we have that

vs(Js N W) C W.

Let v € Vj. Then we have two sides s and s’ belonging to v. Let 3 and
(" are two non-Euclidean geodesic passing trough s and &', respectively.
Consider the interval J, N Jy. Let p € 3, p' € B’ be the vertices of the
net R adjacent to v in the net. Let (D) be the translation of D having
v, p, and p’ as its vertices for some v € I'g. Let ¢, ¢’ are vertices of
~v(D) such that ¢, p,v,p'q’ are consecutive vertices of (D). The non-
Euclidean geodesics §, 0" passing p,q and p’, ¢, respectively, do not
intersect and have points w(v) and w'(v) at infinity in the interior of
JsN Jg. Let J(v) = [w(v),w'(v)] in the interior of J; N Jy. Note that
w(v),w'(v) € W and J(v) does not contain any other points from .

The set W cuts S! into finitely many intervals I1, - - -, I o. Define
the map fy : S* — St as

f0|[j,0 = ’Ys|fj,0, Js D Ip.

Then f, is a piecewise Mobius transformations and is Markov since
fo(W) cW.

Since some [;(’s belong to more than one J, there are a number
of ways to define fy. This flexibility allows us to eventually get an
expanding Markov map. Given a vertex v of D. Let s be a side of
D having v as their common vertex. Let v’ be the other vertex of s.
We assume that from v’ to v are clockwise. Suppose J, is the maximal
interval where

fOljs = Vs|js-

We require that

a) intJ; D :fs D Js \ (J(v) U J(v')), and

b) J(v) C Js and J, disjoint with the interior intJ(v’).
In other words, suppose J; is cut by W into intervals clockwise I,
Loy = J), Is0, -+, I,-10 = J(v), and I}, . So we define J; =
U‘lysz_sllj’o.

For each non-Eucildean geodesic (3 passing s, it is on the isometric

circle Cs of g, i.e., [y5(z)| = 1 for x € 8. Inside this circle, |vi(z)] > 1
and outside this circle, |vyi(x)| < 1. Since Js is inside this circle, so
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|f4(x)] > 1 for = € J,. Since there are finitely many J, and each one is
a compact interval, so there is a constant Ay > 1, such that

1f(x)| > X, Yz €l 1<j<k

This implies that fy is an expanding Markov map for I'y with the
Markov partition
To,0 = {11,0, T >Ik,0}~

Now we prove that the Markov map f, is transitive. First, for each
1 < i < k, there is some iterate f™(I;) contains J(v) for some vertex
v of D. This is because that otherwise, f is continuous on f"(I;) and
(1) is an interval longer than f™(I;) because of the expanding
condition. But this can not continuous indefinitely.

From 7, we can generate a sequence of Markov partitions

M0 = fo "Moo
forn =0,1,---. (See §4.1 for more detailed description about intervals
in n,.) Let

Vpo = max |/|.

16%,0
Since |fi(x)] > X for x € I, 1 < j <k, we have that
Vn,O S >\an

forn=0,1,---.

Now we construct a transitive expanding Markov map for any closed
Riemann surface X = D/I'x of genus g associated to an isomorphism
¢. Suppose ¢ : I'g — 'y is an isomorphism. Then there is a unique
homeomorphism H : S' — S! such that

H(y(x)) = ¢(v)(H(z))
for any 2 € S! and any v € I'y. Here H is called the boundary
correspondence. Moreover, H is quasisymmetric.
Let I; = I; x = H(I;p). Then S = U)_,I;. Define

fx =fxe: 5" — 5

as
fx Uy =o)Ly, Js D I

In other words,

fx=Ho fyoH"
Then fx is a transitive Markov map for I'x with the Markov partition

’[’]0 e nO,X,¢ e {117 o .. 7Ik}

Furthermore, we can generate a sequence of Markov partitions,

M = Mx.6 = fx M0
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forn=20,1,---. Let
Uy, = U, = max |/
n = Vn.x,g = Max 1]

for n > 0. Since a quasisymmetric homeomorphism is Holder continu-
ous, so there are constants A > 0 and 0 < p < 1 such that

v, < Ap", ¥n>0.

Furthermore, we have that

Lemma 1. The Markov map fx is expanding and the sequence of
Markov partitions has bounded geometry, that is, there is a constant
C > 0 such that

/1]
s o
1]

for any J C I with J € 0,41 and I € n,,.

Proof. Since fx is piecewise Mobius transformations, so it is a piecewise
C? Markov map. That is

1 M
log |7 ()] ~ o8 | ()| < 17 (w) ~ )] < ol —y
for any x,y € I € ny, where

— : / _ "
0<m= min |fx(z)], M= max |fx(z)|<oco.

Consider any z,y € I € n,. Then f%(z), fi(y) € i and

(PR @ =y g ! (5
o8 ¢ eyl < D10 fil () = log f(Few)
M . AM &= AM

= 2 (@) = fx()l = == 2 ptt < m(— )
Thus we get a distortion result,
1 g < UK @ g
. = [T =
for any z,y € I € i, and any n > 0, where

AM
B = exp (m(l — u))

Now for any n > 0 and any J C [ with J € 0,1 and I € n,,
SR 1UR) (@)] ][]

[Fx(D] 1R @I




for some x,y € 1. Let

J
E = min u
JCI,Jeni,Ieng ‘I|
Then ) s
— >0 =—.
|~ B

This says that the sequence {n,,}>°, of Markov partitions has bounded
geometry.
Now for any n > 0 and z € I € n,, let y € I such that

% (D] = 1(F%) W)

then we have that
(/%) @) [fx(D] o K
((fx) (@) = 55 >
* ()W)l 1 BA
where K = minye,, || and Cy = K/(BA) and A = p~*. So fy is
expanding. 0

M—n — CO)\n

4. Symbolic representation and dual symbolic representation

4.1. Topological model. Given any marked Riemann surface (X, hx)
by Xg. Since hx : Xy — X is an orientation preserving quasiconformal
homeomorphism, it induces an isomorphism ¢ : I'y — I'y. Let fx :
S1 — S' be the transitive expanding Markov map constructed in the
previous section with the initial Markov partition ny = {1, -, Ix}.
Associating to 1y, we have a k X k 0-1 matrix A = (a;j)kxk, Where
a;; = 1if f(I;) D I; and a;; = 0 otherwise. Let
ZA = {’U} :Zolllnln+1 | i, € {1, ,k},ainainH = 1,71,: 0,1,}
The topology of ¥4 is given as follows. For any n > 0, let
wn:io’él""én, a,-”-m:l,()glgn—l.
Define the left cylinder
[wy] = {w' = wni;z-kl e 'iln—i—mi/n—l—m—i-l o}
whered , € {1,--- k}, a;,» = 1landay =1,m=0,1,---.
n+1

-/
n+m n+mbntm+1

Then all these left cylinders form a topological basis. The space Y4
with this topological basis is called the symbolic space for (X, hy).
Let o4 be the shift defined as

O’A’u]:zozl..ann+l.._)O'A(w)zll..lnln_"_l..

Then (X 4,04) is a sub-shift of finite type.
For any pair ¢ and j such that a;; = 1, there is an interval I;; € n;
such that f : I;; — I; is a homeomorphism. Let g;; : I, — I;; be
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its inverse. For each w = 1gt1 - - - ipins1 - -+ € Xa, let w, = igiy - 1p.
Define

Juwn = Gioir * " Gin_1in
and

I, = gwn([in)'

Then I, € ny+1 and gy, : I;, — I, is a homeomorphism. One can
check that
coo C Ly, Cly, , Cly, CI

Since the length of I, tends to zero exponentially as n goes to infinity,
the set N>/, contains one point x,,. Define

(W) = x4.
Then we have that

m(oa(w)) = fx(m(w)), Vwe X,
Note that 7 is 1-1 except for countably many points which are endpoints
of 1, for all w,, n > 0.
Thus from the dynamical system point of views, the symbolic dynam-

ical system (3 a,04) is the topological model for all marked Riemann
surfaces (X, hx) by Xo.

4.2. Geometric models. Now we are going to define the dual sym-
bolic space ¥% and geometric models for all marked Riemann sur-
faces (X, hx) by Xo. For any finite strings w, = igiy - - ip_1%, with
ayip,, = 1,0 <1 <n—1, we rewrite it as w;, = Jnjn—1- " Jj1jo, Where
jn = 'é(), jn—l = 'él, Ty, jl = 'én_l, j() = Zn Then ajljFl =1. Deﬁne the
right cylinder

[wi] ={0" = Jrimi1 T In1 Wi}
forall j;,,,, € {1,---,k} and aj . g =Lm=1--anday ; =
1 . All these right cylinders form a topological basis for the space

a=Aw"=-jn-gijo | jn € {1, k}}.
We call this topological space the dual symbolic space. The left shift
o} 1 XY — X% is defined as

oW =gy gijo = oa(W) = gn i
A function
S(w*): X% - R

is called Lipschitz if there are constants C' > 0 and 0 < p < 1 such

that
[S(w*) = S(w")] < Cp"
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as long as the first n digits from the right of w* and w* are the same.
The geometric model for a marked Riemann surface (X, hy) by Xj is
defined as a Lipschitz function as follows.

Let

fX . Sl — Sl
be the transitive expanding Markov map with the Markov partition
To = {[la"' >Ik}

for the marked Riemann surface (X, hx) by Xo. Then we have a se-
quence of Markov partitions

= fx"o
for n = 1,2,---. Each interval in 7, has a unique labeling w; =
Jn "+ J1jo, which we denote as [,,;. Then I+ () is an interval in 7,1,

where o (wk) = j,-+-j1. We have that Iw;; C Lo+ (wy)- Define the
pre-scaling function at w} as

Ly
Sxlug) =
o o o
Lemma 2. For any w* =---j, - Jijo, let W) = jn - j1jo, then
I
Sx(w*) = lim Sx(w;) = lim %

exists and converges uniformly on w* € ¥%. Moreover,
Sx(w*): X% — (0,1)
defines a Lipschitz continuous function.

Proof. For any w* = ---j, - j1jo, let w; = j, - - - j1j0, we consider the
sequence {Sx(w})}°,. For any m >n >0,

| L (S (@) g | (™) ()]
Sx(wy,) = 7= = = Sx (wy,)
ozl 1) W o] 1) ()]
for some x € I,x and y € Lo (uz). Thus we get
|Sx (wy,) — |—‘|§:gT_1‘SX _‘|;m - -1
From the calculation which we got (), we have a constant C’ > 0 such
e () (@)
m—n T
WY@y g
} (=) (W)
Thus,

|[Sx (wy,) = Sx(wy)| < Cu".
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This implies that {Sx(w})}>2, is a Cauchy sequence and

L

)]
exists. Furthermore, the limit is uniformly on 7.

Moreover, if we consider w* and w* with the same first n digits from
the right, then we can write them as w* = ---w} and 0* = ---w;,. So
we have that for any m > n,

Sx(wr,) — Sx ()] = | V@1 T @) g ey < ooy

[(Fm=m)y @)l 1) (@)

for some x,y € Iox (wy,) and @,y € Lo (az,). By taking limit, we get
|[Sx(w) = Sx(w")| < 2Cu".

Therefore,
Sx(w") : Xy — (0,1)
is a Lipschitz function. 0

Definition 4. For a marked Riemann surface (X, hx) by Xy, we call
the Lipschitz function

Sx(w*) : 35 —(0,1)
its scaling function.

The scaling function is a geometric model because of the following
theorem.

Theorem 2. Suppose (X, hx) and (Y, hy) are two marked Riemann
surfaces by Xo. Then there is a conformal map o : X — Y such that
hy' oo hx : Xo — Xo is homotopic to the identity if and only if
Sx = Sy.

Proof. We first prove the “only if” part. Suppose there is a conformal
map « : X — Y such that h;,l oaohyx : Xg — Xy is homotopic to the
identity. Let

HX, Hy, UV:D—D
be lifts of hx, hy, and a. Then H;l oVoHy :D — Dis a lift of
hy'oaohy : Xg — Xo. From Theorem [ there is a lift Hy' o Wo Hy
whose restriction to the unit circle S* is the identity. Thus

Hy(z) =Vo Hx(x), VxeS.
Note that hx and hy induce isomorphisms from I'y to 'y and Iy,

respectively, and Hx and Hy are the corresponding boundary corre-
spondences. From the definition of the Markov maps fx and fy, we
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have that

Vo fx=/froV.
This further implies that I,:y = V(I x) for all w}. By the mean
value theorem, we have &, € I,,x y and n, € Iaz(w;;),y such that

. |]w* Y| . |\D([w* X)|
Sy(w') = Tim —2wiyl gy 1YHws Ol
n—00 [Ips wr)y| =00 [W(Lo (), x)]

\II/ n ]u)* .
~ tim Dl Musxl ~ Sx(w)
n—oco [W'(n,)| |Iaj‘4(w:;),X| n—oo |[02(w2§)7x|

since [§, — M| < Lo (wz) x| — 0.

Now we prove the “if’ part. Consider h = hy o hy' : X — Y.
Suppose X = D/T'x and Y = D/T'y. Let ¢xy : I'x — 'y be the
isomorphism induced by h. Let H : S' — S! be the boundary corre-
spondence, that is,

|[w;1,X‘

Hoy(z) = ¢xy(y) o H(z)
for all v € 'y and # € S'. From the definition of fx and fy, H is a
topological conjugacy from fx to fy on S!, that is,
fyoH =Ho fx.
From Sy = Sx, we claim that H is a Lipschitz map from S! to S*.
We prove this claim. For any interval I,,» x € 1 x, Lwxy = H(Lyx x) €
Mn,y- Then

H(I,- Ly
‘bg (M)‘ _ }bg (I n,yl)‘ — 1og [ L.y | — log | Iss x|
[ L, x| [ L, x|

k=0
n—1
< } log Sy (w;_,) — log SX(w;_k)} + } log |1, v| — log |Ij07X|‘
k=0
n—1
< )Sy(w;i_k) - SX(w:—k)‘ + Ch
k=0
where

Cy = sup |log|Lj, v | — log|]jO,X|} < 00.
Jo
There are constants Cy > 0 and 0 < p < 1 such that that
|Six (wy_) = Sx(w)] < Cop" ™"

and
|Sy-(wys_) — Sy (w*)| < Cop” "
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But Sx(w*) = Sy (w*). So we have that
Sx(w,_y) = Sy(w,_y)| < 2Cu"".

This implies that

-1~ |H([w:‘”X)|

Cg < C3

|[w;1,X‘
where C3 = exp(2Csy/(1 — p) + C1).

Since the set of all endpoints of {H (/,: x)} and the set of all end-
points {I,» x} are both dense in S*, so the additive formula implies
that for any z,y € S,

|H(z) — H(y)|
|z =y

That is H is a bi-Lipschitz map. Therefore, H is differentiable almost

everywhere and has a point zy € S' such that H'(zo) # 0. According

to the following Tukia’s theorem, H is a Mobius transformation ¥ on
S1. This implies that

Cit <

< (.

Hy'oWoHy(r)=x
for all x € S'. From Theorem [I]
h;loaohx ZXO—>X0

is homotopic to the identity, where a : X — Y is the conformal map
which has a lift U. O

The following theorem is first proved by Tukia in [17]. It is a stronger
version of Mostow’s rigidity theorem in the 2-dimensional case. We
have proved a similar result for dynamical systems with possibly critical
points presented in [7, 8, O] (see also a survey article [14]). For the
completeness of this paper, we give a proof of Tukia’s theorem from
the dynamical system point of views.

Theorem 3 (Tukia [17]). Suppose X = D/I'x and Y = D/I'y are
two closed hyperbolic Riemann surface of genus g > 2. Suppose ¢ :
I'x — Iy is an isomorphism. Let H : S' — S be the boundary
correspondence. Then H is a Mobius transformation if and only if H
1s differentiable at one point with non-zero derivative.

Proof. Since H is the boundary correspondence for ¢ : 'y — I'y, we
have that

Hory(z) = ¢(v) o H(x)
for any v € 'y and x € S*.
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Consider a marked Riemann surface (X, hx) by Xo = D/I'g. Then
hx induces an isomorphism ¢x : I'g — I'x. Consider the isomorphism
¢y = ¢podx : I'y — I'y and its boundary correspondence Hy : St — S*,
that is

(2) Hy ovy(r) = ¢y(v) o Hy ()

for any v € I’y and x € S*. Then Hy can be extended to D still satis-
fying the above equation (2)) (this extension may not be unique but the
boundary correspondence is unique). So it induces a quasiconformal
homeomorphism hy : Xg — Y. Thus we get a marked Riemann sur-
face (Y, hy). Suppose fx and fy are the transitive expanding Markov
maps corresponding to (X, hy) and (Y, hy). Then

fyoH=Ho fx

on S

If H is a Mobius transformation, since it is a diffeomorphism of S*,
H'(xz) # 0. This is the “only if” part.

To prove the “if” part, suppose H is differentiable at o with H'(xy) >
0. Let {n, x}2, be the sequence of Markov partitions for fx. Then
there is a sequence of nested intervals I, € 7, x such that

xg€---Cly,, Cl,, , C---1I,.

Without loss of generality, we assume that z, is an interior point of
I, for all m > 0.
Suppose H is differentiable at a point xg on the circle. Then

H(z) = H(zo) + H' (x0)(x — z0) + o(|x — x0|)

for = close to xg.

Consider {z, = f¥(z0)}5°,. Let 0 < a < 1 be a real number. Con-
sider the interval I,, = (z,,x, + a). Let J, = (zo, z,) be an interval
such that

fx o dn — 1
is a C? diffeomorphism. Let fy" : I, — J, denote its inverse. Since
fx is expanding, the length |J,| — 0 as n — oo. Similarly, we have

fy - H(Jn) = H(I)
is a C? diffeomorphism. Let fy," : H(I,) — H(J,) be its inverse. Then
H)= fp o Ho f"(x), €l

Let
r — Tg

ap(x) = :J, — (0,1)

Tn — o
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and
x — H(zo)

Onl®) = Fay — H(ay)

s H(J,) — (0,1).
Then
H(x) = (fy 0B, o (BuoHoay')o (a0 fx")(x), €I

The key estimate comes from the following distortion result (the proof
is similar to the proof of Lemma [Il or refer to [12, Chapter 1]): There
is a constant C' > 0 independent of n and any inverse branches of f¥%
and fy¥ such that

(5" (@)
®) @)
and

(4)

log | —=—+—=

|‘ < Clz —yl, for all z and y in I,

log|(fy \‘<C|x—y\ for all z and y in H(I,).
(fy"

From this distortion property, one can conclude that fi o 3,1 and
ayo fi" are sequences of bi-Lipschitz homeomorphisms with a uniform
Lipschitz constant. Therefore, they have convergent subsequences.
Without loss of generality, let us assume that these two sequences
themselves are convergent. The map 3, 0 H o, ! converges to a linear
map.

Since the unit circle is compact and all I,, have fixed length a, there is
a subsequence I,,, of intervals such that N2, I,,, contains an interval I of
positive length. Without loss of generahty, let us assume that N5, 7,
contains an interval [ of positive length. Thus H is a bi- Llpschltz
homeomorphism on 1.

Since H|I is bi-Lipschitz, H' exists a.e. in I and is integrable. Since
(H|I)'(z) is measurable and H|I is a homeomorphism, we can find a
point yo in I and a subset Ej, containing g, such that

1) H|I is differentiable at every point in Ej;

2) yo is a density point of Ep;

3) H'(yy) # 0; and

4) the derivative H'| Ey is continuous at yj.

5) yo is not an endpoint of an interval in 7, x for all n > 0.

Since S! is compact, there is a subsequence {fy*(yo)}72, converging
to a point zy in S'. Let Iy = (b,c) be an open interval such that
29 € Iy. There is a sequence of interval {I;}2°, such that yo € I, C I
and fy* : I, — Iy is a C? diffeomorphism. Then |I;| goes to zero as k
tends to infinity.
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From the distortion property (I), there is a constant Cy > 0, such
e ()
X w
lOg (W)’ §C4, Vw,ze[k, \V/kfz 1.
Since yp is a density point of Ej, for any integer s > 0, there is an
integer ks > 0 such that

EyN1I 1

| 0 i k| Z 1 )

| 2| S

Let By = fy*(Eo N Ix). Then H is differentiable at every point in Ej
and, from the distortion property (dI), there is a constant C5 > 0 such

that

Vk > ks.

le_%’ Vk > k..
| 1o s
Let
E = ﬂzil Ukas Ek

Then E has full measure in Iy and H is differentiable at every point in
FE with non-zero derivative.

Next, we are going to prove that H'|E is uniformly continuous. For
any x and y in E, let z; and w; be the preimages of x and y under

the diffeomorphism fy* : I, — Iy. Then z, and wy are in Ey. From
Ho fx = fy o H, we have that

ey = UV HED) g

(fx") (2)
and -
(o) = ol i)
So
i ()] = 1o mptaronpl 1 o ey o ()

Since fx and fy are both piecewise C?. From the distortion prop-
erty ([B) and (), there is a constant Cs > 0 such that

‘log‘%“ < Cglz —y|
and i)
hog [ LI < i) - )
for all £ > 1. Therefmi%,

og (Fph)| < (e = ol + | Ga) = ) + [1og (23]
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for all k > 1. Since H'|Fjy is continuous at 1, the last term in the last
inequality tends to zero as k goes to infinity. Hence

e

)| < (e — ol + 11 @) ~ HG)I).

This means that H'|E' is uniformly continuous. So it can be extended
to a continuous function ¢ on Iy. Because H I is absolutely continuous
and E has full measure,

H(z) = H(a) + / CH(2)de = H / e

on Iy. This implies that H|Iy is actually C'. (This, furthermore,
implies that H|I, is C?).

Now for any z € S1, let .J be an open interval about z. By the ex-
pansive and transitivity properties of fx, there is an integer n > 0 and
an open interval Jy C Iy such that f% : Jy — J is a C! diffeomorphism.
By the equation H o fx = fy o H, we have that H|J is C'. Therefore,
His Ch.

Since H : S* — S! is the boundary correspondence for ¢xy : 'y —
I'y, we have that

H 07(x) = dxr(7) 0 H(z)
for all vy € 'y and o € S'. By composition and post-composition
MGobius transformations, we can assume that y(z) = Az and ¢xy (7)(z) =
Az (Cl-diffeomorphism preserves the eigenvalue at a periodic point),
then we can get that H(z) = ax. Thus H is a Mdbius transformation.
We proved the theorem. O

5. Teichmiiller space represented by the space of functions

Let T'(Xj) be the Teichmiiller space of X,. It is the space of all equiv-
alence classes 7 = [(X, hx)] of all marked Riemann surfaces (X, hx)
by Xo. Let

F ={5x}
be the space of all scaling functions. The following result is a conse-
quence of Theorem 2] now.

Theorem 4. Any marked Riemann surfaces (X, hx) and (Y, hy) by
Xo are in a same point T € T(Xy) if and only if they have the same
scaling functions, that is, Sx = Sy.

Proof. Since (X, hx),(Y,hy) € 7 if and only if there is a conformal
map « : X — Y such that h = h;l oaohyx : Xg — Xy is homotopic
to identity. O
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Thus we can denote S, = Sx for any (X,hx) € 7 € T(Xy) and
introduce a bijective map from the Teichmiiller space T'(Xj,) to the
function space F,

L:T(Xo) = F; uo(r)=5,, 1€e€T(Xo).

Now suppose R is any closed Riemann surface of genus ¢g. Let
ho : Xo — R be a quasiconformal homeomorphism. For any marked
Riemann surface (X,hx) by R, we have a marked Riemann surface
(X, hxohg) by Xy. For any two marked Riemann surfaces (X, hy) and
(Y, hy) by R, if there is a conformal map « : X — Y such that

h;loath:ReR
is homotopic to the identity, then
hgloh;loaohxoho:XoﬁXo

is also homotopic to the identity. Thus this gives a bijective map
VU :T(R) — T'(Xy). Therefore, we have a bijective map

tr=109:T(R)— F.

6. Bers’ embedding for F.

Let R = D/TI" be a closed hyperbolic Riemann surface of genus g > 2.
The group I' acts on the whole Riemann sphere P!. The limit set of I'
is just the unit disk S'. The quotient

R" = (P'\D)/T

of the outer of the closed unit disk is another closed hyperbolic Riemann
surface complex conjugate to R. Let T'(R) be the Teichmiiller space of
R. Suppose 7 = [(X,hx)] € T(R) and X = D/T'x. Then hx can be
lift to a quasiconformal homeomorphism H : D — D conjugating the
Fuchsian group I' and I'y. Let uy = H>/H, be the Belrtami coefficient
of H. Extend it to the whole Riemann sphere P! by

_ :U’H(Z>7 zeD
“(z)_{o, 2 €D =P'\D.

Let ®(2) : P! — P! be the normalized solution to the Beltrami equation
O = p(2)P,.
Since p is [-invariant, we have that

Yelpa)(2) = pa(z)
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for all v € . Since the solution of the Beltrami equation is unique
up to post-composition with a Mobius transformation, so there is an
isomorphism

¢o:I' =Ty
such that

Poy=¢(7)o®

for all v € I'. Thus ® conjugates I' to ['x. By the construction of @, it
is conformal in D*. This implies that

R*=®(D")/Ty and X =&(D)/I'y.
The Schwarzian derivative
(b///(Z) 3 (b//(Z)
oo - (52
@ =Fm 2T
is [-invariant. It induces a quadratic differential on R* and is indepen-
dent of the choice of (X, hx) € 7. Thus we get a quadratic differen-

tial s(7) on R*. Let Q(R*) be the space of all quadratic differentials
q = q(2)dz* on R* with the norm

2
) )dz2, 2 e DY,

llall = sup (|a(2)lp~*(2))-
z2€R*
where p is the hyperbolic metric on S*. Then it is a complex dimension
3g — 3 linear space. Then we can embed T'(R) into Q(R*) by
s(1) : T(R) — Q(R").
It is called Bers’s embedding. So we can think 7'(R) as an open domain

of Q(R*).
Now take R = X and consider

sou™t i F— Q(RY).

Then we can embed F into a complex manifold Q(R*). Let B(1/2)
and B(3/2) be the balls of radii 1/2 and 3/2 in Q(R*). Then we have
that

B(1/2) C s(v™(F)) C B(3/2).
7. Teichmiller metric and maximum metric.

The Teichmiiller metric on T'(R) is defined as follows. Given any
two points 7,7 € T(R). Let (X,hx) € 7 and (Y,hy) € 7'. Then
hxy = hy o h)}l : X — Y is a quasiconformal homeomorphism. Define

1
dr(7,7') = inf 5 inf{log K'(h) | h : X — Y is homotopic to hxy }
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where the first inf takes over all marked Riemann surfaces (X, hy) € T
and (Y, hy) € 7" by R and where
|hz| + [z
K(h) =sup —————.
R T

Since the map ¢ : T(R) — T(Xp) is an isometry, we only need to
consider the case R = X, for the purpose of the study of metrics.

Suppose R = Xy. Since ¢ : T(R) — F is one-to-one and onto, we
can define the Teichmiiller metric on F as

dr(8,8') = dr(t7(5),.71(S)).
Since S = «(7) is a function on X%, it has a natural maximum norm

1S = sup [S(w")[.

w*ex?,
The distance is defined as
(s, s =S -9
This introduces a metric dpq.(+, ) on the Teichmiiller space T'(R),
Aoae (7, 7)) = d(u(7), (7))
for any 7,7 € T'(R).
Theorem 5. The identity map
idry : (T(R),dr) — (T(R), dmaz)
1s uniformly continuous.

To prove this theorem, we need several lemmas. Weierstrass’ P-
function is defined by

Ple) = 2_12 2 ((z — mwj —nw)?  (mw; Jlrm&)z).

It is a solution of the differential equation

P'(2)* = A(P(2) — e1)(P(2) — e2)(P(2) — €3)

where
w w
er=P(5), e2=P(5), e =P
They are distinct numbers.
Let k = wy/wy and consider only the half-plane Sk > 0. Then we

have a function

w1 +WQ

2

).

€3 — €1

6’2—6’1.
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Lemma 3. p(k) # 0,1 is an analytic function and

Suppose H is the upper half plane. It is another model of the hyper-
bolic disk . Suppose ® : H — H is a K-quasiconformal orientation-
preserving homeomorphism. Then it can be extended to a homeomor-
phism, which we still denote as ®, of HUR. Let ¢ : R — R be the
restriction of ® to the boundary of H. Then v is a quasisymmetric

homeomorphism and 1(—oc0) = —oco and ¢(+o00) = +oo. We have
that
Lemma 4.
1 L=pOE) _ [+ 1) — ()] pliK)
A L= AMK) = :
=0 = ) — ot -] =M T TR

The proofs of the above two lemmas can be found in Ahlfors’ book [1].
The further estimation of A\(K) is that (refer to [15])

(5) AEK) < SE-D,

Let ¢ : S' — S! be an orientation preserving homeomorphism.
Suppose € > 0 and M > 1 are two constants. We call it (e, M)-
quasisymmetric if

T4y

l’ — —_—
v P e

|<P(T) — ()|
for any z,y € S* and |z —y| < ¢, where |- | means the Lebesgue metric
on St

By considering the equality (Bl) or Lemmas [l and [ and p(k) is con-
tinuous at ¢, we have that

Lemma 5. There are two bounded functions e(K) > 0 and M(K) >
1 with e(K) — 0% and M(K) — 1% as K — 17 such that if H
is a K-quasiconformal homeomorphism of D, then ¢ = HI|S! is a
(e(K), M(K))-quasisymmetric homeomorphism of S*.

Proof. Suppose T is a Mobius transformation mapping R to S*. Then
YT~loHoT is a K-quasiconformal homeomorphism of H. From Lemma[],

O @) — ()] 1)
= om0

where &, 7 € [z,y]. Without loss of generality, we assume that Y~!([z, y])
is in a fixed compact set of R (otherwise, we use a different Y such that

AE)



23

Y~([z,y]) away from oc). Thus we have a number ¢(K) > 0 such that

G,
() = °

for any |y — x| < €(K). Thus we can take
M(K) =% D o1+ as K — 17,

O

Suppose [a,b] is an interval and H : [a,b] — H([a,b]) is a homeo-
morphism. We say H is M-quasisymmetric on |a, b] if
G M) - H@
|H (x) — H(x — )]
for any z,z+t,x—t € [a,b] and t > 0. We give a proof of the following
lemma.

M

Lemma 6. There is a bounded function ((M) > 0 satisfying ((M) —

0 as M — 1% such that for any M -quasisymmetric homeomorphism H
of [0,1] with H(0) =0 and H(1) =1,

|H(z) — 2| < (M), Vazel01]

Proof. Consider points z,, = 1/2", n =0, 1,---. The M-quasisymmetry
condition implies that

This gives
1 1 1 1 1
H <H(=—)< H
1+ M (2"—1)_ (2")_ 14+ M1 (2"—1

Using the fact that H(1) = 1, we further get

1 \» 1 1 \n
< H(— <<7), Vo>l
<1+M) < H(z) < (v "=

Furthermore, by M-quasisymmetry and induction on n = 1,2,---,
yield

(1JF1M>”§H(2Z¥”)—H(¢;11)§< ! )" Yn>1, 1<i<2m,

).
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Let
M " 1 1 1 " 19
n = ma — === Con=1,2,---
X W\vr+1) e\t "
Then for n =1,
1 1 1M—-1
H=)—=|<x1==2——
and for any n > 1, we have
R T _
o2 |G ] < [ HGm) — o+

By summing over k for 1 < k < n, we obtain

max H(i) -
0<i<2m 2n AL

k=1

If we put ((M) = sup;<,.{0n}, by summing geometric series, we
obtain

cn = max (M-t () - () )

Clearly, ((M) — 0 as M — 1, and since the dyadic points
{i/2" | n=1,2,---;0<i<2"}

are dense in [0, 1], we conclude
|H(z) — x| < (M) Vael0,1],
which proves the lemma. O

Concluding from the above four lemmas, we have that

Lemma 7. There is a bounded function o(§) > 0 with o(§) — 0 as
& — 0 such that

dma:c (77 7/) S Q(dT(T> 7/))
for any two T,7" € T'(X)).

Proof. Suppose K = exp(2dr(7,7")) > 1. Then we have two marked
Riemann surfaces (X, hx) € 7 and (Y, hy) € 7’ such that

hxy =hyohy' : X =D/Tx — Y =D/Ty

is a K-quasisconformal homeomorphism. (We can pick hxy as the
Teichmiiller map.) Then hxy can be lift to a K-quasiconformal home-
omorphism H of I such that H|S" is the boundary correspondence for
the isomorphism from I'y — I'y induced by hxy. We still use H to
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denote its restriction to S'. Then, from Lemma[6 it is (¢(K), M(K))-
quasisymmetric on S' and the conjugacy between the transitive ex-
panding Markov maps fx and fy, that is,

Ho fx = fy o H.
For any point w* = ---w;, € X%, we have that
L x € nx  and  Toe(us) x € Mpo1,x
and
Loz y = H(Lyz x) € Ny and  Loe(uz)y = H( Lo (uwz),x) € -1,y
Note that
Tyr x C Iorwr),x  and  Lyry C Ioe(ur)y-
Let ng > 0 be an integer such that
Lo (wy) x| < €(K)

for all n > ng. Then H|I@ x is a M(K)-quasisymmetric homeo-
morphism.

By considering [0, 1] gluing 0 and 1 as a model of S', then by rescaling
I+ (ws),x and Ip«(,x)y into the unit interval [0, 1] by linear maps, we
can think H |l x is a M(K)-quasisymmetric homeomorphism of
[0,1] and fixes 0 and 1. Then Lemma [l implies that

| H (L, x)] | Lz x|

Sy (w;) — Sx(wy)| = — < ((M(K)).
Srln) = Sxlen) [H (Lo wg) x| Hom ), x| (MU

This implies that
Sy (w*) = Sx (w")| < ¢(M(K)).
Therefore,
Amae (1, 7') < C(M (dr(T,7")).

We take 0(§) = ((M(€)). The bounded function o(¢) — 0 as & — 0.
We completed the proof. O

Proof of Theorem[d. For any € > 0, there is a § > 0 such that o(§) < €
for any 0 < & < 0. Thus for any 7,7" € T(R) with dr(7,7") < J, from
Lemma [T dp.(7,7') < o(dr(1,7')) < €. Thus

id : (T(R), dT(, )) — (T(R)7 dmam('a ))

is uniformly continuous. We have proved the theorem. O
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Theorem 6. The identity map
idyr  (T(R), dpaz) — (T(R), dr)
18 CcontInuous.

Proof. Suppose idyr : (T'(R),dmae) — (T(R),dr) is not continuous.
That is, we have a real number ¢ > 0 and a point S = ¢(7) and a
sequence of points {S,, = ¢(7m)}o°_, in the Teichmiiller space T'(R)
such that

dmaX(TmaT) = ||Sm - SH —0 as m— o0

but
dr(Tpm,T) > €, ¥ m.

Let (X, hx) € 7 be a fixed representation and (X,,, hx,, ) € 7,,, for each
m be a representation such that

hm = hx, ohy' : X =D/T'x — X, =D/T,,

is a K,, = exp(2dy(7m, 7))-quasiconformal homeomorphism. (We can
pick h,, as the Teichmiiller map.) Then h,, can be lift to a K,,-
quasiconformal map H,, of D such that H,,|S* is the boundary cor-
respondence for the isomorphism from I',, — I' induced by h,,. We
still use H,, to denote this boundary correspondence. Let fx  and
fx are the corresponding Markov maps. Let {n,}5°, and {n,.,}>,
be the corresponding sequences of nested Markov partitions. Since
|Sm — S|| — 0 as m — oo, we have a constant a = a(S) > 0 such
that S,,(w*) > a for sufficient large m and all w* € ¥%. Let us assume
this true for all m. Since X% is a compact set, we have that there is
another constant b = b(a) > 0 such that S,,(w}) > b (pre-scaling func-
tions in Lemma [2]) for all m and all n. This says that the collection
of the sequences {n,,}7°, of nested Markov partitions has uniformly
bounded geometry. From a method in [10], which gives a calculation of
quasisymmetric dilatation from bounded geometry, we have a constant
M > 0 such that the quasisymmetric dilatations of all H,, are less than
or equal to M. From [4], we know the quasiconformal dilatation of the
Douady-Earle extension of H,, to D is controlled by the quasisymmet-
ric dilatation of H,,. Thus we have a constant K such that all K,
is less than or equal to K. This says that the sequence {7,,}>°_; is
contained in the closed ball

BK(S) = {n € T(R) | dr(n,7) < 5log K’}

which is a compact set. So we have a convergent subsequence. Let us
assume that {7, }°°_; itself is convergent and converges to 7 = [(Y, hy)].



27

Let
hXYIhXOh;llX:D/FX%Y:D/FY

be a K = exp(2dy(t, 7))-quasiconformal homeomorphism. From our
assumption, we know that K > 1. Let Hyy be the corresponding
boundary correspondence. Then H,, converges to Hxy on S! modulo
Mobius transformations as m — oo. Let us just assume that H,,
converges to Hyy on St as m — oo.

Let fy be the corresponding Markov map and let {n,y }7°, be the
sequence of nested Markov partitions. For any w;, let I, x,, € Nmn
and I: y € n,y. We have that [1,: x,.| = [z, v| as m — oo for each
fixed n and w;.

Since the sequences {7,522, of nested Markov partitions have uni-
formly bounded geometry, this again says that there are constants
C=0C(5S) >0and 0 < pp = p(S) < 1 such that v, < Cpu™ for
all n and m, where

Vnm = max |[].
Ienn,m

This implies that S,,(w}) — S, (w*) and Sy (w)) — Sy (w*) asn — oo
uniformly on m > 1 and w* € ¥%. Thus we can change double limits
for each w* € X7,

S(w*) = lim Sp(w*) = lim lim S,,(w})

m—00 m—00 N—00

= lim lim S, (w}) = lim Sy(w}) = Sy (w").
From Theorem [ this implies that 7 = 7, therefore, dr(7,7) = 0. This
is a contradiction. The contradiction says that

idyr = (T(R), diaa (-5 +)) — (T(R), dr(-,-))
is continuous at each point S. We have completed the proof. O

However, the map in the last theorem is general not uniformly con-
tinuous (actually all constants in the proof depend on S). This can be
examined by the union of graphs of S € T'(R) which is an open section
in the open unit cube [[;°(0,1) and the maximum norm on this open
unit cube is incomplete. However, from Theorems [B] and [6, we have
that

Corollary 1. The topology on T(R) induced from the mazximum met-
TiC Az 1S the same as the topology on T(R) induced from the usual
Teichmiller metric dr.
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8. Added Remark: pressure metric and WP metric

It is interesting to compare our function model and McMullen’s ther-
modynamical embedding. More interestingly, from McMullen’s calcu-
lation in [I6], we have that the pressure metric for the tangent vector
d(log S;)/dt|i=o of a smooth path ¢(7;) = S; through Sy is a constant
times the Weil-Petersson metric of dr;/dt|—.

Consider the subshift of finite type (¥4,04) in §4 associated to all
Marked Riemann surfaces (X, hy) by R. Let C* = C*(X,) be the
space of all Holder continuous functions on ¥ 4. Two functions ¢,y €
CH(X%,) are said to be cohomologously equivalent, denoted as ¢ ~, ¥
if there is a continuous function u on ¥4 such that

¢—1=uooy —u.

It is an equivalence relation. We say ¢ is a co-boundary if ¢ ~., 0. We
use

CCH = CH(24)/ ~e

to denote the space of all cohomologous equivalence classes. For each
6 € CCH, there is an important thermodynamical quantity called the
pressure P(0) = P(¢) for any ¢ € 6 associated to it. It is a smooth
concave function on CCH. Let

ccl = {0 e cc™ | P(9) = 0}

be the subspace of all equivalence classes with zero pressure. In [16],
McMullen embedded the Teichmiiller space T'(R) into CC{' through
cohomologous equivalence classes 6 = [¢x] where

¢x = —log fy omx

and where fx are Markov maps associated to all marked Riemann
surfaces (X, h,) by R in §3. Just like we did in the circle expanding
mappings case in [I1] (also see [12]), the scaling function S, on the
dual symbolic space X% can be thought as a single function represen-
tation for the cohomologous equivalence class 6 = [¢x] for any marked
Riemann surface (X, hx) € 7 but it is in the dual point of view. There-
fore, our scaling function model F can be thought as a dual version of
McMullen’s thermodynamical embedding. However, our model gives a
single function representation for each coholomogous equivalence class
as well as for each Teichmiiller equivalence class.

For every 6 € CC[T, there is a unique Gibbs measure my for the
system (X 4,04, ¢) where ¢ is any function in 6 (see, for example, [13]
and other references in it). For every [¢)] € CCS with zero mean, that
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is, sz 1dmg = 0, the variance is given by

n—1

> v ookw)| dm,.

k=0

Var([e], my) = lim —~

n—oo N EA

Then by convexity, the second derivative

D*P([¢]) = Var([¢], my).
The pressure metric of [¢)], given by

, _ Var([e),mo)
I = = e

is nondegenerate. Suppose 7; is a smooth path in 7'(R) through 7.
The tangent vector 7y = dr;/dt|,—o can be represented uniquely by a
harmonic Beltrami differential 1o = p~2¢ where p is the hyperbolic met-
ric and ¢ is a holomorphic quadratic differential. The Weil-Petersson
metric on the tangent space T, T'(R) is given by

lolfs = Walfr = [ Pl = [ 57206

Suppose 7; is a smooth path in T'(R) through 75. There is a unique
family of homeomorphisms H; of S* such that it is the family of bound-
ary correspondences from I'; to 'y where X; = D/I'y € 7. Let ®; be
the family of quasiconformal homeomorphisms from Bers’ embedding
in §6. Let A, be the image of S' under ®,. Then A; is a quasicircle
and is the limit set of the quasi-Fuchsian group I'; obtained by gluing
the unit disk and the outer of unit disk by H;. Let a(t) = HD(A;) be
the Hausdorff dimension of A;. Then a(t) has the minimum value 1 at
t = 0 since Ag = S'. Let m; = Hy, Leb be the pushforward measure of
Lebesgue measure on S' by H,. Then from Theorem B, m;, is totally
singular with respect to Lebesgue measure. Let b(t) = HD(m;) be the
Hausdorff dimension of the measure m;, that is,

b(t) = inf{HD(E) | my(E) = 1}.

Then b(¢) has the maximum value 1 at ¢t = 0. Let 6; be the cor-
responding cohomologous equivalence classes to 7; from McMullen’s
thermodynamical embedding. Using a key equality in thermodynami-
cal formalism,

2

P(lo] +tly]) = P([9]) + %Var([whmm) +0(t%),
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where myy) is the Gibbs measure for the system (34,04, ¢) and [¢)] has
zero mean and Var([@b] mm) is the variance, McMullen proved that

gvone = dt2 =0Ty dt2 =0 3a7"ea(7'0)

Now let us consider the dual symbolic dynamical system (X%, 0%)
and the space of all functions log S; for 7 € T'(R) and «(7) = S,. First
we have that the pressure P(logS;) = 0 for every S,. Let S; = «(1;)
be the corresponding smooth path through Sy in our function model.
Let mg = mj,, 5, be the Gibbs measure for the system (3%, 07, log Sp).
From the fact that P(log.S;) = 0, we have that

dP(ogS)| / d(log S,)
t=0 N 22 dt

dt
Thus the vector dlog S;/dt|—o has zero mean. The variance is then can
be calculated as

Var (110850

dmg = 0.

t=0

n—1
Z 2 (UA)k(w> dmg.

22y} =0

,mg) = hm —

n—oo N

t=0

The pressure metric for d(log S;)/dt|;—o can be then defined and is given
by

) Var (d(lo;rt S4)

m*)
=0’

P - sz log Sodm;;

H d(log S;)
dt

t=0

From [12] page 76-77], for each periodic point w* = (j,—1 - - jo)> of
0%, we have a periodic point w = (ip- - - i,-1)> of o4. This correspon-
dence of periodic points is bijective. Moreover, from [12, Proposition

3.3],
ZlogS (o) (w* ZQSXUA

for any (X, hx) € 7 € T(R). Since the pressures P([¢x]) and P(log.S;)
only depend on summations of values over periodic cycles, so they are
equal, that is,
P(log S7) = P([¢x])-

Just like we did in [I1], there is a one-to-one correspondence between
Gibbs measures mjg,] for systems (34,04,¢x) and Gibbs measure
My, 5. for systems (X4, 04,log S;). Thus for the smooth curve {¢(7;) =
Si}, the variance

d(log Sy)

Var ( i

. :
L m10g50> = Var(6y, mag,).
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Moreover,

/ log Spdmy, = Podmyg,
b

A A

for any ¢y € 6y. Thus we have that the pressure metric
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Hd(logSt) Hz _4 170l13 p
dt  l=ollp  3area(ry)
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