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Abstract

In 1980’s, Thurston established a combinatorial characterization for post-critically finite rational maps
among post-critically finite branched coverings of the two sphere to itself. A completed proof was writ-
ten by Douady and Hubbard in their paper [A. Douady, J.H. Hubbard, A proof of Thurston’s topological
characterization of rational functions, Acta Math. 171 (1993) 263-297]. This criterion was then extended
by Cui, Jiang, and Sullivan to sub-hyperbolic rational maps among sub-hyperbolic semi-rational branched
coverings of the two sphere to itself. The goal of this paper is to present a new but simpler proof for the
combinatorial characterization of sub-hyperbolic rational maps by adapting some arguments in the proof in
Douady and Hubbard’s paper.
© 2009 Elsevier Inc. All rights reserved.

MSC: 58F23; 30D05

Keywords: Thurston type theorem; Sub-hyperbolic rational maps

1. Introduction

We assume that the reader is familiar with the paper [6]. Let S2 be the topological two sphere
and f : S — S? be an orientation-preserving branched covering of degree d > 2. We denote by
deg, f the local degree of f atx. We will call

¥ Corresponding author.
E-mail addresses: zhanggf @hotmail.com (G. Zhang), Yunping.Jiang@qc.cuny.edu (Y. Jiang).

0001-8708/$ — see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.aim.2009.03.009



G. Zhang, Y. Jiang / Advances in Mathematics 221 (2009) 1990-2018 1991
_ 2
25 ={x e8| deg(x) >2}

the critical set of f and

Pr=J rk@p

k>1

the post-critical set. We say f is post-critically finite if Py is a finite set.

In 1980’s, Thurston established a combinatorial characterization for post-critically finite ra-
tional maps among post-critically finite branched coverings of S to itself. A completed proof
was written by Douady and Hubbard in their paper [6]. The theorem says that if the associated
orbifold O for a post-critically finite f is hyperbolic, then f is combinatorially equivalent to
a rational map if and only if it has no Thurston obstructions. The basic idea of the proof is as
follows. Let C be the Riemann sphere. Consider the Teichmiiller space Ty modeled on (@, Py).
Then f induces an analytic operator oy : Ty — Ty. It turns out that the existence of a rational
map which realizes f is equivalent to the existence of a fixed point of os. The proof is then
reduced to showing that oy has a unique attracting fixed point. The reader may refer to [6] for a
detailed proof of this theorem.

A natural question is that to what extent, Thurston’s theorem can be extended to rational maps
with infinitely many post-critical points. It was proved by McMullen that having no Thurston
obstruction is essentially true for any rational map with a hyperbolic orbifold — only trivial
Thurston obstructions inside Siegel disks or Herman rings may occur for a rational map with
a hyperbolic orbifold [10]. In a manuscript first circulated in 1994, Cui, Jiang, and Sullivan
studied the combinatorial characterization problem for geometrically finite rational maps. They
introduced sub-hyperbolic semi-rational branched coverings of S? to itself and established a
combinatorial characterization of sub-hyperbolic rational maps among all sub-hyperbolic semi-
rational branched coverings. The papers were published in [4,5]. Some relative details in [5]
may also be found in [11]. After that, in the same spirit as [5], Cui and Tan presented in [3]
an improved version. Both papers [3,5] are quite involved — a combinatorially complex and
expositionally formidable surgery argument is used to reduce the problem to that of Thurston’s
original postcritically finite setup, together with checking that certain gluing data are analyti-
cally realizable. The goal of this paper is to give a new but simpler proof for the combinatorial
characterization of sub-hyperbolic rational maps among sub-hyperbolic semi-rational branched
coverings of S? to itself by adapting some arguments used in the proof of Thurston’s theorem in
Douady and Hubbard’s paper. A combinatorial characterization of rational maps or entire func-
tions is important and interesting in complex dynamical systems. Besides the work mentioned
above, we would like also to mention Brown’s thesis [2] on the unicritical polynomial case and
Hubbard, Schleicher, and Shishikura’s paper [9] on the exponential family.

Before we present the Main Theorem in this paper, let us introduce some definitions first. We
say f is geometrically finite if Py is an infinite set but with finitely many accumulation points.
Suppose that f is geometrically finite. Then it is not difficult to see that the accumulation set
of Py consists of finitely many periodic cycles. We leave this to the reader as an exercise. Let
P} denote the set of all the accumulation points of Py. Throughout the whole paper, we use

C to denote the Riemann sphere which is the two sphere endowed with the standard complex
structure.
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Definition 1.1. Let f: C—Cbea geometrically finite branched covering of degree d > 2. We
say f is a sub-hyperbolic semi-rational branched covering if for any a € P} of period p > 1,
there is an open neighborhood U of a, such that f is holomorphic in U, and moreover, if
deg, f? =1, then

fP@=a+rz—a)+o(lz—al) forzeU
where 0 < |A| < 1 is some constant, and if deg, f” =k > 1, then
fp(Z)=a+Ot(Z—a)k+o(|z—alk) forzeU
where « # 0 is some constant.

As in the post-critically finite case, one can define Thurston obstructions for a sub-hyperbolic
semi-rational branched covering f in a similar way. If y is a simple closed curve in §2\ Py, then
the set f~'(y) is a union of disjoint simple closed curves. If y moves continuously, so does each
component of f~1(y). A simple closed curve y is non-peripheral if each component of S2 \ y
contains at least two points of Py. Consider a multi-curve

I'={y1,.... va}

of simple, closed, disjoint, no two homotopic, and non-peripheral curves in 2 \ Pr. We say
that I" is f-stable if for any y € I', every non-peripheral component of f~!(y) is homotopic in
52\ Py to an element of I".

For each f-stable multi-curve I", define a linear transformation,

fr:RIC > RC

as follows: let y;, j o denote the components of f -1 (yj) homotopic to y; in C \ Prandd jq be
the degree of f1y, ;, Vi j« = ¥j. Define

frvj) =Z<Z : )y,-.

—\G " dija

Since the matrix of fr is non-negative, there exists a largest eigenvalue A(I", ) € R,. We say
that a multi-curve I" is a Thurston obstruction of f if A(I, f) > 1.

Definition 1.2. Suppose f and g are two sub-hyperbolic semi-rational branched coverings. We
say that they are CLH-equivalent (combinatorially and locally holomorphically equivalent) if
there exist a pair of homeomorphisms ¢ : C — C and  : C — C such that

e 1/ is isotopic to ¢ rel Py,
° of =gV,
e ¢|Ur =y|Uy is holomorphic on some open set Uy D P}.

Now let us state the Main Theorem in this paper.
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Main Theorem. Suppose f is a sub-hyperbolic semi-rational branched covering. Then f is
CLH-equivalent to a rational map R if and only if f has no Thurston obstructions. In this case,
the rational map R is unique up to a Mobius conjugation of the Riemann sphere.

Remark 1.1. There are branched coverings of S? to itself which are geometrically finite and
having no Thurston obstructions but are not combinatorially equivalent to rational maps. For the
construction of such maps, see [4].

The proof of the necessity part follows from a theorem of McMullen (see Appendix B of [10]).
The main task of this paper is to prove the sufficiency part.

The essential difference between the post-critically finite case and the sub-hyperbolic case is
that in the first case, the post-critical set is a finite set and the Thurston pull back induces an
analytic operator defined on a finite-dimensional Teichmiiller space, while in the latter case, the
post-critical set is an infinite set and therefore, the induced operator is defined on an infinite-
dimensional Teichmiiller space. However, we observe in this paper that, in both cases, the
following bounded geometry properties are similar. This allows us to prove the latter case by
adapting the argument in the proof of the first case.

In the post-critically finite case, the basepoint of the Teichmiiller space is the Riemann sphere
minus the set of finite number of post-critical points. The branched covering induces a pull-back
operator on this Teichmiiller space. Iterations of this operator produce a sequence of sets of finite
number of points in the Riemann sphere. The bounded geometry in this case means that there
is a positive constant such that any two points in any element of this sequence have spherical
distance greater than or equal to this constant.

In the sub-hyperbolic case, the basepoint of the Teichmiiller space is the Riemann sphere
minus the union of finitely many points and topological disks. Iterations of the pull-back operator
produce a sequence of sets of finite number of points plus finite number of disks in the Riemann
sphere. The bounded geometry in this case means that there is a positive constant such that in
any element of this sequence, the spherical distance between any two points, any point and any
disk, or any two disks is greater than or equal to this constant; moreover, any disk in any element
of this sequence contains another round disk of radius greater than or equal to this constant.

The paper is organized as follows. In Section 2, we state the Shielding Ring Lemma which is
crucial for our construction of the Teichmiiller space. In Section 3, we construct the Teichmiiller
space Tr. In Section 4, we introduce the pull back operator oy : Tf — Ty. In Section 5, we intro-
duce the concept of bounded geometry. In Section 6, we prove that bounded geometry implies the
strictly contracting property of oy. In Section 7, we prove that no Thurston obstruction implies
the bounded geometry. This completes the proof of the Main Theorem.

2. Shielding Ring Lemma

We say an open annulus A is attached to an open topological disk D from the outside if A
and D are disjoint but 9D is one of the boundary components of the annulus A. Then D U A is
a larger closed disk.

Suppose that f is a sub-hyperbolic semi-rational branched covering. Let P/, = {a;}.

Lemma 2.1 (Shielding Ring Lemma). There is a finite collection {D;} of open disks and a finite
collection of open annuli {A;} such that

e a; €D,
e every dD; is a real analytic curve,
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° BiﬂD_szSfori;éj,

e foreach i, A; is an annulus attaching D; from the outside such that A; N Pr=41,
o [ is holomorphic on D; UA,,

o every f(D; U A;) is contained in some Dj.

Lemma 2.1 follows easily from the fact that f is holomorphic attracting in an open neighbor-
hood of every periodic cycle in P}-. The reader shall easily supply the details of the proof. From
now on we call the A; and D; respectively the shielding rings and holomorphic disks.

3. The Teichmiiller space T’y

Let us now fix a collection of holomorphic disks { D;} and a collection of shielding rings {A;}
for f. Let

D:UDi and P;=P;\D.

i

By taking D; smaller, we may assume that #(P;) > 3. We may further assume that
{0, 1, o0} C P;. Define

Q=PUD and X=09Q=P UJD.

Definition 3.1. The Teichmiiller space Ty is the Teichmiiller space modeled on (@ \ 0, X).

The Teichmiiller space Ty can be constructed as the space of all the Beltrami coefficients de-
fined on C\ O module the following equivalent relation: let u and v be two Beltrami coefficients

defined on(C\ Q and let
¢.:C\Q—S and ¢,:C\Q—R

be two quasiconformal homeomorphisms which solve the Beltrami equations given by w and v,
respectively. We say p and v are equivalent to each other if there exists a holomorphic isomor-
phism /2: R — § such that the map ¢, and % o ¢, are isotopic to each other rel X, that is, there is
a continuous family of quasiconformal homeomorphisms g; : C \ Q@ — S,0<t<1,such that

1. g0:¢ﬂ.’
2. g1=hod,,
3. 8@ =¢u(x)=(hog¢,)(z) forall 0 <r < 1landz € X.

In the following we use [u] to denote the element in T’y represented by .

Now let us give a brief description of the relative background about the Teichmiiller space T's.
The reader may refer to [8] and [7] for more knowledge in this aspect.

Let M (@ \ Q) denote the space of all the measurable Beltrami differentials 1 (z) Z—g onC \ QO
with ||(t]ec < 00. Then M (@ \ Q) has a natural complex analytic structure, and moreover, it is
a Banach analytic manlfold with respect to the norm || - ||oo. Let B((C \@Q) M ((C \ Q) denote
the unit ball. Then B((C \ Q) consists of all the Beltrami coefficients on C \ Q. Let

P:B(C\Q)— Ty

be the projection map given by p +— [1].
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Lemma 3.1 (See Chapter 6 of [8]). There exists a unique complex analytic structure on Ty such
that with respect to this structure, the map P is complex analytic, and moreover, the map P is a
holomorphic split submersion.

Let 1 be a Beltrami coefficient defined on C \ O.Let

be a quasiconformal homeomorphism which solves the Beltrami equation given by u. Let
dz .
M, = S(z)d— ‘ &(z) is measurable and || €| < 00
z
be the linear space of all the Beltrami differentials defined on ¢, (@ \ Q). Let
A, = {q(z) dz? ‘ ¢(z) is holomorphic and / |q(z)| dzndz < oo}

¢, (C\0)

be the linear space of all the integrable holomorphic quadratic differentials defined on ¢, (@\ 0).
A Beltrami differential £(z) Z—i € M, is called infinitesimally trivial if

/ £(2)q(2)1dz)*> =0
. C\0)

holds for all ¢(z) dz? € Ay

Let N, C M, be the subspace of all the infinitesimally trivial Beltrami differentials. Then the
tangent space of T at [u] is isomorphic to the quotient space M, /N,.

Let u be a Beltrami coefficient defined on C\ Q. Let £ be a tangent vector of T; at [u] which
is identified with a Beltrami differential &£(z) j—i defined on ¢, (@ \ 0).

Definition 3.2. The Teichmiiller norm of the tangent vector £ is defined to be

€1l = sup

k]

/ q(2)&(2) 1dz|?
$.(C\0)

: 2 : _ 2 _
where the sup is taken over all g(z) dz° € A, with f%(C\Q) lg()|ldz]” = 1.
Definition 3.3. Let [1], [v] € Ty. The Teichmiiller distance d7 ([u], [v]) is defined to be
1 . _1
3 inflog K (¢ 0,")

where ¢, and ¢, are quasiconformal mappings with Beltrami coefficients 1" and v’ and the inf
is taken over all i’ and v’ in the same Teichmiiller classes as w and v, respectively.
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Lemma 3.2. Let (v and v be two Beltrami coefficients defined on C \ Q. Then

1
dr ([, v]) = inf/||t/(t)|| dt
0

where inf is taken over all the piecewise smooth curves t(t) in Ty such that T(0) =[] and

(1) =[v].
4. The pull-back operator

As in the post-critically finite case, we may assume that f is a quasiregular map. (This is
because except the finite holomorphic disks, there are only finitely many points in Py, and
therefore, the CLH-equivalent class of f must contain a quasiregular branched covering of the
Riemann sphere C.)

Remind that for a Beltrami coefficient © defined on @, the pull back of u by f, which is
denoted by f*(u), is defined to be

mr(z) +u(f(2)0(2)

(o) = LD
S = o9

(D

where 6(z) = f./f. and u £(z) = fz/f;. It is important to note that if u depends complex ana-
lytically on ¢, then so does f™*(u).

Now let ©(z) be a Beltrami coefficient defined on C \ Q. Define the Beltrami coefficient
Ext(u)(z) on C by setting

u(z) forze @\ 0,
0 for otherwise.

Ext(p)(z) = { 2

By (1), f*(Ext(u)) is a Beltrami coefficient on C. Let us simply use f*(u) to denote the
restriction of f*(Ext(x)) on C\ Q. Thus we can define a map

f*:B(C\ 0)— B{C\ Q)
by = f*(w).
Lemma 4.1. The map [* induces a complex analytic operator oy : Ty — Ty.
Proof. Let us first show that the map o is well defined. Suppose w and v are two Beltrami
coefficients de:fmed on C\ Q which are equivalent to each other. Let Ext(xt) and Ext(v) be their
extensions to C. Let @gxi(,) and ¢ex(v) be the corresponding quasiconformal homeomorphisms

of C which fix 0, 1, and the infinity. Let ¢,, and ¢, denote their restrictions to @\ Q, respectively.
Since p is equivalent to v, we have a holomorphic isomorphism

h:C\ $Exw) () = C\ PExi) (Q)
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such that ¢, is isotopic to 1 o ¢, rel X. Now define a homeomorphism Ext(h) : C—C by setting

h(z) for z € C\ ¢exi(n)(Q),

Ext(h)(z) = | .
PExt(n) © Py (2)  for otherwise.

3)

It is clear that Ext(h) is holomorphic everywhere except those points in ¢gxv)(X). Since
PExi(v) (X) is the union of finitely many points and finitely many quasicircles by Lemma 2.1, it
follows that Ext(h) is a holomorphic homeomorphism of C to itself, and therefore a M6bius map.
By the normalization condition, Ext(%) fixes 0, 1, and oo also. So Ext(h) = id. This implies that
¢, and ¢, are isotopic to each other rel X, and in particular, ¢, = ¢, on X. Since ¢gx ) and
@Ext(v) are holomorphic on D, it follows that @gx(,) = PExt(v) On Q and therefore are isotopic to
each other rel Q. Since f(Q) C Q, we can therefore lift this isotopy and get an isotopy between
@ rExt()) and @ rxExevy) Tel Q. It follows Elat ¢ f+(w) and @ rx(,y, which are respectively the
restrictions of @ rxExt(,)) and @ = Exe(vy) on C\ Q, are isotopic to each other rel X. This implies
that [ f*(u)] = [f*(v)]. We can thus define a map

of: Ty —> Ty

by or([nD) = [f*(w].
Now it remains to proves that o'y is complex analytic. To see this, note that by (1) the map

f*:B@C\0)—~ BC\ Q)
is complex analytic. Since by Lemma 3.1 the projection map
P:B(C\Q)— Ty

is a holomorphic split submersion, it follows that o 7 is analytic also. This completes the proof of
the lemma. O

Once no confusion is caused, let us simply use u to denote either Ext(u) or w. Let fi(z) =
fr ().

Let ¢y, ¢ : C — C denote the quasiconformal homeomorphisms which fix 0, 1, and the in-
finity and which solve the Beltrami equations given by u and fi, respectively. Let

g=duofod;.

It is clear that g is a rational map and the following diagram commutes.

o~ ¢[t ~
(C,0) — (C,9u(Q)

b,k

~ Pu A
(C,0) — (C,u(Q)



1998 G. Zhang, Y. Jiang / Advances in Mathematics 221 (2009) 1990-2018

Now suppose that & is a tangent vector of Ty at T = [u]. This means that there is a smooth
curve of Beltrami coefficients y (¢) defined on C\ Q, such that y (0) = u and

d

§= di t:OM¢V(’)°¢;:l. “)
Let dos|; denote the tangent map of oy at . Let § =doy|:(§).
Lemma 4.2. Let £ and & be as above. Then
: g (w)
§(w) =§(g(w) %)
(s) 5 )
Proof. Note that
d d d

5= dt|, ¢ymofo¢;‘ T t=0“¢y<t)o¢,:‘o¢uofo¢~ dt|, Ry o i og”

Since g is a rational map, by (1) we have

g (w)
M¢y<r>°¢ﬁlog(w):“¢y(z>°¢ (g )) g (w)’

The lemma then follows from (4). O

Let § = §(w)dw? be a non-zero integrable holomorphic quadratic differential defined on

C\ ¢;(Q). Define

3 g (w)
1@ il (g (w)]? ©

It is easy to see that ¢ = ¢(z) dz” is a holomorphic quadratic differential defined on C \ ¢.(Q).
Proposition 4.1. For g and q given as above, we have
/ lq()|ldz]* < / |G(w)|ldw|* - / |G (w)|1dw]?.
C\pu(Q) C\pa(Q) Ui #(AD)
Proof. By the definition of ¢, we have

d,2= q(w)
/ l9@]1z ' 2 P

C\ppu(0) C\%(Q) g(w)=z

2
dz|
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Since f(LJA;) cUD; and |dz|> = |g'(w)|? |[dw|?, we have

q(w) .
/ > T jdz|* < / |G(w)|ldwl*.
C\pu() S @\ ONU; 97 (A1)

Proposition 4.1 then follows since the right hand of the above inequality is equal to
/ |G (w)|ldw|* — / lg)|ldwl®. O
C\pu(Q) U: ¢ (A)
Proposition 4.2. We have the following duality of the pairing,

/ Ew)d(w) [dw] = / E(2)q(2) [dz]P.
C\pi(O) C\¢u(Q)

Proof. Note that ¢ (Q) C g~ (¢,.(Q)) and by (5) £(w) = 0 for all w € g~ (¢,.(Q)) \ P (Q).
‘We thus have

f Ew)q(w) [dw|* = f Ew)d(w) [dwl*.
C\¢(0) C\g~! (@u(Q))
Now Proposition 4.2 follows from (5), (6) and the fact that |dz|*> = |g'(w)|? |[dw|?>. O
As a direct consequence of Propositions 4.1 and 4.2, we have
Corollary 4.1. Let T € Ty. Then ||doy|.| < 1.

Remark 4.1. Corollary 4.1 also follows from a general fact that a complex analytic operator
does not increase Kobayashi’s metric which is equal to Teichmiiller metric in this case (refer to,
for examples, [8] and [7]). But our particular argument used here will be improved in the latter
sections to prove a strict inequality.

The next lemma reduces the proof of the Main Theorem to showing that the pull back operator
o r has a unique fixed pointin 7.

Lemma 4.3. The map f is CLH-equivalent to a unique rational map (up to Mobius conjugations)
if and only if o ¢ has a unique fixed point in Ty.

Proof. If o has a fixed point [u] in Ty, then o = f*u ~ . Let Ext(u) be the extension of u
to C. Let @gxe(u) and @ p+(Exe(u)) be the corresponding quasicgpformal homeomorphisms which
fix 0, 1, and the infinity. Let ¢, and ¢;; be their restrictions to C\ Q, respectively. It follows that
there is a conformal isomorphism

h:C\ ¢u(Q) — C\ ¢a(0)
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such that ¢; and h o ¢, are isotopic to each other rel X. As in the proof of Lemma 4.1, one can
show that such / is actually equal to the identity map. In fact, we can again define a homeomor-
phism Ext(h) : C — C by setting

h(z) for z € C \ dExi (Q),

@ £+ (Ext(w)) © ¢E_x1t( ) (z) for otherwise.

Ext(h)(2) = { (7

It is clear that Ext(h) is holomorphic everywhere except those points in ¢gxy)(X). Since
@Ext(u) (X) is the union of finitely many points and finitely many quasicircles by Lemma 2.1, it

follows that Ext(h) is a holomorphic homeomorphism of C to itself, and therefore a M6bius map.
By the normalization condition, Ext(h) fixes 0, 1, and oo also. So Ext(h) = id. This implies that
¢, and ¢ are isotopic to each other rel X. It follows that ¢gx(,) and @ r+Ext(u)) are isotopic to
each other rel Q. Note that when restricted to D, @gx(u) and ¢ s+ Exe(n)) are analytic and equal to

each other. This implies that f is CLH-equivalent to the rational map g = @gx(u)© f o¢},}(Extw)).

If f is CLH-equivalent to g, then we have a Beltrami coefficient x defined on C \ Q such
that ¢ = Pgxiy 0 f © 4’;*1(13“( ) and moreover, @exi(u) and @ r+(Ext(u)) are isotopic to each other
rel Q. This implies that ¢, and ¢; are isotopic to each other rel X. It follows that [ f*(u)] = [1]

and thus o ¢ ([u]) =[]
It is clear that the fixed point [1] is unique is equivalent to say that g is unique up to Mdbius
conjugations. 0O

5. Bounded geometry

Let d(X, Y) denote the spherical distance between two subsets of C. Recall that

D=\ JDi. Pi=P;/\D. and Pj={a}.
i

Definition 5/.\1. Lg'E b > 0 be a constant. Let Ty, C Ty be the subspace such that for every [u] €
Ttp,if ¢, : C — Cis the quasiconformal homeomorphism which fixes 0, 1, and the infinity, and
which solves the Beltrami equation given by Ext(u), then the following conditions hold,
(1) forall z; #zy € Py,

d(pu (i), pu(zir) = b
(2) forall z; € Py and all D;,

d(¢u(z)), ou (D)) = b
(3) forall D; # D,

d(¢u(Di), (D)) = b;

(4) forevery D;, ¢,,(D;) contains a round disk of radius b centered at ¢, (a;).



G. Zhang, Y. Jiang / Advances in Mathematics 221 (2009) 1990-2018 2001

Let K > 1. Then the family of all the K-quasiconformal homeomorphisms of C to itself,
which fix 0, 1, and the infinity, is compact. We thus have

Lemma 5.1. Let K > 1. Then for every § > 0, there is an € > 0 depending only on K and § such
that for every two points x,y € C with d(x, y) > 8, and every K-quasiconformal homeomor-
phism ¢ : C — C which fixes 0, 1, and the infinity, we have d(¢ (x), ¢ (y)) > €.

By Definitions 3.3 and 5.1, and Lemma 5.1, we have

Lemma 5.2. Let b, D > 0. Then there is a b’ > 0 depending only on b and D such that for
any two Beltrami coefficients p and v defined on C\ Q, if dr ([u], [v]) < D and v € Ty, then
veTyry.

Definition 5.2. Let Z be a subset of Q with #(Z) > 4. Let [u] € Ty and y C C \ Z be a sim-
ple closed and non-peripheral curve. We use |y |, ,z to denote the hyperbolic length of the
unique simple closed geodesic § which is homotopic to ¢, (y) in the hyperbolic Riemann surface
C \ ¢ (Z). We say y is a (i, Z)-simple closed geodesic if ¢, (y) is a simple closed geodesic in

C\ pu(2).

For each holomorphic disk D;, fix a point b; on the boundary 9 D;. Set

E=P U Jlai. bi).
i

Note that P; contains 0, 1, and the infinity by our assumption. Since P; C E and ¢, fixes 0,
1, and the infinity, it follows that £ and ¢, (E) contain 0, 1, and the infinity also. By the proof of
Lemma 4.1, for every non-peripheral curve y C C \ O and every [u] € Ty, the quantity ||y || .. £
is well defined.

Lemma 5.3. Let a > 0. Then there is a b > 0 depending only on a such that for every Beltrami
coefficient ju defined on C\ Q with u(z) =0 on U; Ai, if every (., E)-simple closed geodesic
vy C C\ Q has hyperbolic length not less than a, then ju € Tf,p.

Proof. Note that #(¢, (E)) = #(E) is finite. Since ¢, (E) contains 0, 1, and the infinity, it fol-
lows that the spherical distance between any two points in ¢, (E) has a positive lower bound
which depends only on a and #(E). Since ¢, is holomorphic in every topological disk D; U A;
and since ¢>M(l_)i) contains ¢, (a;) and ¢, (b;), it follows from Koebe’s distortion theorem that
every ¢, (D;) contains a round disk centered at ¢, (a;), the radius of which has a positive lower
bound depending only on a. Since {0, 1, oo} ¢ ¢ﬂ(D U A;), it follows that the diameter of each
component of C \ ¢, (A;) has a positive lower bound depending only on a. Since ¢,, is analytic
on every A;, we have

mod(¢,.(A;)) =mod(4;).
It follows that every ¢,,(A;) has definite thickness which depends only on a. All of these implies

that there is a constant b > 0 depending only on a such that the four conditions in Definition 5.1
hold. The proof of the lemma is completed. O



2002 G. Zhang, Y. Jiang / Advances in Mathematics 221 (2009) 1990-2018

The next lemma is a direct consequence of Proposition 6.1 and Theorem 6.3 of [6].

Lemma 5.4. Let X be a hyperbolic Riemann surface and y C X be a simple closed geodesic
with hyperbolic length . Then there exists a topological annulus A C X such that

1. y is the core curve of A,
2. 57—l <mod(A) < 7.

From the modulus inequality of Teichmiiller extremal problem (for instance, see Chapter III
of [1]), we have

LemmaS5.5. Let T € @\ {0,1,00}. Let H C C be an annulus which separates {0, 1} and {T, oo}.
Then

1
mod(H) < — log 16(|T| + 1).
2w

Lemma 5.6. There exists an n > 0 such that for any Beltrami coefficient |1 defined on @\ O with
p(z) =0o0n \U; Ai and any (., E)-simple closed geodesic y C C\ E with ||y ||, <1, we have
y C C\ Q. Moreover, for any € > 0, there is a § > 0 such that

1V lle>A=lylwo (8)

provided that ||y ||u,E <.

Proof. Let y C C \ E be a (u, E)-simple closed geodesic. By Lemma 5.4, there is an annulus
A C C\ ¢, (E) such that ¢, (y) is the core curve of A and

T 1 <mod(A) < — =

YT YT 9
2y llp.E 2y llp.E

\/’Ye may assume that A separates 0 and the infinity. Let K1 and K7 be the two components of
C\ A suchthat 0 € K1 and oo € K». Let

r :max{|z| | ZE€ Kl} and R :min{|z| | ZE€ Kz}.
By Lemma 5.5, when ||y || ., g is small, R/r is large. Consider the round annulus
H={z|r<lzl <R}

It follows that H C A and that the core curve of H is in the same homotopic class as y. By
Lemma 5.5 and (9), it follows that there is a uniform constant 0 < C < oo such that

mod(H) > mod(A) — C (10)
holds provided that ||y ||, £ is small. Note that every pair {¢,,(a;), ¢,.(bi)} is contained either

in{z||z| <r}orin{z||z| > R}. Since ¢, is holomorphic in D; U A; and {¢, (a;), ¢, (bi)} C
¢, (D;), it follows from Koebe’s distortion theorem that there is an 1 < M < oo, which depends
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only on {D;} and {A;}, such that every ¢/1.(D_i) is contained either in {z | |z|] < Mr} or in {z |
|z| > R/M}. By (9) and (10), we have

R/M > Mr
provided that ||y ||, is small enough. All of these implies that the annulus
Hy ={z|Mr <|z| < R/M}

is contained in C \ ¢,.(Q) provided that ||y ||, g is small enough.
Now the first assertion of the lemma follows if we can show that

¢u(y) CHy

provided that ||y ||, g is small enough. Suppose this were not true. Then there are two cases. In
the first case, there exist two points z and z’ such that

1. z € K> with 7] = R,
2. |Z|=R/M,
3. ¢u(y) separates {0, z'} and {z, oo}.

In the second case, there exist two points z and z” such that

1. |z|=Mr,
2. 7 €Kiand |7 | =7,
3. ¢u(y) separates {0, z'} and {z, oo}.

Suppose we are in the first case. Note that the curve ¢, (y) separates A into two sub-annuli such
that the modulus of each of them is equal to mod(A)/2. But on the other hand, the outer one
separates {0, 7'} and {z, 00]}, and thus by Lemma 5.5, its modulus has an upper bound depending
only on M. By (9) this is impossible when ||y ||, £ is small enough. The same argument can be
used to get a contradiction in the second case. This proves the first assertion of the lemma.

Now let us prove the second assertion. Let / denote the hyperbolic length of the core curve of
H)y; with respect to the hyperbolic metric of Hyy. Since Hyy C C \ ¢, (Q) when |y |, g is small
enough, it follows that / > ||y ||, o. Thus we have

d(H ) T T
mo =l
M2 T 2yl o

From (9) and (10), there is a constant 0 < C’ < oo such that
T /
mod(Hy) 2 ——— —C

2y llp.e
holds provided that ||y ||, g is small enough. Thus we have
T b4 b4 ,
< < +

2yllu,e  20vIlwe  20¥llu0

The second assertion follows. O
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6. From bounded geometry to strictly contracting

The main purpose of this section is to prove that bounded geometry implies the strict con-
tracting property of the operator o : Ty — Ty. Let us first prove a technical lemma.

Lemma 6.1. Let H = {z | | < |z| < R} be an annulus. Let F,(w) be a sequence of integrable
and holomorphic functions defined on H such that

/|Fn(w)||dw|2—>0 asn — oo. (11
H

Then forany 1 <r < R,
‘Fn(w)||du)| —0 asn— oo.
lw|=r
Proof. Let 1 <r < R be fixed. Take § > Osuchthat 1 +8§ <r < R — 4. Let
C(r,)=min{r —1—8,R—6 —r}.

It follows that C(r, §) > 0. For any € > 0, by (11), there is an N such that for every n > N, there
exist ] < Ry <1438 and R — 6 < Ry < R, such that

[ Im@liaz <
|z|=Ry
and
/|ﬂ&mﬂh@.
lzZI=R>
Let A ={z| Ry < |z| < R2}. For |w| =r, by Cauchy formula, we have

1

Faw)]| < —/

2mi
9A

Fu(2)
Z—w

dz‘.

Note that |z — w| > C(r, §) for |w| =r and z € A. This implies that

€

F, <——
B < 505
holds for all |w| =~ and n > N. It follows that for all n > N,

2re
C(r,é8)

f | Fy ()| ldw] <

lw|=r

The lemma follows. O



G. Zhang, Y. Jiang / Advances in Mathematics 221 (2009) 1990-2018 2005

For a Beltrami coefficient i defined on C \ O, we use 1 to denote f*(u).

Lemma 6.2. Let b > 0. Then there is a constant 0 < a < 1 depending only on b such that if both
[u] and [1] belong to Ty p, then

G(w)|ldw|* > a

U (Ai)

where q(w) dw? is any integrable holomorphic quadratic differential defined on C \ ¢ (Q) with

[ lawlawe=1.
C\¢a(0)

Proof. Let us prove it by contradiction. We will use a geometric limit-type argument. By using
a Mobius transformation which fixes 0 and 1, and maps ¢ (a1) to the infinity, we may assume
that oo € D;. Since i € T, such Mobius transformation lies in a compact family and therefore
the assumption does not affect the validity of the proof.

Now let us suppose that there exist a sequence of pairs (fin, fn) in T, and a sequence of
holomorphic quadratic differentials g, over C\ ¢,z (Q) such that

/ |Gn (W) ldw|* = 1, (12)
C\pj, (Q)
and
/ |Gn(w)|ldw* - 0 asn — oo. (13)

U, (Ai)

By Lemma 2.1 f(|J; A) C \U; Di and f is holomorphic in D; U A;. This, together with the
fact that ¢, is holomorphic on | J; D;, implies that ¢, is holomorphic and thus univalent on

Ui (Bl UA;).
Note that every ring A; is holomorphically isomorphic to some annulus

Hiz{z|l<|z|<Rl-}.

Let @;: H; — A; be a holomorphic isomorphism and let T, denote the circle {z | |z| =r}. We
claim that for every 1 <r < R;,

|Gn(w)|ldw| — 0 asn — oo, (14)

i, (@i (Ty))
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In fact, from (13), we have
/|qn(<¢,zn 0 @)(2))|| @7, 0 @) @[ dz* = 0 asn — oo. (15)
H;
By Lemma 6.1, we have
/|C]n((¢ﬁn 0 ®;)(2))|| (@, © <15i)/(2)|2 ldz| >0 asn— oo.
T,

Since ¢j, o @; is univalent on H;, it follows from Koebe’s distortion theorem that for every
1 <r < R;, there is a C > 1 depending only on r, R;, and b such that

1/C < |(¢p, 0 @) ()| <C (16)
holds for all z € T,. We thus have
/|qn(<¢>,zn 0 ®)(@)||(@a, o @) (@)|ldzl > 0 asn — oo.
T,

This implies (14) and the claim has been proved.
Now for every A;, take an arbitrary 1 < r; < R; and let

Yin = @, o Pi)(Ty). a7

For every n, let R, denote the component of C \ U; ¥i,n such that
a Rn = U Yin-
i

Recall that Py = {z;} and P} = {a;} are both finite sets and each §, = §,(w) dw? has at most
simple poles at the points in {¢;, (z;)}. This implies that one can write

b'n
Gu(w) =) —"— g, (w) (18)

W=, (2))

where g, (w) is a holomorphic function on C \ ¢, (D).
Since i, € Ty,p, it follows by taking a subsequence if necessary, that we can assume that for
every a;, the sequence

djn= ¢,&n (a;)

converges to a point e; with respect to the spherical distance as n goes to oo. Since ¢, is
holomorphic in D; U A;, similarly, we can assume that for every D;, the sequence

Di = ¢y, (D)
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converges to a topological disk E; with respect to the Hausdorff metric. It follows that each E;
contains a round disk of radius b centered at e;. Note that by taking each A; thinner, we may
assume that ¢, is univalent in a larger disk containing D; U A; in its interior. So by taking a
subsequence if necessary, we can also assume that

Ain =, (A})
converges to a topological annulus B; with respect to the Hausdorff metric. It is clear that
mod(B;) = mod(A;).
Recall that y; , = (¢, © @;)(T},). Since (¢, o @;) maps H; univalently into C \ {0, 1, oo}

and since fi, € Ty,p, it follows again by taking a subsequence if necessary, that we may assume
that ¢, o @; converges to some univalent function A; defined on H;, and moreover,

(¢, o Pi)(z) = Ai(z) uniformly in any compact set of H;. (19)
Let
Yi = Ai(Tr,-)-

It is not difficult to see that every y; is a real analytic and simple closed curve which is homotopic
to the core curve of B;.
Again by taking a subsequence if necessary, we may assume that as n — oo, forevery z; € P,

n =¢ﬂn(zj)

converges to some w; in the spherical distance. It is important to note that the objects in {E;} and
{w;} still satisfy the bounded geometry properties in Definition 5.1 since the defining conditions
are closed. Let

R:@\(UEU{wj}).

Since g,(w) is a holomorphic function on C \ ¢, (0Q), it follows that for any compact set
W C R, the function g, (w) is defined on W provided n is large enough. Moreover, from (17),
for any such compact set W, we can always take r; close to 1 or R; such that

W CR,.

For any w € W, from (18) and Cauchy formula, we have

on(w) = —— / $n8) 4

2mi E—w

Ui Yin

_1 [ a® bjm
= i / —— sz/ E—wmE—w

Ui Yin Uz Yin
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Note that by assumption co € D1 and hence oo ¢ R,,. It follows that as a function of &,

bjn
E—wjn)E —w)

is holomorphic in R, and the residues at the two simple poles are negative of each other. It
follows that its integral along | J; yi,, is zero. We thus have

1 Gn(§)
= dE.

gn(w) = ) E—w
Ui Yi.n

By (14) and the fact that d(W, Ui vin) > 0, it follows that g,(w) — O uniformly in W as
n — oo. In particular, since |J; ¥, is a compact subset of R, it follows that g,(w) — 0 uni-
formly for w € Ui ¥i.n. This, together with (14) and (18), implies

‘Zw o

Uz Yin

|[dw]| — 0 asn— oo. (20)

We claim that b; ,, — 0 as n — oo for each j. Let us prove the claim by contradiction. Let
Bn =max;{|b; ,|}. By taking a subsequence we may assume that there is an € > 0 such that
By > e foralln > 0. Let

hj,nzbj,n/ﬂn-

Then max{|A;,|} = 1. By (20), we have

21

By taking a convergent subsequence again, we may assume that every 4 ; , converges to a number
h;j as n goes to infinity. We thus have

mz_lx{|hj|} =1. (22)
j

From (19) and (21), we have

ldw| =

/‘Zw—w]

Ui v

This implies that

h .
Z I_ =0 forallwe \U; i and thus equal to zero everywhere.
— W —Ww;
J
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Since all w; are distinct with each other, it follows by computing the residue at each w; that all
h; are equal to zero. This contradicts with (22) and the claim has been proved.

Since g, (z) — 0 uniformly on any compact set of R and b; , — 0 as n — oo for every j, it
follows from (18) that

/|§n(w)||dw|2 —0 asn— oo.
Rl’l

This, together with (13), implies

/ |Gn(w)|ldw]* — 0 asn — oo.
C\¢j, ()

This contradicts with the assumption (12) and completes the proof of the lemma. O
Given any [uo] € Tr. Let [u,] = a?([,uo]) =[(f*)"uo] forn > 0.

Lemma 6.3. Suppose that there exist a b > 0 and a point [uo] € Ty such that {[;Ln]}lfio CTyp.
Then o has a unique fixed point in Ty.

Proof. Let yg C Ty be a piecewise smooth curve segment joining [uo] and [1]. Then y, =
a}? (Y0) is a piecewise smooth curve segment joining [,,] and [, +1]. By Corollary 4.1 it follows
that for all » > 1, one has

Ir(v) <l (Vo)

where [7(-) denotes the length with respect to the Teichmiiller metric in Ty. Since
{[M,,]}ff;o C Ty for all n > 0, it follows that there is a constant ¢ depending only on b and
I7 (o) such that

)
U VYn C Tf,c-
n>0

By Lemma 6.2, there is a constant 0 < § < 1 depending only on ¢ such that for every n > 0
and every t € y,, one has

ldoslell <38.

This implies that I7(y,) < §"I7(yp) and {[un]},‘ﬁo is a Cauchy sequence. Since Ty is com-
plete, [, ] converges to a limit point [] in Ty, that is,

nlggo [n] = [u].
It follows that o ([u]) =[]

Suppose that there are two fixed points [w] and [v] of . Let yyp C T be a piecewise smooth
curve segment joining [u] and [v]. Let y, = a;}-(yo). It follows that y;, is a piecewise smooth
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segment joining [«] and [v]. Then by the same argument as above, we have I1(y,) < 87 ().
Let n — oo, we get [u] = [v]. This implies the uniqueness of the fixed point. The proof of
Lemma 6.3 is completed. O
7. No Thurston obstruction implies bounded geometry

The argument used this section is almost an entire adaptation of Section 8 of [6]. The subtle
point here is that the set E is not forward invariant. This will make some difference when we
prove Lemma 7.5. We overcome this by introducing a bigger set P, and showing that any short
simple closed geodesic does not intersect the holomorphic disks (see Lemma 7.4).
Lemma 7.1. Suppose that f has no Thurston obstructions. Then there is an integer k > 0 such

that for every f-stable multi-curve I = {y;} with y; C C\ Q and the associated linear transfor-
mation matrix Ar, we have

max bii<1/2 (23)
; Z ij <1/

where Al} = (bij).
Proof. Let I" = {y;} be a f-stable multi-curve with y; C @\ Q. It is clear that the number of the
elements in I” has an upper bound which depends only on #(E). This implies that there can be

only finitely many distinct A . The lemma follows. O

Let Z C Q be asubset with#(Z) >4 and y C C \ Z be a non-peripheral simple closed curve.
For [u] € Ty, define

wz(y, (1)) = —log Iy llu.z-
By using the same argument as in the proof of Proposition 7.2 of [6], we have

Lemma 7.2. Let Z C Q be a subset with #(Z) > 4 and y C C \ Z be a non-peripheral simple
closed curve. Then the function

[ul > wz(y, [ul):Tf > R
is Lipschitz with Lipschitz constant 2.

Recall that E = P; U J;{a;, b;}. Let [i] € Ty such that u(z) =0 for all z € | J; A;. Let b be
a real number. Define

Flf = {y | y is a (u, E)-simple closed geodesic with wE(y, [,u,]) > b},
and

L,= {wE(y, [u]) ‘ y is a (u, E)-simple closed geodesic}.
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Lemma 7.3. There exists an A > —loglog~/2 such that for any [j1] € Ty with u(z) =0 for all
z € J; Ai and any real numbers a < b, if

1. a> A,
2. b—a>logd +2dr([n], [ f*u]) + 1
3. [a,b]NL, =0,
b
4. b+,

then Flf is a f-stable multi-curve in C \ Q.

Proof. Lety € Flf . By the first assertion of Lemma 5.6, y is a non-peripheral and simple closed

curve in @\ Q provided that A is big and thus ||y ||, g is small. By the second assertion of
Lemma 5.6, we have

wo(y. [ul) > we(y, [n]) —1

provided that A is big and thus ||y ||, £ is small. Now suppose that y’ is a non-peripheral com-
ponent of f~1(y). Since f is a degree d branched covering of the two sphere, it follows that

w-100) (¥ [F*1]) = wo (v, [1]) — logd.
Since E C f~1(Q), it follows that
we(y', [f*ul) > w 1) (v, [F* 1)
By Lemma 7.2, we have
we (v’ [n]) = we(y', [f*unl) — 2dr ([, [f* 1)
This implies that
we (v, [1]) —we(y', [n]) <logd +2dr (], [f*ul) +1< b —a.

Since wg (y, [u]) > b and [a, b] N L, =, it follows that wg (y’, []) > b. This implies that y’
is homotopic to some element in Flf . The lemma follows. O

Let k > 0 be the integer in Lemma 7.1. Let

p=euffE)U ] Fl@ep. (24)
1< <k

Lemma 7.4. There exists an €y > 0 such that for any [u] € Ty with u(z) =0 for all z € U; Ai
and any (i, P>)-simple closed geodesic n, if |0l p, < €0, then there is a (u, E)-simple closed
geodesic y such that n is homotopic to y in C\ P,.
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Proof. Suppose that 1 is not homotopic to any (u, E)-simple closed geodesic in C \ P». Then
there is at least one holomorphic disk D; such that n separates the points in D; N P,. Let
x,y € D; N P, which are separated by n. Let z € P \ D;. Let ¢: C — C be the quasiconfor-
mal homeomorphism which solves the Beltrami equation given by u and which maps x, y and
z respectively to 0, 1 and the infinity. It follows that ¢ () is a simple closed curve in C and
separates 0 and 1. Now we have two cases.

In the first case, ¢ (1) is contained in ¢ (D; U A;). Note that A; is the shielding ring attached to
the outside of D;. So ¢ () must enclose the ¢-images of at least two points in D; N P,. Since ¢ is
univalent in D; U A; and ¢ () separates 0 and 1, it follows from Koebe’s distortion theorem that
there exists a D > 0 independent of w such that ¢ (n) intersect the unit disk and the Euclidean
diameter of ¢ (n) is greater than D. This implies there is an €y independent of w such that the
hyperbolic length of ¢ (1) in C \ {0, 1, oo} is greater than €. It follows that ||n]| ., p, > €.

In the second case, ¢ (17) is not contained in ¢ (D; U A;). Since ¢ (1) separates 0 and 1, it
follows that ¢ (1) must cross through the annulus ¢ (A;). Since ¢ is univalent in D; U A; and
since ¢ maps x and y to 0 and 1 respectively, by Koebe’s distortion theorem, the annulus ¢ (A;)
has definite thickness. This again implies that there exists a D > 0 independent of p such that
¢ (n) intersect the unit disk and the Euclidean diameter of ¢ (n) is greater than D. By the same
reasoning as above, we have an € independent of w such that ||5||,, p, > €o. This completes the
proof of Lemma 7.4. 0O

By the definition of P, it follows that
SRy > TP (25)

is a covering of degree d¥. Let A > —loglog+/2 and €y > 0 be the constants in Lemma 7.3 and
Lemma 7.4 respectively.

Lemma 7.5. Let B > A. Then there exists a constant M > 0 depending only on the numbers k,
B, #(E), €y and the degree d of f, such that for any [u] € Ty with u(z) =0 for all z € U Ai
and any real numbers a < b, if

1. A<a<B,

2. b—az>logd +2dr (Inl, [f*nD + 1,
3. [a,bINL, =0,

4. 2+,

then

\—Z

T ”y”VE ||V||ME

vely,

where v = (fk)*(p.) and k > 0 is the integer in Lemma 7.1.

Proof. By Lemma 7.3, FZL’ is a f-stable multi-curve in @\ Q.Foreach y; € Flf, let y;, j,« be any
component of f’k(yj) homotopic to y; in C\ Q. Then y; ; « is also homotopic to y; in C\ E.
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Letg=¢yof ko o, !, Then g is a rational map. It follows from (25) that
2:C\ ¢y (F 75 (P) > T\ gu(P2)
is a holomorphic covering map, and therefore,
Vi, j.ally, f=x(pyy = di jallVjll e, Py
where d; j o < d* is the degree of
Vi = vj-

Thus

Z;_<Zl>1:b1

el iy N dia ) iler O 1viler
Since E C P, by (24), it follows that ||y, p, > ll¥}ll;, £, and therefore

1 1

< .
1Villp,  Nyillue

This implies

1 1

- < Pij :
p ||Vl,j,a||u,f*k(P2) 17jllu,E

(26)

Note that E C f —k(Py) by (24). Let p denote the number of the points in f —k(Py) \E. It
follows from (24) that there is a constant

0< C(k,d,#(E)) < 00

depending only on d, k, and #(E) such that p < C(k, d, #(E)).
Now we claim that for any (v, f _k(Pz))-simp,IS, closed geodesic y which is homotopic to y;
in C\ E, either y is homotopic to some y;,j o in C\ fk(Py), or

. [ _B
||y||,,,f7k(P2)>mm{e L €0}

Let us prove the claim. In fact, if y is not homotopic in C \ f7K(Py) to some ¥; j., then f k)
is a (u, P2)-simple closed geodesic which is not homotopic to any y; in C\ P. Then there are
two cases. R

In the first case, fX(y) is homotopic in C\ P, to some (i, E)-simple closed geodesic & which
does not belong to Flf. By the assumption that L, N[a, b] =, we have

L p, > 17O g =150 > e > 7P
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In the second case, f*(y) is not homotopic in C \ P> to any (i, E)-simple closed geodesic.
By Lemma 7.4, we have

[l

s Pz
‘We thus have

—-B

vl p-+ey = [ £, p, > min{e™® . €0}

Now from the left hand of the inequality given by (c) in Theorem 7.1 of [6], we have

2  C(k,d,#(E))+1
ZZ *l-;—l-%-

”Vt ”v E ”thot”u k(P min{e Bv €0}
Let
2 C(k,d,#(E 1
M= ( ' (E)) +
T min{e B, ¢y}
Thus

||y|| E ||y,,a||uf .

Z ZZZ +KM

where K is the number of the curves in I" which is bounded above by #(E) — 3. Let
= (#(E) = 3)M’

By (26), we have

% i () e T

Il e 1b% ”u,E

“V”,uE

This completes the proof of the lemma. O
The following is a technical lemma from calculus.

Lemma 7.6. Let by > 1, co, Mo > 0, and integer mq > 1 be given. Then for any sequence {x,},°
of positive numbers satisfying

(1) xo < co,
(2) Xp41/xn < bo,
(3) if xu = Mo, then xyymy < X,

one has

xp <max{by® ¢, bO Mo}, Vn>0.
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Proof. Let C = max{b; o~leo, by Mo}. 1t is sufficient to prove that

Xitlmy < C
forall 0 <i <mp— 1and! > 0. Take an arbitrary integer 0 < i < mqo — 1. Let us prove that

Xiimg < C
for all [ > 0 by induction. For [ = 0, we have

xi < bf)xo < bomo_lco <C.

Now assume that

Xitkmo < C 27)
for some integer [ = k > 0. Let us prove that

Xit(k+1mg < C.

In fact, there are two cases by assumption (27). In the first case, x; 1xm, < Mo. In this case, we
have

m, m
Xig (k4 Dmo < by Xigkmo < by Mo < C.
In the second case, X; km, == Mo. Then we have
Xi+(k+1)mg < Xi+kmg < C.

This proves that x;;,, < C for all / > 0. Since this holds for any 0 < i < mg — 1, the lemma
follows. O

Lemma 7.7. If f has no Thurston obstructions, then for any [jo] € Ty, there exists a constant
b > 0 such that for alln > 1,

[I‘Ln] S Tf,h9
where = (f*)" (o).
Proof. Since f is holomorphic on | JA; and f(|JA;) C U D;, it follows that for all n > 1,
1n(z) =0 on | JA;. By Lemma 5.3, it suffices to prove that there is a uniform positive lower

bound of the length of all the (u,, E)-simple closed geodesics.
Let D =dr([uol, [1]). Then by Lemma 3.2 and Corollary 4.1, we have

dr ([l [tn41]) <D foralln > 0.
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Let K =#(E) —3 > 1 and k > 1 be the integer in Lemma 7.1. Let [p > 1 be the least integer
such that

K <201, (28)
Let
o =max{ly I, }

where max is taken over all the (u,, E)-simple closed geodesics. Now it suffices to prove that
there exist positive constants cg, My > 0, bg > 1, and an integer mq > 0, such that the sequence
{x,} satisfies the three conditions in Lemma 7.6.

By Corollary 6.6 of [6], there are at most K (u,, E)-simple closed geodesics which has
hyperbolic length less than log(+/2 + 1). This implies that we can have ¢y > 0 such that

X0 < Cp-

It is the first condition in Lemma 7.6. From Lemma 7.2 we can take by = ¢2P.

Recall that we use d to denote the degree of f. Let kg =1logd + 2D and mgy = kolp. Let
ki = ko +4moD + 1. 29)

In particular, k| > logd +2D + 1. Let A > —loglog(+/2 + 1) be the constant in Lemma 7.3. In
Lemma 7.5, take

B=A+ (K + Dk
and let M denote the corresponding constant there. Let
My = max{eB, ZIO'HM}.

It remains to prove that if x, > My, then x,4,, < x,. To see this, suppose that x,, > M. It
follows that there is a (u,, E)-simple close geodesic such that wg(y, [i,]) = B. Then by the
choice of the numbers k; and B, and the fact that there are at most K (u,, E)-simple closed
geodesics which have hyperbolic length less than log(+/2 + 1), one can take an interval [a, b]
such that

1. A<a<b<B,
2. b—a=k,
3. la,b]N Ly, =0.

It follows that Flﬁ’n # () and therefore is a f-stable multi-curve by Lemma 7.3. Now for each
i=0,1,...,1p,let

la;, b;1=1]a +2kiD, b — 2kiD].
By Lemma 7.2, the gap condition b — a = ki, and (29), it follows that each family I ,ﬁ ki»
0 <i <[y, contains the same set of homotopy classes of simple closed curves as F,ﬁ’n. Let us
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simply denote each of them by I'. Now foreach 0 <i <lp—1,let u = ppqx; and v = pypkiis 1),
and let [a;, b;] be the corresponding gap interval. Then the conditions in Lemma 7.5 are satisfied
with the constants A and B given as above. By Lemma 7.5, we have

2 G

yel ”y”ﬂnJrk(Hrl) E yel ||y||ﬂn+k: E

for 0 <i <y — 1. It follows from mq = kly that

1 1 1
— < = —— +2M. (30)
); 1Y lytimg B 200 }; v, E
Since
1 lo+1
2yl 2 > Mo= 20,
yer Vi, E

it follows that

2]0-‘1—1 Z (31)

IIJ/II;L,L

From (30) and (31), we have

1
> 2,0 1 Z (32)

o 17 ltoiomg E IIJ/II;L,,

Since the number of the elements in I” is at most K, it follows that

Zégl(xn.

A
From (28) and (32), we have
K
Yotmg < D To—1 Z S ¥ S O
= ||y||u,,+,,,0 S 2 = ||y||un Sl

The Main Theorem now follows from Lemmas 4.3, 6.3, and 7.7.
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