Dynamical Systems and Quasiconformal Mappings:

A Course Given in Department of Mathematics at CUNY Graduate Center
Spring Semester of 2009, Friday, 9:30am-11:30am

Yunping Jiang

Purpose of this course

The purpose of this course is designed to study geometric structures
of invariant sets of discrete dynamical systems in real one-dimension,
complex one-dimension, and real two-dimension. We would like to
bring quasiconformal mapping theory into this study. We would also
like to study some geometric structure of some space of dynamical
systems with a same topological type. In this study, we would like to
bring Teichmiiller theory into the study. Some key words that we will
constantly deal with are

e fixed point and periodic point

e invariant set and Julia set

e invariant measure and Gibbs measure

e transfer operator and Hilbert metric

e Markov partition and symbolic coding

e quasiconformal mapping and quasisymmetric mapping
e holomorphic motion and Teichmiiller space

e quasiconformal rigidity and smooth rigidity and rigidity

Main goal in the study of dynamical systems: Make a prediction
for the future from past known data under certain rules for a typical
starting point.

Setting:

e A topological space X called ”phase space”, whose elements are
called points;

e "time”, which could be integer time n or continuous time t;

eamap f: X — X or aflow ¢' on X;

What we want to know is the limits of { f™(x)}52, for a typical = in
X under iterations or the limits of the flow line ¢'(z) for a typical x

when the time ¢ goes to infinity for a typical point x.
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We call the group {f™}°2___ if f is invertible or the semi-group
{f"}o2, if f is non-invertible a discrete dynamical system. We call the
flow @' a continuous dynamical system.

Definition 1. A continuous map F(t,z) = ¢'(z) : Rx X — X is
called a flow if for every t € R, ¢' : X — X is a homeomorphism and
if it satisfies

¢ (x) = ¢'(0°(x))
forallt,s € R and = € X.

If X is a smooth manifold and F'(¢,x) is a smooth map, then for any
z € X, {¢"(x) }er is a smooth curve in X. Let

OF(t,x) d¢' ()
T ‘t:o T ‘t:O'
Then V' defines a continuous vector field on the tangent bundle on
TX = UgexT,X. Thus the flow ¢'(z) is just the solution of the ordi-
nary differential equation

dy

gl V(xz) with the initial condition y(0) = x.

Actually solutions of an ordinary differential equation on a complete
smooth manifold for a vector field with certain smooth regularity form
a flow. In many situations, we can use a discrete dynamical system to
study a continuous dynamical system. This is due to a smart observa-
tion from Poincaré.

V()

Poincaré map: Suppose ¢'(x) is a continuous flow on an m-dimensional
smooth manifold. Suppose there are a point o € X and a time t5 > 0
such that ¢ (zg) = 2. Then {¢'(x¢) }er is called a closed orbit, where
the smallest such ¢y > 0 is called the period. Suppose V' (zq) # 0. Since
M is locally R™, we can find an (m — 1)-dimensional submanifold N
of X transversal to V (zg) at x¢, that is,

Tp X =Ty N ® {tV (z0)}-

Since ¢'(z9) = x¢ and since F(t,x) = ¢'(x) is continuous, we have a
neighborhood U about xg in N such that for every x € N, there is the
smallest #(x) > 0 close to ty such that ¢! (z) € N. Define

fla) =¢"@(x): U — N.

Then f defines a discrete dynamical system with f(z¢) = zo. So the
study of the closed orbit {¢'(xq)}ier for the continuous dynamical sys-
tem ¢' is equivalent to the study of the fixed point of the discrete
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dynamical system {f"}°,. Here f is called a section map, or Pincaré
map, or first return map.

Suspension: For a diffeomorphism f : X — X of a smooth manifold
X, we can construct a suspension flow on the suspension manifold Xj.
Here the suspension manifold is obtained by gluing (f(x),0) and (z, 1)
on X x [0, 1]. The suspension flow ¢’ is integral curves of the "vertical”
vector field 0/0t on X.

Example 1. Let X = [0,1] and f(z) =1—x2: X — X. Then Xy
is the Mobius strip. The suspension flow ¢ has a period one closed
orbit which does not separate My and one period two closed orbit which
is the boundary of My and infinitely many period two closed orbits,
each of them cuts My into two parts: one is topologically equivalent
to My and the other is topologically equivalent to [0,1] x S, where
St ={z € C||z| =1} is the unit circle.

Example 2. Let X = S' and f(z) = —2 : X — X. Then X; is
topologically equivalent to the two torus T? = S x S*.

In this course, we will more concentrate on discrete dynamical sys-
tems.

Dynamics of a discrete dynamical system with contraction
property:

Suppose (X, d) is a metric space where d = d(-,-) is the metric. A
map f : X — X is called contracting if there exists 0 < A < 1 such
that

d(fz, fy) < Ad(z,y), Vr,yeX,
where A is called a contracting constant. A point z € X is called a
fixed point if f(z) = x.

Theorem 1 (Contacting Mapping Principle). If (X, d) is a complete
metric space and if f : X — X s contracting with the contracting
constant A, then f has a unique fized point xo in X and f"(z) tends to
xo exponentially when n goes to infinity for every x in X.

Proof. For x,y € X and n > 0, we have

d(f"(x), f"(y)) < A" @), "7 (y) < - < Nd(,y)

for some 0 < A < 1. This implies that {f"(x)}°, have the same
asymptotic behavior for all z € X as n — oo.



Now consider a sequence {f”(m)}j’f_o For any m > n > 0,

d(fm( Z d fn+k+1 fn+k( ))
k=0
n—m—1 A\
< Z AR (), 2) < 1_)\d(f(x),x)—>0, as n — 00.

k=0
Thus { f™(x)}22, is a Cauchy sequence and since X is complete, it has
a limiting point xy € X. Because

f(zo) = f(nhjgo f'(z)) = nh_{glo fnﬂ(x) = Zo,

xo is a fixed point of f.
If yo is another fixed point, since

d(yo, o) = d(f(yo), f (o)) < Ad(x0, o),

we have that d(yo,xo) = 0. So yo = xo. This is the uniqueness. We
complete the proof. O

The following result says that the unique fixed point z( of a contract-
ing map f is preserved by C%-perturbation and the fixed point changes
continuously under C°-topology.

Corollary 1. Take f as that in the above theorem. For any e > 0,
there is a 0 € (0,1 — X\) such that for any map g : X — X with

1) d(f(x),g(x)) < forallxz € X and

2) d(g(x),9(y)) < (A+0)d(z,y) for all z,y € X.
the fized point yo of g satisfies d(yo, zo) < €.

Proof. Take § = €(1 — A)/(1 + €). Since g"(zo) — Yo, we have

d(zo,yo) < Z ), 9" (20)) < (A +6)*d(wo, (o))
k=0 k=0
<0 _
“1-a—s ©

g

Now we can formulate the above theorem and the corollary into a
modern version. Suppose C(X) be the space of all continuous maps
from X into X. A map f € C(X) is called Lipschitz if there is a
constant L > 0 such that

d(f(z), f(y)) < Ld(z,y), Vaz,yeX.
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The smallest number L > 0 is called the Lipschitz constant and denoted
as Ly. Then

L= sup @I
r#yeX d(.l?, y)
Let LC(X) be the space of all Lipschitz map in C(X). We can define
a Lipschitz metric d, on LC(X) as
1(5.9) = supd(f(a), 9() + Ly — L.

It is clear that (1) dn(f,9) = dr(g, f), (2) dr(f,g) = 0 if and only if
f =g, and (3)

di(f,9) = supd(f(x), 9(x)) + |Ly — L]

zeX
< sup d(f(z), h(z)) + Sup d(h(z),g(x)) + |Ly — Ln + Ln — Ly|

< [sup d(f(x), h(x)) + [Ly — Lal] + [(igg d(h(x), g(x)) + [Ln — Lyl]

zeX
=dr(f, h) +dp(h, g).
Therefore, d;, is a metric on LC(X). (Note that it may happen that
dr(f,g) = oo for some f,g € LC(X), but one can modify it by defining

CZL<f, g) = maX{dL(f, g)v 1}

in this case. Since we only care about the case when d(f, g) small, so
we still use the original form of dy.) All contracting maps from X to
X form a subspace

LCy(X)={feLlC(X)|L; <1}
The metric is dy, restricted on LCY(X).

Theorem 2 (Modern Version of Contacting Mapping Principle). If
(X,d) is a complete metric space, then for every f € LC(X), there is
a unique z(f) € X such that f(x(f)) = z(f). Moreover,

F o (LOW(X),d) — (X, d);  F(f) =a(f)

is a continuous operator from the metric space (LC1(X),dr) to the
metric space (X, d).

Periodic point:

For a dynamical system, f : X — X, we call a point x € X a
periodic point of period m > 0 if f™(z) = x but fi(z) # x for all
1 <i<m—1. We use Per,,(f) to denote the set of all period points
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of period m. In particular, if m = 1, z is called a fixed point. We use
Fiz(f) to denote the set of all fixed points.

Exerice 1. Suppose f(z) = 2%: S — S'. Find Fiz(f™), Per,(f).

Suppose X is an n-dimensional C! manifold and f : X — X is a
C' map. Suppose p is a periodic point of period m. Then f™(p) = p.
The derivative Df™(p) : T,X — T,X is a linear operator where T, X
is the tangent space of X at p. Since we only consider local dynamics
for f near p, we can introduce local coordinates near p with p as the
origin 0. In these coordinates D f™(0) becomes an n X n matrix. So
suppose U is a neighborhood of 0 in R” and f is a C* map defined on
U(f:U— f(U) with f(0) =0). Let || - || be a fixed norm on R". Let

B(r) ={z e R* [ ||z[| <r}

be the closed ball of radius r > 0 and centered 0. For r small, B(r) C U.
Consider X = B(r). Let C'(X) be the space of all C! maps; each is
defined on some neighborhood of X. For any g € C', we can define
the C° norm for g as

lgllo = sup [lg(z)]-
reX
Let
Dg(x) : R" - R"

be the derivative of ¢ at #. As a linear operator, we can define its C°
norm as

1Dg(x)llo = sup [[Dg(z)v].

llvfl=1

Then C° norm for Dg is defined as
IDg|| = sup || Dg(x)[lo.
zeX

The C* norm of g is

lglly = llgllo + I Dgllo-
The C* distance between two maps g, h € C*(X) is

d1(97 h) = ||9 - h”l.

We say ¢ is close to f in the C'-topology if their C*! distance dy(g, f)
is small.

Theorem 3 (Preserving of Periodic Point by Small Perturbation). If
Df™(0) does not have one as an eigenvalue then every map g suffi-
ciently closed to f in the C'-topology has a unique periodic point of
period m close to 0.
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Proof. Consider F' = f™—id. Then its derivative DF(0) = D f™(0)—1.
Since 1 is not among the eigenvalues of DF(0), the map F' = f™ — id
is locally invertible by the Inverse Function Theorem. More precisely,
by picking r small, F : X — F(X) is invertible and its inverse F~! :
F(X) — X is also a C'! map.

Suppose g is a map close to f in the C'-topology. We can write
g™ = f™ — n where n has a small C* norm

1nllx = [Inllo + [[Dnlfo-

Now we need to solve the equation,

x=g"(x) = f"(x) —nlr) = Flz) +z—n(x).
Equivalently, solve the equation
F(z) —n(x) =0
or the equation
z = F~(n(z)).

A key argument in the proof is that since the C° norm of the derivative
DF~! is bounded and the C! norm of 7 is small,

Flon: X —=X

is a contracting map (note that X is a complete space with the distance
d(z,y) = || — y||). More precisely, let L = ||[DF~1||y be the C’-norm
of DF~! and let

[l = lInllo + [[Dnllo < €
be the C*! norm of . We get

|~ (n(x)) = F~ ()| < eLllz -yl
for z,y € X and, since F~(0) =0,
IF= ()] = [[F~(n(0)) = F7H0)|] < L|[n(0)]| < €L,
and hence
[F= ()] < [[F~ () = F~ ()| +[F~H (n(0)]] < eLl|z|[+€L.

Thus if .
< -

“=T+r)

then
Flon: X —X

is a contracting map. From the Contracting Mapping Principle, F~1on
has a unique fixed point x = z(g) € B(r). Thus ¢™(z) = z. Further-
more, ||z(g)|| — 0 as di(g, f) — 0.



By taking r > 0 small, we can assume that f(B(r)) N B(r) = 0 for
1 <i<n—1. When gis C! close to f, this property is still kept, that
is, ¢'(B(r))NB(r) =0 for1 <i<n—1. Sog'(z) #xforl1 <i<n-—1.
This says that z is a periodic point of period m for g. U

Dynamics of Linear Maps and Local Dynamics:

Suppose X is an n-dimensional C''-manifold and suppose f : X — X
is a C! map with a periodic point p of period m > 0. Then the
derivative D f™(p) is a linear map from 7,X — T,X where T, X is the
tangent space of X at p. In a "good” situation, the local dynamics of
f near p is determined by this linear map. Here a ”good” situation, we
will refer to when D f™(p) is "hyperbolic” as we will explain later. By
considering local coordinates at p, we can think Df™(p) as an n X n
matrix A. Thus the linear map D f™(p) : T,X — T, X can be thought
as

y= Az :R" — R".
Let sp(A) be the set of all eigenvalues of A and define
r(A) = max{la| [ a € sp(A)}

be the spectral radius of A. It is a quantity independent of choice of
norms on R".

Given any norm || - || on R”, we define the norm of A as
1Al = sup [|Av]]
[lvf|=1

Clearly, ||A|| > r(A).
Lemma 1. For any 6 > 0 there exists a norm on R™ such that
[|A|| < r(A)+ 0.

Proof. First we can find a basis in R"™ such that A has Jordan normal
form. That is,

Ay 0
A= .
0 Ay
where each block is either a Jordan block
Al 0
0 X 1 0
A=
0 A

(e
> =



for a real eigenvalue A or

pRy Id - 0
R, Id 0

A plts
0 - pRy

for a pair of complex eigenvalues A = pe’® and A = pe "¢, where

10
MZ(O 1)

Ry = ( cos¢  sing >

—sing cos ¢

and

Now consider a diagonal change of coordinate

1 0
51
o o ... §gmtl
for a Jordan block for a real eigenvalue and
Id 0
6 Id
0 0 R A I

for a pair of complex eigenvalues. Now for the standard Euclidean
norm with respect to this new basis, we have that

1Al = sup [[Av]| <7(A) + 9.

[lvf|=1

O

Two norms || - ||; and || - ||2 on R™ are said to be equivalent if there
is a constant C' > 0 such that

C Mol < llvlls < Cllofly Vv € R™
Since all norms in R™ are equivalent, we have that

Corollary 2. Given any norm || -|| on R™, for any € > 0, there exists
a constant C = C(€) > 0 such that

A"l < C(r(A) + &)"Jv]|.



10

Definition 2. In general, we call a map f : X — X contracting if
there are two constants C' > 0 and 0 < A\ < 1 such that

d(f"(x), [*(y)) < CX"d(x,y)
forallm > 0 and z,y € X.

Exerice 2. Prove the Contracting Mapping Principle (Theorem 1) un-
der this more general definition.

Corollary 3. If all eigenvalues of A have absolute values less than one,
then A : R™ — R" is contracting with respect to any norm on R™. And
A has a unique fized point 0 and A™v — 0 exponentially as m — oo
for every v € R".

Exerice 3. Suppose A is a 2 x 2 matriz whose all eigenvalues have
absolute values less than one. Discuss the dynamics of A : R* — R in
different cases.

Definition 3. A linear map A : R — R" is called hyperbolic if all of
its eigenvalues have absolute values different from one.

For every real eigenvalue \, let
Ey={veR"|(A—\d)*v=0 for some k}

be its root space. Similarly, for a pair of complex eigenvalues A and \,
we can consider A : C" — C" as a complex map. Then we can define
its root space Iy and F5. Let

E,5=R"N(E\® E5).

Let
E*=EA) =P EsPEs
[Al<1 [Al<1
and
E'=E"A) =P o E;
[A|>1 [A[>1
and
E°=EA) = P Exa P E,x
A=1,—1 IA|=1

We call E4, E*, and E° the stable space, the unstable space, and the
central space, for A, respectively. Then

R" = E*® E° @ E*
and
A(E*) C E*, AE" CE° and A(E“)CE“



11

Moreover, A™v — 0 forv € E* and A~"v — 0 forv € E* as m — +o0.
We say that A is hyperbolic is equivalent to say that E° = {0}, that
is,

R" = E°* & E“.

Definition 4. Suppose X is an n-dimensional C! manifold and f :
X — X is a C! map. Suppose p is a periodic point of period m > 0
of f. We call p a hyperbolic periodic point if the derivative D f™(p) :
1,X — T,X is a hyperbolic linear map.

Theorem 4. (Hartman-Grobman Theorem) Suppose f : X — X is
a Ct map from an n-dimensional C' manifold X to itself. Suppose p
1s a hyperbolic fixed point of f. Then there are neighborhoods Uy and
Uy = f~YUy) of p in X and neighborhoods Vi and Vo = (D f(p))~ (V1)
of 0 in T,X = R" and a homeomorphism h : Uy — Vi such that
h(UyNUsy) =ViNVy and

ho f=Df(p)oh
on Uy N Us. In other words, fl(Uy N Us) and Df(p)|(Vi N Va) are

conjugate.

The above theorem says that for a hyperbolic fixed point p of f, the
local dynamics of f near p is same as the local dynamics of the linear
map D f(p) topologically.

Exerice 4. Prove the Hartman-Grobman Theorem when all eigenval-
ues of Df(p) : T,X — T,X have absolute values > 1 by using the
Contracting Mapping Principle. Can you find another way to prove it
under the same assumption?

Problem 1. Under what condition, can we promote h to be C'. More
general, under what condition, can we promote h to be C?, ---, C¥,
or C¥ if fisa C* ---, C¥. This discussion should divide into cases:
real one-dimension and real higher dimension. Similarly, for a com-
plex map, we should discuss it into cases: complex one-dimension and
complex higher dimension.

In one real and complex dimensional cases, we have some kinds of
complete solutions, which we will talk this later. However, in higher
dimensional cases, it is a difficult problem.

In order to understand a non-hyperbolic linear map A : R — R”,
we need consider A : E° — E°. This is divided into three cases: (1)
A:FE — FE; (2 A E 1 — Eq; (3) A: E,5x — E,5. The case
(1) is an identity map when A is restricted on the eigenspace and the
case (2) is a reflection when A is restricted on the eigenspace. These
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two cases are trivial. The case (3) is rotation when it is restricted on
the eigenspace, that is, the eigenspace R? is foliated into circles and A
restricted on each circle is a rotation. Thus we only need to discuss the
dynamics of A restricted on the unit circle. Let

St={zecC||z|=1}
be the unit circle and, if A = €™, then
A(z) = ¥z ST — St

If ¢ = p/q with (p,q) = 1, then every point in S* is a periodic point
of period ¢. If we arrange the orbit {A"z}°°  counter-clockwise on S*
as 20 = 2, 21, "+, Zg—1, then Az = 21 (mod q) for all 0 <7 < g — 1.

More interesting dynamics of a rotation is when ¢ is an irrational
number.

Definition 5. Suppose X is a topological space and f: X — X is an
invertible map. We call f topologically transitive if there exists a point
x € X such that its orbit O(z) = {f™(z)}5°__ is dense in X. It is
called minimal if the orbit O(z) is dense in X for every z € X.

A subset Y C X is called invariant if f(Y) C Y. Then the statement
that f is minimal is equivalent to say that f has no invariant closed
subset.

Theorem 5. If ¢ is irrational, then A : St — S' is minimal.

Proof. Let O(z) = {f™(z)}..

point x € S. If it is not dense, the complement S\ O(z) is an non-
empty invariant open set, which is a union of open intervals. Let I be
one of the longest intervals. Since the rotation preserves the length, we
have that |I| = |A™I| for all m. But A*I N A' = ) for any k # [. This
is because that if AKI'N AT # 0, then A*I = AT (otherwise A*T U AT
is a longer interval than I in S*\ O(x), contradiction). This implies
that A*=': I — I. With loss of generality, suppose k > [. Then there

is a point z € S' such that A* 2 = z. Suppose x = 2. Then
627ri[(k—l)¢+9] — 270 Thus

(k—0Do+0]=0+p

for some integer p. Therefore, ¢ = p/(k —1) is a rational number. This
contradicts to our assumption that ¢ is irrational.
Since U A"I C S', we have that
[ee)
00 = Z |A™I| < |SY| < oo.

n=—oo

be the closure of the orbit of any

m=—00
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This is a contradiction. The contradiction says that S\ O(z) must be
non-empty. We have proved the theorem. O

Irrational circle rotations is a basic example for the study of dynamics
of topological groups. A topological group G is a group with a topology
such that each group multiplication by a fixed element in the group is
a continuous map from the topological space into itself and the inverse
is also a continuous map from the topological space into itself. For
example, the unit circle S! is an Abelian topological group.

Let Ly, : G — G be the group multiplication by go

Lgg =909 : G — G.

The orbit of the unit element e € G is cyclic group {gg}22 From

Theorem 5, S has not proper infinite closed subgroup.

—0o0*

Theorem 6. If L,, is topologically transitive, then it is minimal.

Proof. Since Ly, is topologically transitive, there is a g such that O(g) =
{ghg}>> . is dense in G. Now for any ¢’ € G, gi'g’ = gig((97'q).
Thus the orbit O(g') = O(g)(g~'¢’). Since g7'¢’ : G — G is continu-
ous, O(¢’) is dense in G. O

Another example of an Abelian topological groups is a torus

T'=S"x--- xS ={w= (2, ,2,) | z € S'}

n

which plays a central role in the study of completely integrable Hamil-
tonian systems. The multiplication

w-w' = (2121, ZnZn)

ifw=(z1,--+,2,) and w' = (21,--- , 2,). The group multiplication by

wy 18

Ly, w = wy - w.

Theorem 7. Suppose wy = (e*™1 ... ¥91)  The group multipli-
cation L., is minimal iof and only if the number ¢y, ---, ¢, and 1
are rationally independent, that is, if > . ki¢; = 0 (mod 1), then
ki=ky=---=k,=0.

Exerice 5. Prove this theorem. You can refer to Katok and Has-
senlblatt’s book ”Introduction to the Modern Theory of Dynamical Sys-
tems”, Cambridge University, pages 28-31.
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Maps with extremely complicate dynamics but we now un-
derstood quite well:

Suppose (X,d) is a metric space. By the definition, X is called
compact if every cover {U, }aeca by open sets has a sub-cover {U,, }"
consisting of finite number of open sets in this cover. Equivalently,
X is compact if every sequence {z,}°°; has a convergent subsequence
{2, }32,. A closed subset of a compact space is compact. The space X
is called totally disconnect if every connected component of X contains
only one point. A point z € X is called a limiting point if for every
neighborhood U of z, there is a y # x in U. Let X’ be the set of all
limiting points. Then X is called perfect if X = X'. Topologically, a
Cantor set is a compact, totally disconnected, and perfect metric space.

Suppose I = [0, 1] is the unit interval and Iy = [0,a] and I, = [b, 1]
are two subintervals where 0 < a < b < 1. A C! map f defined on
Iy U I is said to be degree two if f|I; from I; to I is bijective for ¢ = 0,
1; f is said to be expanding if there are constants C' > 0 and A > 1 so
that |(f°")'(x)| > CA™ whenever f°(zx) are in Iy U I; for all i = 0, 1,
...,n—1

Suppose f : IyUl; — [ is a degree two expanding map. Let G = (a, b)
be the complement of IoUI; in I. A number z in [ is said to be escaping
to G if f°F(x) is in G for some integer k > 0 (where f° is the identity).
The set €2 C I of escaping points is an open subset of the real line. The
complement A of 2 in [ is called the non-escaping set under f. It is a
compact (closed and bounded) subset of the real line R. We also call
A the maximal invariant set of f in [0, 1].

A linear example

Example 3. (3-Cantor set) . Suppose a = 1/3 and b= 2/3. Define

| 3=, if0<z<a;
f($)_{3x—2, ifb<z<l1

Then f is a degree two expanding map for which the non-escaping set
A under f is the famous %—C’antor set.

Proof. Every point z € [0, 1] can be written as

n=1
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where i, € {0,1,2}. Then

A:{x:Z;—ZG[O,lﬂz’nE{O,Z}}.

n=1

It is a closed subset. So it is compact.

For any
o .
7/7’1
v= 5

n=1
and any m > 0, let
o >
_ n m n
Ty = 3—n + 3—m + Z 3—n,
n=1 n=m+1

where @Y, = 2 — ¢,,. Then z,, # x and z,, — = as m — oo. This says
x € N. So A is perfect.
Suppose x # y € A. Then there is an integer m > 0 such that

m—1 . . fe'e) .
r=) S+t -
3n 3m Z 3n
n=1 n=m-+1
and
m—1 i i [e'e] Z,
V=2 Gttt X o
n=1 n=m-+1
where 4, # i/,. Let us assume that i,, = 0 and i, = 2 and define
m—1 o]
in 1 1
p=) 4 — =
n=1 n=m+1

Then

U= (—00,z) and V = (z,+00)
are two open sets. It is clear that UNV =@ and A C UUV and z € U
and y € V. Therefore, A is a Cantor set. O

Theorem 8. Any two Cantor sets are topologically equivalent.

Proof. Suppose (X, d) is a Cantor set. Let A be the 1/3-Cantor set.
We only need to prove that X is homeomorphic to A.

Each non-empty open set U of X (respectively, A) can be divide
into two non-empty open sets U; and U, such that U = U; U Uy and
U, N Uy = (. Therefore, since X and A are compact, we can divide

X=XjU---X,, and A=AU---A,
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into disjoint non-empty compact sets such that all of them have diam-
eters < 1. Suppose we have divided

X=U X; and A=U A

10°+ Tk <2101k 10°+ ikt Mo Uk

into disjoint non-empty compact sets such that all of them have di-
ameters < 1/k. Then each pair Xj;,..;, and A;,..;, can be divided into
same number disjoint non-empty compact sets such that all of them

have diameters < 1/(k + 1), that is,
Xi()'-'ik = U;I:k-leiomikl and Aio"-ik = U?zk—flAio...ikl

and d(Xi..iy1), | Nigig] < 1/(k+1). Thus we have a sequence of nested
non-empty compact set

v C Xigeiginsr C Xigeiy, C o0 C Xy C X
and
o C Mgy C Mgy C - T Ay CA
Since d(Xig..ip )y | Nig-iy| < 1/K,
Mo 1 Xigoiy, = {Tigoipt and  N32 Njgoiy, = {Pigevip
both contain one point each. Set

h(pm,k) = Tjge-igy--e+

Then it is a homeomorphism between X and A. U

The map f in Example 3 or in Theorem 5 is a linear map. In order
to study the dynamics of a non-linear map, we need first to study some
distortion property.

Naive distortion lemmas:

Let f be a function defined on a set U of the real line R. It is said
to be C! (or O for 0 < a < 1 or C*) if it can be extended to a
differentiable function defined on an open set containing U and if the
derivative of the extension is continuous (or is a-Holder continuous or
is of bounded variation).

Suppose f is a C! function on a set U of the real line R and P, =
{z;}"_, and P, = {y;}_, are two sequences of points in U. The number

T 1)
log’H f'(wi)

is called the distortion of f along P, and P;.




17

Lemma 2. Suppose k = inf ey |f'(x)] > 0. Then the distortion of f
along P, and P, can be estimated as

hoal [T 50 < 2310 - £ o)

Proof. The proof of this lemma is easy because

}log‘Hf—H < |log\f ()| = log | f"(w)]|

= erxz (4,).

The next two lemmas are easily derived from Lemma 2

Lemma 3. (C'**-Denjoy distortion lemma) . Suppose f is C1T* for
some 0 < a <1 and k = infoey | f/(x)] > 0. Let v = sup,ycp (I (x) —
F'W)|/lx — y|*) < oo. Then the distortion of f along Py and P, is
bounded by (v/k) > |z — yi|®, that is,

- f'(@i) L
log’ ‘ < — T; —
el [T 70l < 2 2
Proof. Since |f'(x;) — f'(yi)| < |z — y;]®, it follows directly from
Lemma 2. U

Lemma 4. (C'**-Denjoy distortion lemma) . Suppose f is O+,
Then there is a constant C' > 0 so that the distortion of f along P, and
Py is bounded by C, that is,

T <

whenever the open intervals I;, bounded by x; and y;, fori =1, ..., n,
are pairwise disjoint.

Proof. Let V' be the total variation of f on U. Then > " |f'(z;) —
f'(y:)| is bounded by V for {I;}_, are pairwise disjoint. We can take
C=V/k. O

Dynamics of non-linear expanding maps.
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Theorem 9. (C“-hyperbolic Cantor set) If f : [yUI, — I is a C'T
degree two expanding map for some 0 < a < 1. Then the non-escaping
set A under f is a Cantor set whose Lebesque measure is zero.

Proof. Let f; be the restriction of the function f to I;, and g; = f; ' :
I — I; be the inverse of f; for © = 0 or 1. We can consider compositions
Gw, = Jig © Giy © -+ - 0 g;,, for all strings w,, = iyiy ...4, of 0's and 1's.
These compositions are contracting; this means that there are constants
C >0and 0 < p < 1so that |g,, ()] < Cp™ for all z in I.

Suppose w,, = igiy .. .1, is a string of 0’s and 1's. Let I, = gy, (1)
be the image of I under g,,, and let G, = gu, (G) be the set of all
the points escaping to G under g, '. The union Uy, I, is the set of all
points not escaping to G under the iterates f°F for k = 0, 1, ..., n,
where w,, runs over all the strings of 0's and 1’s of length n 4+ 1. The
set {1, } is a collection of pairwise disjoint closed intervals and one to
one correspondence with the set {w,} of all the strings of 0’s and 1's
of length n + 1. Hence A = N9° Uy, Iy,, where w,, runs over all the
strings of 0's and 1’s of length n + 1.

Let us first prove that A is uncountable. For a string w,, = igiy ...,
of 0's and 1's and a digit i,,1 =0 or 1, I,,, C I, since I; ,, C 1.
This implies that

In+1

- C I c...C1.

1081 ..ty = = 4igi

C
and that I,, = N2 1,4, 1s @ non-empty closed subset for any infinite
string w = dgiy ... of 0's and 1’s. Hence the set {I,} is a collection of
pairwise disjoint non-empty closed subsets and is in one to one corre-
spondence with the uncountable set {w = igi; ...} of all infinite strings
of 0's and 1’s. Hence the set {I,} is uncountable. So too is the set A
because A = U, I, where w = ipi; ... runs over all infinite strings of
0's and 1’s.

Since gy, is contracting, the length of I, is less than C'u™ for any
string w,, = igiy ..., of 0's and 1’s of length n + 1. This implies that
I,, contains a single number x,,, and the map n(w) = z, from {w}
to A is bijective. We use this to prove that A is totally disconnected,
that is, every (connected) component IT of A contains only one number.
Suppose there is a component IT of A which contains two different num-
bers z,, and x,y where w = igiy ... Iplns1 ... and W' = doiy .. . dndy, ...
where 7,41 # 7, ,,. Both z,, and z,, are in I,,, where w,, = igiy ... %,.
The set I, is the union of an open interval GG, and two closed in-
tervals ly,,,, and Iy, which are on different sides of G,. The

numbers x,, and x,s are in I, ;, ., and Iwnixnﬂ, respectively. Take a
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point z in G,,. Then
1= (Hﬂ (—oo,z)) U (Hﬂ (z,oo)).

This contradicts the statement that II is a component of A and proves
that A is totally disconnected.

Since A is closed, the set A’ of limit points of A is contained in
A. To prove that A is a perfect set, we only need to show that A is
contained in A’. Let z, be a number in A and w = igiy ... lnini1 - - ..
Let r(i) = i + 1 (mod2); r(i) is 1 for ¢ = 0 and 0 for ¢ = 1. Take
w™ =iy . 17 (ip)ing .. w™ differs from w at (n 4 1) position.
Then x,m) # z, and both of them are in I;, ; _,. Since the length of
I;, i, tends to zero as n goes to infinity, z,m» tends to x,, as n goes
to infinity. This says that x,, is a limit point of A. So A is contained
in A’. Hence A is a Cantor set.

Now let us prove that the Lebesgue measure of the Cantor set A is
zero. Let m(-) mean the Lebesgue measure and let |.J| mean the length
of an interval. An inequality which can be easily obtained is

m(A) <) |1, | < c2myn,

Wn

where w,, runs over all the strings of 0's and 1’s of length n + 1. This
inequality is true because {I,,, } is a cover of A and the total number of
the strings of 0’s and 1’s of length n + 1 is 2" If p < 1/2, it is much
easier to see m(A) = 0. However, to prove that the Lebesgue measure
of A is zero for any 0 < p < 1, we need help from Lemma 3.

Suppose w, = ig...i, is a string of 0's and 1's of length n + 1.
The map f"*! from I, to I is a monotone function and its inverse is
Guw,. For any two numbers x and y in I, , let z; = "~ (z) and
y; = [~ (y) for i = 0, 1, ..., n + 1. By the mean value theorem
and the chain rule, |z; — y;| < Cpt and 070 |2 — wil® < O/ (1 — ).
According to Lemma 1.2, the distortion of f along X = {z;} and
Y = {y;} is bounded by the constant C’ = (¢+/k)(C/(1 — pu*)), that is,

(rom0) @
(r0+) w)

where ¢ is the Holder constant of f' on IyUI; and k = inf,c ur, | f/(2)].
This implies that

<

> c= 7C/G
L. c=e "G,

n |



20

since G = f°"*)(G,,.) and I = f°"* (1, ). Now we have that
|Iwn0| + |‘[wn1 S (1 - C)|]'LU7L

because I, = L,,0U Gy, U I, 1; moreover,

m(A) < Z |[wn+1| = Z(ljwn0| + |Iwn1|)

Wn+1 Wn
<SA=0)) M| << (1=0)"!

for all positive integers n. Hence the Lebesgue measure of A is zero. [

Remark and Exercise 1. From the proof, one can see that the non-
escaping set A of a C degree two expanding map is a Cantor set in
the real line. There is a Cantor set with positive Lebesque measure.
An interesting problem is to construct a C' degree two expanding map
whose non-escaping set is a Cantor set with positive Lebesque measure.
Try to study this counter-example. You can refer to Bowen’s paper ”A
horseshoe with positive measure.” Invent. Math., 29 (1975), 203-204.

Horseshoe Maps

Let R be a rectangle in R? with two horizontal sides and two vertical
sides. Suppose f: R — f(R) C R? is a diffeomorphism such that RN
f(R) are two separate rectangles Ry and Ry such that their horizontal
sides parallel to the horizontal sides of R and and their vertical sides are
parts of the vertical sides of R. Let R° and R' be two components of
J~Y(R)N R. Suppose R® and R! are also two rectangles whose vertical
sides are parallel to those vertical sides of R and whose horizontal
sides are parts of the horizontal sides of R. Suppose f : R — Ry and
f : R* — R, are hyperbolic affine maps, contracting in the vertical
direction and expanding in the horizontal direction. This map is called
a Smale horseshoe map. Let A be the maximal invariant set of f in R.
Then

A= o f"(R).

The intersection
RN f(R)N f*(R) = (RoN Ry) N f*(R)

consists of four rectangles R;; for 4,j € {0,1} whose horizontal sides
parallel to the horizontal sides of R and and their vertical sides are
parts of the vertical sides of R. Inductively, N_,f*(R) consists of 2"
thin rectangles whose horizontal sides parallel to the horizontal sides of
R and and their vertical sides are parts of the vertical sides of R. Let
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us denote these rectangles as R;y;,..i;, , for i, € 0,1, k=0,1,---n — 1.
Here we label them as f(R;,..;, ,) = Ri,..i,_,. Then we have that

Rl’O"'infl - Rio---infz c--C RiO'
This implies that
is a horizontal line in R. Then
R+ - ﬂziof k(R)

consists of uncountably many horizontal lines.
Similarly, the intersection

ROfHR)N(R) = (R°NRY) N f7(R)

consists of four rectangles RY for i,j € {0,1} whose vertical sides
parallel to the vertical sides of R and and their horizontal sides are
parts of the horizontal sides of R. Inductively, NZ_, f~¥(R) consists of
2™ thin rectangles whose horizontal sides parallel to the horizontal sides
of R and and their vertical sides are parts of the vertical sides of R. Let
us denote these rectangles as R/n-tn-201 for j, € 0,1, k=1,---n— 1.
Here we label them as f~'(R;, ,..j»j;) = Rj,_,.j»- Then we have that

R, i o-ju CRj,_, C--- CRy.
This implies that
Ry gy = R By
is a vertical line in R.
R =N f"(R)

consists of uncountably many horizontal lines.

Give any wy = ig---ip—1 -+, Ry, N R_ is a Cantor set on the line
R, . Give any w_ = ---j,_1---j1, Ry_ N R4 is a Cantor set on the
line R, . Then

A:RJFQR,

can be thought as a product of two Cantor set on a horizontal line and
on a vertical line.

Theorem 10. Consider the dynamical system f : A — A. Then the
set of periodic points of f are dense in A. And Per,(f) contains 2"
different points. Furthermore, f : A — A is topologically mixing, that
is, for any two open sets U and V' C A, there exists an integer N =
N(U,V) > 0 such that f*(U) NV is nonempty for every n > N.
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One-side full shift on symbolic space.

In one-dimensional expanding maps, we used symbols to label inter-
vals and points. Here we study a symbolic dynamical system. Through
the study of symbolic dynamical systems, we can have a better under-
standing of dynamical systems.

Let S = {0,1,---,d—1} be a set with the discrete topology. Consider
the space

S =%g=[]8={w=igirigr- [ix €S, k=01,--}.
k=0
We give X the product topology as follows. Give any
Define
[w]n = {w’ =gl lp1Jn Jr_1 " € 2},
It is called an n-cylinder of ¥. We call a cylinder an open set. The set
of all cylinders forms a topological basis. Then > with this topology is

a topological space.
We can also introduce a metric on >:

') = S0 Bz
k=1

ifw=ig- 4.+~ and w' = jo---Jx_1---. One can check that d(-,-) is
a metric on ¥ and the topology induced from this metric on X is the
same as the product topology.

One side full shift is defined as

08— o(igiy - ig_ycc) =1 ip_g .

Then it is a continuous map. The dynamical system o is called a
symbolic dynamical system.
Suppose I = [0,1] and Iy = [0, bo], [1 = [a1,b1], -, Lg—1 = [ag—1,ba—1]
where
ap=0<by<a; <b <-<ag_1 <bg_1.

Let

fiU=U =1
be a map such that f : I, — I is a C'-diffeomorphism for each i =
0,---,d—1. We say f is expanding if there are two constants C' > 0
and A > 1 such that

(f") (z)] = CA™
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for all z € I and n > 0 such that f"~!(z) is defined. Let
A=miof 7k(I )
be the maximal invariant set of f.

Theorem 11. Suppose f : U — I is a C* expanding map. Then
f A — A is topologically conjugate to the symbolic dynamical system
oY% — Y. That is, there is a homeomorphism h : ¥ — A such that

foh=hoo
on .
Proof. For each 0 < i < d—1, let g; = (f|I;)"! : I — I,. For each
Wy, = T0%1 * * * Tym—1, define
Gwm = Gig © "7 O Gipyy
and
L = Gu, ().
Then for every w = w,, --- € X,
o Cly, Cly,y, , Coor C Ly,
Since f is expanding, |I,, | — 0 as m — oco. So
Ly =011, ={zw}
contains only one point. Define h : ¥ — A as h(w) = x,,, we have that
h is a homeomorphism and

foh=hoo
on .. ]

Lemma 5. All periodic points of period m > 0 are
Pery,(f) ={zw [ w=(io-im-1)"}

Exerice 6. Prove that o (as well as f) is topologically transitive but
not minimal.

Exerice 7. Find all proper closed subsets A contains only finitely many
points in X which is forward invariant, that is, c(A) C A. Find a
proper closed subset A contains infinitely many points in X which is
forward invariant.

Gibbs Measures

If a physical system of n states with the energies of these states are
Ey, -+, E,. Suppose that this system is put in contact with a much
larger “heat source” which is at temperature 7. Energy is therefore
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allowed to pass between the original system and the heat source. Sup-
pose the temperature T of the heat source remains constant. It is a
physical fact derived in statistical mechanics that the probability p;
that state j occurs is given by the Gibbs distribution
e PE;
Pi = <o _—zg
> € Ok
1

where 3 = = and k is a physical constant. This is the starting point
for the thermodynamical formalism. However, thermodynamical for-
malism is a mathematical subject which studies Gibbs measures for
more general systems.

Consider the symbolic dynamical system o : ¥ — ¥ (or f: A — A).
A probability measure p on ¥ is called an invariant measure if

u(A) = p(o™'(4))
for any Borel set A. A function ¢ : ¥ — R is called positive if ¢ > 0
and Holder continuous if there are two constant C' > 0 and 0 < 7 < 1
such that
|¢(w) — (w')| < CT™

for any w,w’ € ¥ such that their first m digits are the same. For a
positive and Holder continuous function ¢, the function ¢ = log ¢ is
also Holder continuous.

Theorem 12. Consider the system (o, %, log @) where ¢ is a positive
Holder continuous function. There is a unique probability measure p =
Liog ¢ Such that

oo pl[m])
 exp[-mP + Y log ¢(o* (w)]
where C' > 0 is a constant and where [wy,] is any cylinder of ¥ and

w € [wy,]. Here P = P(log¢) is a constant depending on log ¢ and is
called the pressure for the system.

Remark 1. If we consider f : A — A as a C1® expanding map, let h
Y — A be the conjugacy from X — A. Consider ¢p(w) = 1/|f'(h(w))].

Then it is a positive Héolder continuous function on X. Consider

tlog ¢(w) = —tlog[f'(h(w))].

Then the pressure P(—tlog|f'(h(w))| is a function of t. There is a
unique number 0 < to < 1 such that P(—tlog|f'(h(w)|) = 0. This
number is just the Hausdorff dimension of A. For more details about
Gibss theory, you can refer to my lecture notes (download site:

http://qcpages.qc. cuny.edu/ “yjiang/HomePageY.J/Download/
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JiangNJLectureIFM.pdf) ”Nanjing Lecture Notes In Dynamical Sys-
tems. Part One: Transfer Operators in Thermodynamical Formalism.”

Dynamics of Circle endomorphisms and Teichmiiller theory

Circle endomorphisms

Let T'={z € C| |z| = 1} be the unit circle in the complex plane C.
Suppose
f:T—=T
is an orientation-preserving covering map of degree d > 2. We call it a
circle endomorphism. Suppose

h:T—T

is an orientation-preserving homeomorphism. We call it in this paper
a circle homeomorphism.

For a circle endomorphism f, it has a fixed point. We will assume
that f(1) = 1.

The universal cover of T' is the real line R with a covering map

m(z) =™ R —T.

Then every circle endomorphism f can be lifted to an orientation-
preserving homeomorphism

F:R—R, Fx+1)=F(z)+d, VreR

We will assume that F'(0) = 0. Then there is a one-to-one correspon-
dence between f and F. Therefore, we also call such an F' a circle
endomorphism.

Every orientation-preserving circle homeomorphism h can be lifted
to an orientation-preserving homeomorphism

H:R—R, H(z+1)=H(z)+1, VreR.

We will assume throughout this paper that 0 < H(0) < 1. Then there
is a one-to-one correspondence between h and H. Therefore, we also
call such an H a circle homeomorphism.

A circle endomorphism f is C* for k > 1 if the kt'-derivative F®*)
exists and is continuous. And, furthermore, it is called C*** for some
0 < a<1if F® is a-Hélder continuous, that is,

[FW(z) — FW(y)| [FW(z) — FW(y)|

sup = sup < Q.
r#£YyER |l’ - y|a x#£y€(0,1] |£L’ - y|a
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A C! circle endomorphism f is called expanding if there are constants
C > 0 and X > 1 such that

(F)(z) > CN", n=1,2---

Definition 6. A circle homeomorphism A is called quasisymmetric if
there is a constant M > 1 such that
|H(z +t) — H(z)]
~ [H(z) = H(z — 1)
Furthermore, it is called symmetric if there is a bounded function () >

0 for ¢t > 0 such that () — 0" as t — 0" and such that
1 <|H(x—|—t)—H(x)\
1+e(t) — |H(z) — H(z —t)]

Mt <M, Vz€eR, Vt>O0.

<1+4¢(t), VreR, V>0

Example 4. A C!'-diffeomorphism of T is symmetric.

However, the class of symmetric homeomorphisms is larger than the
class of C'-diffeomorphisms. For example, a symmetric homeomor-
phism may not necessarily be absolutely continuous.

Definition 7. A circle endomorphism f is called uniformly quasisym-
metric if there is a constant M > 0 such that

S ($+t) @)l
=P - (fv—t)l

foralleRandt>Oandanyn>0.

Mt <M

Definition 8. A circle endomorphism f is called uniformly symmetric
if there is a bounded function £(¢) > 0 for ¢t > 0 such that £(¢) — 0%
as t — 0" and such that

1 |F~"(x +t) — F"(x)|
Tre) = [Fr(@) - Fr@—1)] =

+e(t), VreR, Vvt>D0.

Example 5. A C'™, for some 0 < a < 1, circle expanding endomor-
phism f is uniformly symmetric. Furthermore, e(t) < Dt* for some
constant D > 0 and 0 <t < 1.

Proof. Since F(x+1) = F(z) +d, then F'(z +1) = F'(z) is a periodic
function. Since F is C1**, we have a constant C; > 0 such that

|F'(z) = F'(y)l < Cilz —y|%, Vz,y €R.
Since F' is expanding, we have a constant Cy > 0 and A > 1 such that
(F™)(z) > Co\", VreR, n>0.



For any z,y € R and n > 0, let 2, = F*(z) and y, = F*(y),
0 < k <n. Then

(F=") (x)

(F™) () | _ < : :
log - = |log 7| < log F'(xy) — log F"(y
o8 (| = | 18 (o | < 2 1o P~ 1og /()
1 &, ) C) & Cl <ok
< — F -F < — —y | < ——— A" —yl@.
< o =Pl < 33 lenl” < ey Aol
Let O
C = .

Cyr (A — 1A
Then we have the following Holder distortion property:

(1) e Clz—y|* < w < (Cla—yl

< < , Vr,y e R, Vn>0.
(F)(y)

Furthermore, let

e -1, t>1.

Then £(¢) > 0 is a bounded function such that £(t) — 0 as t — 01 and
such that

1 (F)(E) _ [F(a+t) - F"(z)|
< = < 1+¢(t), Vx € R, Vt >0,
Tre® = Fy) (P - P g =Y
where ¢ and 7 are two numbers in [0, 1]. Thus F' is uniformly symmet-

ric. Furthermore, one can see that e(t) < Dt® for some constant D > 0
and 0 <t < 1. We have proved the example. 0

cte <
€<t>_{e 1, 0<t<1,

Remark 2. The uniformly symmetric condition is a weaker condition
than the CY*® expanding condition for any 0 < o < 1. For ezample,
a uniformly symmetric circle endomorphism could be totally singular,
that 1s, it could map a set with positive Lebesque measure to a set with
zero Lebesgue measure.

Another example of a uniformly symmetric circle endomorphism is
a C! Dini expanding circle endomorphism as follows. Suppose f is a
C! circle endomorphism. The function

w(t)= sup |F'(x)—F'(y)], t>0,

lz—y|<t

is called the modulus of continuity of F’. Then f is called C* Dini if

1
/ &dt< 00.
0 t
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Suppose f is a C! Dini expanding circle endomorphism. Let C' > 0
and A > 1 be two constants such that

(F")(x) > CX", z€eR, n>1.

Define
G(t) =) w(C'AT).
n=1
Then
00 1 C—iIx1t w(y)
w(t) < w(CTINTt)dx = / ——=dy < o0
W< [ w e = o [ -

forall 0 <t <1and®(t) — 0ast— 0.

Example and Exercise 1. A C!' Dini circle expanding endomor-
phism [ is uniformly symmetric. Furthermore, €(t) < D&(t) for some
constant D > 0 and 0 < t < 1. You can refer to my paper (download
site:http://qcpages.qc.cuny.edu/ yjiang/HomePageY.J/Download/
2008 TeichAndGibbsTh.pdf) “Teichmller structures and dual geometric
Gibbs type measure theory for continuous potentials”.

Symbolic space and topological representation

Suppose f is a circle endomorphism with f(1) = 1. Consider the
preimage f~'(1). Then f~!(1) cuts T into d closed intervals Jy, Ji,
-+, Jg_1, ordered by the counter-clockwise order of T'. Suppose .Jy has
an endpoint 1. Then J;_; also has an endpoint 1. Let

wo = {Jo, J1, + , Ja1}-
Then it is a Markov partition, that is,
i T =Ul}Jy,
ii. the restriction of f to the interior of J; is injective for every
0<i<d-—1,
iii. f(J;) =T forevery 0 <i<d-—1.
Let Iy, Iy, - -+, 141 be the lifts of Jy, Jy, - -+, Jy_1 in [0,1]. Then we
have that
i) 0,1] = UiZoly,
i) F(I;) =[i,i+ 1] for every 0 <i < d— 1.
Let
no = {1lo, I1, -+, la1}.
Then it is a partition of [0, 1].
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Consider the pull-back partition w, = f "wy of wy by f". It con-
tains d" intervals and is also a Markov partition of 7. Intervals J in
w, can be labeled as follows. Let w,, = igiy - - - i,_1 be a word of length
nof 0's, 1's, -+, and (d — 1)'s. Then J,, € @, if f*(J,,) C J;, for
0<k<n-—1. Then

@n = {Ju, | Wn = igiy -+ in_1,ir € {0,1,-- ,d=1},k=0,1,--- ,d—1}.

Let 7, be the corresponding lift partition of w,, in [0, 1] with the same
labelings. Then

M = {1, | Wn = toi1 - ip_1,i € {0,1,--- ;d=1},k=0,1,--- ,d—1}.

Consider the space

E:ﬁ{o,l,--- d—1}
n=0

= {w=igiy-ip-iny-- |ipe{0,1,---,d—1}, k=0,1,---}
with the product topology. It is a compact topological space. A cylin-
der for a fixed word w,, = 19ty - - - i,,_1 of length n is

[wn} = {wl = Z.07;1 "'infligli;H»l ’ Z;Z+k € {0717 7d_1}7k = 0717}

All left cylinders form a topological basis of . We call it the left
topology. The space Y with this left topology is called the symbolic
space.

For any w = 29ty - - tp_1%p - - -, let

o(Ww) =iy ip_1ipn---

be the shift map. Then (X, o) is called a symbolic dynamical system.
For a point w =g+ 1p_10, -+ € X, let w, =14¢---1,_1. Then

oo C Sy, Ty, Ty, CT
Since each J,,, is compact,
Jw =y, # 0.

If every J, = {z,} contains only one point, then we define the projec-
tion 7y from ¥ onto T' as

Tr(w) = Ty
The projection 7y is 1-1 except for a countable set
B ={w =gty +3,-11000 - -+ Jigiy -+ 1,10(d — 1)(d = 1)(d —1)--- }.
From our construction, one can check that

nroo(w) = fomp(w), weX.
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For any interval I = [a,b] in [0, 1], we use |I| = b — a to mean its
Lebesgue length. Let

lp,f = max |, |,
Wn,

where w,, runs over all words of {0,1,---,d — 1} of length n.

Two circle endomorphisms f and g are topologically conjugate if
there is an orientation-preserving circle homeomorphism h of T" such
that

foh=hog.

The following result is first proved by Shub for C? expanding circle
endomorphisms 1960’s by using the contracting mapping theorem.

Theorem 13. Let f and g be two circle endomorphisms such that both
lnf and iy g4 tend to zero as n — oo. Then f and g are topologically
congugate if and only if their topological degrees are the same.

Proof. Topological conjugacy preserves the topological degree. Thus if
f and ¢ are topologically conjugate, then their topological degrees are
the same.

Now suppose f and g have the same topological degree. Then they
have the same symbolic space. Since both sets J,, f = {x,,} and J,, , =
{yw} contain only a single point for each w, we can define

hMZw) = Y-

One can check that h is an orientation-preserving homeomorphism with
the inverse

h_l(yw) = .
O

Therefore, for a fixed degree d > 1, there is only one topological
model (X, o) for dynamics of all circle endomorphisms of degree d with
t, — 0 as n — oo.

Bounded geometry and uniformly quasisymmetry and qua-
sisymmetric conjugacy

Definition 9. The sequence {w, }22, of nested partitions of 7" is said
to have bounded nearby geometry if there is a constant C' > 0 such that
for any n > 0 and any two intervals I, I’ € n,, with a same endpoint or
one has an endpoint 0 and the other has an endpoint 1 (in which case
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we say they have a common endpoint by modulo 1),
T
< —<C.
1]

The sequence {w, }22, of nested partitions of 7" is said to have bounded
geometry if there is a constant C' > 0 such that

L
HEC’, VLCI, Len,, Ien, VYn>0.

The bounded nearby geometry implies the bounded geometry since
each interval I € 7, is divided into d subintervals in 7,,;. But it is not
true for the other direction.

Theorem 14. If f is a uniformly quasisymmetric circle endomor-
phisms, then the sequence {wo, }5°, of nested partitions of T has bounded
nearby geometry and thus bounded geometry.

Proof. Let F' with F'(0) = 0 be the lift of f. Define

Gi(z)=F Yz +k):[0,1] —[0,1], for k=0,1,---,n—1.
For any word w,, = gty - -1,_1, define

Gwn - Gio © Gil ©---0 Ginfl'
Then
Iy, = Gu,([0,1]) = F7"([m, m + 1]),

where m = i,_1 +ip_od+---+iod” . Suppose I{Un is an interval in 7,
having a common endpoint with [, modulo 1. Then

I, =F"([m+1m+2]) or F"([m—1m]).

w

Thus

1 | L, |
< Ml 0 iy,
T+e() — I, | = +e(1)

Let C' =1+ £(1). Then we have that

1|

c1l< L} <C

for any intervals I,I' € n, with a common endpoint modulo 1, n =
0,1,---. This means that {w,}>°, has the bounded nearby geometry.
We proved the theorem. O

Remark 3. The converse is also true in the above theorem. Refer to
the proof of the following corollary.
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Example 6. Consider qu(z) = 2% d > 2. Then it is a circle endomor-
phism of degree d. The lift of q is Q(z) = dx. Then we have

{7 e

o=

Every 0 < k < d"*1, can be expressed as
k=iy,1+ipod+ - +igd L.
So for w, =igiy - in_1, Ly, = [i/d", (i 4+ 1)/d"].

and

Theorem 15. Any two uniformly quasisymmetric circle endomor-
phisms f and g of the same degree d > 1 are topologically conjugate
and the conjugacy is a quasisymmetric homeomorphism.

Proof. From foh = hog and g(1) = 1, h(1) is a fixed point of f,
that is, f(h(1)) = h(1). Let k(z) = z/h(1) and f = ko f o k~'. Then
f(1) = 1. Take h = ko h. We have that h(1) =1 and foh = hog.
So h is quasisymmetric if and only if & is quasisymmetric. So, without
loss of generality, we assume that h(1) = 1.

Suppose
N, f = {Iwn,f} and Tn,g = {Iwn,g}7 n = 17 27 e

are two sequences of Markov partitions for f and g, respectively.
From the bounded geometry property (Theorem 14), we have a con-
stant 0 < 7 < 1 such that

bn,f = max |Ly, f|, tng=max|l,,  <7", Vn=12/---.
Wn, Wn,

Then Theorem 13 implies that f and g are topologically conjugate.

Suppose h is the topological conjugacy between f and g and H is its
lift to R. By adding all integers, the sequence of partitions 7, f and 7, 4
induce two sequences of partitions of R, which we still denoted as 7, ¢
and 7, ,. Both of these sequences of partitions have bounded nearby
geometry.

Let Q be the set of all endpoints of intervals I € n,,, n =0,1---  00.
Then it is dense in R.

For z € Q. Consider the interval [x — t,z]. There is a largest
integer n > 0 such that there is an interval I = [a, x| € 7, satisfying
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[z —t,z] C I. Suppose J = [b,z] € npy15. Then J C [z —t,z]. Let
J' =[x, c| € Nut1,r. From Theorem 14, there is a constant C' > 0 such
that

J'|
<o
]
If |J'| > t, we have |J'| < Ct. Let J;, = [z, ck| € Nugrs1,p for k> 0.
From the bounded geometry, there is a 0 < 7 < 1 such that
|| < TFCt.
Let k be the smallest integer greater than —log C'/logr. Then |J;| < t.
This implies that J;, C [z, 2 + t]. So we have
(HUI o | Hz+1) = H(x)| _ [H(S)]
|H(I)| ~ |H(z) = H(z = t)] = [H(J)|’
where H(I) € 0y, H(J),H(J') € ut14, and H(J}) € Npikt1,4- Now
from the bounded geometry for g, we have a constant, still denote as
C > 0, such that

L HUD| | H 1)~ H@)| _ [H)
—H(I)] T [H(z) = H(z—t)] — [H(J)]
If |J'| < ¢, we have |J'| > C~'t. Let J', = [x,c_k] € Np_py1,s for

k > 0. Then from the bounded geometry, there is a constant, which

we still denote as 0 < 7 < 1, such that |J',| > 77*C~t. Let k be

the smallest integer greater than —logC'/logr. Then |J',| > t. This
implies that J', D [z, z +t]. So we have

(H()| _ [Hz+t) - Hz)| _ [H(T)|

[H()| ~ |H(z) = H(x—t)] = [H(J)]

where H(I) € 0,4, H(J), H(J') € Nps14, and H(J' ) € Np—gt1,4. Now

from the bounded geometry for g, we have a constant, which we still

denote as C' > 0, such that

1 _ H(J'
o MO G40~ @) _ L
[H(I)| = |H(x) = H(z—t)| = [H(J)]
For any z € R, since € is dense in [0, 1], we have a sequence z,, € Q
such that x,, —  as n — oo. For any ¢ > 0, we have that

_ H(z,+t) — H(x,)|
c' < |H (. < C
| H (25) — H(zn — 1)
Since H is uniformly continuous on R, we get that
L HE - HE@)
T |H(z) - H(z —t)] ~
We have proved the theorem. O

C

<C.

C
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Corollary 4. Suppose f is a circle endomorphism. If the sequence of
nested Markov partitions n = {n,}>°, has the bounded geometry. Then
f s uniformly quasisymmetric.

Proof. Suppose h is a conjugacy from f to ¢, thatis, f = hogoh™%
Since both sequences of nested Markov partitions for f and for ¢ have
bounded nearby and bounded geometry. Then h is quasisymmetric.
Since f* = hoqg®oh™!, so f is uniformly quasisymmetric. U
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Let QS be the space of all (orientation-preserving) quasisymmetric
circle homeomorphisms. Let Q be those in QS fixing 1. Let F be the
space of all uniformly quasisymmetric circle endomorphisms of degree
2 fixing 1. (The following can be done for all degrees d > 2 with a little
bit modification). Suppose ¢(z) = 2%. Let a : Q@ — F be defined as

a(h) =hogoh
Theorem 16. The map « s bijective.

Proof. From Theorems 14 and 15 and Corollary 4, we have that « :
Q — F is a onto map. We only need to prove that a is injective.
Suppose a(hy) = a(hy) for hy, he € Q. Since 1 is the only fixed point
of a(hy), a(hs), and ¢, hl( ) = ho(1) = 1. Since

g () = hy (g (1),
(=

we have that hi(—1) = hg 1). Inductively, since

hy'(g7"(1) = hy (g "(1)),
we have that hy(e?(F/2")) = hy(e2m(k/2")) for all 0 < k < 2". Since the
set of all numbers {k/2"|0 < k < 2",n = 1,2,---} is dense in T, we
have that h; = hs. So « is injective. O

Remark 4. The bounded nearby geometry and the quasisymmetric

property for a conjugacy have been also studied for one-dimensional

maps with critical points. Refer to (download site:

http://qcpages.qc.cuny.edu/ “yjiang/HomePageYJ/Download/1993GeomFin.pdf)
”Geometry of geometrically finite one-dimensional maps”. Comm. in

Math. Phys., 156 (1993), no. 3, 639-647. Or the book ”Renormal-

ization and Geometry in One-Dimensional and Complex Dynamics”.
Advanced Series in Nonlinear Dynamics, Vol. 10 (1996) World Sci-

entific Publishing Co. Pte. Ltd., River FEdge, NJ, zvi+309 pp. ISBN
981-02-2326-9.

Dual symbolic space and scaling model for Q and F.

Suppose f is a circle endomorphism of degree 2. As we have seen,
we have a sequence of nested Markov partitions n = {n,}7>,. Here n,
contains 2" intervals, each interval has a unique label w,, = 1%y - - - 1,,_1
which we denote as I, , where i, € {0, 1}, such that

f(Iwn) = Ia(wn)-
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Now we would like to relabel these intervals. For w,, = i¢i1 - - - 7,_1, let
Wy, = Jn—1""" J1Jos

where j,_ 1 =19, -+, Jo = in_1. Define the dual shift map

o (w,) = Jn-1---J1-

Then we have the following

We call
0
Z*:{w*:"'jn—l"'jO}:H{Oal}

with the product topology the dual symbolic space. Then the dual
shift map is

of Wt =g gijo — of (W) = a1 g1

Then we call (X*,0*) the dual symbolic dynamical system. The dual
cylinder for a given w) = j,—1---jo is

[wi] = {w" = jiu_y -+ Jndn—1 - Jo | Jp € {0, 1}, k > n}.
Then all these dual cylinders form a topological basis for >*.

Now we define another operator in X* called the adding machine
a(w*) as follows: If w* = «--j,_1--j1jo and jo = 0, then a(w*) =
“Jno1+J1(Jo + 1) and if jo = 1, then jo + 1 = 0 and then consider
Jj1+1, soon. For each w}, we can also define the adding machine a. We

have that for any wy,, I,,» and Io,) are two adjacent intervals. (Note
that if w) = 1---1, then we define a(w}) =0---0).
S~ S~

n n
., we define two scalings, one is for bounded nearby ge-
ometry and one is for bounded geometry:

For each w*

* ‘[w*
bng(wn):)log ‘
| agws)
and |
I.
bg(wy) = —=—.
Lo+ )

Thus we have two sets of scalings
and
These two sets can be determined to each others.
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Exerice 8. Ezxpress scalings in BG in terms of scalings in BNG and
verse versa.

Therefore, the sequence of nested Markov partitions n = {n,,}°°, has
bounded nearby geometry if and only if there is a constant C' > 0 such
that

bng(w;) < C, Yw,.

And it has bounded geometry if and only if there is a constant C' > 0
such that

bg(wy) > C, Yw,.
It is also clear that
(2) bg(wn0) + bg(w,1) =1

which we call it the summation condition. Now let us consider the
space of scalings (means positive numbers)

S = {(5(wy))}
satisfies the summation condition (2) and the induced bounded nearby
geometry (bng(w?)) is in I*°. Then for f € F, we have that

Y(f) = (bg(wy)) € S.
This induces a map
B(h)=~voaecs

and

Theorem 17. The maps 3: Q — S and v : F — S are both bijective.

Universal Teichmiiller space and the space of uniformly qua-
sisymmetric circle endomorphisms and space of scalings

Remember that QS is the space of all quasisymmetric homeomor-
phisms of T. Let M be the space of all Mobius transformations pre-
serving the unit disk A. Then

S z—a
M={M(z) =" " — <1
(M) = I o] < 1)
The quotient space
UT = S/ M
is called the universal Teichmiiller space. It is a complex Banach man-
ifold (we will discuss this later, see Remark 5).
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Since each element in M has one complex parameter a € A and one
real parameter 0 < 0 < 1, for any pair of triple points {z1, 29, 23} and
{wy, we,ws} arranged in the counter-clockwise order on 7, there is a
one and only one element M € M such that

M(Zl) = Wy, M(ZQ) = Wa, M(Zg) = Ws.

Thus the universal Teichmiiller space can be thought as the space of
all quasisymmetric homeomorphisms fixing three points on 7'. Let us
assume that this three points are 1, ¢, —1. Then

UT ={h € QS | h(1) =1, h(i) =i, h(—1) = -1} = Q/ M,

where _
l—-az—a

M= MG =T

is the space of all Mobius transformations preserving the unit disk A
fixing 1.

Now consider the space of all uniformly quasisymmetric circle endo-
morphisms of a fixed degree d > 1 conjugated by M, which we denote
as UF,. For the simplicity, we assume d = 2 and write UF = UF>.

[ la] <1}

Theorem 18. The map « induces a bijective map o = [a] : UT — UF.

Proof. Let q(z) = 2%. Then it has a unique fixed point 1 and ¢! =
{1,-1} and ¢~%(1) = {1,4,—1, —i}. The space UF can be thought as
the space of those uniformly quasisymmetric circle endomorphisms f
fixing 1 such that f~1(1) = {1,—1} and f~2(1) = {1,4,—1,s}. It is
clear that of h € Q fixing 1, —1, 4 if and only if f = a(h) € UF. Thus
« induces a onto map ¢ from U7 to UF. We need to prove p is one-
to-one. Suppose o(hy) = o(hg). Similar to the proof of Theorem 16,
hy = ho. O

Let US be the space of scalings (s(w;)) in S such that s(0) = s(1) =
s(00) = 1/2.

Corollary 5. The maps v and [ induce bijective maps [y] : UF — US
and [B] :UT — US.

Remark 5. Note that
Q=UT x A
where A = {a | |a| < 1} is the unit disk in the complex plane. For any
heQ,lett=h(i) and s = h(—1) and
= 0= e A

-1
1 (s

a =
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Let B
_1—a Z—a

Gol2) = l—al—az
Then G, maps 1,t,s to 1,i,—1. So G, o h fizes 1,i1,—1 and is in UT .
So if we define x(h) = (Gq 0 h,a). Then it is a bijective map from Q
toUT x A. So Q as well as F and S has induced compler Banach
manifold structure such that it is a complex Banach manifold. (We will
discuss this later.)
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Still in Draft version

Symmetric homeomorphisms

Let Qg be the space of all symmetric homeomorphisms in Q, that is,
h € Qp if and only if h(1) = 1 and there is a bounded positive function
€(t) > 0 such that €(t) — 0 as t — 0,

L W) Hel
Tre(r) " H@) -~ Ha—1)]

< 1+ €(t)

for all z € R and ¢ > 0.
For any h € Qy, consider f = hogo h™! and the corresponding
sequence of nested Markov partitions n = {n,,}°°, and corresponding

scalings (s(w?)).

Theorem 19. The homeomorphism h € Qg if any only if for any
w* € ¥¥, the limit S(w*) = lim,, . s(w}) exists and is 1/2, that is, it
defines a constant function

1
S(w*):§:2*—>R.

Before to prove this theorem, we need to have the following concept
about quasisymmetry on an interval. Suppose I and J are two intervals
on the real line R. Suppose ) : I — J is a homeomorphism. Let
M > 1. We say that @) is M-quasisymmetric on [ if

Rz +1) —Qz)] _

M —am—1) =

Ve—t, x,x+tel,t>0.

Lemma 6. Suppose I = J = [0,1]. There is a function {(M) > 0
satisfying ((M) — 0 as M — 1 such that for any M -quasisymmetric
homeomorphism @ : [0,1] — [0, 1] such that Q(0) =0 and Q(1) =

Q(z) — x| < (M), Vael01]
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Proof. Consider points x,, = 1/2", n = 0,1,---. M-quasisymmetry
and the normalization Q(0) = 0,Q(1) = 1mply that
1 1 1 1 1
H <Q(=) < .
1+ M (2”—1> - Q(Q”) - 1—|—M—1Q(2”—1)
Similarly,

(7557) <@ < (tram) vnz

Furthermore, by M-quasisymmetry and induction on n = 1,2,---,
yield
1 n i 1—1 1 n
< O(—)— < Vn>1, 1<:<2",
<1+M> = Q50 )_<1+M*1>’ el ists
Let
M \" 1 1 1 " 19
n — 11 T A A ) = 1,4,
RSN L) T2\ M+t "
Then for n =1,
1 1M—1
_ < ==
and for any n > 1, we have
Q) — 5| < Q) ~ oy | +
osigan | “\gn) T gn| = oG [N gn—) T gnet [ T T

By summing over k£ for 1 < k < n, we obtain

(S —Z’Tk

If we put ((M) = sup;<,.o{0n}, by summing geometric series, we
obtain

1 M \» 1 1/1.\n 1
M) = {M 1 ——M( ),1—— —<—) ——}.
(M) = max o 1+ M v Ta\ar) o

Clearly, ((M) — 0 as M — 1, and since the dyadic points

Qs

max )
0<i<2n 2n n

{i/2" | n=1,2,---;0<i<2"}
are dense in [0, 1], we conclude

Qz) —z[ < (M) Vael01],

which proves the lemma. O
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Proof of Theorem 19. Suppose €(t) > 0 is the bounded positive func-
tion such that e(t) — 0 ast — 0,

L W) - Hel
Thet) @)~ B -]

for all z € R and ¢t > 0.

For any € > 0, there is a 6 > 0 such that ((J) < e. Then we have
7 > 0 such that €(t) < 0 for any 0 < ¢t < 7. Let ny > 0 be an integer
such that 1/2") < 7. Then H on any interval I with |[/| < 1/2™ is a
(14 9)- quaswymmetrlc homeomorphlsm

Suppose w* “ It J1Jo € X € X* is any point. Let

< 1+€(t)

w;'; = Jn-1"""J1Jo and 02_1 = Jn-1"""J1-

By definition,
|1
Loz,

S(us) = el

where I, C I,» . Consider the sequence {S(w;)}s>;. Then we have
that, for any n > ng,

o1 +1
on—1’ 9n—1
is a (1 4 §)-quasisymmetric homeomorphism for some integer 0 < i <
2"t Let j be another integer such that H([j/2",(j + 1)/2"] = L.
Let Jo = [j/2",(j +1)/2"].

From Lemma 6 (by normalizing I,, , and I to [0, 1] and Jj to [0, 1/2]
or [1/2,1] and I, to [0, ] or [z, 1] by linear transformations), we get

HZIQZ[ ]_)Ifu*

n—1

S(us) — 51 < C1+0) <

This implies that {S(w})}%, has a limit and the limit is 1/2.

On the other hand if all {S(w?)}2, have limits and the limits are
1/2. Then following a similar proof to Theorem 15, we can show that
for any € > 0, there is a 0 > 0 such that H restricted on any interval I
with [I] < d is a (1 + €)-quasisymmetric. O

The universal asymptotically affine Teichmiiller space is defined as
To=Qo/ My ={he Qy|h(0)=0,h(1) =1,h(i) =i}.

Corollary 6. The universal asymptotically affine Teichmailler space is
one-to-one corresponding to the space of scalings (S(w})) € US such
that lim,, o S(w}) = 1/2 for all w* = ---w} € ¥*.
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Thus if we denote that
So=1(S(u) €S| T S(uy) = 3 Yt =} € 5}
and
USo = {(S(u3)) €US | Tim S(w;) = 3 ¥ = - wj, € 5}
Then 3 : Qg — Sy and 3 : Ty — US, are bijective..

Remark 6. Since 7y is a complex Banach manifold (we will discuss
this later), so USy is also a complexr Banach manifold. Since

Qo=ToxA and Sy=USyx A,

they are also complex Banach manifolds.

Limiting quasisymmetric homeomorphisms and uniformly sym-
metric circle endomorphisms

The above section gives us an idea to define the following space
LO={he Q]| S(w") = 7}1_{20 S(w) exists for all w* € ¥*}.
Then for each h € LQ, we define a function
S(w*): ¥ - R.
The scaling function satisfies the summation condition
S(w*0) + S(w*l) =1 Yw" € ¥*.

We call this function the scaling function for h as well as for f =
hoqoh™!. Following a similar proof to Theorem 19 we have that

Theorem 20. The scaling functions for h and for hoo h (or ho hg)
are the same for every hy € Qp.

Thus the space of all scaling functions is a representation of
LAT = LQ/Qy

which we call the universal limiting asymptotically conformal Teichmiiller
space. The universal asymptotically conformal Teichmiiller space is de-
fined as

AT = Q/ Q.
Then we have that
LAT C AT.



56

Remark and Problem 1. The space AT can not be represented by
a space of functions defined on ever points in ¥X*. We would like to
use limiting Martingales to represent this space. Note that AT is a
complex Banach manifold. (We will talk about this later.) However,
we are still interested in to find the exact complex manifold structure
of LAT . It is an interesting question.

Theorem 21. Suppose f = hogoh™! is a uniformly symmetric circle
endomorphism. Then its scaling function

S(w*) : ¥* — R

exists and is a continuous function. Furthermore, if f is C'T%, then
S(w*) is Holder continuous. Actually when f is C' Dini expanding,
the modulus of continuity of S(f)(w*) is controlled by &(t).

Proof. Suppose w* = ---j,_1---j1jo € 2. Let
Wy, = Jn-1-J1jo and v g = Ju_1-- -1
By definition,

n ’

_ 1w

=1L

where I,,, C I, _,. Consider the sequence {S(w})}2,.
Let 0 < 7 < 1 be a constant such that

S(wy)

n

‘7
n—1

In=max I, | <7", Vn>1.
Wn

For any € > 0, let ng > 0 be an integer such that (1 +e(7" 1)) < ¢
for all n > ng. Then for any m > n > ng, we have that

Fm_n(lvmq) =1,,_, and F""(I,) = Iy,

Since F~(m=™|[, _ isa (1+&(r"!))-quasisymmetric homeomorphism,
from Lemma 6 (by normalizing 7,, , to [0, 1] and I,,,, to [0, ] by a linear
transformation),
(F I (L) 1
- o — < (1 +e(rY) <e
‘F_(m_n) ([’l}n,1 )’ ‘I'Unfl ‘
This implies that S(w})}22, is a Cauchy sequence. Thus the limit

S(w*) = lim S(wy))

|5 (wy,) = S(wy)]

m n

exists.
Now consider two points

*

W= J1 - Jndno1 - jo and ID*:"'jm—l“'jéjn—l"'jo.
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Let W% = jm_1 - Jnin-1---jo and @%, = jm_1--*j jn1---jo. Then
wy, = wy. For any m > n,
[S(wh) — S (wn,)]

< |S(wy,) = S(w;)| + [S(@y,) = S(w;,)| < 2¢(1 + (7).
So by taking a limit,
|S(w”) = S(@%)] < 2¢(1 +e(r"71)).
Thus we have that
S(w*): ¥ - R

is a continuous function whose modulus of continuity is bounded by
2¢(1 + e(r™7h)).

Moreover, if f is a C'™ expanding circle endomorphism for some
0 < a <1, from the Hélder distortion property (1), there is a constant
C > 0 such that

|S(w*) — S(w*)| < Crotn=b.

This implies that the scaling function S(w*) is Holder continuous.
When f is C' Dini, then there is a constant C' > 0 such that

1S(w*) = S(w*)| < Co(r™ ).

Thus the scaling function S(w*) is continuous and its modulus of con-
tinuity is controlled by w(7"~!). We have proved the theorem. O

Define
UA(q) ={h € Q| f =hoqoh ! is uniformly symmetric }

Then it can be represented by all scalings (S(w})) such that the limiting
scaling functions S(w*) exists and is continuous. Since the limiting
scaling functions are invariant under Qg, we have that the Teichmiiller
space of uniformly symmetric circle endomorphisms

AT (q) = UA(q)/ 0
is represented exactly by the space of all continuous scaling functions
CS ={S(w") | S:%X* — Ris a continuous scaling function}.
Define
HA(q) = {h € Q| f = hogoh™ " is C'** expanding for some 0 < o < 1}

Then it can be represented by all scalings (S(w})) such that the limiting
scaling functions S(w*) exists and is Hélder continuous. Since the
limiting scaling functions are invariant under Q,, we have that the
Teichmiiller space of uniformly symmetric circle endomorphisms

HAT (q) = HA(q)/ Qo = HA(q)/D
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is represented exactly by the space of all Hélder continuous scaling
functions

HS = {S(w*) | S:¥* — R is a Holder continuous scaling function},

where D is the space of all circle diffeomorphisms.
Then we have that

HA(q) CUA(q) C LQ C Q
HAT (q) C AT (q) C LAT C AT

Remark 7. Under the Teichmiiller metric (we will talk later), the
completion of HAT (q) is AT (q).

Quasiconformal maps and quasisymmetric homeomorphisms

Theorem 22 (Riemann Mapping Theorem). Suppose D is a simply
connected domain in the complex plan C such that its complement con-
tains at least one point. Then there is a conformal map f from D onto
the open unit disk A. Furthermore, if we specific a point zg in D such
that f(z0) =0 and f'(z0) > 0, then f is unique.

In the theorem f: D — A is called a Riemann mapping.

Theorem 23 (Caratheodory’s Extension Theorem). If D is a Jordan
domain, then the Riemann map f : D — A can be extended to the
boundary of D such that f : 0D — S' = 0D is a homeomorphism.

Now we specific four points zq, 29, 23, 24 on the boundary of D and
other four points wy, wsy, w3, wy on the boundary of A. Could you find
a conformal f: D — A such that its extension to the boundary maps
z; to w; for i = 1,2,3,47 This is Grotzsch’s problem. Answer to this
question is no in general.

Let w = f(z) be a C! map. let 2 = z + iy and w = u + 7v. Then

du = uzdr + u,dy

dv = vydx + vydy.
If we write it into complex version, we have

dw = f.dz + fzdz
where

fo=glfe—ify) and fo= S(fetify)
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Suppose [ is orientation-preserving. Then the Jacobian
J(f)(z) = |fz’2 - |f?|2 = Ugy — UyVy > 0.
So | fz| < |f.|. This implies that
(If=l = [fzDldz| < |dw| < (|f] + [f=])]d=].

Thus dw maps the unit circle to an ellipse whose longest axis is | f,|+| f|
and whose shortest axis is | f,| — | fz|. So the ratio of the major to minor

axis is
p, JVELEIE
rARVE
This is called the dilatation of f at z. let
=l
d <1.
T
Then
1+ dy Dy —1
Dy = d d;= )
T r—a, MY YT Dt

The mapping f is conformal iff Dy =1, dy = 0.

Suppose R = [0,a] x [0,b] and R’ = [0,a'] x [0, '] are two rectangle.
Suppose f : R — R’ is a C' map such that it maps the four corner
points of R to the four corner points of R’ in order. Assume that
m=a/b<m'=d/b. A curve is called a a-side if its two endpoints
are in [0,a] x {0} and [0,a] x {1}, respectively. So f must take any
a-side to a a’-side. This implies that

d§A|@@+wng4<meMMx

Ly Y RUARNIATE
(a/b)? //Ob};:|+:§idd/ / (M=l = ‘f2|2d —ab/a/bDfdxdy.

This implies that

/
b
m < @ a Dydxdy
m

o

Therefore,

< sup Dy.

3|3
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This says that if m’ # m, then f can not be conformal. Let K =
supDy > 1. We call f a K-quasiconformal map from R to R’. This
says that K' > m’/m. The minimum is attained for the affine mapping
1/a ¥ 1sad 0
f<z>_2<a_b)z+2<a b)z'

A quadrilateral @) is a Jordan domain D, together with a pair of
disjoint closed arcs on the boundary 0D (called the b arcs). Then there
is a conformal map f maps @ to a rectangle R = [0, a] x [0, b] such that
the b-arcs are mapped to the b-sides of R. The number m(Q) = a/b is
unique. We call m(Q) the module of Q.

Suppose € is a region in the complex plane. f : Q — f(Q) is a
orientation-preserving homeomorphism. Then f maps any quadrilat-
eral @ to a quadrilateral f(Q) in f().

Definition 10 (Geometric Definition). The map f is K-quasiconformal
if

1 _m((Q)

Ko
for any quadrilateral @) in 2.

m@ -

We say a real function u(z, y) is ACL (absolutely continuous on lines)
in the region € if for any closed rectangle R C 2 with sides parallel
to the z-axis and to the y-axis, u(z,y) is absolutely continuous on a.e.
horizontal lines and a.e. on vertical lines. Such a function has partial
derivatives a.e. in ).

Definition 11 (Analytic Definition). The map f is K-quasiconformal
if

1) fis ACL in €

2) f= < k|f.], a.e. in Q (where k = (K —1)/(K + 1).

Theorem 24. The geometric definition and the analytic definition are
equivalent.



