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Purpose of this course

The purpose of this course is designed to study geometric structures
of invariant sets of discrete dynamical systems in real one-dimension,
complex one-dimension, and real two-dimension. We would like to
bring quasiconformal mapping theory into this study. We would also
like to study some geometric structure of some space of dynamical
systems with a same topological type. In this study, we would like to
bring Teichmüller theory into the study. Some key words that we will
constantly deal with are

• fixed point and periodic point
• invariant set and Julia set
• invariant measure and Gibbs measure
• transfer operator and Hilbert metric
• Markov partition and symbolic coding
• quasiconformal mapping and quasisymmetric mapping
• holomorphic motion and Teichmüller space
• quasiconformal rigidity and smooth rigidity and rigidity

Main goal in the study of dynamical systems: Make a prediction
for the future from past known data under certain rules for a typical
starting point.

Setting:

• A topological space X called ”phase space”, whose elements are
called points;

• ”time”, which could be integer time n or continuous time t;
• a map f : X → X or a flow φt on X;

What we want to know is the limits of {fn(x)}∞n=0 for a typical x in
X under iterations or the limits of the flow line φt(x) for a typical x
when the time t goes to infinity for a typical point x.
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We call the group {fn}∞n=−∞ if f is invertible or the semi-group
{fn}∞n=0 if f is non-invertible a discrete dynamical system. We call the
flow φt a continuous dynamical system.

Definition 1. A continuous map F (t, x) = φt(x) : R × X → X is
called a flow if for every t ∈ R, φt : X → X is a homeomorphism and
if it satisfies

φt+s(x) = φt(φs(x))

for all t, s ∈ R and x ∈ X.

If X is a smooth manifold and F (t, x) is a smooth map, then for any
x ∈ X, {φt(x)}t∈R is a smooth curve in X. Let

V (x) =
∂F (t, x)

∂t

∣∣
t=0

=
dφt(x)

dt

∣∣
t=0

.

Then V defines a continuous vector field on the tangent bundle on
TX = ∪x∈XTxX. Thus the flow φt(x) is just the solution of the ordi-
nary differential equation

dy

dt
= V (x) with the initial condition y(0) = x.

Actually solutions of an ordinary differential equation on a complete
smooth manifold for a vector field with certain smooth regularity form
a flow. In many situations, we can use a discrete dynamical system to
study a continuous dynamical system. This is due to a smart observa-
tion from Poincaré.

Poincaré map: Suppose φt(x) is a continuous flow on an m-dimensional
smooth manifold. Suppose there are a point x0 ∈ X and a time t0 > 0
such that φt0(x0) = x0. Then {φt(x0)}t∈R is called a closed orbit, where
the smallest such t0 > 0 is called the period. Suppose V (x0) 6= 0. Since
M is locally Rm, we can find an (m − 1)-dimensional submanifold N
of X transversal to V (x0) at x0, that is,

Tx0X = Tx0N ⊕ {tV (x0)}.
Since φt0(x0) = x0 and since F (t, x) = φt(x) is continuous, we have a
neighborhood U about x0 in N such that for every x ∈ N , there is the
smallest t(x) > 0 close to t0 such that φt(x)(x) ∈ N . Define

f(x) = φt(x)(x) : U → N.

Then f defines a discrete dynamical system with f(x0) = x0. So the
study of the closed orbit {φt(x0)}t∈R for the continuous dynamical sys-
tem φt is equivalent to the study of the fixed point of the discrete
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dynamical system {fn}∞n=0. Here f is called a section map, or Pincaré
map, or first return map.

Suspension: For a diffeomorphism f : X → X of a smooth manifold
X, we can construct a suspension flow on the suspension manifold Xf .
Here the suspension manifold is obtained by gluing (f(x), 0) and (x, 1)
on X× [0, 1]. The suspension flow φt is integral curves of the ”vertical”
vector field ∂/∂t on Xf .

Example 1. Let X = [0, 1] and f(x) = 1 − x : X → X. Then Xf

is the Möbius strip. The suspension flow φt has a period one closed
orbit which does not separate Mf and one period two closed orbit which
is the boundary of Mf and infinitely many period two closed orbits,
each of them cuts Mf into two parts: one is topologically equivalent
to Mf and the other is topologically equivalent to [0, 1] × S1, where
S1 = {z ∈ C | |z| = 1} is the unit circle.

Example 2. Let X = S1 and f(x) = −z : X → X. Then Xf is
topologically equivalent to the two torus T 2 = S1 × S1.

In this course, we will more concentrate on discrete dynamical sys-
tems.

Dynamics of a discrete dynamical system with contraction
property:

Suppose (X, d) is a metric space where d = d(·, ·) is the metric. A
map f : X → X is called contracting if there exists 0 < λ < 1 such
that

d(fx, fy) ≤ λd(x, y), ∀x, y ∈ X,

where λ is called a contracting constant. A point x ∈ X is called a
fixed point if f(x) = x.

Theorem 1 (Contacting Mapping Principle). If (X, d) is a complete
metric space and if f : X → X is contracting with the contracting
constant λ, then f has a unique fixed point x0 in X and fn(x) tends to
x0 exponentially when n goes to infinity for every x in X.

Proof. For x, y ∈ X and n > 0, we have

d(fn(x), fn(y)) ≤ λd(fn−1(x), fn−1(y)) ≤ · · · ≤ λnd(x, y)

for some 0 < λ < 1. This implies that {fn(x)}∞n=0 have the same
asymptotic behavior for all x ∈ X as n →∞.
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Now consider a sequence {fn(x)}∞n=0. For any m > n > 0,

d(fm(x), fn(x)) ≤
n−m−1∑

k=0

d(fn+k+1(x), fn+k(x))

≤
n−m−1∑

k=0

λn+kd(f(x), x) ≤ λn

1− λ
d(f(x), x) → 0, as n →∞.

Thus {fn(x)}∞n=0 is a Cauchy sequence and since X is complete, it has
a limiting point x0 ∈ X. Because

f(x0) = f( lim
n→∞

fn(x)) = lim
n→∞

fn+1(x) = x0,

x0 is a fixed point of f .
If y0 is another fixed point, since

d(y0, x0) = d(f(y0), f(x0)) ≤ λd(x0, y0),

we have that d(y0, x0) = 0. So y0 = x0. This is the uniqueness. We
complete the proof. ¤

The following result says that the unique fixed point x0 of a contract-
ing map f is preserved by C0-perturbation and the fixed point changes
continuously under C0-topology.

Corollary 1. Take f as that in the above theorem. For any ε > 0,
there is a δ ∈ (0, 1− λ) such that for any map g : X → X with

1) d(f(x), g(x)) < δ for all x ∈ X and
2) d(g(x), g(y)) ≤ (λ + δ)d(x, y) for all x, y ∈ X.

the fixed point y0 of g satisfies d(y0, x0) < ε.

Proof. Take δ = ε(1− λ)/(1 + ε). Since gn(x0) → y0, we have

d(x0, y0) ≤
∞∑

k=0

d(gk(x0), g
k+1(x0)) ≤

∞∑

k=0

(λ + δ)kd(x0, g(x0))

≤ δ

1− λ− δ
= ε.

¤

Now we can formulate the above theorem and the corollary into a
modern version. Suppose C(X) be the space of all continuous maps
from X into X. A map f ∈ C(X) is called Lipschitz if there is a
constant L > 0 such that

d(f(x), f(y)) ≤ Ld(x, y), ∀ x, y ∈ X.
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The smallest number L > 0 is called the Lipschitz constant and denoted
as Lf . Then

Lf = sup
x6=y∈X

d(f(x), f(y))

d(x, y)
.

Let LC(X) be the space of all Lipschitz map in C(X). We can define
a Lipschitz metric dL on LC(X) as

dL(f, g) = sup
x∈X

d(f(x), g(x)) + |Lf − Lg|.

It is clear that (1) dL(f, g) = dL(g, f), (2) dL(f, g) = 0 if and only if
f = g, and (3)

dL(f, g) = sup
x∈X

d(f(x), g(x)) + |Lf − Lg|

≤ sup
x∈X

d(f(x), h(x)) + sup
x∈X

d(h(x), g(x)) + |Lf − Lh + Lh − Lg|

≤ [sup
x∈X

d(f(x), h(x)) + |Lf − Lh|] + [(sup
x∈X

d(h(x), g(x)) + |Lh − Lg|]

= dL(f, h) + dL(h, g).

Therefore, dL is a metric on LC(X). (Note that it may happen that
dL(f, g) = ∞ for some f, g ∈ LC(X), but one can modify it by defining

d̃L(f, g) = max{dL(f, g), 1}
in this case. Since we only care about the case when dL(f, g) small, so
we still use the original form of dL.) All contracting maps from X to
X form a subspace

LC1(X) = {f ∈ LC(X) | Lf < 1}.
The metric is dL restricted on LC1(X).

Theorem 2 (Modern Version of Contacting Mapping Principle). If
(X, d) is a complete metric space, then for every f ∈ LC1(X), there is
a unique x(f) ∈ X such that f(x(f)) = x(f). Moreover,

F : (LC1(X), dL) → (X, d); F (f) = x(f)

is a continuous operator from the metric space (LC1(X), dL) to the
metric space (X, d).

Periodic point:

For a dynamical system, f : X → X, we call a point x ∈ X a
periodic point of period m > 0 if fm(x) = x but f i(x) 6= x for all
1 ≤ i ≤ m− 1. We use Perm(f) to denote the set of all period points
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of period m. In particular, if m = 1, x is called a fixed point. We use
Fix(f) to denote the set of all fixed points.

Exerice 1. Suppose f(z) = zd : S1 → S1. Find Fix(fm), Perm(f).

Suppose X is an n-dimensional C1 manifold and f : X → X is a
C1 map. Suppose p is a periodic point of period m. Then fm(p) = p.
The derivative Dfm(p) : TpX → TpX is a linear operator where TpX
is the tangent space of X at p. Since we only consider local dynamics
for f near p, we can introduce local coordinates near p with p as the
origin 0. In these coordinates Dfm(0) becomes an n × n matrix. So
suppose U is a neighborhood of 0 in Rn and f is a C1 map defined on
U (f : U → f(U) with f(0) = 0). Let ‖ · ‖ be a fixed norm on Rn. Let

B(r) = {x ∈ Rn | ‖x‖ ≤ r}
be the closed ball of radius r > 0 and centered 0. For r small, B(r) ⊂ U .
Consider X = B(r). Let C1(X) be the space of all C1 maps; each is
defined on some neighborhood of X. For any g ∈ C1, we can define
the C0 norm for g as

‖g‖0 = sup
x∈X

‖g(x)‖.
Let

Dg(x) : Rn → Rn

be the derivative of g at x. As a linear operator, we can define its C0

norm as

‖Dg(x)‖0 = sup
‖v‖=1

‖Dg(x)v‖.

Then C0 norm for Dg is defined as

‖Dg‖ = sup
x∈X

‖Dg(x)‖0.

The C1 norm of g is

‖g‖1 = ‖g‖0 + ‖Dg‖0.

The C1 distance between two maps g, h ∈ C1(X) is

d1(g, h) = ‖g − h‖1.

We say g is close to f in the C1-topology if their C1 distance d1(g, f)
is small.

Theorem 3 (Preserving of Periodic Point by Small Perturbation). If
Dfm(0) does not have one as an eigenvalue then every map g suffi-
ciently closed to f in the C1-topology has a unique periodic point of
period m close to 0.
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Proof. Consider F = fm−id. Then its derivative DF (0) = Dfm(0)−I.
Since 1 is not among the eigenvalues of DF (0), the map F = fm − id
is locally invertible by the Inverse Function Theorem. More precisely,
by picking r small, F : X → F (X) is invertible and its inverse F−1 :
F (X) → X is also a C1 map.

Suppose g is a map close to f in the C1-topology. We can write
gm = fm − η where η has a small C1 norm

‖η‖1 = ||η||0 + ||Dη||0.
Now we need to solve the equation,

x = gm(x) = fm(x)− η(x) = F (x) + x− η(x).

Equivalently, solve the equation

F (x)− η(x) = 0

or the equation

x = F−1(η(x)).

A key argument in the proof is that since the C0 norm of the derivative
DF−1 is bounded and the C1 norm of η is small,

F−1 ◦ η : X → X

is a contracting map (note that X is a complete space with the distance
d(x, y) = ‖x− y‖). More precisely, let L = ||DF−1||0 be the C0-norm
of DF−1 and let

||η||1 = ‖η‖0 + ||Dη||0 ≤ ε

be the C1 norm of η. We get

||F−1(η(x))− F−1(η(y))|| ≤ εL||x− y||
for x, y ∈ X and, since F−1(0) = 0,

||F−1(η(0))|| = ||F−1(η(0))− F−1(0)|| ≤ L||η(0)|| ≤ εL,

and hence

||F−1(η(x))|| ≤ ||F−1(η(x))−F−1(η(0))||+ ||F−1(η(0))|| ≤ εL||x||+εL.

Thus if

ε ≤ r

L(1 + r)
,

then

F−1 ◦ η : X → X

is a contracting map. From the Contracting Mapping Principle, F−1◦η
has a unique fixed point x = x(g) ∈ B(r). Thus gm(x) = x. Further-
more, ‖x(g)‖ → 0 as d1(g, f) → 0.
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By taking r > 0 small, we can assume that f i(B(r)) ∩ B(r) = ∅ for
1 ≤ i ≤ n− 1. When g is C1 close to f , this property is still kept, that
is, gi(B(r))∩B(r) = ∅ for 1 ≤ i ≤ n−1. So gi(x) 6= x for 1 ≤ i ≤ n−1.
This says that x is a periodic point of period m for g. ¤

Dynamics of Linear Maps and Local Dynamics:

Suppose X is an n-dimensional C1-manifold and suppose f : X → X
is a C1 map with a periodic point p of period m > 0. Then the
derivative Dfm(p) is a linear map from TpX → TpX where TpX is the
tangent space of X at p. In a ”good” situation, the local dynamics of
f near p is determined by this linear map. Here a ”good” situation, we
will refer to when Dfm(p) is ”hyperbolic” as we will explain later. By
considering local coordinates at p, we can think Dfm(p) as an n × n
matrix A. Thus the linear map Dfm(p) : TpX → TpX can be thought
as

y = Ax : Rn → Rn.

Let sp(A) be the set of all eigenvalues of A and define

r(A) = max{|a| | a ∈ sp(A)}
be the spectral radius of A. It is a quantity independent of choice of
norms on Rn.

Given any norm || · || on Rn, we define the norm of A as

||A|| = sup
||v||=1

||Av||.

Clearly, ||A|| ≥ r(A).

Lemma 1. For any δ > 0 there exists a norm on Rn such that

||A|| < r(A) + δ.

Proof. First we can find a basis in Rn such that A has Jordan normal
form. That is,

A =




A1 0
. . .

0 Ak




where each block is either a Jordan block

A =




λ 1 0
0 λ 1 0

. . . . . .
0 λ 1
0 λ



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for a real eigenvalue λ or

A =




ρRφ Id · · · 0
ρRφ Id 0

. . .
0 · · · ρRφ




for a pair of complex eigenvalues λ = ρeiφ and λ = ρe−iφ, where

Id =

(
1 0
0 1

)

and

Rφ =

(
cos φ sin φ
− sin φ cos φ

)
.

Now consider a diagonal change of coordinate



1 0
δ−1

. . .
0 0 · · · δ−m+1




for a Jordan block for a real eigenvalue and



Id 0
δ−1Id

. . .
0 0 · · · δ−m+1Id




for a pair of complex eigenvalues. Now for the standard Euclidean
norm with respect to this new basis, we have that

||A|| = sup
||v||=1

||Av|| ≤ r(A) + δ.

¤

Two norms ‖ · ‖1 and ‖ · ‖2 on Rn are said to be equivalent if there
is a constant C > 0 such that

C−1‖v‖1 ≤ ‖v‖2 ≤ C‖v‖1 ∀v ∈ Rn.

Since all norms in Rn are equivalent, we have that

Corollary 2. Given any norm || · || on Rn, for any ε > 0, there exists
a constant C = C(ε) > 0 such that

||Anv|| < C(r(A) + ε)n||v||.



10

Definition 2. In general, we call a map f : X → X contracting if
there are two constants C > 0 and 0 < λ < 1 such that

d(fn(x), fn(y)) ≤ Cλnd(x, y)

for all n > 0 and x, y ∈ X.

Exerice 2. Prove the Contracting Mapping Principle (Theorem 1) un-
der this more general definition.

Corollary 3. If all eigenvalues of A have absolute values less than one,
then A : Rn → Rn is contracting with respect to any norm on Rn. And
A has a unique fixed point 0 and Amv → 0 exponentially as m → ∞
for every v ∈ Rn.

Exerice 3. Suppose A is a 2 × 2 matrix whose all eigenvalues have
absolute values less than one. Discuss the dynamics of A : R2 → R in
different cases.

Definition 3. A linear map A : Rn → Rn is called hyperbolic if all of
its eigenvalues have absolute values different from one.

For every real eigenvalue λ, let

Eλ = {v ∈ Rn | (A− λId)kv = 0 for some k}
be its root space. Similarly, for a pair of complex eigenvalues λ and λ,
we can consider A : Cn → Cn as a complex map. Then we can define
its root space Eλ and Eλ. Let

Eλ,λ = Rn ∩ (Eλ ⊗ Eλ).

Let
Es = Es(A) =

⊕

|λ|<1

Eλ ⊕
⊕

|λ|<1

Eλ,λ

and
Eu = Eu(A) =

⊕

|λ|>1

Eλ ⊕
⊕

|λ|>1

Eλ,λ

and
E0 = E0(A) =

⊕

λ=1,−1

Eλ ⊕
⊕

|λ|=1

Eλ,λ.

We call Es, Eu, and E0 the stable space, the unstable space, and the
central space, for A, respectively. Then

Rn = Es ⊕ E0 ⊕ Eu

and
A(Es) ⊆ Es, A(E0) ⊆ E0, and A(Eu) ⊆ Eu.
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Moreover, Amv → 0 for v ∈ Es and A−mv → 0 for v ∈ Eu as m → +∞.
We say that A is hyperbolic is equivalent to say that E0 = {0}, that
is,

Rn = Es ⊕ Eu.

Definition 4. Suppose X is an n-dimensional C1 manifold and f :
X → X is a C1 map. Suppose p is a periodic point of period m > 0
of f . We call p a hyperbolic periodic point if the derivative Dfm(p) :
TpX → TpX is a hyperbolic linear map.

Theorem 4. (Hartman-Grobman Theorem) Suppose f : X → X is
a C1 map from an n-dimensional C1 manifold X to itself. Suppose p
is a hyperbolic fixed point of f . Then there are neighborhoods U1 and
U2 = f−1(U1) of p in X and neighborhoods V1 and V2 = (Df(p))−1(V1)
of 0 in TpX = Rn and a homeomorphism h : U1 → V1 such that
h(U1 ∩ U2) = V1 ∩ V2 and

h ◦ f = Df(p) ◦ h

on U1 ∩ U2. In other words, f |(U1 ∩ U2) and Df(p)|(V1 ∩ V2) are
conjugate.

The above theorem says that for a hyperbolic fixed point p of f , the
local dynamics of f near p is same as the local dynamics of the linear
map Df(p) topologically.

Exerice 4. Prove the Hartman-Grobman Theorem when all eigenval-
ues of Df(p) : TpX → TpX have absolute values > 1 by using the
Contracting Mapping Principle. Can you find another way to prove it
under the same assumption?

Problem 1. Under what condition, can we promote h to be C1. More
general, under what condition, can we promote h to be C2, · · · , Ck,
or Cω if f is a C2. · · · , Cω. This discussion should divide into cases:
real one-dimension and real higher dimension. Similarly, for a com-
plex map, we should discuss it into cases: complex one-dimension and
complex higher dimension.

In one real and complex dimensional cases, we have some kinds of
complete solutions, which we will talk this later. However, in higher
dimensional cases, it is a difficult problem.

In order to understand a non-hyperbolic linear map A : Rn → Rn,
we need consider A : E0 → E0. This is divided into three cases: (1)
A : E1 → E1; (2) A : E−1 → E−1; (3) A : Eλ,λ → Eλ,λ. The case
(1) is an identity map when A is restricted on the eigenspace and the
case (2) is a reflection when A is restricted on the eigenspace. These
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two cases are trivial. The case (3) is rotation when it is restricted on
the eigenspace, that is, the eigenspace R2 is foliated into circles and A
restricted on each circle is a rotation. Thus we only need to discuss the
dynamics of A restricted on the unit circle. Let

S1 = {z ∈ C | |z| = 1}
be the unit circle and, if λ = e2πiφ, then

A(z) = e2πiφz : S1 → S1.

If φ = p/q with (p, q) = 1, then every point in S1 is a periodic point
of period q. If we arrange the orbit {Anz}∞n=0 counter-clockwise on S1

as z0 = z, z1, · · · , zq−1, then Azi = zi+p (mod q) for all 0 ≤ i ≤ q − 1.
More interesting dynamics of a rotation is when φ is an irrational

number.

Definition 5. Suppose X is a topological space and f : X → X is an
invertible map. We call f topologically transitive if there exists a point
x ∈ X such that its orbit O(x) = {fm(x)}∞m=−∞ is dense in X. It is
called minimal if the orbit O(x) is dense in X for every x ∈ X.

A subset Y ⊂ X is called invariant if f(Y ) ⊂ Y . Then the statement
that f is minimal is equivalent to say that f has no invariant closed
subset.

Theorem 5. If φ is irrational, then A : S1 → S1 is minimal.

Proof. Let O(x) = {fm(x)}∞m=−∞ be the closure of the orbit of any

point x ∈ S1. If it is not dense, the complement S1 \ O(x) is an non-
empty invariant open set, which is a union of open intervals. Let I be
one of the longest intervals. Since the rotation preserves the length, we
have that |I| = |AmI| for all m. But AkI ∩ Al = ∅ for any k 6= l. This
is because that if AkI ∩AlI 6= ∅, then AkI = AlI (otherwise AkI ∪AlI
is a longer interval than I in S1 \ O(x), contradiction). This implies
that Ak−l : I → I. With loss of generality, suppose k > l. Then there
is a point x ∈ S1 such that Ak−lx = x. Suppose x = e2πiθ. Then
e2πi[(k−l)φ+θ] = e2πiθ. Thus

[(k − l)φ + θ] = θ + p

for some integer p. Therefore, φ = p/(k− l) is a rational number. This
contradicts to our assumption that φ is irrational.

Since ∪∞n=∞AnI ⊂ S1, we have that

∞ =
∞∑

n=−∞
|AnI| ≤ |S1| < ∞.
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This is a contradiction. The contradiction says that S1 \O(x) must be
non-empty. We have proved the theorem. ¤

Irrational circle rotations is a basic example for the study of dynamics
of topological groups. A topological group G is a group with a topology
such that each group multiplication by a fixed element in the group is
a continuous map from the topological space into itself and the inverse
is also a continuous map from the topological space into itself. For
example, the unit circle S1 is an Abelian topological group.

Let Lg0 : G → G be the group multiplication by g0

Lg0g = g0g : G → G.

The orbit of the unit element e ∈ G is cyclic group {gn
0 }∞n=−∞. From

Theorem 5, S1 has not proper infinite closed subgroup.

Theorem 6. If Lg0 is topologically transitive, then it is minimal.

Proof. Since Lg0 is topologically transitive, there is a g such that O(g) =
{gn

0 g}∞n=−∞ is dense in G. Now for any g′ ∈ G, gn
0 g′ = gn

0 g((g−1g′).
Thus the orbit O(g′) = O(g)(g−1g′). Since g−1g′ : G → G is continu-
ous, O(g′) is dense in G. ¤

Another example of an Abelian topological groups is a torus

T n = S1 × · · · × S1

︸ ︷︷ ︸
n

= {w = (z1, · · · , zn) | zi ∈ S1}

which plays a central role in the study of completely integrable Hamil-
tonian systems. The multiplication

w · w′ = (z1z
′
1, · · · , znzn)

if w = (z1, · · · , zn) and w′ = (z′1, · · · , z′n). The group multiplication by
w0 is

Lw0w = w0 · w.

Theorem 7. Suppose w0 = (e2πiφ1 , · · · , e2πiφ1). The group multipli-
cation Lw0 is minimal if and only if the number φ1, · · · , φn, and 1
are rationally independent, that is, if

∑n
i=1 kiφi = 0 (mod 1), then

k1 = k2 = · · · = kn = 0.

Exerice 5. Prove this theorem. You can refer to Katok and Has-
senlblatt’s book ”Introduction to the Modern Theory of Dynamical Sys-
tems”, Cambridge University, pages 28-31.
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Maps with extremely complicate dynamics but we now un-
derstood quite well:

Suppose (X, d) is a metric space. By the definition, X is called
compact if every cover {Uα}α∈Λ by open sets has a sub-cover {Uαn}m

n=1

consisting of finite number of open sets in this cover. Equivalently,
X is compact if every sequence {xn}∞n=1 has a convergent subsequence
{xni

}∞i=1. A closed subset of a compact space is compact. The space X
is called totally disconnect if every connected component of X contains
only one point. A point x ∈ X is called a limiting point if for every
neighborhood U of x, there is a y 6= x in U . Let X ′ be the set of all
limiting points. Then X is called perfect if X = X ′. Topologically, a
Cantor set is a compact, totally disconnected, and perfect metric space.

Suppose I = [0, 1] is the unit interval and I0 = [0, a] and I1 = [b, 1]
are two subintervals where 0 < a < b < 1. A C1 map f defined on
I0 ∪ I1 is said to be degree two if f |Ii from Ii to I is bijective for i = 0,
1; f is said to be expanding if there are constants C > 0 and λ > 1 so
that |(f ◦n)′(x)| ≥ Cλn whenever f ◦i(x) are in I0 ∪ I1 for all i = 0, 1,
. . ., n− 1.

Suppose f : I0∪I1 → I is a degree two expanding map. Let G = (a, b)
be the complement of I0∪I1 in I. A number x in I is said to be escaping
to G if f ◦k(x) is in G for some integer k ≥ 0 (where f ◦0 is the identity).
The set Ω ⊆ I of escaping points is an open subset of the real line. The
complement Λ of Ω in I is called the non-escaping set under f . It is a
compact (closed and bounded) subset of the real line R. We also call
Λ the maximal invariant set of f in [0, 1].

A linear example

Example 3. (1
3
-Cantor set) . Suppose a = 1/3 and b = 2/3. Define

f(x) =

{
3x, if 0 ≤ x ≤ a;
3x− 2, if b ≤ x ≤ 1

Then f is a degree two expanding map for which the non-escaping set
Λ under f is the famous 1

3
-Cantor set.

Proof. Every point x ∈ [0, 1] can be written as

x =
∞∑

n=1

in
3n
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where in ∈ {0, 1, 2}. Then

Λ = {x =
∞∑

n=1

in
3n
∈ [0, 1] | in ∈ {0, 2}}.

It is a closed subset. So it is compact.
For any

x =
∞∑

n=1

in
3n

and any m > 0, let

xm =
m−1∑
n=1

in
3n

+
i∗m
3m

+
∞∑

n=m+1

in
3n

,

where i∗m = 2 − im. Then xm 6= x and xm → x as m → ∞. This says
x ∈ Λ′. So Λ is perfect.

Suppose x 6= y ∈ Λ. Then there is an integer m > 0 such that

x =
m−1∑
n=1

in
3n

+
im
3m

+
∞∑

n=m+1

in
3n

and

y =
m−1∑
n=1

in
3n

+
i′m
3m

+
∞∑

n=m+1

i′n
3n

where im 6= i′m. Let us assume that im = 0 and i′m = 2 and define

z =
m−1∑
n=1

in
3n

+
1

3m
+

∞∑
n=m+1

1

3n
.

Then

U = (−∞, z) and V = (z, +∞)

are two open sets. It is clear that U ∩V = ∅ and Λ ⊂ U ∪V and x ∈ U
and y ∈ V . Therefore, Λ is a Cantor set. ¤

Theorem 8. Any two Cantor sets are topologically equivalent.

Proof. Suppose (X, d) is a Cantor set. Let Λ be the 1/3-Cantor set.
We only need to prove that X is homeomorphic to Λ.

Each non-empty open set U of X (respectively, Λ) can be divide
into two non-empty open sets U1 and U2 such that U = U1 ∪ U2 and
U1 ∩ U2 = ∅. Therefore, since X and Λ are compact, we can divide

X = X1 ∪ · · ·Xn and Λ = Λ1 ∪ · · ·Λn
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into disjoint non-empty compact sets such that all of them have diam-
eters < 1. Suppose we have divided

X = ∪i0···ikXi0···ik and Λ = ∪i0···ikΛi0···ik

into disjoint non-empty compact sets such that all of them have di-
ameters < 1/k. Then each pair Xi0···ik and Λi0···ik can be divided into
same number disjoint non-empty compact sets such that all of them
have diameters < 1/(k + 1), that is,

Xi0···ik = ∪nk+1

l=1 Xi0···ikl and Λi0···ik = ∪nk+1

l=1 Λi0···ikl

and d(Xi0···ikl), |Λi0···ikl| < 1/(k+1). Thus we have a sequence of nested
non-empty compact set

· · · ⊂ Xi0···ikik+1
⊂ Xi0···ik ⊂ · · · ⊂ Xi0 ⊂ X

and

· · · ⊂ Λi0···ikik+1
⊂ Λi0···ik ⊂ · · · ⊂ Λi0 ⊂ Λ.

Since d(Xi0···ik), |Λi0···ik | < 1/k,

∩∞k=1Xi0···ik = {xi0···ik···} and ∩∞k=1 Λi0···ik = {pi0···ik···}
both contain one point each. Set

h(pi0···ik···) = xi0···ik···.

Then it is a homeomorphism between X and Λ. ¤

The map f in Example 3 or in Theorem 5 is a linear map. In order
to study the dynamics of a non-linear map, we need first to study some
distortion property.

Naive distortion lemmas:

Let f be a function defined on a set U of the real line R. It is said
to be C1 (or C1+α for 0 < α ≤ 1 or C1+bv) if it can be extended to a
differentiable function defined on an open set containing U and if the
derivative of the extension is continuous (or is α-Hölder continuous or
is of bounded variation).

Suppose f is a C1 function on a set U of the real line R and P1 =
{xi}n

i=1 and P2 = {yi}n
i=1 are two sequences of points in U . The number

log
∣∣∣

n∏
i=1

f ′(xi)

f ′(yi)

∣∣∣

is called the distortion of f along P1 and P2.
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Lemma 2. Suppose κ = infx∈U |f ′(x)| > 0. Then the distortion of f
along P1 and P2 can be estimated as

∣∣∣log
∣∣∣

n∏
i=1

f ′(xi)

f ′(yi)

∣∣∣
∣∣∣ ≤ 1

κ

n∑
i=1

|f ′(xi)− f ′(yi)|

Proof. The proof of this lemma is easy because

∣∣∣log
∣∣∣

n∏
i=1

f ′(xi)

f ′(yi)

∣∣∣
∣∣∣ ≤

n∑
i=1

∣∣log |f ′(xi)| − log |f ′(yi)|
∣∣

≤ 1

κ

n∑
i=1

|f ′(xi)− f ′(yi)|.

¤

The next two lemmas are easily derived from Lemma 2

Lemma 3. (C1+α-Denjoy distortion lemma) . Suppose f is C1+α for
some 0 < α ≤ 1 and κ = infx∈U |f ′(x)| > 0. Let ι = supx 6=y∈U

(|f ′(x)−
f ′(y)|/|x − y|α)

< ∞. Then the distortion of f along P1 and P2 is
bounded by (ι/κ)

∑n
i=1 |xi − yi|α, that is,

∣∣∣log
∣∣∣

n∏
i=1

f ′(xi)

f ′(yi)

∣∣∣
∣∣∣ ≤ ι

κ

n∑
i=1

|xi − yi|α

Proof. Since |f ′(xi) − f ′(yi)| ≤ ι|xi − yi|α, it follows directly from
Lemma 2. ¤

Lemma 4. (C1+bv-Denjoy distortion lemma) . Suppose f is C1+bv.
Then there is a constant C > 0 so that the distortion of f along P1 and
P2 is bounded by C, that is,

∣∣∣log
∣∣∣

n∏
i=1

f ′(xi)

f ′(yi)

∣∣∣
∣∣∣ ≤ C,

whenever the open intervals Ii, bounded by xi and yi, for i = 1, . . ., n,
are pairwise disjoint.

Proof. Let V be the total variation of f on U . Then
∑n

i=1 |f ′(xi) −
f ′(yi)| is bounded by V for {Ii}n

i=1 are pairwise disjoint. We can take
C = V/κ. ¤

Dynamics of non-linear expanding maps.



18

Theorem 9. (C1+α-hyperbolic Cantor set) If f : I0∪ I1 → I is a C1+α

degree two expanding map for some 0 < α ≤ 1. Then the non-escaping
set Λ under f is a Cantor set whose Lebesgue measure is zero.

Proof. Let fi be the restriction of the function f to Ii, and gi = f−1
i :

I → Ii be the inverse of fi for i = 0 or 1. We can consider compositions
gwn = gi0 ◦ gi1 ◦ · · · ◦ gin for all strings wn = i0i1 . . . in of 0′s and 1′s.
These compositions are contracting; this means that there are constants
C > 0 and 0 < µ < 1 so that |g′wn

(x)| < Cµn for all x in I.
Suppose wn = i0i1 . . . in is a string of 0′s and 1′s. Let Iwn = gwn(I)

be the image of I under gwn , and let Gwn = gwn(G) be the set of all
the points escaping to G under g−1

wn
. The union ∪wnIwn is the set of all

points not escaping to G under the iterates f ◦k for k = 0, 1, . . ., n,
where wn runs over all the strings of 0′s and 1′s of length n + 1. The
set {Iwn} is a collection of pairwise disjoint closed intervals and one to
one correspondence with the set {wn} of all the strings of 0′s and 1′s
of length n + 1. Hence Λ = ∩∞n=0 ∪wn Iwn , where wn runs over all the
strings of 0′s and 1′s of length n + 1.

Let us first prove that Λ is uncountable. For a string wn = i0i1 . . . in
of 0′s and 1′s and a digit in+1 = 0 or 1, Iwnin+1 ⊆ Iwn since Iin+1 ⊆ I.
This implies that

· · · ⊆ Ii0i1...in ⊆ · · · ⊆ Ii0i1 ⊆ Ii0

and that Iw = ∩∞n=0Ii0i1...in is a non-empty closed subset for any infinite
string w = i0i1 . . . of 0′s and 1′s. Hence the set {Iw} is a collection of
pairwise disjoint non-empty closed subsets and is in one to one corre-
spondence with the uncountable set {w = i0i1 . . .} of all infinite strings
of 0′s and 1′s. Hence the set {Iw} is uncountable. So too is the set Λ
because Λ = ∪wIw where w = i0i1 . . . runs over all infinite strings of
0′s and 1′s.

Since gwn is contracting, the length of Iwn is less than Cµn for any
string wn = i0i1 . . . in of 0′s and 1′s of length n + 1. This implies that
Iw contains a single number xw, and the map π(w) = xw from {w}
to Λ is bijective. We use this to prove that Λ is totally disconnected,
that is, every (connected) component Π of Λ contains only one number.
Suppose there is a component Π of Λ which contains two different num-
bers xw and xw′ where w = i0i1 . . . inin+1 . . . and w′ = i0i1 . . . ini

′
n+1 . . .

where in+1 6= i′n+1. Both xw and xw′ are in Iwn where wn = i0i1 . . . in.
The set Iwn is the union of an open interval Gwn and two closed in-
tervals Iwnin+1 and Iwni′n+1

which are on different sides of Gwn . The
numbers xw and xw′ are in Iwnin+1 and Iwni′n+1

, respectively. Take a
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point z in Gwn . Then

Π =
(
Π ∩ (−∞, z)

)
∪

(
Π ∩ (z,∞)

)
.

This contradicts the statement that Π is a component of Λ and proves
that Λ is totally disconnected.

Since Λ is closed, the set Λ′ of limit points of Λ is contained in
Λ. To prove that Λ is a perfect set, we only need to show that Λ is
contained in Λ′. Let xw be a number in Λ and w = i0i1 . . . inin+1 . . ..
Let r(i) = i + 1 (mod2); r(i) is 1 for i = 0 and 0 for i = 1. Take
w(n) = i0 . . . in−1r(in)in+1 . . .; w(n) differs from w at (n + 1)th position.
Then xw(n) 6= xw and both of them are in Ii0...in−1 . Since the length of
Ii0...in−1 tends to zero as n goes to infinity, xw(n) tends to xw as n goes
to infinity. This says that xw is a limit point of Λ. So Λ is contained
in Λ′. Hence Λ is a Cantor set.

Now let us prove that the Lebesgue measure of the Cantor set Λ is
zero. Let m(·) mean the Lebesgue measure and let |J | mean the length
of an interval. An inequality which can be easily obtained is

m(Λ) ≤
∑
wn

|Iwn | < C2n+1µn,

where wn runs over all the strings of 0′s and 1′s of length n + 1. This
inequality is true because {Iwn} is a cover of Λ and the total number of
the strings of 0′s and 1′s of length n + 1 is 2n+1. If µ < 1/2, it is much
easier to see m(Λ) = 0. However, to prove that the Lebesgue measure
of Λ is zero for any 0 < µ < 1, we need help from Lemma 3.

Suppose wn = i0 . . . in is a string of 0′s and 1′s of length n + 1.
The map fn+1 from Iwn to I is a monotone function and its inverse is
gwn . For any two numbers x and y in Iwn , let xi = f ◦(n−i+1)(x) and
yi = f ◦(n−i+1)(y) for i = 0, 1, . . ., n + 1. By the mean value theorem
and the chain rule, |xi − yi| < Cµi and

∑n+1
i=0 |xi − yi|α < C/(1− µα).

According to Lemma 1.2, the distortion of f along X = {xi} and
Y = {yi} is bounded by the constant C ′ = (ι/κ)

(
C/(1− µα)

)
, that is,

∣∣∣log
∣∣∣

(
f ◦(n+1)

)′
(x)

(
f ◦(n+1)

)′
(y)

∣∣∣
∣∣∣ ≤ C ′,

where ι is the Hölder constant of f ′ on I0∪I1 and κ = infx∈I0∪I1 |f ′(x)|.
This implies that

|Gwn|
|Iwn |

≥ c = e−C′|G|,
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since G = f ◦(n+1)(Gwn) and I = f ◦(n+1)(Iwn). Now we have that

|Iwn0|+ |Iwn1| ≤ (1− c)|Iwn |
because Iwn = Iwn0 ∪Gwn ∪ Iwn1; moreover,

m(Λ) ≤
∑
wn+1

|Iwn+1| =
∑
wn

(|Iwn0|+ |Iwn1|)

≤ (1− c)
∑
wn

|Iwn | ≤ · · · ≤ (1− c)n+1

for all positive integers n. Hence the Lebesgue measure of Λ is zero. ¤
Remark and Exercise 1. From the proof, one can see that the non-
escaping set Λ of a C1 degree two expanding map is a Cantor set in
the real line. There is a Cantor set with positive Lebesgue measure.
An interesting problem is to construct a C1 degree two expanding map
whose non-escaping set is a Cantor set with positive Lebesgue measure.
Try to study this counter-example. You can refer to Bowen’s paper ”A
horseshoe with positive measure.” Invent. Math., 29 (1975), 203-204.

Horseshoe Maps

Let R be a rectangle in R2 with two horizontal sides and two vertical
sides. Suppose f : R → f(R) ⊂ R2 is a diffeomorphism such that R ∩
f(R) are two separate rectangles R0 and R1 such that their horizontal
sides parallel to the horizontal sides of R and and their vertical sides are
parts of the vertical sides of R. Let R0 and R1 be two components of
f−1(R)∩R. Suppose R0 and R1 are also two rectangles whose vertical
sides are parallel to those vertical sides of R and whose horizontal
sides are parts of the horizontal sides of R. Suppose f : R0 → R0 and
f : R1 → R1 are hyperbolic affine maps, contracting in the vertical
direction and expanding in the horizontal direction. This map is called
a Smale horseshoe map. Let Λ be the maximal invariant set of f in R.
Then

Λ = ∩∞n=−∞fn(R).

The intersection

R ∩ f(R) ∩ f 2(R) = (R0 ∩R1) ∩ f 2(R)

consists of four rectangles Rij for i, j ∈ {0, 1} whose horizontal sides
parallel to the horizontal sides of R and and their vertical sides are
parts of the vertical sides of R. Inductively, ∩n

k=0f
k(R) consists of 2n

thin rectangles whose horizontal sides parallel to the horizontal sides of
R and and their vertical sides are parts of the vertical sides of R. Let
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us denote these rectangles as Ri0i1···in−1 for ik ∈ 0, 1, k = 0, 1, · · ·n− 1.
Here we label them as f(Ri0···in−1) = Ri1···in−1 . Then we have that

Ri0···in−1 ⊂ Ri0···in−2 ⊂ · · · ⊂ Ri0 .

This implies that

Ri0···in−1··· = ∩∞k=0Ri0···in−1

is a horizontal line in R. Then

R+ = ∩∞k=0f
k(R)

consists of uncountably many horizontal lines.
Similarly, the intersection

R ∩ f−1(R) ∩ f−2(R) = (R0 ∩R1) ∩ f−2(R)

consists of four rectangles Rij for i, j ∈ {0, 1} whose vertical sides
parallel to the vertical sides of R and and their horizontal sides are
parts of the horizontal sides of R. Inductively, ∩n

k=1f
−k(R) consists of

2n thin rectangles whose horizontal sides parallel to the horizontal sides
of R and and their vertical sides are parts of the vertical sides of R. Let
us denote these rectangles as Rjn−1jn−2···j1 for jk ∈ 0, 1, k = 1, · · ·n− 1.
Here we label them as f−1(Rjn−1···j2j1) = Rjn−1···j2 . Then we have that

Rjn−1jn−2···j1 ⊂ Rjn−2 ⊂ · · · ⊂ Rj1 .

This implies that

R···jn−1···j1 = ∩∞k=1Rjn−1···j1
is a vertical line in R.

R− = ∩∞k=0f
k(R)

consists of uncountably many horizontal lines.
Give any w+ = i0 · · · in−1 · · · , Rw+ ∩ R− is a Cantor set on the line

Rw+ . Give any w− = · · · jn−1 · · · j1, Rw− ∩ R+ is a Cantor set on the
line Rw− . Then

Λ = R+ ∩R−

can be thought as a product of two Cantor set on a horizontal line and
on a vertical line.

Theorem 10. Consider the dynamical system f : Λ → Λ. Then the
set of periodic points of f are dense in Λ. And Pern(f) contains 2n

different points. Furthermore, f : Λ → Λ is topologically mixing, that
is, for any two open sets U and V ⊂ Λ, there exists an integer N =
N(U, V ) > 0 such that fn(U) ∩ V is nonempty for every n > N .
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One-side full shift on symbolic space.

In one-dimensional expanding maps, we used symbols to label inter-
vals and points. Here we study a symbolic dynamical system. Through
the study of symbolic dynamical systems, we can have a better under-
standing of dynamical systems.

Let S = {0, 1, · · · , d−1} be a set with the discrete topology. Consider
the space

Σ = Σd =
∞∏

k=0

S = {w = i0i1 · · · ik−1 · · · | ik ∈ S, k = 0, 1, · · · }.

We give Σ the product topology as follows. Give any

w = i0i1 · · · ik−1 · · · .

Define
[w]n = {w′ = i0i1 · · · in−1jn · · · jk−1 · · · ∈ Σ}.

It is called an n-cylinder of Σ. We call a cylinder an open set. The set
of all cylinders forms a topological basis. Then Σ with this topology is
a topological space.

We can also introduce a metric on Σ:

d(w, w′) =
∞∑

k=1

|ik−1 − jk−1|
dk

if w = i0 · · · ik · · · and w′ = j0 · · · jk−1 · · · . One can check that d(·, ·) is
a metric on Σ and the topology induced from this metric on Σ is the
same as the product topology.

One side full shift is defined as

σ : Σ → Σ; σ(i0i1 · · · ik−1 · · · ) = i1 · · · ik−1 · · · .

Then it is a continuous map. The dynamical system σ is called a
symbolic dynamical system.

Suppose I = [0, 1] and I0 = [0, b0], I1 = [a1, b1], · · · , Id−1 = [ad−1, bd−1]
where

a0 = 0 < b0 < a1 < b1 < · · · < ad−1 < bd−1.

Let
f : U = ∪d−1

i=0 → I

be a map such that f : Ii → I is a C1-diffeomorphism for each i =
0, · · · , d − 1. We say f is expanding if there are two constants C > 0
and λ > 1 such that

|(fn)′(x)| ≥ Cλn
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for all x ∈ I and n > 0 such that fn−1(x) is defined. Let

Λ = ∩∞k=0f
−k(I)

be the maximal invariant set of f .

Theorem 11. Suppose f : U → I is a C1 expanding map. Then
f : Λ → Λ is topologically conjugate to the symbolic dynamical system
σ : Σ → Σ. That is, there is a homeomorphism h : Σ → Λ such that

f ◦ h = h ◦ σ

on Σ.

Proof. For each 0 ≤ i ≤ d − 1, let gi = (f |Ii)
−1 : I → Ii. For each

wm = i0i1 · · · im−1, define

gwm = gi0 ◦ · · · ◦ gim−1

and
Iwm = gwm(I).

Then for every w = wm · · · ∈ Σ,

· · · ⊆ Iwm ⊂ Iwm−1 ⊂ · · · ⊂ Iw1 .

Since f is expanding, |Iwm | → 0 as m →∞. So

Iw = ∩∞m=1Iwm = {xw}
contains only one point. Define h : Σ → Λ as h(w) = xw, we have that
h is a homeomorphism and

f ◦ h = h ◦ σ

on Σ. ¤
Lemma 5. All periodic points of period m > 0 are

Perm(f) = {xw | w = (i0 · · · im−1)
∞}.

Exerice 6. Prove that σ (as well as f) is topologically transitive but
not minimal.

Exerice 7. Find all proper closed subsets A contains only finitely many
points in Σ which is forward invariant, that is, σ(A) ⊆ A. Find a
proper closed subset A contains infinitely many points in Σ which is
forward invariant.

Gibbs Measures
If a physical system of n states with the energies of these states are

E1, · · · , En. Suppose that this system is put in contact with a much
larger “heat source” which is at temperature T . Energy is therefore
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allowed to pass between the original system and the heat source. Sup-
pose the temperature T of the heat source remains constant. It is a
physical fact derived in statistical mechanics that the probability pj

that state j occurs is given by the Gibbs distribution

pj =
e−βEj

∑n
i=1 e−βEi

where β = 1
kT

and k is a physical constant. This is the starting point
for the thermodynamical formalism. However, thermodynamical for-
malism is a mathematical subject which studies Gibbs measures for
more general systems.

Consider the symbolic dynamical system σ : Σ → Σ (or f : Λ → Λ).
A probability measure µ on Σ is called an invariant measure if

µ(A) = µ(σ−1(A))

for any Borel set A. A function φ : Σ → R is called positive if φ > 0
and Hölder continuous if there are two constant C > 0 and 0 < τ < 1
such that

|φ(w)− φ(w′)| ≤ Cτm

for any w, w′ ∈ Σ such that their first m digits are the same. For a
positive and Hölder continuous function φ, the function ψ = log φ is
also Hölder continuous.

Theorem 12. Consider the system (σ, Σ, log φ) where φ is a positive
Hölder continuous function. There is a unique probability measure µ =
µlog φ such that

C−1 ≤ µ([wm])

exp[−mP +
∑m−1

k=0 log φ(σk(w))]
≤ C.

where C > 0 is a constant and where [wm] is any cylinder of Σ and
w ∈ [wm]. Here P = P (log φ) is a constant depending on log φ and is
called the pressure for the system.

Remark 1. If we consider f : Λ → Λ as a C1+α expanding map, let h :
Σ → Λ be the conjugacy from Σ → Λ. Consider φ(w) = 1/|f ′(h(w))|.
Then it is a positive Hölder continuous function on Σ. Consider

t log φ(w) = −t log |f ′(h(w))|.
Then the pressure P (−t log |f ′(h(w))| is a function of t. There is a
unique number 0 < t0 < 1 such that P (−t log |f ′(h(w)|) = 0. This
number is just the Hausdorff dimension of Λ. For more details about
Gibss theory, you can refer to my lecture notes (download site:
http://qcpages.qc.cuny.edu/˜yjiang/HomePageYJ/Download/
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JiangNJLectureIFM.pdf) ”Nanjing Lecture Notes In Dynamical Sys-
tems. Part One: Transfer Operators in Thermodynamical Formalism.”

Dynamics of Circle endomorphisms and Teichmüller theory

Circle endomorphisms

Let T = {z ∈ C | |z| = 1} be the unit circle in the complex plane C.
Suppose

f : T → T

is an orientation-preserving covering map of degree d ≥ 2. We call it a
circle endomorphism. Suppose

h : T → T

is an orientation-preserving homeomorphism. We call it in this paper
a circle homeomorphism.

For a circle endomorphism f , it has a fixed point. We will assume
that f(1) = 1.

The universal cover of T is the real line R with a covering map

π(x) = e2πix : R→ T.

Then every circle endomorphism f can be lifted to an orientation-
preserving homeomorphism

F : R→ R, F (x + 1) = F (x) + d, ∀x ∈ R.

We will assume that F (0) = 0. Then there is a one-to-one correspon-
dence between f and F . Therefore, we also call such an F a circle
endomorphism.

Every orientation-preserving circle homeomorphism h can be lifted
to an orientation-preserving homeomorphism

H : R→ R, H(x + 1) = H(x) + 1, ∀x ∈ R.

We will assume throughout this paper that 0 ≤ H(0) < 1. Then there
is a one-to-one correspondence between h and H. Therefore, we also
call such an H a circle homeomorphism.

A circle endomorphism f is Ck for k ≥ 1 if the kth-derivative F (k)

exists and is continuous. And, furthermore, it is called Ck+α for some
0 < α ≤ 1 if F (k) is α-Hölder continuous, that is,

sup
x 6=y∈R

|F (k)(x)− F (k)(y)|
|x− y|α = sup

x 6=y∈[0,1]

|F (k)(x)− F (k)(y)|
|x− y|α < ∞.
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A C1 circle endomorphism f is called expanding if there are constants
C > 0 and λ > 1 such that

(F n)′(x) ≥ Cλn, n = 1, 2, · · · .

Definition 6. A circle homeomorphism h is called quasisymmetric if
there is a constant M ≥ 1 such that

M−1 ≤ |H(x + t)−H(x)|
|H(x)−H(x− t)| ≤ M, ∀x ∈ R, ∀t > 0.

Furthermore, it is called symmetric if there is a bounded function ε(t) >
0 for t > 0 such that ε(t) → 0+ as t → 0+ and such that

1

1 + ε(t)
≤ |H(x + t)−H(x)|
|H(x)−H(x− t)| ≤ 1 + ε(t), ∀x ∈ R, ∀t > 0.

Example 4. A C1-diffeomorphism of T is symmetric.

However, the class of symmetric homeomorphisms is larger than the
class of C1-diffeomorphisms. For example, a symmetric homeomor-
phism may not necessarily be absolutely continuous.

Definition 7. A circle endomorphism f is called uniformly quasisym-
metric if there is a constant M > 0 such that

M−1 ≤ |F−n(x + t)− F−n(x)|
|F−n(x)− F−n(x− t)| ≤ M

for all x ∈ R and t > 0 and any n > 0.

Definition 8. A circle endomorphism f is called uniformly symmetric
if there is a bounded function ε(t) > 0 for t > 0 such that ε(t) → 0+

as t → 0+ and such that

1

1 + ε(t)
≤ |F−n(x + t)− F−n(x)|
|F−n(x)− F−n(x− t)| ≤ 1 + ε(t), ∀x ∈ R, ∀t > 0.

Example 5. A C1+α, for some 0 < α ≤ 1, circle expanding endomor-
phism f is uniformly symmetric. Furthermore, ε(t) ≤ Dtα for some
constant D > 0 and 0 ≤ t ≤ 1.

Proof. Since F (x + 1) = F (x) + d, then F ′(x + 1) = F ′(x) is a periodic
function. Since F is C1+α, we have a constant C1 > 0 such that

|F ′(x)− F ′(y)| ≤ C1|x− y|α, ∀x, y ∈ R.

Since F is expanding, we have a constant C2 > 0 and λ > 1 such that

(F n)′(x) ≥ C2λ
n, ∀x ∈ R, n > 0.
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For any x, y ∈ R and n > 0, let xk = F−k(x) and yk = F−k(y),
0 ≤ k ≤ n. Then

∣∣∣ log
(F−n)′(x)

(F−n)′(y)

∣∣∣ =
∣∣∣ log

(F n)′(yn)

(F n)′(xn)

∣∣∣ ≤
n∑

k=1

| log F ′(xk)− log F ′(yk)|

≤ 1

C2λ

n∑

k=1

|F ′(xk)−F ′(yk)| ≤ C1

C2λ

n∑

k=1

|xk−yy|α ≤ C1

C1+α
2 λ

n∑

k=1

λ−αk|x−y|α.

Let

C =
C1λ

α

C1+α
2 (λα − 1)λ

.

Then we have the following Hölder distortion property:

(1) e−C|x−y|α ≤ (F−n)′(x)

(F−n)′(y)
≤ eC|x−y|α , ∀x, y ∈ R, ∀n > 0.

Furthermore, let

ε(t) =

{
eCtα − 1, 0 < t ≤ 1,
eC − 1, t > 1.

Then ε(t) > 0 is a bounded function such that ε(t) → 0 as t → 0+ and
such that

1

1 + ε(t)
≤ (F−n)′(ξ)

(F−n)′(η)
=
|F−n(x + t)− F−n(x)|
|F−n(x)− F−n(x− t)| ≤ 1+ε(t), ∀x ∈ R, ∀t > 0,

where ξ and η are two numbers in [0, 1]. Thus F is uniformly symmet-
ric. Furthermore, one can see that ε(t) ≤ Dtα for some constant D > 0
and 0 ≤ t ≤ 1. We have proved the example. ¤
Remark 2. The uniformly symmetric condition is a weaker condition
than the C1+α expanding condition for any 0 < α ≤ 1. For example,
a uniformly symmetric circle endomorphism could be totally singular,
that is, it could map a set with positive Lebesgue measure to a set with
zero Lebesgue measure.

Another example of a uniformly symmetric circle endomorphism is
a C1 Dini expanding circle endomorphism as follows. Suppose f is a
C1 circle endomorphism. The function

ω(t) = sup
|x−y|≤t

|F ′(x)− F ′(y)|, t > 0,

is called the modulus of continuity of F ′. Then f is called C1 Dini if
∫ 1

0

ω(t)

t
dt < ∞.
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Suppose f is a C1 Dini expanding circle endomorphism. Let C > 0
and λ > 1 be two constants such that

(F n)′(x) ≥ Cλn, x ∈ R, n ≥ 1.

Define

ω̃(t) =
∞∑

n=1

ω(C−1λ−nt).

Then

ω̃(t) ≤
∫ ∞

0

ω(C−1λ−xt)dx =
1

log λ

∫ C−1λ−1t

0

ω(y)

y
dy < ∞

for all 0 ≤ t ≤ 1 and ω̃(t) → 0 as t → 0.

Example and Exercise 1. A C1 Dini circle expanding endomor-
phism f is uniformly symmetric. Furthermore, ε(t) ≤ Dω̃(t) for some
constant D > 0 and 0 ≤ t ≤ 1. You can refer to my paper (download
site:http://qcpages.qc.cuny.edu/ yjiang/HomePageYJ/Download/
2008TeichAndGibbsTh.pdf) “Teichmller structures and dual geometric
Gibbs type measure theory for continuous potentials”.

Symbolic space and topological representation

Suppose f is a circle endomorphism with f(1) = 1. Consider the
preimage f−1(1). Then f−1(1) cuts T into d closed intervals J0, J1,
· · · , Jd−1, ordered by the counter-clockwise order of T . Suppose J0 has
an endpoint 1. Then Jd−1 also has an endpoint 1. Let

$0 = {J0, J1, · · · , Jd−1}.
Then it is a Markov partition, that is,

i. T = ∪d−1
k=0Jk,

ii. the restriction of f to the interior of Ji is injective for every
0 ≤ i ≤ d− 1,

iii. f(Ji) = T for every 0 ≤ i ≤ d− 1.

Let I0, I1, · · · , Id−1 be the lifts of J0, J1, · · · , Jd−1 in [0, 1]. Then we
have that

i) [0, 1] = ∪d−1
k=0Ik,

ii) F (Ii) = [i, i + 1] for every 0 ≤ i ≤ d− 1.

Let
η0 = {I0, I1, · · · , Id−1}.

Then it is a partition of [0, 1].
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Consider the pull-back partition $n = f−n$0 of $0 by fn. It con-
tains dn intervals and is also a Markov partition of T . Intervals J in
$n can be labeled as follows. Let wn = i0i1 · · · in−1 be a word of length
n of 0′s, 1′s, · · · , and (d − 1)′s. Then Jwn ∈ $n if fk(Jwn) ⊂ Jik for
0 ≤ k ≤ n− 1. Then

$n = {Jwn | wn = i0i1 · · · in−1, ik ∈ {0, 1, · · · , d−1}, k = 0, 1, · · · , d−1}.
Let ηn be the corresponding lift partition of $n in [0, 1] with the same
labelings. Then

ηn = {Iwn | wn = i0i1 · · · in−1, ik ∈ {0, 1, · · · , d−1}, k = 0, 1, · · · , d−1}.
Consider the space

Σ =
∞∏

n=0

{0, 1, · · · , d− 1}

= {w = i0i1 · · · ik · · · in−1 · · · | ik ∈ {0, 1, · · · , d− 1}, k = 0, 1, · · · }
with the product topology. It is a compact topological space. A cylin-
der for a fixed word wn = i0i1 · · · in−1 of length n is

[wn] = {w′ = i0i1 · · · in−1i
′
ni′n+1 · · · | i′n+k ∈ {0, 1, · · · , d−1}, k = 0, 1, · · · }

All left cylinders form a topological basis of Σ. We call it the left
topology. The space Σ with this left topology is called the symbolic
space.

For any w = i0i1 · · · in−1in · · · , let

σ(w) = i1 · · · in−1in · · ·
be the shift map. Then (Σ, σ) is called a symbolic dynamical system.

For a point w = i0 · · · in−1in · · · ∈ Σ, let wn = i0 · · · in−1. Then

· · · ⊂ Jwn ⊂ Jwn−1 ⊂ · · · Jw1 ⊂ T.

Since each Jwn is compact,

Jw = ∩∞n=1Jwn 6= ∅.
If every Jw = {xw} contains only one point, then we define the projec-
tion πf from Σ onto T as

πf (w) = xw.

The projection πf is 1-1 except for a countable set

B = {w = i0i1 · · · in−11000 · · · , i0i1 · · · in−10(d− 1)(d− 1)(d− 1) · · · }.
From our construction, one can check that

πf ◦ σ(w) = f ◦ πf (w), w ∈ Σ.
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For any interval I = [a, b] in [0, 1], we use |I| = b − a to mean its
Lebesgue length. Let

ιn,f = max
wn

|Iwn |,

where wn runs over all words of {0, 1, · · · , d− 1} of length n.
Two circle endomorphisms f and g are topologically conjugate if

there is an orientation-preserving circle homeomorphism h of T such
that

f ◦ h = h ◦ g.

The following result is first proved by Shub for C2 expanding circle
endomorphisms 1960’s by using the contracting mapping theorem.

Theorem 13. Let f and g be two circle endomorphisms such that both
ιn,f and ιn,g tend to zero as n → ∞. Then f and g are topologically
conjugate if and only if their topological degrees are the same.

Proof. Topological conjugacy preserves the topological degree. Thus if
f and g are topologically conjugate, then their topological degrees are
the same.

Now suppose f and g have the same topological degree. Then they
have the same symbolic space. Since both sets Jw,f = {xw} and Jw,g =
{yw} contain only a single point for each w, we can define

h(xw) = yw.

One can check that h is an orientation-preserving homeomorphism with
the inverse

h−1(yw) = xw.

¤

Therefore, for a fixed degree d > 1, there is only one topological
model (Σ, σ) for dynamics of all circle endomorphisms of degree d with
ιn → 0 as n →∞.

Bounded geometry and uniformly quasisymmetry and qua-
sisymmetric conjugacy

Definition 9. The sequence {$n}∞n=0 of nested partitions of T is said
to have bounded nearby geometry if there is a constant C > 0 such that
for any n ≥ 0 and any two intervals I, I ′ ∈ ηn with a same endpoint or
one has an endpoint 0 and the other has an endpoint 1 (in which case
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we say they have a common endpoint by modulo 1),

C−1 ≤ |I ′|
|I| ≤ C.

The sequence {$n}∞n=0 of nested partitions of T is said to have bounded
geometry if there is a constant C > 0 such that

|L|
|I| ≥ C, ∀ L ⊂ I, L ∈ ηn+1, I ∈ ηn, ∀ n ≥ 0.

The bounded nearby geometry implies the bounded geometry since
each interval I ∈ ηn is divided into d subintervals in ηn+1. But it is not
true for the other direction.

Theorem 14. If f is a uniformly quasisymmetric circle endomor-
phisms, then the sequence {$n}∞n=0 of nested partitions of T has bounded
nearby geometry and thus bounded geometry.

Proof. Let F with F (0) = 0 be the lift of f . Define

Gk(x) = F−1(x + k) : [0, 1] → [0, 1], for k = 0, 1, · · · , n− 1.

For any word wn = i0i1 · · · in−1, define

Gwn = Gi0 ◦Gi1 ◦ · · · ◦Gin−1 .

Then

Iwn = Gwn([0, 1]) = F−n([m,m + 1]),

where m = in−1 + in−2d+ · · ·+ i0d
n−1. Suppose I ′wn

is an interval in ηn

having a common endpoint with Iwn modulo 1. Then

I ′wn
= F−n([m + 1,m + 2]) or F−n([m− 1, m]).

Thus
1

1 + ε(1)
≤ |Iwn|
|I ′wn

| ≤ 1 + ε(1).

Let C = 1 + ε(1). Then we have that

C−1 ≤ |I|
|I ′| ≤ C

for any intervals I, I ′ ∈ ηn with a common endpoint modulo 1, n =
0, 1, · · · . This means that {$n}∞n=0 has the bounded nearby geometry.
We proved the theorem. ¤
Remark 3. The converse is also true in the above theorem. Refer to
the proof of the following corollary.
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Example 6. Consider qd(z) = zd, d ≥ 2. Then it is a circle endomor-
phism of degree d. The lift of q is Q(x) = dx. Then we have

η0 =
{

[
k

d
,
k + 1

d
]
}d−1

k=0

and

ηn−1 =
{

[
k

dn
,
k + 1

dn
]
}dn−1

i=0
.

Every 0 ≤ k < dn+1, can be expressed as

k = in−1 + in−2d + · · ·+ i0d
n−1.

So for wn = i0i1 · · · in−1, Iwn = [i/dn, (i + 1)/dn].

Theorem 15. Any two uniformly quasisymmetric circle endomor-
phisms f and g of the same degree d > 1 are topologically conjugate
and the conjugacy is a quasisymmetric homeomorphism.

Proof. From f ◦ h = h ◦ g and g(1) = 1, h(1) is a fixed point of f ,

that is, f(h(1)) = h(1). Let k(z) = z/h(1) and f̃ = k ◦ f ◦ k−1. Then

f̃(1) = 1. Take h̃ = k ◦ h. We have that h̃(1) = 1 and f̃ ◦ h̃ = h̃ ◦ g.

So h̃ is quasisymmetric if and only if h is quasisymmetric. So, without
loss of generality, we assume that h(1) = 1.

Suppose

ηn,f = {Iwn,f} and ηn,g = {Iwn,g}, n = 1, 2, · · ·
are two sequences of Markov partitions for f and g, respectively.

From the bounded geometry property (Theorem 14), we have a con-
stant 0 < τ < 1 such that

ιn,f = max
wn

|Iwn,f |, ιn,g = max
wn

|Iwn,g| ≤ τn, ∀ n = 1, 2, · · · .

Then Theorem 13 implies that f and g are topologically conjugate.
Suppose h is the topological conjugacy between f and g and H is its

lift to R. By adding all integers, the sequence of partitions ηn,f and ηn,g

induce two sequences of partitions of R, which we still denoted as ηn,f

and ηn,g. Both of these sequences of partitions have bounded nearby
geometry.

Let Ω be the set of all endpoints of intervals I ∈ ηn, n = 0, 1 · · · ,∞.
Then it is dense in R.

For x ∈ Ω. Consider the interval [x − t, x]. There is a largest
integer n ≥ 0 such that there is an interval I = [a, x] ∈ ηn,f satisfying
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[x − t, x] ⊆ I. Suppose J = [b, x] ∈ ηn+1,f . Then J ⊆ [x − t, x]. Let
J ′ = [x, c] ∈ ηn+1,f . From Theorem 14, there is a constant C > 0 such
that

C−1 ≤ |J ′|
|J | ≤ C.

If |J ′| > t, we have |J ′| ≤ Ct. Let J ′k = [x, ck] ∈ ηn+k+1,f for k > 0.
From the bounded geometry, there is a 0 < τ < 1 such that

|J ′k| ≤ τ kCt.

Let k be the smallest integer greater than − log C/ log r. Then |J ′k| ≤ t.
This implies that J ′k ⊆ [x, x + t]. So we have

|H(J ′k)|
|H(I)| ≤

|H(x + t)−H(x)|
|H(x)−H(x− t)| ≤

|H(J ′)|
|H(J)| ,

where H(I) ∈ ηn,g, H(J), H(J ′) ∈ ηn+1,g, and H(J ′k) ∈ ηn+k+1,g. Now
from the bounded geometry for g, we have a constant, still denote as
C > 0, such that

C−1 ≤ |H(J ′k)|
|H(I)| ≤

|H(x + t)−H(x)|
|H(x)−H(x− t)| ≤

|H(J ′)|
|H(J)| ≤ C.

If |J ′| ≤ t, we have |J ′| ≥ C−1t. Let J ′−k = [x, c−k] ∈ ηn−k+1,f for
k ≥ 0. Then from the bounded geometry, there is a constant, which
we still denote as 0 < τ < 1, such that |J ′−k| ≥ τ−kC−1t. Let k be
the smallest integer greater than − log C/ log r. Then |J ′−k| ≥ t. This
implies that J ′−k ⊇ [x, x + t]. So we have

|H(J ′)|
|H(I)| ≤

|H(x + t)−H(x)|
|H(x)−H(x− t)| ≤

|H(J ′−k)|
|H(J)| ,

where H(I) ∈ ηn,g, H(J), H(J ′) ∈ ηn+1,g, and H(J ′−k) ∈ ηn−k+1,g. Now
from the bounded geometry for g, we have a constant, which we still
denote as C > 0, such that

C−1 ≤ |H(J ′)|
|H(I)| ≤

|H(x + t)−H(x)|
|H(x)−H(x− t)| ≤

|H(J ′−k)|
|H(J)| ≤ C.

For any x ∈ R, since Ω is dense in [0, 1], we have a sequence xn ∈ Ω
such that xn → x as n →∞. For any t > 0, we have that

C−1 ≤ |H(xn + t)−H(xn)|
|H(xn)−H(xn − t)| ≤ C.

Since H is uniformly continuous on R, we get that

C−1 ≤ |H(x + t)−H(x)|
|H(x)−H(x− t)| ≤ C.

We have proved the theorem. ¤
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Corollary 4. Suppose f is a circle endomorphism. If the sequence of
nested Markov partitions η = {ηn}∞n=0 has the bounded geometry. Then
f is uniformly quasisymmetric.

Proof. Suppose h is a conjugacy from f to q, that is, f = h ◦ q ◦ h−1.
Since both sequences of nested Markov partitions for f and for q have
bounded nearby and bounded geometry. Then h is quasisymmetric.
Since fn = h ◦ qn ◦ h−1, so f is uniformly quasisymmetric. ¤
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Let QS be the space of all (orientation-preserving) quasisymmetric
circle homeomorphisms. Let Q be those in QS fixing 1. Let F be the
space of all uniformly quasisymmetric circle endomorphisms of degree
2 fixing 1. (The following can be done for all degrees d > 2 with a little
bit modification). Suppose q(z) = z2. Let α : Q → F be defined as

α(h) = h ◦ q ◦ h−1.
Theorem 16. The map α is bijective.

Proof. From Theorems 14 and 15 and Corollary 4, we have that α :
Q → F is a onto map. We only need to prove that α is injective.
Suppose α(h1) = α(h2) for h1, h2 ∈ Q. Since 1 is the only fixed point
of α(h1), α(h2), and q, h1(1) = h2(1) = 1. Since

h−1
1 (q−1(1) = h−1

2 (q−1(1)),

we have that h1(−1) = h2(−1). Inductively, since

h−1
1 (q−n(1) = h−1

2 (q−n(1)),

we have that h1(e
2πi(k/2n)) = h2(e

2πi(k/2n)) for all 0 ≤ k < 2n. Since the
set of all numbers {k/2n|0 ≤ k < 2n, n = 1, 2, · · · } is dense in T , we
have that h1 = h2. So α is injective. ¤
Remark 4. The bounded nearby geometry and the quasisymmetric
property for a conjugacy have been also studied for one-dimensional
maps with critical points. Refer to (download site:
http://qcpages.qc.cuny.edu/˜yjiang/HomePageYJ/Download/1993GeomFin.pdf)
”Geometry of geometrically finite one-dimensional maps”. Comm. in
Math. Phys., 156 (1993), no. 3, 639-647. Or the book ”Renormal-
ization and Geometry in One-Dimensional and Complex Dynamics”.
Advanced Series in Nonlinear Dynamics, Vol. 10 (1996) World Sci-
entific Publishing Co. Pte. Ltd., River Edge, NJ, xvi+309 pp. ISBN
981-02-2326-9.

Dual symbolic space and scaling model for Q and F .

Suppose f is a circle endomorphism of degree 2. As we have seen,
we have a sequence of nested Markov partitions η = {ηn}∞n=0. Here ηn

contains 2n intervals, each interval has a unique label wn = i0i1 · · · in−1

which we denote as Iwn , where ik ∈ {0, 1}, such that

f(Iwn) = Iσ(wn).
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Now we would like to relabel these intervals. For wn = i0i1 · · · in−1, let

w∗
n = jn−1 · · · j1j0,

where jn−1 = i0, · · · , j0 = in−1. Define the dual shift map

σ∗(w∗
n) = jn−1 · · · j1.

Then we have the following

Iw∗n ⊂ Iw∗n .

We call

Σ∗ = {w∗ = · · · jn−1 · · · j0} =
0∏
−∞
{0, 1}

with the product topology the dual symbolic space. Then the dual
shift map is

σ∗ : w∗ = · · · jn−1 · · · j1j0 → σ∗(w∗) = · · · jn−1 · · · j1.

Then we call (Σ∗, σ∗) the dual symbolic dynamical system. The dual
cylinder for a given w∗

n = jn−1 · · · j0 is

[w∗
n] = {w∗ = · · · j′m−1 · · · j′njn−1 · · · j0 | j′k ∈ {0, 1}, k ≥ n}.

Then all these dual cylinders form a topological basis for Σ∗.
Now we define another operator in Σ∗ called the adding machine

a(w∗) as follows: If w∗ = · · · jn−1 · · · j1j0 and j0 = 0, then a(w∗) =
· · · jn−1 · · · j1(j0 + 1) and if j0 = 1, then j0 + 1 = 0 and then consider
j1+1, so on. For each w∗

n, we can also define the adding machine a. We
have that for any w∗

n, Iw∗n and Ia(w∗n) are two adjacent intervals. (Note
that if w∗

n = 1 · · · 1︸ ︷︷ ︸
n

, then we define a(w∗
n) = 0 · · · 0︸ ︷︷ ︸

n

).

For each w∗
n, we define two scalings, one is for bounded nearby ge-

ometry and one is for bounded geometry:

bng(w∗
n) =

∣∣∣ log
|Iw∗n |
|Ia(w∗n)|

∣∣∣

and

bg(w∗
n) =

|Iw∗n|
|Iσ∗(w∗n)| .

Thus we have two sets of scalings

BNG = {bng(w∗
n) | w∗

n = jn−1 · · · j0, jk ∈ {0, 1}}
and

BG = {bg(w∗
n) | w∗

n = jn−1 · · · j0, jk ∈ {0, 1}}.
These two sets can be determined to each others.
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Exerice 8. Express scalings in BG in terms of scalings in BNG and
verse versa.

Therefore, the sequence of nested Markov partitions η = {ηn}∞n=0 has
bounded nearby geometry if and only if there is a constant C > 0 such
that

bng(w∗
n) ≤ C, ∀w∗

n.

And it has bounded geometry if and only if there is a constant C > 0
such that

bg(w∗
n) ≥ C, ∀w∗

n.

It is also clear that

(2) bg(wn0) + bg(wn1) = 1

which we call it the summation condition. Now let us consider the
space of scalings (means positive numbers)

S = {(S(w∗
n))}

satisfies the summation condition (2) and the induced bounded nearby
geometry (bng(w∗

n)) is in l∞. Then for f ∈ F , we have that

γ(f) = (bg(w∗
n)) ∈ S.

This induces a map

β(h) = γ ◦ α ∈ S
and

Theorem 17. The maps β : Q → S and γ : F → S are both bijective.

Universal Teichmüller space and the space of uniformly qua-
sisymmetric circle endomorphisms and space of scalings

Remember that QS is the space of all quasisymmetric homeomor-
phisms of T . Let M be the space of all Möbius transformations pre-
serving the unit disk ∆. Then

M = {M(z) = e2πθi z − a

1− az
| |a| < 1}

The quotient space

UT = QS/M
is called the universal Teichmüller space. It is a complex Banach man-
ifold (we will discuss this later, see Remark 5).
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Since each element in M has one complex parameter a ∈ ∆ and one
real parameter 0 ≤ θ < 1, for any pair of triple points {z1, z2, z3} and
{w1, w2, w3} arranged in the counter-clockwise order on T , there is a
one and only one element M ∈M such that

M(z1) = w1, M(z2) = w2, M(z3) = w3.

Thus the universal Teichmüller space can be thought as the space of
all quasisymmetric homeomorphisms fixing three points on T . Let us
assume that this three points are 1, i, −1. Then

UT = {h ∈ QS | h(1) = 1, h(i) = i, h(−1) = −1} = Q/M1

where

M1 = {M(z) =
1− a

1− a

z − a

1− az
| |a| < 1}

is the space of all Möbius transformations preserving the unit disk ∆
fixing 1.

Now consider the space of all uniformly quasisymmetric circle endo-
morphisms of a fixed degree d > 1 conjugated by M, which we denote
as UFd. For the simplicity, we assume d = 2 and write UF = UF2.

Theorem 18. The map α induces a bijective map % = [α] : UT → UF .

Proof. Let q(z) = z2. Then it has a unique fixed point 1 and q−1 =
{1,−1} and q−2(1) = {1, i,−1,−i}. The space UF can be thought as
the space of those uniformly quasisymmetric circle endomorphisms f
fixing 1 such that f−1(1) = {1,−1} and f−2(1) = {1, i,−1, s}. It is
clear that of h ∈ Q fixing 1, −1, i if and only if f = α(h) ∈ UF . Thus
α induces a onto map % from UT to UF . We need to prove % is one-
to-one. Suppose %(h1) = %(h2). Similar to the proof of Theorem 16,
h1 = h2. ¤

Let US be the space of scalings (s(w∗
n)) in S such that s(0) = s(1) =

s(00) = 1/2.

Corollary 5. The maps γ and β induce bijective maps [γ] : UF → US
and [β] : UT → US.

Remark 5. Note that
Q = UT ×∆

where ∆ = {a | |a| < 1} is the unit disk in the complex plane. For any
h ∈ Q, let t = h(i) and s = h(−1) and

a =
1− i s(t−1)

(t−s)

1− i t−1
t−s

∈ ∆.
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Let

Ga(z) =
1− a

1− a

z − a

1− az
.

Then Ga maps 1, t, s to 1, i,−1. So Ga ◦ h fixes 1, i,−1 and is in UT .
So if we define χ(h) = (Ga ◦ h, a). Then it is a bijective map from Q
to UT × ∆. So Q as well as F and S has induced complex Banach
manifold structure such that it is a complex Banach manifold. (We will
discuss this later.)
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Still in Draft version

Symmetric homeomorphisms

Let Q0 be the space of all symmetric homeomorphisms in Q, that is,
h ∈ Q0 if and only if h(1) = 1 and there is a bounded positive function
ε(t) > 0 such that ε(t) → 0 as t → 0,

1

1 + ε(t)
≤ |H(x + t)−H(x)|
|H(x)−H(x− t)| ≤ 1 + ε(t)

for all x ∈ R and t > 0.
For any h ∈ Q0, consider f = h ◦ q ◦ h−1 and the corresponding

sequence of nested Markov partitions η = {ηn}∞n=0 and corresponding
scalings (s(w∗

n)).

Theorem 19. The homeomorphism h ∈ Q0 if any only if for any
w∗ ∈ Σ∗, the limit S(w∗) = limn→∞ s(w∗

n) exists and is 1/2, that is, it
defines a constant function

S(w∗) =
1

2
: Σ∗ → R.

Before to prove this theorem, we need to have the following concept
about quasisymmetry on an interval. Suppose I and J are two intervals
on the real line R. Suppose Q : I → J is a homeomorphism. Let
M ≥ 1. We say that Q is M -quasisymmetric on I if

M−1 ≤ |Q(x + t)−Q(x)|
|Q(x)−Q(x− t)| ≤ M, ∀ x− t, x, x + t ∈ I, t > 0.

Lemma 6. Suppose I = J = [0, 1]. There is a function ζ(M) > 0
satisfying ζ(M) → 0 as M → 1 such that for any M-quasisymmetric
homeomorphism Q : [0, 1] → [0, 1] such that Q(0) = 0 and Q(1) = 1,

|Q(x)− x| ≤ ζ(M), ∀ x ∈ [0, 1].
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Proof. Consider points xn = 1/2n, n = 0, 1, · · · . M -quasisymmetry
and the normalization Q(0) = 0, Q(1) = 1 imply that

1

1 + M
H(

1

2n−1
) ≤ Q(

1

2n
) ≤ 1

1 + M−1
Q(

1

2n−1
).

Similarly,
( 1

1 + M

)n

≤ Q(
1

2n
) ≤

( 1

1 + M−1

)n

, ∀ n ≥ 1.

Furthermore, by M -quasisymmetry and induction on n = 1, 2, · · · ,
yield
( 1

1 + M

)n

≤ Q(
i

2n
)−Q(

i− 1

2n
) ≤

( 1

1 + M−1

)n

, ∀ n ≥ 1, 1 ≤ i ≤ 2n.

Let

τn = max

{(
M

M + 1

)n

− 1

2n
,

1

2n
−

(
1

M + 1

)n}
, n = 1, 2, · · · .

Then for n = 1,

|Q(
1

2
)− 1

2
| ≤ τ1 =

1

2

M − 1

M + 1
,

and for any n > 1, we have

max
0≤i≤2n

∣∣∣Q(
i

2n
)− i

2n

∣∣∣ ≤ max
0≤i≤2n−1

∣∣∣Q(
i

2n−1
)− i

2n−1

∣∣∣ + τn

By summing over k for 1 ≤ k ≤ n, we obtain

max
0≤i≤2n

∣∣∣Q(
i

2n
)− i

2n

∣∣∣ ≤ δn =
n∑

k=1

τk.

If we put ζ(M) = sup1≤n<∞{δn}, by summing geometric series, we
obtain

ζ(M) = max
1≤n<∞

{
M−1+

1

2n
−M

( M

1 + M

)n

, 1− 1

M
+

1

M

( 1

M

)n

− 1

2n

}
.

Clearly, ζ(M) → 0 as M → 1, and since the dyadic points

{i/2n | n = 1, 2, · · · ; 0 ≤ i ≤ 2n}
are dense in [0, 1], we conclude

|Q(x)− x| ≤ ζ(M) ∀ x ∈ [0, 1],

which proves the lemma. ¤
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Proof of Theorem 19. Suppose ε(t) > 0 is the bounded positive func-
tion such that ε(t) → 0 as t → 0,

1

1 + ε(t)
≤ |H(x + t)−H(x)|
|H(x)−H(x− t)| ≤ 1 + ε(t)

for all x ∈ R and t > 0.
For any ε > 0, there is a δ > 0 such that ζ(δ) < ε. Then we have

τ > 0 such that ε(t) < δ for any 0 < t < τ . Let n0 > 0 be an integer
such that 1/2n0) < τ . Then H on any interval I with |I| < 1/2n0 is a
(1 + δ)-quasisymmetric homeomorphism.

Suppose w∗ = · · · jn−1 · · · j1j0 ∈ Σ∗ ∈ Σ∗ is any point. Let

w∗
n = jn−1 · · · j1j0 and v∗n−1 = jn−1 · · · j1.

By definition,

S(w∗
n) =

|Iwn|
|Iσ∗(v∗n−1)| ,

where Iwn ⊂ Iv∗n−1
. Consider the sequence {S(w∗

n)}∞n=1. Then we have
that, for any n > n0,

H : I0 = [
i

2n−1
,
i + 1

2n−1
] → Iv∗n−1

is a (1 + δ)-quasisymmetric homeomorphism for some integer 0 ≤ i ≤
2n−1. Let j be another integer such that H([j/2n, (j + 1)/2n] = Iw∗n .
Let J0 = [j/2n, (j + 1)/2n].

From Lemma 6 (by normalizing Ivn−1 and I0 to [0, 1] and J0 to [0, 1/2]
or [1/2, 1] and Iwm to [0, x] or [x, 1] by linear transformations), we get

|S(w∗
n)− 1

2
| ≤ ζ(1 + δ) < ε.

This implies that {S(w∗
n)}∞n=1 has a limit and the limit is 1/2.

On the other hand if all {S(w∗
n)}∞n=1 have limits and the limits are

1/2. Then following a similar proof to Theorem 15, we can show that
for any ε > 0, there is a δ > 0 such that H restricted on any interval I
with |I| < δ is a (1 + ε)-quasisymmetric. ¤

The universal asymptotically affine Teichmüller space is defined as

T0 = Q0/M1 = {h ∈ Q0 | h(0) = 0, h(1) = 1, h(i) = i}.
Corollary 6. The universal asymptotically affine Teichmüller space is
one-to-one corresponding to the space of scalings (S(w∗

n)) ∈ US such
that limn→∞ S(w∗

n) = 1/2 for all w∗ = · · ·w∗
n ∈ Σ∗.
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Thus if we denote that

S0 = {(S(w∗
n)) ∈ S | lim

n→∞
S(w∗

n) =
1

2
∀ w∗ = · · ·w∗

n ∈ Σ∗}.
and

US0 = {(S(w∗
n)) ∈ US | lim

n→∞
S(w∗

n) =
1

2
∀ w∗ = · · ·w∗

n ∈ Σ∗}.
Then β : Q0 → S0 and β : T0 → US0 are bijective..

Remark 6. Since T0 is a complex Banach manifold (we will discuss
this later), so US0 is also a complex Banach manifold. Since

Q0 = T0 ×∆ and S0 = US0 ×∆,

they are also complex Banach manifolds.

Limiting quasisymmetric homeomorphisms and uniformly sym-
metric circle endomorphisms

The above section gives us an idea to define the following space

LQ = {h ∈ Q | S(w∗) = lim
n→∞

S(w∗
n) exists for all w∗ ∈ Σ∗}.

Then for each h ∈ LQ, we define a function

S(w∗) : Σ∗ → R.

The scaling function satisfies the summation condition

S(w∗0) + S(w∗1) = 1 ∀w∗ ∈ Σ∗.

We call this function the scaling function for h as well as for f =
h ◦ q ◦ h−1. Following a similar proof to Theorem 19 we have that

Theorem 20. The scaling functions for h and for h0 ◦ h (or h ◦ h0)
are the same for every h0 ∈ Q0.

Thus the space of all scaling functions is a representation of

LAT = LQ/Q0

which we call the universal limiting asymptotically conformal Teichmüller
space. The universal asymptotically conformal Teichmüller space is de-
fined as

AT = Q/Q0.

Then we have that

LAT ⊂ AT .
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Remark and Problem 1. The space AT can not be represented by
a space of functions defined on ever points in Σ∗. We would like to
use limiting Martingales to represent this space. Note that AT is a
complex Banach manifold. (We will talk about this later.) However,
we are still interested in to find the exact complex manifold structure
of LAT . It is an interesting question.

Theorem 21. Suppose f = h◦q ◦h−1 is a uniformly symmetric circle
endomorphism. Then its scaling function

S(w∗) : Σ∗ → R+

exists and is a continuous function. Furthermore, if f is C1+α, then
S(w∗) is Hölder continuous. Actually when f is C1 Dini expanding,
the modulus of continuity of S(f)(w∗) is controlled by ω̃(t).

Proof. Suppose w∗ = · · · jn−1 · · · j1j0 ∈ Σ∗. Let

w∗
n = jn−1 · · · j1j0 and v∗n−1 = jn−1 · · · j1.

By definition,

S(w∗
n) =

|Iwn|
|Ivn−1|

,

where Iwn ⊂ Ivn−1 . Consider the sequence {S(w∗
n)}∞n=1.

Let 0 < τ < 1 be a constant such that

ι̃n = max
wn

|Iwn | ≤ τn, ∀n ≥ 1.

For any ε > 0, let n0 > 0 be an integer such that ζ(1 + ε(τn−1)) ≤ ε
for all n > n0. Then for any m > n > n0, we have that

Fm−n(Ivm−1) = Ivn−1 and Fm−n(Iwm) = Iwn

Since F−(m−n)|Ivn−1 is a (1+ε(τn−1))-quasisymmetric homeomorphism,
from Lemma 6 (by normalizing Ivn−1 to [0, 1] and Iwm to [0, x] by a linear
transformation),

|S(w∗
m)− S(w∗

n)| =
∣∣∣ |F

−(m−n)(Iwn)|
|F−(m−n)(Ivn−1)|

− |Iwn|
|Ivn−1|

∣∣∣ ≤ ζ(1 + ε(τn−1)) ≤ ε.

This implies that S(w∗
n)}∞n=1 is a Cauchy sequence. Thus the limit

S(w∗) = lim
n→∞

S(w∗
n)

exists.
Now consider two points

w∗ = · · · jm−1 · · · jnjn−1 · · · j0 and w̃∗ = · · · jm−1 · · · j′njn−1 · · · j0.
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Let w∗
m = jm−1 · · · jnjn−1 · · · j0 and w̃∗

m = jm−1 · · · j′njn−1 · · · j0. Then
w∗

n = w̃∗
n. For any m > n,

|S(w∗
m)− S(w̃∗

m)|
≤ |S(w∗

m)− S(w∗
n)|+ |S(w̃∗

m)− S(w∗
n)| ≤ 2ζ(1 + ε(τn−1)).

So by taking a limit,

|S(w∗)− S(w̃∗)| ≤ 2ζ(1 + ε(τn−1)).

Thus we have that
S(w∗) : Σ∗ → R+

is a continuous function whose modulus of continuity is bounded by
2ζ(1 + ε(τn−1)).

Moreover, if f is a C1+α expanding circle endomorphism for some
0 < α ≤ 1, from the Hölder distortion property (1), there is a constant
C > 0 such that

|S(w∗)− S(w̃∗)| ≤ Cτα(n−1).

This implies that the scaling function S(w∗) is Hölder continuous.
When f is C1 Dini, then there is a constant C > 0 such that

|S(w∗)− S(w̃∗)| ≤ Cω̃(τn−1).

Thus the scaling function S(w∗) is continuous and its modulus of con-
tinuity is controlled by ω̃(τn−1). We have proved the theorem. ¤

Define

UA(q) = {h ∈ Q | f = h ◦ q ◦ h−1 is uniformly symmetric }
Then it can be represented by all scalings (S(w∗

n)) such that the limiting
scaling functions S(w∗) exists and is continuous. Since the limiting
scaling functions are invariant under Q0, we have that the Teichmüller
space of uniformly symmetric circle endomorphisms

AT (q) = UA(q)/Q0

is represented exactly by the space of all continuous scaling functions

CS = {S(w∗) | S : Σ∗ → R is a continuous scaling function}.
Define

HA(q) = {h ∈ Q | f = h◦q◦h−1 is C1+α expanding for some 0 < α ≤ 1}
Then it can be represented by all scalings (S(w∗

n)) such that the limiting
scaling functions S(w∗) exists and is Hölder continuous. Since the
limiting scaling functions are invariant under Q0, we have that the
Teichmüller space of uniformly symmetric circle endomorphisms

HAT (q) = HA(q)/Q0 = HA(q)/D
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is represented exactly by the space of all Hölder continuous scaling
functions

HS = {S(w∗) | S : Σ∗ → R is a Hölder continuous scaling function},
where D is the space of all circle diffeomorphisms.

Then we have that

HA(q) ⊂ UA(q) ⊂ LQ ⊂ Q
HAT (q) ⊂ AT (q) ⊂ LAT ⊂ AT

Remark 7. Under the Teichmüller metric (we will talk later), the
completion of HAT (q) is AT (q).

Quasiconformal maps and quasisymmetric homeomorphisms

Theorem 22 (Riemann Mapping Theorem). Suppose D is a simply
connected domain in the complex plan C such that its complement con-
tains at least one point. Then there is a conformal map f from D onto
the open unit disk ∆. Furthermore, if we specific a point z0 in D such
that f(z0) = 0 and f ′(z0) > 0, then f is unique.

In the theorem f : D → ∆ is called a Riemann mapping.

Theorem 23 (Caratheodory’s Extension Theorem). If D is a Jordan
domain, then the Riemann map f : D → ∆ can be extended to the
boundary of D such that f : ∂D → S1 = ∂D is a homeomorphism.

Now we specific four points z1, z2, z3, z4 on the boundary of D and
other four points w1, w2, w3, w4 on the boundary of ∆. Could you find
a conformal f : D → ∆ such that its extension to the boundary maps
zi to wi for i = 1, 2, 3, 4? This is Grötzsch’s problem. Answer to this
question is no in general.

Let w = f(z) be a C1 map. let z = x + iy and w = u + iv. Then

du = uxdx + uydy

dv = vxdx + vydy.

If we write it into complex version, we have

dw = fzdz + fzdz

where

fz =
1

2
(fx − ify) and fz =

1

2
(fx + ify).
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Suppose f is orientation-preserving. Then the Jacobian

J(f)(z) = |fz|2 − |fz|2 = uxvy − uyvx > 0.

So |fz| < |fz|. This implies that

(|fz| − |fz|)|dz| ≤ |dw| ≤ (|fz|+ |fz|)|dz|.
Thus dw maps the unit circle to an ellipse whose longest axis is |fz|+|fz|
and whose shortest axis is |fz|−|fz|. So the ratio of the major to minor
axis is

Df =
|fz|+ |fz|
|fz| − |fz| ≥ 1.

This is called the dilatation of f at z. let

df =
|fz|
|fz| ≤ 1.

Then

Df =
1 + df

1− df

and df =
Df − 1

Df + 1
.

The mapping f is conformal iff Df = 1, df = 0.
Suppose R = [0, a]× [0, b] and R′ = [0, a′]× [0, b′] are two rectangle.

Suppose f : R → R′ is a C1 map such that it maps the four corner
points of R to the four corner points of R′ in order. Assume that
m = a/b ≤ m′ = a′/b′. A curve is called a a-side if its two endpoints
are in [0, a] × {0} and [0, a] × {1}, respectively. So f must take any
a-side to a a’-side. This implies that

a′ ≤
∫ a

0

|df(x + iy)| ≤
∫ a

0

(|fz|+ |fz|)dx.

So

a′b ≤
∫

0

a

∫

0,b

(|fz|+ |fz|)dxdy

and

(a′b)2 ≤
∫

0

a

∫

0,b

|fz|+ |fz|
|fz| − |fz|dxdy

∫

0

a

∫

0,b

(
|fz|2 − |fz|2

d
xdy = a′b′

∫

0

a

∫

0,b

Dfdxdy.

This implies that
m′

m
≤ ab∫

0

a

∫

0,b

Dfdxdy

Therefore,
m′

m
≤ sup Df .
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This says that if m′ 6= m, then f can not be conformal. Let K =
supDf ≥ 1. We call f a K-quasiconformal map from R to R′. This
says that K ≥ m′/m. The minimum is attained for the affine mapping

f(z) =
1

2

(a′

a
=

b′

b

)
z +

1

2

(a′

a
− b′

b

)
z.

A quadrilateral Q is a Jordan domain D, together with a pair of
disjoint closed arcs on the boundary ∂D (called the b arcs). Then there
is a conformal map f maps Q to a rectangle R = [0, a]× [0, b] such that
the b-arcs are mapped to the b-sides of R. The number m(Q) = a/b is
unique. We call m(Q) the module of Q.

Suppose Ω is a region in the complex plane. f : Ω → f(Ω) is a
orientation-preserving homeomorphism. Then f maps any quadrilat-
eral Q to a quadrilateral f(Q) in f(Ω).

Definition 10 (Geometric Definition). The map f is K-quasiconformal
if

1

K
≤ m(f(Q))

m(Q)
≤ K

for any quadrilateral Q in Ω.

We say a real function u(x, y) is ACL (absolutely continuous on lines)
in the region Ω if for any closed rectangle R ⊂ Ω with sides parallel
to the x-axis and to the y-axis, u(x, y) is absolutely continuous on a.e.
horizontal lines and a.e. on vertical lines. Such a function has partial
derivatives a.e. in Ω.

Definition 11 (Analytic Definition). The map f is K-quasiconformal
if

1) f is ACL in Ω;
2) fz ≤ k|fz|, a.e. in Ω (where k = (K − 1)/(K + 1).

Theorem 24. The geometric definition and the analytic definition are
equivalent.


