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ABSTRACT. This is the first part of my lecture notes delivered in the 1998 sum-
mer mathematical school in Nanjing University and in the dynamical systems
workshop in the Morningside Mathematical Institute at the Academia Sinica
of China in 1998. In these lectures I presented three topics, thermodynamical
formalism, one-dimensional dynamical systems, and complex dynamical sys-
tems. The lecture notes on the first topic become this first part. In this part
we mainly discuss Ruelle-Perron-Frobenius operators and their applications to
equilibrium states, smooth invariant measures, and dynamical determinants
and zeta functions.
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Preface

In the summer of 1998, the Department of Education of the People’s Republic
of China hosted a summer mathematical school for graduate students in Nanjing
University. In the same period, the Morningside Mathematical Institute in the
Academia Sinica organized a special workshop in complex dynamical systems. I
was invited for both events. Nanjing is always a dream place for me to visit since
my parents had spent part of their early life there. When I was child, I heard
many stories about the city of Nanjing. Since I was born and grew up in Xian,
a wild western city of China, Nanjing seems to be a far southern fairy tale city
to me. Also Cao Xueqin’s famous novel “The Dream in Red Chamber” makes
Nanjing even appealing to me to visit. When I got an invitation from Professors
Cheng Chongging and Tian Gang, I accepted the invitation with full happiness.
Since I also organized and participated the special workshop in the Morningside
Mathematical Institute in the Academia Sinica in Beijing, I prepared my lecture
notes together. In these lectures, I presented three topics, thermodynamical formal-
ism, one-dimensional dynamical systems, and complex dynamical systems. In the
first topic, we discussed Ruelle-Perron-Frobenius operators and their applications
to equilibrium states, smooth invariant measures, and dynamical determinants and
zeta functions. In the second topic we discussed some basic techniques in the one-
dimensional dynamical systems and their applications to the study of the geometry
of one-dimensional maps. In the third topic we first discussed local structures of
holomorphic functions and then we introduced global structures of rational func-
tions. In the end we introduced some newly developed methods like puzzle and
renormalization techniques in complex dynamical systems.

The 1998 summer mathematical school was for graduate students. We only
discussed basic concepts and theorems. More advanced materials were discussed
in the special workshop since most audiences were rearchers in dynamical systems.
The organizers of the summer school made it a successful one. All teachers and
students in the summer school worked very hard. Following the summer school, 1
started to attend the special workshop. All participants of the workshop worked
almost every day for the whole month of August to give seminars and lectures and
to exchange information. The summer of 1998 was very busy but fruitful.

After my trip to China, I took a sabbatical leave from the City University
of New York (CUNY) and had a one-year visiting professorship in the Institute
for Mathematical Science (FIM) at ETH-Zurich, Switzerland. During this quiet
period, I started to rewrite my lecture notes. During the writing on this first part,
I have learned on Ruelle-Perron-Frobenius operators from Professors Aihua Fan,
Henrik Hans Rugh, Viviane Baladi, and Veronique Maume. Some new proofs are
given for some old theorems. I also lectured on the first topic in the Institute of
Mathematical Sciences in The Chinese University of Hong Kong during the summer
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of 1999. Professor Ka-Sing Lau and his student Ye Yuan-ling provided some useful
comments.

Since my trip started from Nanjing I named these lecture notes “Nanjing Lec-
ture Notes”. The lectures on the first topic became the first part, lectures on the
second topic became the second part, and lectures on the third part became the
third part. In this version, I present a complete draft for the firs part. Any com-
ments and suggestions from the reader will be greatly appreciated. In addition to
the names I mentioned before I would like to thank my colleague Professor Gerry
Roskes for some helpful discussion. I would also like to thank Professors Oscar E.
Lanford III, Alain-Sol Sznitman, and Marc Burger for their help during my stay at
the Institute for Mathematical Science (FIM) at ETH-Zurich. I thank the Institute
for Mathematical Science (FIM) at ETH-Zurich for its hospitality.

Yunping Jiang
Zurich, Switzerland, April 2000



Part 1

Transfer Operators in
Thermodynamical Formalism



Introduction.

Let (X,d) be a compact metric space and f : X — X be a map. This gives
us a dynamical system {f™}22,. We simply call f a dynamical system on X. Let
1 : X — C be a function. For the given f and v, we can define an operator
L= ,Cfﬂ/, as

Loly) = Y blx)()
z€f~1(y)
for ¢ in a suitable function space on X. The operator we just defined is called a
transfer operator. If ¢ is positive, i.e., ¥(x) > 0 for all z in X, then the operator is
a positive operator, this means that it maps a positive function to a positive func-
tion. A positive transfer operator is also called a Ruelle-Perron-Frobenius (RPF)
operator.

When the given dynamical system f is the one-side shift on a symbolic space
of finite type and when the given function is positive and Holder continuous, Ru-
elle proved in [Rul, Ru2] (see also [Bo]) that the RPF operator acting on the
Hoélder continuous function space has a unique maximal positive eigenvalue p with
a positive eigenfunction. He used this result when completing a mathematical un-
derstanding of the existence and uniqueness of the equilibrium measure (or the
so-called Gibbs measure) for a Holder continuous positive function on a symbolic
space of finite type in thermodynamical formalism. Ruelle’s theorem represents an
important result in modern thermodynamical formalism. Since then RPF opera-
tors have become a standard tool in many different areas in dynamical systems and
other branches of mathematics and mathematical physics as well. Walters [Wa]
proved Ruelle’s theorem in more general settings. In Walters’ paper, a dynamical
system can be any expansive and mixing map and a function can be a positive
summable variational function. There are many textbooks and articles about Ru-
elle’s theorem. We give a partial list [Bal, Bo, Fa, FJ, FS, Ji, PP, Vi| in the
literature.

Ruelle’s theorem consists of two parts. The first part concerns the existence
and simplicity of a unique maximal eigenvalue for an RPF operator acting on a
Hoélder continuous function space. The second part concerns the the existence and
uniqueness of the Gibbs measure. The proof of the second part needs the first part.
A geometric proof of the first part for a given expanding and mixing dynamical
system on a compact metric space and for a given positive Hélder continuous func-
tion is given by Ferrero and Schmitt in [F'S], where a remarkable point is that the
Hilbert projective metrics introduced by Birkhoff in [Bi] are useful. In fact, Ferrero
and Schmitt showed that the operator contracts the Hilbert projective metric on
the convex cone of positive functions in the space of Holder continuous functions.
Therefore, the existence and simplicity of a maximal eigenvalue follows directly
from the contracting fixed point theorem. In [Ji], we found an elementary but
elegant proof of the first part of Ruelle’s theorem. By combining the ideas in [Ji]
and in [DF], we give a proof of the second part of Ruelle’s theorem in [FJ].

Ruelle’s theorem becomes more and more important in the study of modern
dynamical systems like searching Sinai-Bowen-Ruelle measures for deterministic
and stochastic dynamical systems. Chapter One presents a discussion of Ruelle’s
theorem. In Section 1.1, we discuss some geometry for an expanding and mixing
dynamical system on a compact metric space. In Section 1.2, we present an ele-
mentary proof of the first part in Ruelle’s theorem in [Ji], that is, the existence and
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uniqueness of a maximal eigenvalue for an RPF operator. The study of RPF oper-
ators is not only beneficial for itself, it is also beneficial for the study of many other
subjects. In Section 1.3, we give an application of the first part in Ruelle’s theorem
to Krzyzewski-Szlenk’s Theorem [KS] which is about the existence and uniqueness
of a smooth invariant measure for a C'*® expanding and mixing dynmaical sys-
tem on a compact C? Riemannian manifold. In Section 1.4, we adapt the method
in [FJ] to give a proof of the existence and uniqueness of the Gibbs distribution
for a given expanding and mixing dynamical system and a given positive Holder
continuous potential on a compact metric space.

Another topic closely related to transfer operators is dynamical determinants
and dynamical zeta functions. In Chapter two, we give an introduction to this topic.
The reader who is interested in this topic may refer to [Ba2, BL, Fr, PP, Rg, Ru3|
for the further study.






CHAPTER 1

Ruelle-Perron-Frobenius Operators And Gibbs
Distributions

1.1. Geometry of Expanding And Mixing Dynamical Systems

Suppose X is a compact metric space and d is the metric. For each n > 0, we
define d,, as

dn(z,y) = max {d(f'(z), f'(y))}

0<i<n
and call it the n-Bowen metric. We also call

Bp(z,r) ={y € X ; du(z,y) <7}

the n-Bowen ball centered at = of radius > 0. The 0-Bowen metric and a 0-Bowen
ball are just the original metric d and a ball for d.

Let f : X — X be a continuous map. We have a dynamical system {f"}22,
on X. We simply call f a dynamical system. We say f is locally expanding if there
are constants A > 1 and b > 0 such that

d(f(x), f(2')) > Md(z,2"), =z, € X with d(z,2’) <b.

We call (A, b) a primary expanding parameter. We say f is mizing if for any open
set U of X, there is an integer n > 0 such that f*(U) = X.

REMARK 1.1. In general one can define locally expanding as that there are
three constants C,;b > 0 and A > 1 such that

d(f™(z), f*(z") > CN"d(z,z")
for any x, 2’ € X with d,(z,2") <b.

Suppose f is locally expanding and mixing with a primary expanding constant
(A, b). We prove some geometric properties for f.

PROPOSITION 1.1. The map [ is locally homeomorphic. More precisely,
[ B(z,b) = f(B(x,b))

is homeomorphic for any x € X.

PROOF. It is clear that f|B(z,b) is injective. Since f is continuous on the closed
ball B(x,b) and since the closed ball is compact, the inverse of f|B(x,b) is also
continuous. But f: B(z,b) — f(B(x,b)) is bijective, so it is homeomorphic. O

PROPOSITION 1.2. There is a constant 0 < a < b such that for any y € X with
() = {x1, -+ ,x,}, there are local inverses gi,--- ,gn of f defined on B(y,a)
such that g;(y) = x; and {g:;(B(y,a))}r_, are pairwise disjoint. Moreover, there is
a constant integer ng > 1 such that #(f 1 (y)) <no for ally € X.

5
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PROOF. First #(f~1(y)) is finite for each y € X because otherwise f would
not be homeomorphic about a limit point of f~!(y). Let

dy) = _jnf_ d(wy, ;)

be the shortest distance between the preimages of y. It is clear that d(y) > b. For
0<r<b/2, f:B(x;r)— f(B(x;,r)) is homeomorphic for each 1 < i < n. Since
the open set NI, f(B(z;,r)) contains y, it must contain a sufficiently small closed

ball B(y,r,) with r, > 0 such that the inverse g;, mapping y to xz; satisfies

Giy : B(y,my) = giy(B(y,y)) C B(ws,7).

Since B(xz;,r) are disjoint, g;,(B(y,ry)) are disjoint. Now take a finite number of
balls {B(y;,y,)} such that {B(y;,ry,/2)} form a cover of X. Let

1
a=g jin{ryj}.

Then it satisfies the proposition. In fact, for any y € X, we have y € B(y;,ry,/2)
for some j. Then B(y,a) C B(y;,ry,). Let

9i = Giy;|B(yj,a), 1<i<n.
Then gy, -+, gn are local inverses of f on B(y,a) such that g¢;(y) = z; and
{9:(B(y,a))}, are pairwise disjoint
Since #(f~*(y)) is a locally constant function of y. It is then bounded because

of the compactness of X, that means that we have a constant integer ng > 1 such
that #(f~1(y)) < ng for all y € X. O

We call (), a) where a is a number in Proposition 1.2 an expanding parameter
for f. Note that any (\,a’) where 0 < @’ < a and 1 <X < X is also an expanding
parameter. In this chapter (), a) will always mean an expanding parameter for f.
For any 0 < r < a and y € X, let g be an inverse branch of f on B(y,r). Let
x = g(y). For any z,w € B(y,r),

d(g(2), g(w)) < %d(z,w).
This implies that
9(B(y,m) C B(x, 5).

Moreover, By(z,r) = g(B(y,r)) and f : By(z,r) — B(y,r) is homeomorphic.
Furthermore, we have

PROPOSITION 1.3. For any 0 <r <a and x € X, the map
f": Bu(x,r) = B(f"(x),7)
is homeomorphic.

PRrROOF. Let z, f(z), -, f™(x) be a finite orbit of f. Then we have the n local
inverses, hy, -+, hy, of f,such that

w S fa) S Pa) S ) S ),
From the argument before this proposition, we know that
hn s B(f"(x),7) — Bi(f"" ! (x),r)
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is homeomorphic. This implies that
ha(B(f"(x),r)) = Bi(f" (@), 7).
Suppose we already know that
o100 hy(B(f"(2),7)) = B(f" " (2),7)
for 1 <k <n-—1. Then
Bk © -+ 0 hy(B(f™(2),7)) = hni (B (f" " (), 7)).
This implies that z € hy,_x(Bg(f"*(x),r)) if and only if f(2) € Bp(f**(z),r)
and if and only if
d(f'(f(2), f'(n—k(x)) <7, 0<i<k.

So we have

d(f(z)v fn_k(x)) Ty 7d(fk+1(2)7 fn(x)) <.
This combining with the fact that

(s, 7 @) < 3 (), S M) <

>3

gives us that
hnk © -0 hn(B(f"(),r)) = B (f" (@), 7).
Now the induction implies
hyohgo--ohny(B(f"(x),7)) = Bn(z,r),
that is f™(B,(z,r)) = B(f™(z),r). Because f™ on B, (x,r) is also injective,
f": Bz, 1) — B(f"(x),7)
is homeomorphic. O

PROPOSITION 1.4. For any 0 < r < a, there is an integer p = p(r) > 1 such
that fP(B(x,r)) =X forany x € X.

Proor. Let {B(y;,7/2)} be a finite ball cover of X. For each i, there is an
integer p; = p(y;) > 0 such that

7 (Byi, =

Z) =X
Let
p = max{pi}.

For any y € X, we have y € B(y;, 5) for some i. Then
r
B(y,r) > B(yi, 5)
and ,
Fr(Bly,r)) 2 [ (7 (Blyi, 5)) 2 f777(X) = X.
O

PROPOSITION 1.5. For any 0 < r < a, let p = p(r) be the integer in Proposition
1.4 and let ng be the integer in Proposition 1.2, then

1< #(f~"(y) N Bu(x,7)) < nf
for any x,y € X and any n > 1.
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PROOF. Since f": B, (z,r) — B(f™(z),r) is a homeomorphism,
frP(Bu(x,1)) = fF(B(f"(2),r)) = X.

This implies that f~"P)(y) N B, (2,7) # 0. On the other hand, #(f?(y)) < nf
and every z € f~P(y) N B(f™(z),r) has exact one preimage in By (z,r) under f™.
So

1< #(f~" ) (y) N Bu(x,7)) < nf.

1.2. Maximal Eigenvalues for Ruelle-Perron-Frobenius Operators

Suppose f is a locally expanding and mixing map with an expanding parameter
(A, a). Let R denote the real line. Let C° = C%(X,R) be the space of all continuous
functions ¢ : X — R with the supremum norm

61 = max{lo(z)]}

Let 0 < a < 1 and let C* = C*(X,R) be the space of all a-Hélder continuous
functions ¢ in C°, that is, ¢ € C° satisfying
[¢]a _ sup |¢((E) - ¢(y)| < 00,
0<d(z,y)<a d(x7y)a
where [¢],, is called the local Holder constant for ¢. We say two functions ¢; > ¢
if p1(x) > ¢2(z) for all x in X. A function ¢ is called positive if ¢ > 0. A positive
function in C® is called a potential.
For two constants K, s > 0, define

Cks =Cks(X,R)={p€C”; ¢ >, [loggla < K}.
The following lemma is a conclusion of Ascoli-Arzela Theorem.
LEMMA 1.1. Any bounded sequence in Cik s has a convergent subsequence in cY
whose limit is in C ..

Let 9 be a potential. The Ruelle-Perron-Frobenius (RPF) operator with weight

1) is defined as
Loly) = Y, v(a)e(x).
z€f~1(y)
It is clear that £(C%) C C°. So
L£:¢c°—c°

is a linear operator. Moreover for any ¢ € C%, consider y,y’ € X with d(y,y’) < a.
Let {@1, -,z } = f~(y) and {z}, - - ,z}.} = f~1(y) be the corresponding inverse
images of y and y’ such that d(z;,z}) < A7 'd(y,y’) for all 1 <i < k. Then

|Lo(y) — Lo(y)

k k
13 wlai)éla) — Y wladola))

| i () (Blas) — o) + olat) (b(a}) — v(a) ).

So

Lo < =2

o < 35 (IIll[ela + lll[¥]a) < oo
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Thus £(C*) C C* and
L:C*—C”
is a linear operator.
For the purpose of the study of eigenvalues of £, we can normalize the weight
¥ such that mingex ¥(z) = 1. Henceforth, we will always assume that ¢ is a
normalized element in C?(o,l for some constant Ky > 0 in the rest of this section.
Let 0 < s <1and K > Ko/(A* — 1) > 0 be two fixed constants.

LEMMA 1.2. For any ¢ > 0 in C* with ||¢|| = 1, there is an integer N =
N(¢) > 0 such that
L' €Cx s n>N.

PRrROOF. Since ||¢|| = 1, there is a point y in X such that ¢(y) = 1. We thus
have a neighborhood U of y such that ¢(y’) > s for all ¥ in U. Since f is mixing,
there is an integer ny > 0 such that f™(U) = X for all n > ny. Therefore for any
zin X, f7™(2) NU is non-empty for all n > n;. Thus L"¢(z) > s.

For any y and 3 in X with d(y,y’) < a, let {z1, -, 25} = f~(y) and
{@f,- ,z}.} = f~'(y') be the corresponding inverse images of y and y’ such that
d(z;,zt) < A ld(y,y) for all 1 <i < k. Let

K' = [log L ¢,.

Then

L(L™¢)(y')

k
Z (i) L™ ()

k
< Zl[)(l’z) exp (Kod(z;, 2)*) L™ ¢(a;) exp (K'd(w;, 2})")
i=1

< exp (Ko + KA "d(y, y")*) L(L™ ¢) (y)
for all y and ¢’ in X with d(y,y’) < a. Inductively, for

Ky =KoY _ A™) + K'A™m,
i=1
we have
LM (L™ ¢)(y') < exp (Knd(y,y")*) L™ (L™ ¢) (y)
for all y and ¢ in X with d(y,y’) < a. It is clearly that K,, tends to Ko/(A* — 1)
as n goes to infinity. So there is an integer ny > 0 such that for any n > ny

L (L™ ¢)(y') < exp (Kd(y,y')*) L™ (L™ ) (y)
for all y and 3’ in X with d(y,y’) < a. Then N = ny + ny satisfies the lemma. O

Lemma 1.2 implies that if ¢ > 0 is an eigenvalue of £ : C* — C® with a non-
zero eigenfunction ¢ > 0. Then £ also has an eigenfunction in Cf , with respect
to t. Therefore, we can use Cy . to find positive eigenvalues of £ : C* — C* with
non-negative eigenfunctions. From the calculation in the proof of Lemma 1.2, we
have that

£(C) C £(C3)
because (Ko + K)A\™* < K for K > Ky/(A* — 1). Define

S={teR;t>0,thereis a ¢ in Cf s such that Lo > to}
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LEMMA 1.3. The set S is nonempty bounded subset in the real line R

PRrOOF. First let us show that S is nonempty. Take a function ¢ in C .. Then
for any x and y in X,

L= Y @@= ¥ uw)ew) > 2 o).
zef~1(y) zef~1(y)

Thus s/||¢]| € S.
Let

For any ¢ in Cf , let ¢(y) = [|#||. Then
Loy)= D v@o) <oly) > v(z) <méy)

z€f~1(y) z€f~1(y)
Therefore, any ¢ > m will not be in S. Thus S is a bounded subset in R. O

THEOREM 1.1 (Ruelle). The linear operator L : C* — C* has a unique mazimal
positive eigenvalue whose corresponding eigenspace has dimensional one.

PRrROOF. Take § =sup S > 0. Then there is a sequence {£,}52, in S convergent
to 0. Let ¢, be a corresponding functions in C% , such that L¢,, > t,,¢n. Let us
normalize ¢, with mingex{¢n(z)} = s. Then {¢,}52, is a bounded sequence in
C% - From Lemma 1.1, {¢,}72, has a convergent subsequence in C° whose limit
is in C% ;. Let us assume that {¢,};2; itself converges to ¢o. Then

Lpo > d¢o.
We now show that Log = d¢g. Suppose there is a point y in X such that

Lepo(y) > 6¢0(y).
Then there is a neighborhood U of y such that

Loo(y') —dpo(y’) >0

for all 4 in U. Since f is mixing, there is an integer n > 0 such that f™*(U) = X.
Then

E"(ﬁqbo — 5¢0) > 0,
that is,

£(£"¢o) > 0L .
Therefore for ¢ = L¢Py, we have a t > § such that L¢ > t¢. This contradicts to
the maximal property of §. This proved that

Lo = d¢o.

Now let us show that § is simple, i.e., the eigenspace
Es ={¢ € C% Lo =3¢}

has dimension one. Suppose ¢ is any function in Ejs. Let

a= min{ (b(x) }

reX 0(%)

and

¢1 = ¢ — ago.
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Then ¢, is in E5 and ¢ > 0. Moreover, there is a point y in X such that ¢ (y) = 0.
Then ¢;(x) = 0 for all z in f~1(y) because

Loy)= > o(z)=0.
zef~1(y)
Inductively, we have ¢; =0 on X, = U2, f~"(y). Since f is mixing, X, is a dense
subset in X. So ¢1 =0 on X, that is, ¢ = agy.

The reminder is to prove that § is the biggest eigenvalue but it is easy as follows.
Suppose t # 4 is an eigenvalue of £ : C% — C%. Then there is a non-zero function ¢
in C* with ||¢|| = 1 such that L¢ = t¢. So L|¢| > |t||¢|. There is an integer N > 0
such that LV]¢| is in C , and also L(LN|@]) > [t|/LV]@]. Thus [¢| is a number in
S, so0 [t| < 4. If |t| < §, then we have nothing to prove. If |[t| = J, by using the
mixing property as we did in the previous two paragraphs, we have |¢| = a¢y for
some a > 0. This implies ¢ = +a¢py and t = 4. O

1.3. Smooth Invariant Measures for Expanding Dynamical Systems

In this section, suppose M is an m-dimensional compact C? Riemannian man-
ifold where m > 1 is an integer. Let f : M — M be a C' map. We say f is
C1F< for 0 < a < 1 if the determinant J(f) of the Jacobi matrix Jac(f) of f is
an a-Holder continuous function defined on M. A probability measure v on M is
called f-invariant if v(f~1(A)) = v(A) for all Lebesgue measurable subsets A of
M. Let dy denote the Lebesgue metric on M. A probability measure v is called a
smooth measure if there is a continuous function p defined on M such that

v(A) = /A p(y)dy

for all Lebesgue measurable sets A in M. The function p is called the density
function of the smooth measure v.

LEMMA 1.4. Suppose f: M — M is a C* map such that J(f)(y) # 0 for all y
in M and suppose v is a smooth probability measure with v = fpdy. Then v is a
f-invariant measure if and only if

> Do)

zef~1(y)

for ally in M.

ProoF. Since J(f)(y) # 0 for all y in M there is a constant a; > 0 such
that for any connected domain U with diameter less than or equal 2a;, f on each
component V of f~1(U) is injective and has the local inverse g : V — U such
that fg = identity. If v is a f-invariant measure, then v(f~1(U)) = v(U) for all
Lebesgue measurable subsets U of M. In particular, take U as the ball of centered
y and radius 0 < € < a; and denote V7, - - -, Vj, as the components of f~1(U). Then

ZE/V p(x)dw=/Up(y)dy-

By the mean value theorem and let € tend to zero, we get

> Jp(x) = p(y).

z€f~1(y)
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Now assume

zef~1(y)

for all y in M. For any ball U with radius ay , let V4, ---, Vi be the components
of f~1(U). Then f on each V; is injective and has the local inverse. So

_ _ p(x)
v(U) = /Up(y)dy/UxefZ;(y) 7Y

pl@) L
> [ imir =L, e

O

THEOREM 1.2 (Krzyzewski-Szlenk). Suppose f : M — M is a C* locally
expanding map for some 0 < a < 1. Then f has a unique smooth f-invariant
probability measure with an a-Hdélder continuous density function.

PROOF. Since f is C! and locally expanding, J(f)(y) # 0 for all y in M. Let

17Dl =max{ J(F){y)}  and =

Then ¢ is an function in Cf, ; for some Ky > 0. Consider the RPF operator with
weight 9

Lo(y)= > v(@)e(x).

zef~(y)

Theorem 1.1 implies that there is a unique maximal positive eigenvalue § with a
positive eigenfunction in C* and the corresponding eigenspace is one-dimensional.
Let p be the one in the eigenspace normalized by [, pdy = 1. Then Lp(y) = dp(y),
that is,

) Jp(x)x = dop(y),

zef~(y)

for 8o = 8/||J(f)||- Integrate on both sides of the last equation, we have that the
right hand side is §o. Now let us calculate the left hand side. Cut M into path
connected pieces My, ---, M, such that

(1) M=MUMsU---UM,,

(2) the Lebesgue measure of each M; N M; is zero for i # j,

(3) f on each component of f~1(M;) is injective, 1 <i < n.
Let Mij, 1 < j < k; be the components of f~*(M;) for 1 < i < n. Then M =
U, U?;l M/ and the Lebesgue measure of each M7 N Mf, is zero for ¢ # ¢'. Let
us use z;; to denote the point in fty)n Mf for any y € M;, where 1 < i <n and



1.4. CHAINS OF MARKOVIAN PROJECTIONS 13

1 < j < k;. Therefore,

px) _ p(x
/MIE;@) i@ " Z/ 2 T

M; zef-1

= :I;/LJ

= ZZ/ p(xi;)de;;
=1 j=1

= /Mp(y)dyzl-

So we have that & = 1 (that is, § = [|J(f)||) and that v = [ pdy is a smooth
f-invariant measure following Lemma 1.4.

Uniqueness follows the fact that if v = [ pdy is a smooth f-invariant measure,
than p is in the eigenspace of £ with respect to the eigenvalue J. (|

1.4. Chains of Markovian Projections

In this section we present a theory about chains of Markovian projections and
G-measure theory.

Let X be a compact Hausdorff space. Let Fx be the standard o-algebra gen-
erated by all open sets in X. Let C° = C(X,R) still be the space of all real
valued continuous functions on X, equipped with the supremum norm || - ||. Let
M = M(X) = (C°)* be the dual space of C°. By Rieze representation theorem, M
is identical to the space of all measures on X with respect to Fx. Let My C M
be the family of all probability measures. We use

<y >= / b du
X
to mean the integral of a function ¢ with respect to a measure p in M.

DEFINITION 1.1. A linear map P : C° — C° is said to be a projection if P> = P.
It is said to be Markovian if P1 =1 and if P¢ > 0 whenever ¢ > 0.

Let us first give some basic properties about projections and Markovian pro-
jections. Let Ker(P) = {¢ € C° P¢ = 0} and let Zm(P) = P(C°).

PROPOSITION 1.6. Let P and @ are two projections. Then
(1): C° = Ker(P) @ Im(P).
(2): ¢ € Im(P) if and only if Pp = ¢.
(3): PQ =Q if and only if Im(Q) C Im(P).
(4): QP =Q if and only if Ker(P) C Ker(Q).

PROOF. (1) means that for each ¢ € C° we can write ¢ = ¢’ + ¢ in a unique
way with ¢’ € Ker(P) and ¢" € Zm(P). This is true because ¢ = (¢p—P¢p)+Po. (2)
is a consequence of (1). Suppose ¢ € Zm(Q) and PQ = Q. By (2), we have Q¢ = ¢.
So Pp = PQ¢p = Q¢ = ¢, i.e., $ € Im(P). Conversely, for any ¢ € C°, there is
another map ¢’ € C° such that Q¢ = P¢’. Then PQ¢ = P?¢' = P¢/ = Q¢. For
(4), suppose QP = @ and ¢ € Ker(P). Then it is clear that Q¢ = 0. Conversely,
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for ¢ € CY we decompose it as ¢ = (¢p— P¢p)+P¢. By assumption, ¢— P¢ € Ker(Q),
s0 Qb = QP 0

For an operator P : C° — C°, let P* : M — M be its dual operator. The proof
of the next proposition is not hard. The reader may do it as an exercise.

PROPOSITION 1.7. Let P and QQ be Markovian projection on C°. We have
D: [|P|| = [lP*|] = 1.
2): P*? = p*.
3): P*(Mg) C My.
4): PQ = Q if and only if Q*P* = Q*.

A sequence of Markovian projections P = {P,}°°; defined on C° is called a
chain of Markovian projections (abbreviated as CMP) if it satisfies

For such a chain, define
Gn={peMo; Pou=p}, 1<n<oo

Because M, is a weakly compact convex subset of M and P! : My — My, from
the Schauder-Tychonoff theorem (see[DS]), G,, # 0. Let

goo = mzozlgrr

If G is non-empty, then every element in it is called a G-measure with respect to
P. If G, contains only one element, then we call the given CMP uniquely ergodic.

THEOREM 1.3. For any CMP P, G # 0. Actually, for any sequence {pn 32,
in Mo, any weak limit of {P}p,}52 1 is an element in Goo.

PROOF. Since || P} || = 1, there is a weak limit of { P, }22 ;. Let v be such
a weak limit. Then there is a subsequence P, pin, tends to v weakly as i goes to
infinity. This implies that for any ¢ € C°,

lim < PP} pin,, ¢ >= lim < P; i, Pa¢p >=<v,P¢ >=< Pyv,¢ > .
On the other hand,

< Pyv,¢ >= lim < P} pin;, Pa¢ >= lim < puy,,;, Py, Pngp >
71— 00 11— 00

= lim < pip,, Pp,¢ >= lim < Py pp,, ¢ >=<v,¢>.
1—00 —00 '
So Prv =v for all n > 1, that is, v € G. O

Theorem 1.3 says that G, is weakly compact. It is clear that G, is convex,
e, tug + (1 —t)pug € Goo if 1, pi2 € Goo and 0 <t < 1.

THEOREM 1.4. Suppose P is a CMP defined on C°. Then the following are
equivalent.

(1): The CMP is unique ergodic.
(2): for every ¢ € C°, P,¢ converges uniformly on X to a constant.
(3): for every ¢ € C°, P,¢ converges pointwise on X to a constant.
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PROOF. Tt is clear (2) implies (3). Assume (3), for any p € G, the constant
is < p, ¢ > because by the Lebesgue theorem

<, >=<Pru,¢ >= lim < p,Pp¢ >=< p, lim P,¢ >= lim P,¢.
Therefore, for any p,v € Goo and ¢ € CY,
< W, ¢ >=<v,¢ >= lim Ppo.
n—oo
It implies that p = v, so (1) holds. Now assume (1) and suppose u is the unique
element in G... Suppose (2) is false. There exists ¢ € C° such that P,¢ does not

converge to < p, ¢ > uniformly. So we have a constant € > 0 and a subsequence
{n;}$2, of integers and a sequence of points {x;}5°; such that

i=1
|Pop(wi) = < p 0> [ > €
for all ¢ > 1. Let 0, be the Dirca measure concentrating at x;. Then
Pod(@;) =< P00 > .
By Theorem 1.3, any weak limit v of {P;; ., }72; is in Goo. But
| <v,p>—<po>|>e
It contradicts with the assumption of (1). d

A CMP P = {P,}2, is said to be compatible if it satisfies
(a): Po(ox) = xPno if x € ImP,.
(b): PP, = P,(=P,P,) if m >n.
Suppose P = {P,}5, is a compatible CMP. Let F; be the standard o-algebra on
R generated by all open sets. For a function ¢ : X — R, let Fy = ¢~ 1(Fy) be the
pull-back o-algebra on X. Given a family of functions I', we use Fr to mean the
minimal o-algebra containing all o-algebras Fg for ¢ € I'. Let F,, = Fz,,p, for all
n > 1. Then {F,}52, is a decreasing sequence of sub-o-algebras in Fx, i.e.,
o CFpp1 CF, - CF C Fx.
This is because from Proposition 1.6
- CImPyiy CImP, C---CImP; CC°
Let Fo be the o-algebra generated by the limit of {F,}52; which is defined as
—7:00 = Uzozl mmZn fm(: ngl UmZn fm)

A G-measure p is called P-ergodic if p|Fo is trivial, i.e., p(A) = 0 or 1 for any
Ae Fo.

Let 4 € Mg be a probability measure. For any ¢ € C° and n > 1, we have a
measure u, defined on the sub-c-algebra F,, by

i (A) = / ody, A€ F.
A

It is clear that p, is absolutely continuous with respect to u|F,. By the Radon-
Nikodym theorem there exists a unique (modulo sets of measure zero) L*(X, F,, u)-
function denoted by F(¢|F,) and called the conditional expectation of ¢ given F,,,
such that

un(A>:/AE(¢\fn)du, AcF,

The function is defined uniquely a.e. by
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1: [, E(@|Fn)dp = [, ddp, A € F,
ii: E(¢|Fn) € LY(X, Fo, ).
The operator E(-|F,) enjoys the following properties:
iii: For all ¢ € LY (X, Fx,u) and ¢/ € L>®(X, Fp, ),
The proof of the following theorem can be found in [Pa, pp. 30]
THEOREM 1.5 (Decreasing martingale theorem). If
"'fn+1 cF,C---CFCFx

is a decreasing sequence of sub-c-algebras such that N2 F,, = Foo, then E(¢|F,) —
E(¢|Fs) a.e. and in L*(X, Fx, p) when ¢ € L (X, Fx, ).

Now assume that @ € G is a G-measure for P. Then we have that for any
¢’ € ImP,,

<ty ¢ P >=< 1, Po(6¢) >=< Py, 6¢' >=<p, ¢¢' >,
SO
P.¢ = E(¢|Fn), i—a.e..
Following the decreasing martingale theorem, the limit of P,¢ exists u-a.e. and,
furthermore, a P-invariant measure p is P-ergodic iff lim,, 0o P =< p, ¢ > p-a.e.

for any ¢ € CY (see [Pa, pp. 21]). Then we have the following classical ergodicity
theorem.

THEOREM 1.6. Suppose P = {P,}52, is a compatible CMP.

(1) If p1 and ps in Goo are P-ergodic, then either py = po or gy L us.
(2) p € G is P-ergodic iff p is an extremal point in Geo.

PROOF. (1) Suppose p1; # po. There exists ¢ € C° such that

< /’617¢ >7é< ,U/27¢ >
Define

Ay ={x e X; lim P,¢p =< p1,¢ >} and Ay = {z € X; lim P,d =< pa,d >}.

We have u1(A1) = 1 and p2(A;) =0, and pq(As) = 0 and pa(Az) = 1. This implies
that M1 1 M.

(2) Suppose p € Goo is P-ergodic and p = tpg + (1 —t)ug with pq, pe in G, and
0 <t<1. Forany A€ Foo, u(A) = 0 or 1 because of the ergodicity of p. Then
w1(A) = p2(A) = 0 or 1 because 0 < ¢ < 1. That means that p; and po are also
P-ergodic. According to (1), if uy # p2 we can find A € Fo with pg(A4) =1 and
p2(A) = 0. Consequently p1(A) = t. This contradicts the ergodicity of u. Therefore
w1 = po and p is extremal.

Conversely, suppose i € G, is not P-ergodic. Let A € F, such that 0 <t =

#(A) < 1. Define
1 1
= - 1 = 1 .
251 tu A H2 1 _tﬂ X\A

We are now going to show p1, pi2 € Goo. For any n > 1

1
< Py, ¢ >=< u,;lAans >, ¢ e CO.
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Since A € Foo C Fp,

1 1 1
<u,¥1APn¢> = Esup<u,¢’ n¢>:¥sup<P:u,¢¢'>

1 1
= Jsup < p, ¢’ >=< Tlap >

where the supremum is taken over {¢/ < 14,¢' € ImP,}. This implies that
Pruy = py for all n > 1, that is, u € Goo. Similarly, we can prove that ps € Goo.
But

p=tu+ (1 —tu, 0<a<l
which implies that p is not an extremal point. O

The space M is a locally convex topological space and metrizable. So G, is a
compact metrizable convex subset in M. Let £G, be the set of P-ergodic p in G .
Then the above theorem says that £G., consists of all extremal points in G.,. The
relation between G, and £G, can be obtained from the Choquet representation
theorem (see [OR, pp. 1-32] for the proof).

THEOREM 1.7 (Choquet representation theorem). For each u € G, there
exists a Borel probability measure m on G, supported on the set EGo, of extremal
points, so that

u:/ vdm(v), 1€ Goo-

oo

1.5. Gibbs Distributions

If a physical system of n states with the energies of these states are Ey, -,
FE,. Suppose that this system is put in contact with a much larger “heat source”
which is at temperature T'. Energy is therefore allowed to pass between the original
system and the heat source. Suppose the temperature T of the heat source remains
constant. It is a physical fact derived in statistical mechanics that the probability
p; that state j occurs is given by the Gibbs distribution

e PE;

b= D e PE

where 3 = ﬁ and k is a physical constant. This is the starting point for the ther-
modynamical formalism. However, thermodynamical formalism is a mathematical
subject which studies Gibbs measures for more general systems. In this section, we
will use the same notations as those in Sections 1.1, 1.2 and 1.4.

Suppose f is a locally expanding and mixing dynamical system with an ex-
panding parameter (A, a) and suppose ¢ > 0 € C% 0 < « < 1, is a potential.
Define

Gn(z) = 1:[ O(fi(x)), ze€X, n>1
i=0

Let
Loly)= Y w(x)(x)
zef~(y)
be the RPF operator with weight 1. Let § > 0 be the maximal eigenvalue and
h > 0 € C* be a corresponding eigenvector of £. Let £* : M — M be the dual
operator of L.
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THEOREM 1.8 (Ruelle). There is a unique probability measure v = vy, € My
such that L*v = év and for any 0 < r < a/2, there is a constant C = C(r) > 0
such that

. I/(Bn(x, r)) )
< ——— 22
c— < Ga(n) = C (Gibbs Property)

for allx € X and n > 1. And moreover, take h such that fX h dv =1. Then for
any ¢ € C°,
lim "L =< v, > h

n—oo

uniformly.

The inequality in the theorem is called the Gibbs Property and the probability
measure p = hv is called the Gibbs measure for (f,1). To prove Theorem 1.8, we
first normalize the operator £. Take

g h(zx)

P(x) = W¢($)

Then it is still a positive function in C*. So we can consider the RPF operator
Lo(x)=Lypx) = > ©(u)dy).
yef~1(x)
The important feature of £ is that
L£1=1.

We call it a normalized RPF operator. Let L* be the dual operator of L acting on
the space M. Let

n—1
Gn(z) = H O(fi(x), zeX,n>1
=0

Then we have
~ h
Cn = S o fn

and relations between £ and £ and between £* and L£*,
LG =6"hL™(ph™Y)  and  L7v = "hTIL™(hy)

From these relations, Theorem 1.8 follows from the following statement for normal-
ized RPF operators.

THEOREM 1.9. Suppose L is a normalized RPF operator, i.e., L1 = 1. Then
there is a unique probability measure p € Mgy such that L*u = p and for any
0 <r <a/2, there is a constant C = C(r) > 0 such that the Gibbs property holds,
i.e.,

Bn 9 .
cl< M(G((I)r)) <C (Gibbs Property)
n(x

for all z € X and n > 1. Moreover, for any ¢ € C°

lim L% =< p, ¢ >
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Suppose L is normalized in the rest of this section. Define
Pop(z) = L7(f" (@) = DY Gu®)ey).
yefm(fn(x))

It is a linear operator from C into itself with P,1 = 1 and P,¢ > 0 whenever
¢ > 0. Moreover, we have the following facts.

LEMMA 1.5. For anym >n>1, P,P,, = P,,P, = P,.

PROOF. Let us show that P, P, = P,,.

P.Pob(z) = > Gmy)Pad(y)
yef—m(fm (@)
= Z Z Gm—n(w)Gn(y)PnQb(y)

wef—(m—n) (fm,(w)) yef*"(w)

_ S > Gmnw)Gnly) > Gul(2)¢(2)

we f(m=m)(fm(z)) yef~"(w) zef~(f™(y))

= 3 Yo Galy) Y Guon(w)Gal(2)e(z)

wef—(m—n)(fm(z)) yef—"(w) zef_"(w)

- S (Y aw)( X Gueee)

wef=(m=m(fm(z)) yef " (w) zef~m(w)

= Z Z Gm(2)6(2)

we f=(m=m)(fm(z)) z€f " (w)
zef~m(fm(x))
We use the fact that Zyef,n(w) G,(y) = 1. This also implies that P,, is a projec-
tion, i.e., P? = P,. Similar arguments imply that P, P,, = Py,. (Il
LEMMA 1.6. For any ¢ € C° and x € ImP,,, P,(¢x) = xPno.
PROOF. Suppose x(2) = >, ¢ p-n(sn(x)) Gn(y)B(y). Then

Pu(ox)(x) = Y Guze(z) Y. Galy)By)

zef = (f"(z)) yef~m(f(2))

- ¥ S Guy)Gulz)98

YEf—n(f7 () z€f (1" ()
= Y GawBly) D Gul(2)é(2)
yer—r(fn (@) ef-n (@)

O

Lemmas 1.5 and 1.6 say that P = {P,}52, is a compatible CMP. So we can
apply the theory of CMP in §1.4 to give a proof of Theorem 1.9.

Let P be the dual operator of P,,. Remember that G is the set of common
fixed points of P}’s and an element of G is called a G-measure. An element p
such that £*u = p is called a ¥-measure. Because L(¢ o f) = ¢, any 1)-measure
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w is f-invariant, i.e., u(f=*(A)) = u(A) for any p-measurable sets A. So a -
measure is a G-measure. Since My is a weakly compact convex subset of M and
L* : My — Mg, by the Schauder-Tychonoff fixed point theorem there is at least
one t-measure (and G-measure). Now we use Section 1.4 to prove that it is a
unique G-measure.

LEMMA 1.7. For any ¢ in C°, P,¢ converges to a constant if and only if L™
converges to the same constant. And moreover, the constant has to be < p, ¢ > for
any -measure (or G-measure) fi.

PROOF. Since
Puplx) = > d)ely) = (L") (f"(x))
yef~m(fn(x))
and f: X — X is surjective, it is clear that
[1Prg(z) — cll = [[£"¢(x) — c].

Therefore, P,¢ converges to c¢ if and only if £"¢ converges to c¢. Suppose P,¢
converges to c. Then
c= lim P,p= lim < p,Pyp>= lim < Piu, ¢ >=<p,¢>.

O

LEMMA 1.8 (Naive Distortion Lemma). There is a constant C > 0 such that
for any n >0 and any xz,y € X with d,(x,y) < a,

G (x
ct< =2
~ Guly)
PROOF. Let z; = fi(x) and y; = fi(y) for 0 <i < n. Then

~—

<C.

So

n—1

[log G () —log G (y)] < > |logt(x;) —logt(ys)]

i=0
[¥a =
d(ﬂ% yi)a

Yo
a —a(n—1) «
0 ;x d(zn, yn)

< (o
where A = minge x ¥(z) and [¢], is the Holder constant for ¢, and

W’}aaoﬂa
A(de —1)

IN

<

Co =

Therefore, let C' = e“°, we have
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PrROOF OF THEOREM 1.9. We prove the Gibbs Property first. Let pu be a G-
measure. Let r be a real number such that 0 < 2r < a. For any = € X, let ¢ be a
function such that

]-Bn(x,r) < ¢ < ]-Bn(ac,Qr)
where 1 denotes the characteristic function of a set B. Then we have

w(Bn(z,7)) < /cbdu: /fbdp;iu: /Pncb dp

where

Puply)= Y Gu(2d(x) < D Gul)lp,een(2).

zef~(f™(y)) zef~(f"(y))
From Lemma 1.8 and Proposition 1.3, there is a constant C' > 0 such that
#(fT(f" (W) N Bo(z,2r) < C
and
Gn(z) < CGp(x), =€ Bp(x,2r).
Thus we get
1(By(z,1)) < C?°Gy(2).

On the other hand, we have

p(Bale20) 2 [du= [0dPru> [ Priys d

where p is an integer in Proposition 1.4 in §1.1 and

Pn+p¢(y) - Z Gn+p(2)¢(z)
z€fTnP(fr TP (y))
Z Z Gn+p(z)]—Bn(x,r)(z)'

zEf~mP(frtr(y))
Proposition 1.5 says that there is at least one term in the sum is non-zero. This
and Lemma 1.8 imply that there is a positive constant, we still denote it as C, such
that
(B (z,2r)) = CGpyp(x) = CAPG, (),
where A = min,cx 1 (x). Let s be the least integer such that A*> > 2. Then we
have By, (z,7) D Bpts(x, A°r) D Byys(x,2r). By the last inequality, we get
p(Bn(z, 1)) = CAPY*G ().

Therefore, we have a positive constant depending on 7 only, which we still denote

it as C, such that
(B (z,1)) <c
Gn(x) —

Following Section 1.4 and the Gibbs Property, only remaining thing to be
proven is that a G-measure is unique. From the Choquet representation theo-
rem, we only need to prove that a P-ergodic G-measure is unique. Theorem 1.6
says that any two P-ergodic G-measures are either equal or totally singular. Now
we use the Gibbs Property to prove that any two P-ergodic G-measures p and v
are mutually absolutely continuous, that is, there is a constant C > 0 such that

C™w(U) < u(U) < Cv(U)

for any open set U of X. Let us prove it as follows.

Ccl<
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Fix a real number r, 0 < 2r < a. Let {z1, - ,2z,,} be a 2r-net in (X, d), this
means that the balls {B(x;, )} i<i<m are disjoint and the balls {B(z;,2r) i<i<m
form a cover of X. Define

Ay = B(x1,2r)\ (B(z2,r) U+ UB(&p, 1))
Ai = B(Z‘i,2’/‘)\(A1U"'UAi_1), QSZSW’L

Then we get a partition Qp = {A;}, of X satisfying
B(z;,r) C A; C B(x,2r), 1<i<m.

For every n > 1 and every 1 < i < m, denote f~"(x;) = {z; ?;1'1. Let g;n be
the inverse of f" : B, (2;,2r) — B(x;,2r). Define Ay;; = gjn(A4;). We call A,;; a
n-component of f~"|Qy. Let Q, be the set of all n components of f~"|Qy. It is
again a partition of X and satisfies that for any A € Q,,,

B, (ca,7) € AC By(ca,2r)

where c4 € A such that f"(ca) = z;. The point c4 is called the center of A. It is
worth to note that for n > k > 1 and for any A € Q,,, f("~*(A) € Q). However
Q). may not be a refinement of Q,,. (So they are not Markov partitions.)

Let U be an arbitrary open set in X. For n > 1, let Q,,(U) be the family of
all elements A of the partition Q,, such that the n-Bowen ball B,,(ca,r) is entirely
contained in U. Let

Vi = U A.

A€Q,(U)

This is a Borel subset of U which is a countable union of disjoints sets. From the
Gibbs Property, we get

A€Q,(U) A€Q, (V)
< C Z Gn(CA)SCQ Z V(Bn(cAaT))
AEQH(U) AEQn(U)
< ¢ Y v =Ccu( | A)=Cu)
A€Q,(U) A€Q,(U)

Then we have u(U) < C?v(U) by using Fatou lemma and the fact that
U = liminf V,,.

n—oo
Similarly v(U) < C?u(U). Therefore, a G-measure is unique.
Let u be the unique G-measure. Then following Theorem 1.4, P, —< p, ¢ >
as n — oo for any ¢ € CY. Therefore, L"¢ —< p,¢ > as n — oo (Lemma 1.7).
This completes the proof. ([

1.6. Spectra of Ruelle-Perron-Frobenius Operators

Let £ be the RPF operator in the previous section. Let C2 = C°(X,C) be the
space of all continuous complex valued functions ¢ : X — C with the supremum
norm

16| = max{|(z)[}.
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It is a Banach space. Let 0 < a < 1 and let C& = C*(X,C) be the space of all
a-Holder complex valued continuous functions ¢ in C(g, that is, ¢ € C(g satisfying

[6(x) — ¢(y)|

Pla = sup ——=— <00,
[ ] 0<d(z,y)<a d(l‘,y)o‘

where [¢], is called the local Holder constant for ¢. For any ¢ € C2, we can write
it as
¢:¢1 +i¢2a ¢17¢2 6CO~

Then ¢ is in C¢ if and only if ¢; and ¢, are both in C*. Since % is a real valued
function, we have

Lo = Lp1 +iLls.

Thus we have that £y : C2 — C2 is a bounded linear operator. The space C&
equips with the norm

1lla = [0l + [@]a

is a Banach space. We still denote it as C&. Then £, = £ : C§ — C¢ is a bounded
linear operator (refer to the argument after lemma 1.1 but before Lemma 1.2). The
following is a directly consequence of Theorem 1.8.

COROLLARY 1.1. The mazximal eigenvalue § is the spectrum radius of
Lo=L:CE—CP.
PROOF. The spectrum radius can be calculated as

p(Lo) = limsup ||£]|7,

n—oo
where

ILoIl = sup  [[Lgll.
peCE|I¢lI<1

For any ¢ € C2 with ||¢]| < 1, from Theorem 1.8,
167" Lol < | <v,¢>[-|h][+1 < |lh]| +1
for n large. So
SMILGl = (|l +1
and
18117 < (Bl +1)76
for n large. So p(Ly) < é. But 0 is a spectrum point, we have p(Lgy) = 0. O
Furthermore, we have
COROLLARY 1.2. The mazimal eigenvalue § is the spectrum radius of
Lo=L:Ct — CE.
The rest of spectrum is in a disk of center O with radius strictly less than §.

This corollary is a direct consequence of the relation between £ and its nor-
malization before Theorem 1.9 and the next corollary which is a consequence of
Theorem 1.9.
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COROLLARY 1.3. Suppose L is a normalized RPF operator, i.e., L1 = 1. Then
the maximal eigenvalue 1 is the spectrum radius of

Lo=L:C¢ — CE.
The rest of spectrum is in a disk of center 0 with radius strictly less than 1.

PROOF. The spectrum radius can be calculated as
1
p(La) = limsup [|LZ]|&
n—oo

where
ILalla = sup  [|£5¢][a-
PeCE,l|¢lla<1
For any ¢ € C& with ||¢[lo < 1 and z,y € X with d(z,y) < a, let f~!(z) =
{21, ,2,} and f~(y) ={y1, - ,yn} such that d(x;,y;) < 1/ d(x,y). Then

[Lad(x) = Lad(y)] < [(xi)d(xi) — (i) o (i)

I

=1

(i) = ya)lld(ya)l + D vai)lé(w:) — ¢(yi)l.

1 i=1

and since Y -, 1#(331) =1,
Ladle < o)) + gl

NE

<

\/s.

Since d(z;,y;) < (1/N)d(z,y

We have that )
1£adlla < Cullgll + 15[ llas

where C; =1 — 1/A* + [¢)]ano/A*. Inductively, suppose

n— 1 n—1
167 0lla < Crallel] + (ATY) l|8]]a-
Then

1 n—
€26l < CoallLadll+ (55)" 1£adlla
1 .n-
cn_1\|¢||+(—) 101||¢>||+< )" ¢lla

= Cull9ll +( =) éllas
where C,, = Cp,_1 + (1/A*)""1C; < C = Cl)\“/(/\a —1). Therefore we have that

I£50lla < Clloll + ( 2) " l19lla

IN

for all n > 1.
Let
t={sect; <po>=0}
Then C& = C&L P C because ¢ = (¢p— < p, ¢ >)+ < u,¢ >. To prove the rest
of spectrum of L, is in a disk of center 0 with radius less than 1, we only need to
prove that the spectrum of

LolCEt et — gt

is strictly less than 1. We prove this as follows.
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Suppose n, k > 0. Then
1\n
lestolla < ClEEGI+ (55)"1£50l L

IN

1.\n 1\n
clicioll+C(5z2)" el + (55)" " 119lla-

Since {¢ € C& ; ||¢|la < 1} is a compact set in C2 (because it is a uniformly
bounded and equicontinuous family), following Theorem 1.9, for any 0 < 7 < 1
there are m, k > 0 such that

L0 bl <7

for all ¢ € C&+ with ||¢||o < 1. So [|Lm*+F]||, < 7. Therefore,

1
lim sup ||[£7Ca* |5 < 77F < 1.
n—oo
This completes the proof. ([

In the next section, we will prove a stronger estimate about the relative gap
between the maximal eigenvalue and the rest of spectrum of £,, (see Theorem 1.11).

1.7. Hilbert Metric And Convergence Speed

Let v be the unique probability measure in Theorem 1.8 and define

p(d) =<v,¢> e

Then p is a functional from C2 to C. From Theorem 1.8, we know that for ¢ € C2,
d~"L"¢p converges to p(¢p)h uniformly as n goes to infinity. An important question
in thermodynamical formalism is how fast does 6~"L"¢ converge to p(¢)h? We
discuss this question in this section (refer to [FJ] for some further study).

Define

Cr={peC*; ¢>0and [log¢|, < K} U{0}.

One can check that C% is a convex cone in C%, this means that (1) for any ¢ € C%
and any real number ¢ > 0, t¢ € C% and (2) for any ¢; and ¢2 in C% and any
0<t<1, tp;+ (1—t)psisinC¥.

Suppose ¢ is in Cf; for some Ko > 0. Let K > Ko/(A%—1) be a fixed constant
and define 7 = (K + Ko)A\~*/K < 1. Then we have

LEMMA 1.9.
L(CE) C Co.

PROOF. Suppose ¢ # 0 € C% and z,y € X with d(z,y) < a. Then
Lox) = Y d()g(z) and  Lo(y)= Y d(w)(w).
zef~1(x) wef~1(y)

We can arrange z’s and w’s such that d(z,w) < A~1d(z,y). So

Lo(x) = D (2)0(2)

zef~1(x)

< Z qp(w)eKod(z,w)“qb(w)eKd(z,w)”
wef~1(y)

< (w(y))e(m%)f"d(z,y)“

(cot)ermtes”.
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This implies that Lo € C2. O
The real valued function space C* equipped with the norm

1lla = [0l + [@]a

is a Banach space. The convex cone Cf% is closed in it. So we can define the Hilbert
projective metric with respect to C% (refer to [Bi])

First let < be a partial order in C* defined as ¢1 =< ¢2 if ¢ — ¢1 € C%. The
partial order =< is integral meaning that if ¢, < ¢ for all n and ¢, converges
uniformly to ¢g, then ¢ < ¢qg. Let

A= A(¢1, ¢2) = sup{t > 0; t¢1 < ¢a}
and
B = B(¢1,¢2) = inf{t > 0; ¢2 < té1}.
Note that A may be 0 and B may be oo, however, if both ¢; and ¢, are in the

cone, then both A and B are finite numbers. The Hilbert projective metric with
respect to Cf% is defined as

B
O(¢1,¢2) = log 1
The following lemma gives an explicit formula for ©.

LEMMA 1.10. For ¢1,¢2 #0 € C%,

Ko 1 () — duly) )" 6o (z) — do(w)
o 1 € 1 .
(¢1,¢2) = log d@y)i‘;l(fz”w)ga eKd(zw)* ¢y (2) — g1 (w) eKd@v)* po(x) — Po(y)

PRrROOF. By the definition,

B
O(¢1, ¢2) =log 1

where
A¢1(.’L‘) §¢2($) SB¢1(-’E>, x€X7
and .
Da(y) — Adn(y) < KD (6y(2) — Ay (1)), d(wy) < a,
and
B (w) — go(w) < XU (Boy (2) = ¢a(2)),  d(z,w) < a.
Then b2()
2\ T
A< o1(2) <B, z€eX,
. KA 4o () — aly)
MUY o () — ¢aly
~ K@) g (x) — P1(y)’ dzy) < o
. Kde)” 4o(2) = 3 w)
et NEW) o (2) — pa(w
B> KA g (2) = 1 (w) d(z,w) < a.
e e 6a(a) Kia)” b (2) — 63(y)
R o(x) et Y go(x) — P2(y
A=min {0l ) d s FIE gy (2) = b ()
and
P2(2) eH A=) 9o (2) — ga(w)

B = max { sup , sup P :
{ZEX ¢1(Z) d(z,w)<a efd(zw) ¢1<Z) - (bl (w) }
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Let z¢p € X such that
$2(w0) . ¢a(z)

= min .
¢1($0) zeX ¢1(£C)
Then for € X with d(z, z¢) < a,

eKd@20)" gy (z0) — go(z) 6Kd(x7m0)a%¢l(zo) _ iig; 1) < 92(z)
eKd(z.0)® ¢y (z0) — ¢y (x) eKd@20)% g (20) — p1(x) = ()

Take a sequence {z,} tending to zg in X as n goes to infinity. Then
o R gy (a) —daly) _ NI gy (wg) — pa(wn) _ p2(wn)
inf_ Kiawwe S CRd(on o) = :
d(zy)<a eRUEV Gy (z) — d1(y) = eKATnT0)% Gy (20) — P1(2n) ~ P1(n)
As n goes to infinity,

o R g0 (3) — do(y)
inf 7 .
d(z,y)<a eKUTY* ¢y (1) — ¢1(y)

We get
eI gy () — da(y)

A= inf
d(z,y)<a eKUTY)" ¢y (z) — P1(y)

Similarly we can get

Be sup S gs(2) = da(w)
d(z,w)<a eKd(z,w)“¢1(Z) - ¢1 (w)

Thus
KA 31 (2) = G1(y) X" ga(2) — gr(w)
o . e 1 :
(¢1,¢2) = log d(%yf;tgw)ga eKd(zw)* ¢ (2) — g1 (w) eKd@v) po(x) — Pa(y)

O

Let
A= sup O(¢1,92)

$1,02€C2
and

A
A = tanh (Z) .
Let kp be the minimal positive integer such that there are kg balls of radius a
covering X.

LEMMA 1.11.
1+7
A < 2log (17) +2(1 — 7 + 2ko) K a®.
-7

Thus 0 < A < 1.

ProoF. For any ¢1, ¢2 € Co%,

R 0 ) = (4 ) ) (RN )

In the same way, we get that

U Gy (@) = ga(y) = (KU — THUED" ) g, ()

and
eKd(x,y)”¢1 ($) _ ¢1(y) < (eKd(ac,y)” _ e—rKd(ac,y)“)¢1 (55)7
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eKd(z,w)o‘(bl (Z) _ ¢1 (w) > (eKd(z,w)“ TKd (z,w)*™ )(bl( )
This implies that

O(¢1,¢2)
< (eKd(:c,y)“ _ e—'rKd(ac,y)"‘) ( Kd(z,w)* _ —‘rKd(z w)® ) Qﬁg(Z) ¢1($)
s log sup = - o
(), d(zw)<a (eKd(:c,y) — eTKd(z,y) ) (eKd(z W) _ T Kd(z,w)e ) (bg(l') ¢1(Z)
ey ORI (1o ) gy(o) 6,0
d(z,y),d(z,w)<a (1 - e—(l—-r)Kd(m,y)‘") (1 - e—(l—‘r)Kd(z,w)“) (LE) (Z)
Since
0
e*ctglfe*t:/ efdé<t, 0<t<C
—t
and since
¢2(2)7 ¢1(z) < choKa®
p2(x)" $1(2)
we have
(14 7)Kd(z,y)* (1+7)Kd(z,w)* koKa® >

O(61,02) < (k)

(91,02) =< (1 —7)Kd(x,y)*e-1-1Kae* (1 — 1)Kd(z,w)*e~(1-T)Ka*

_ (1 + 7)262(1—7)1((1“6%01@“_
1—7
Therefore,
1+7
A<21og< )+2(1—T+2k0)

LEMMA 1.12. For any ¢1, @2 € C§,

O(Lo1, Loa) < AO(¢1, ¢2).

PRrROOF. By the definition,

O(¢1, ¢2) = 10%%

and ¢2 — A¢py and B¢y — ¢ are both in C%. From Lemma 1.9,
O(L(¢2 — Adr), L(Be(x) — ¢2)) < A
Let Ag and By be two corresponding numbers in the definition of
O(L(p2 — Ad1), L(B1(x) — ¢2)).

Then we have

and
AoL(¢2 — Agr)) = L(Boy — ¢2) = BoL(pa — Ad1).
This gives us that

B+ B() B+ A(]A

=< .
1+ By L 2 Lo = 1T A Lo
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So
(B + AgA)(1 + By)
(B+ BoA)(1+ Ap)

A

O(L¢1,Lpz) < log

e®01.02) 4 A) 1+ A4

= log

/6(%7@52) (BO _ AO)eE
o (

et + Ap)(es + Bo)

_ Ao
< ——PB 09,0
(1+/40)? (01:02)
< AO(¢1, ¢2).

It is easy to check that the functional p satisfies
(1) p(sp) = sp(¢) for any s > 0 and ¢ € C* and
(2) if ¢1 X ¢o, then p(¢1) < p(¢2).
Use these properties, we have

LEMMA 1.13. For any ¢1 and ¢2 in C% satisfying p(¢1) = p(¢2) # 0,

g2 — | < (20192 —1)]|g .
PROOF. From the definition,

B
O(¢1, ¢p2) = log 1

where
A¢1 = ¢2 2 Bor.
We get
Ap(é1) < p(¢2) < Bp(o1).
So
A<1<B
Thus

e9(¢1,92) 4 B 08 1+ By

dg

29

B
g2 — ¢n ]| < H% =111l < (B =Dllgnll < (5 = Dllnll < (%92 = 1)[|gn]].

O

LEMMA 1.14. Suppose ¢ € C*, ¢ > 0. Then there is an integer N = N(¢) > 0

such that
L € Cx
foralln > N.

PROOF. Let [log ¢], be the Holder constant of log ¢. From the proof of Lemma

1.2 we see that
[log ‘C¢]a < ([log (b]oc + KO)A_Q'
In general,

K
[lOg £n¢]a < Ko(AW %+ 42"+ Kqﬁ)\fna N 0

Ao —1
Since K > Ky/(A® — 1), we can find an integer N > 0 satisfying the lemma.

as

O
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THEOREM 1.10. Suppose ¢ € C*. Then there is a constant Cy > 0 independent
of ¢ and an integer N = N(¢) > 0 such that

167" L™ — p(¢)hl| < CoA" N||pl], n>N.
PROOF. Suppose ||¢|| > 0. Otherwise it is trivial. Take
__2f¢ll

ming h(zx)’
Then ¢ + bh > 0. From Lemma 1.14, there is an integer N = N (¢ + bh) > 0 such
that
L"(p+bh) € Cx, n>N.

For n > 0,
p(6LT(S+bR)) = o / £7(6 + bh) dv
= 57"/((;54— bh) dL"v
= /(925 + bh)dv
= p(¢+bh)
= p(¢)+0.
Because
) ¢l
lp(¢)| = |P(ﬁh)‘ < W7
p(¢) + b # 0. From Lemma 1.13,
107" L"p =67 ™L™ I = |67 L™ (¢ +bh) — 67T L™ (¢ + bh)]

IN

(BG(L"(¢+bh)7L'm(¢+bh)) _ 1) [|67™L™ (¢ + bh)|

for any m >n > N. Since £L¥(¢ + bh) € C% for k > N,
O(L™(¢p 4 bh), L™ (¢ +bh)) < A" NO(LN (¢ + bh), LN (¢ +bh)) < A"NA.
Thus
167mLm ) — 5Ll < (N A = )|gTL™ (6 + bh)-
Let m — oco. We get
167776 — p(d)hl] < (X2 = 1) (p(¢) + b)[|h]| < CoA™ V]|¢]]

for n > N, where Cy > 0 is a constant independent of ¢. ([l

Remember that u = hv is the Gibbs measure for (f, ) and is f-invariant. For
any ¢ € CY, define

@(n)z\/¢-¢of”du—(/¢du)2\.
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It is called the correlation for ¢. Since L*"v = §"v,

/¢~</>of"du 6—"/¢-¢ofnhdc*"u

5 [ £ o ) an
/ (67"L™ () dv.

Thus for n > N,
®(n) < /II(V”E"(W) — p(hd)hl| - (||| dv < Coln]|A" N = CA™ N ||g||?

where C' = Cy||h|| is a constant independent of ¢. This gives us that

COROLLARY 1.4. The decay of correlation is exponential. More precisely, there
is a constant C' > 0 such that for any ¢ € C*, there is an integer N = N(¢) > 0
such that

®(n) < CA"N[[g][*, n>N.
Assume L is normalized, i.e., L1 = 1. Let
cot ={peC; p(¢) =0}
Then
c*=c*"oR

since ¢ = (¢ — p(¢)) + p(¢). For ¢ € C*, Theorem 1.10 says that there is an
integer N = N(¢) > 0 such that

1£79]] < CoA™ ¥||gl|, n>N.
This is used in the proof of the next lemma. Let k = max{A\~* A} < 1.
LEMMA 1.15. There is a constant C > 0 independent of ¢ such that
[L7¢la < C - (n+1=N)-s" Vg
foralln > N.

PROOF. Suppose z,y € X with d(x,y) < a. Let f~1(x) = {z} and f~1(y) =
{w}. We can arrange z’s and w’s such that d(z,w) < A~'d(z,y). Then

Lo(x) — Loly)| = | > (V(2)¢(2) — P(w)p(w))]
z€f~1(x),wef~1(y)
< 3 9(2) — p(w)]|o(2)] + b(w)|p(w) — ¢(2)].

zef~Hz),wef1(y)

So

1261 < P i) 1 ol
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Let Cy = [¥)]anoCoA~tA™. Then for n > N,

[£n¢]a = [E(‘Cn_lw]a
< W0 gy 4 Lienrg,
< —W;”O Cot Tl el
< OVl + 5o e
Further,
60 < CoA Vgl + 55 (CQA" Nl + 5127 6)
< 20 N||¢||+ TR
< "< (n_N)CQHn_N||¢H + )\(n N)a ['CN¢]
< Cn=N+1) Vgl
where C' = max{C5,C;} > 0. O

LEMMA 1.16. For any ¢ € C*t and for any ¢ € R such that |¢| > k, the series
K=o+ 2Lp+ 302+ + & Lrg ...
converges in the mazimal norm and belongs to C*+. Thus K : C*+ — Co+L.

PRrROOF. The convergence of the series in CY follows directly from Theorem 1.10.
Because p(L™¢) =0 for all n > 0, p(K¢) = 0. From Lemma 1.15,

Kl < D1 ML o
n=0

N-1 00
< ST Gl +C > T N (n = N+ 1) < o0
n=0

n=N
Therefore, K¢ is in C*+. t

Now consider complex valued function spaces C& and C&*. Both of them are
Banach spaces under the norm ||¢||,. Then

Lo =L +ilgy for ¢ = ¢y +ida, 1,02 €C.

Thus we have £ : C& — C& and £ : C&t — C&t. Similarly, K is also defined on
€&t and for any ¢ € C&+ and any ¢ € C such that || > &, the series

Ko=E"0+E2Lop+ 6L + -+ &L+

converges in the maximal norm and belongs to C&. So K : C&+ — C&t. Now we
prove a stronger result than Corollary 1.3.

THEOREM 1.11. Suppose L is a normalized RPF operator, i.e., L1 = 1. Then
the spectrum radius of L|C+ : C&L — C&* is less than or equal to k.
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PRrROOF. From Lemma 1.16, for £ € C such that |£| > &,
KEr—L£)=(EI-L)K=1 on C&*t.

So &I — L C(E“- — &“‘ is bijective. By the Banach theorem, it is invertible. This
implies that ¢ is not a spectrum point of E|C’8J-. This proves the theorem. (]

COROLLARY 1.5. For any ¢ € CEL and any € > 0, there is an integer N =
N(¢,€e) > 0 such that

1£%0]la < (5 +€)"|¢lla; 7> N.
PROOF. From the spectrum formula,
limsup||£”|Cgl\|§ < k.
We have an integer N = N (¢, €) > 0 such that
1£7"0]lo < (5 + €)"|[¢lla; 7> N.
O

COROLLARY 1.6. For a normalized RPF operator L : C& — C&, the mazimal

eigenvalue is 1 and the rest of its spectrum is inside the closed disk centered 0 of
radius K.

From the relation between an RPF operator and its normalization, Corollary
1.6 implies that

COROLLARY 1.7. For any RPF operator L : C& — Cg&, let § be its mazimal

positive simple eigenvalue. Then the rest of its spectrum is inside the closed disk
centered 0 of radius KO .






CHAPTER 2

Transfer Operators And Dynamical Zeta Functions

2.1. Nuclear Operators

Suppose B and D are two Banach spaces. Let B’ be the dual space of B, i.e.,
the space of all bounded linear functionals from B to C. Let L(B, D) be the space of
continuous (bounded) linear operators from B to D. If B =D, let L(B) = L(B, D).

For 2’ € B  and y € D and A € C, let Az’ ® y mean the linear operator
A’ @ y(z) = A’ (z)y for z € B. It is a bounded linear operator A bounded linear
operator N is said to have finite rank if there are {z}}?  C B’ and {y;}}_; C D
and {\;}7L, C C such that

i=1

For a bounded linear operator N = >""" | Az @ y; in L(B), we can define its trace

as
N) =" Naj(ys).
=1

LEMMA 2.1. The trace Tr(N) of a linear operator of finite rank in L(B) is
independent of representations.

PROOF. Let {e1, - ,en} be alinearly independent set in B8 such that ||e;|| = 1
and such that {y1, - ,yn} C span{ey, -+ ,emn}. Then

Yi = aine1 + - QimCm, i=1--,n

Let e, € B’ be the linear functional satisfying that e}(e;) = 6;;. Then

n n

er) = Z; Ai(ex) ;%6]‘ = 33 hagai(enles = 3 (3o dapai(en) e
1= J=

i=1 j=1 j=1 =1

Furthermore,

€ (N(ek)> = z”: Niaikai(eg).

But

= ii)\alkx ZZ)\azk ie ( )

=1 k=1 k=11i=1 k=1

This implies that the trace Tr(NV) is independent of representations. [l

35
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A sequence a = {\,}>2,; of complex numbers isin l,, 0 < p <1 if

oo 1
P
lally = (32 IAal?)” < oo
n=1

and it is in [ if

[lalleo = ?Epo 1?%5(” [Ai] < oo

A linear operator N in L(B,D) is called a nuclear operator of order 0 < ¢ < 1 if

N:i)\nyn@)x;

n=1

where a = {\,}52; isin P for any p > q, y = {yn}52, is a sequence of elements in
D with norms |ly,||p = 1, and x = {z],}5°; is a sequence of elements in B’ with
also norms ||z},||pr = 1. In other words, N is a nuclear operator if and only if it can
be decomposed as the product N = ABC where C : B — I, B : looc — Ng<p<ilp,
and A : Ngep<ilp — D are bounded linear operators. A nuclear operator of order
q is compact but a compact operator may not be nuclear because all eigenvalues of
a compact operator may accumulate to 0 in a very slow speed.

THEOREM 2.1. Suppose B, D, and £ are three Banach spaces. Suppose N €
L(B,D) and M € L(D,E) are bounded linear operators. If one of N and M is
nuclear of order 0 < q < 1, then MN and NM are nuclear of order q.

PROOF. Suppose N is nuclear and has a representation

o0
N = Z)\nx;®yn.

n=1
It is easy to see that
MN = Z/\na:;l ® M (yn)
n=1
(oo}
= Anl|M (yn) |2y, ® T
2 AnllM M ()]

for all n > 0 such that M (y,) # 0. Therefore, we have

MN = i Al @ G,

n=1

where g, = M(y,)/||M(y,)|| or 0 and X, = X\, M (y,,). Since

© [e'S)
SOl < 3 PP < o0
n=1 n=1

for any ¢ < p < 1, we get that M N is a nuclear operator of order ¢q. Similarly, we
can prove that NM is a nuclear operator of order ¢. Similarly, one can prove that
M N is nuclear of order ¢ too. ([l
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For a nuclear operator in L(B), if it has a representation N =Y >° | A\,y, @,
we can define a “formal” trace

T () = 3 Ani ()

neN
A Banach space B is said to have approximation property if there is a sequence
{en}22, of independent unit elements in B such that any element z in B can be
written as a linear combination of these independent elements,

[eS)
T = E ApCn,
n=1

where {a,}52  is a sequence of complex numbers. Following the proof of Lemma
2.1, if B has approximation property and N is a nuclear operator of order 0 < g < 1,
then the trace defined above is independent of representations. Not every Banach
space has approximation property, however, we have

THEOREM 2.2 (Grothendick [Gr]). If N € L(B) is a nuclear operator of order
0, then “Tr”(N) is unique, this means that it is independent of representations, and
then we have a well-defined trace

n=1

PESP(N)

and a well-defined determinant

Det(I — zN) = exp ( — Z %TT(N”)) = H (1—-172),
n=1

TESP(N)

where sp(N) means the spectrum of N. Moreover, Det(I —zN) is an entire function

of C.
REMARK 2.1. To prove that Det(I — zN) is entire, Grothendick proved that

Det(I — zN) =Y (—z)"A"N
n=0
where AN means the n-fold exterior product of the linear operator N. Then
following the Haadam Inequality, he showed that
ITe(A"N)| < Cn~% = Ce™ "%
So Det(I — zN) is an entire function.

Now let us see some nuclear operators in dynamical systems. Let U and V be
two bounded Jordon domains in the complex plane such that U is compact and
U cC U cC V. Suppose C¥(V) (resp. C¥(U)) is the space of all complex analytic
functions on U (resp. V) and suppose C°(V) (resp. C*(U)) is the space of all
complex valued continuous functions on U (resp. V). Let A(U) = C¥(U) N C°(U)
and A(V) = C¥(V)NC%V). Define Ry : A(V) — A(U) by Ry(¢) = ¢|U for any
pe A(V).

EXAMPLE 2.1. The operator Ry € L(A(V),A(U)) is a nuclear operator of
order 0.
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PrOOF. Let D, = {z € C;||z|| < r} for any 0 < r < 1. First let us consider a
special case that U = D,. for some 0 < r < 1 and V = D;, we want to prove that
R, = Rp, : A(D1) — A(D,) is nuclear of order 0.

For any ¢ in A(D;), we have

o(u)
9z) = oD, U — 2 M_Zé)Dl u” i ZA” Tu(0) @ yn(2)

where y,(z) = (z/r)”fl, An =7r""1 and

ou) du

oD un 27T’L

2, (¢) =

Since [|2, || a(p,) = 1 and y, = (z/r)" ! is a function defined on D, with ||y, (2)||a(p,) =
1 and since Y7 | rP(=1) < o for all 0 < p < 1, we have that

n=1

is nuclear of order 0.

If U and V are general Jordon domains, let f : D; — V be a conformal mapping
(Riemann mapping). Then f can be continuously extended to Dy. Let f*¢ = ¢o f
for ¢ € A(V). Let 0 < r < 1 such that f~1(U) C D, and let g : D,, — U be another
conformal mapping (Riemann mapping). Also g can be continuously extended to

D,. Let 9.6 = ¢og ' for ¢ € A(D,). Let (g0 f)"¢(=) = plg o () for
¢ € A(U). Then

Ry=(g9of ") 0g.0R, 0 f"
Since Rp, is nuclear of order 0 and (g o f~1)*, g., and f* are all bounded, Ry is
nuclear of order 0. 0

2.2. Nuclear Transfer Operators And Dynamical Determinants

Consider two complex numbers ¢, 8, |#| < 1. Define an operator Ny . : A(D1) —
A(Dy) by
N9,c¢)(w) = Cd)(G’UJ), ¢ € A(Dl)
THEOREM 2.3. The operator Ny . is nuclear of order 0.
PROOF. Let Rp,, : A(D1) — A(Djg|). It is nuclear of order 0 from Example
2.1. Define N : A(Djg) — A(D1) by
No(w) = co(fw), ¢ € A(Djg)).

Then
N‘g,c =No RDIS\'

Theorem 2.1 says that Ny . is nuclear of order 0 because N is bounded and Rp,,
is nuclear of order 0.

Now let us see how to calculate the trace Tr(Ng ). Consider the bases 1, w,

w?, -+, w", --- of A(Dy) and the Taylor expansion

oo
= E a,w"

n=0
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for ¢ in A(D;). We have that Ny .(w™) = cf"w™ for n =0, 1, ---. Thus {w"}>%,
are all eigenvectors of Ny . with eigenvalues {c"}72,. Thus the trace can be

calculated as
oo

Tr(Noo) = » " = —5

n=0

It is clear that the determinant
Det(1 —zNy,) = H (1 — zco™)

is an entire function.
Let V and U, U C V, are Jordon domains in the complex plane C. Suppose
g : V. — U is conformal. Then g has a unique fixed point z, which is attractive
(following hyperbolic geometry). Suppose v is in A(V). Define Ny @ A(V) —
A(V) by
Nyyb=tog-dog,  deAWV).

LEMMA 2.2. The operator Ny is nuclear of order 0 and

Y(zg)
1—g'(z)
PROOF. The restriction operator Ry : A(V) — A(U) is nuclear of order 0.
Since

T?"(Ng,w) =

Ngﬂli = N e} RU,
where R
No=1vog-gpog,  ¢eAlV).
is bounded, N is nuclear of order 0.
For any ¢ € A(V),
g z) dz

Ny dw ¢ 2z — f(w) 2mi’

z
Since for w € V and 2 € OV, z — f #0

B g(2) dz Y(zg)
Tr(Ng,y) = 72‘/ z—f(z)2mi  1—g'(z)

O
REMARK 2.2. In general if K(w, z) is a kernel function such that
No(w) = K(w,2)¢(z)dz : A(V) — A(V)
oV
is an integral operator (called the Standard Fredholm operator). The trace of N
can be calculated by Tr(N) = §,,, K(z, z)dz (see [DS]).

Finally let us have some result on dynamical determinants. Suppose V', Uy,
, Uy are Jordon domains such that

UL_ U, CcV and U;NnU;j=0, 1<i#j<d.

Let f: nglUk — V be analytic and each f|Uy : Uy — V is conformal. Suppose 1
is in A(V'). The transfer operator £ for f with weight ¢ is defined as

Lo(z) = > dw)p(w), ¢eAV).
wef~1(z)
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Let gr. = (f|Ux)~! and 2, be the unique fixed point of g, in Uy, 1 < k < d.
Define Ny, : A(V) — A(V) b
Nir¢ =1 ogk-¢o g
Then £ = 2221 Nj,. Since each Ny, is nuclear of order 0, so is L.

_ a Y(z)
£) =) Tr(Ny Z
k=1

1- gk 2k)
Let w, = igiy -+ -ig be a sequence of 1’s, - - -, d s of length n. Let
Ny, = N;, ,0---0N;.
Define
Yw, =V 0Gic ¥ 0Gig0Gi, V0 Gig ©Giy © 0 Gi_y
and
Gwn, = Gio ©91© 0 Gip_4-
We have
Ny, ¢ =, - ¢ 0 fu,-
Furthermore,
- Z N,
W,
and
= Z Tr(Nu, ),
w
where the summations are over all sequence of 1’s, -- -, d’s of length n. Let z,,, be
the unique fixed point of g, in Uy, = guw, (V). Then we have

wwn (zwn)
1- g{vn (2w, ) .

THEOREM 2.4 (Ruelle). The operator L is nuclear of order 0 and the determi-
nant

Tr(Ny, ) =

Det([—zﬁ)zexp(—ZiZW)z H (1—27)

TESP(L)

is an entire function and the roots of Det(I — AL) are exactly one over the eigen-
values of L (with the same multiply), where sp(L) means the spectrum of L.

PROOF. Because

and

Now from Theorem 2.1, we have that

Det(I—zﬁ)zexp(—iiZM) = H (1—72)

n=1 W
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is an entire function. It is clear from the last formula that the roots of Det(I — zL)
are exactly one over the eigenvalues of £ (with the same multiply), (]

2.3. Dynamical Zeta Functions
Suppose V', Uy, ---, Uy are Jordon domains such that
W_ U, CcV and U;NU;j=0, 1<i#j<d.
Let f: nglUk — V be analytic and each f|Uy : Uy — V is conformal. Let

A=naZof (V).

Let CY(A) be the space of all continuous functions ¢ : A — C. Suppose ¥ is in
C°(A). For any n > 0, let

n—1
z) = [[ (@), zeA
k=0

Remember that g, = (f|Ux)~! and that for w, = igi;---i,_1, a sequence of
1’s, 2’s, -+ -, d’s of length n,
Gw, = Gig9i1 " Gi,_q - V— an = Guw,, (V)

The map g,, has a unique fixed point z,,, in A, = ANU,, because it is a
contracting map. For each n > 0, define

() = Z Gn(zwn)

where w,, runs over all sequences of 1’s, 2’s, ---, d’s of length n. The functional
Zn() 1 CO(A) — C is called a partition function. The zeta function of (f,) is

defined as
5(2«',1/)) = exp (T; %Zn(z/}))

The number
P($) = limsup  log |2, ()

is called the topological pressure of the observatlon log 1. The convergence radius
of £(z,v) is eF.
REMARK 2.3. If ¢ > 0, we can define a measure p,, on A as

G (zw,)
Zn (1)

All weak limits of {y, } will be f-invariant probability measures on A and are called
Gibbs measures for (f, ) (refer to §1.5).

dﬂn = on Awn :

Now let us see some examples to calculate zeta functions.

EXAMPLE 2.2. Suppose ¢ = 1. Then Z,(1) = #(ch(f”)) =d". Let A =
(1)axa be the d x d matriz with all entires 1. Then it is easy to see Z,(1) = tr{A™).
So

>z 1
¢(=9) 4’“’(;? ):det(l—zA)’
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where I means the d X d identity matriz. The pressure is

1
P = lim —logZ,(1) =logd.

n—oo N,
EXAMPLE 2.3. Suppose ¥ is a function only depending on igiy, that is,
1/’(@ = Qiyiyy, T E Aioil
Let L = (aiyi, ) be the d x d-matriz whose igii-entry is a;yi, . One can see easily that

Z1(¢) = Ele a;; = tr(L) and Zy(vp) = Zle Z;l:l aijaj; = tr(L*). In general,
Zy, = tr(L™). Therefore,

oo

€)= exp (30 1) = o

n=1

where I means the d x d identity matrix.
Now let us calculate the zeta function for a function ¢ € A(V).

THEOREM 2.5 (Ruelle). Suppose ¢ € A(V). Then the zeta function £(z,1) can
be extended to a meromorphic function of z and its pole are exactly the one over
eigenvalues of the transfer operator Ly, (counted by multiplicity).

ProoF. The transfer operator £ = L, can be written as

d
= ¥(gk(2))b(gk(2))-
i=1

For any string w,, = igiy---in_1 of 0’s, - -+, d’s, remember that

Gwn, = Gig ©Giy © O Gin_y

and
Y, =19 08i, 1Y 0giy0Giy - Y 0Giy©gi, O 0Gi, .
Then
wan ¢ (9w, (2)),
where w,, runs over all strings of 0’s, - -+, d’s of length n. As we already know that

L" is nuclear of order 0. Its trace is

Z Yw, (2w,)
Wn gwn (Z’wn )

The difference between tr(L£") and Z,, (1) is the factor 1 — g;, (2w, ). However, it
is quite easy to remove the factor as follows. Define £(©) = £ and

£Wg(z2) 21/1 9:(2)) g1 (2)$(gr(2))-

Then
(L)' p(2) =V, (2)h, (2)P(gu, (2))

Wn,

and

ble0) -3 el

Wn
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So
Zn(w) = Te((£9)") = Te((£M)").

This gives us that

£(2,¢)

o (32 (1((e0)") - ((£)"))

n=1
exp ( -3 %Tr((ﬁ(l))n))
exp ( — Yt %Tr((ﬁ(o))n))
Det(I — z£™M)
Det(I — 2£0)"
Since Det(I —2L£1)) and Det(I — z£) are both holomorphic functions of z, £(z, 1))

is a meromorphic function of z. It is clearly the poles of £(z,%) are exactly one
over the eigenvalues of £ (counted by multiplicity). O
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