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Abstract. This is the first part of my lecture notes delivered in the 1998 sum-
mer mathematical school in Nanjing University and in the dynamical systems
workshop in the Morningside Mathematical Institute at the Academia Sinica
of China in 1998. In these lectures I presented three topics, thermodynamical
formalism, one-dimensional dynamical systems, and complex dynamical sys-
tems. The lecture notes on the first topic become this first part. In this part
we mainly discuss Ruelle-Perron-Frobenius operators and their applications to
equilibrium states, smooth invariant measures, and dynamical determinants
and zeta functions.
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Preface

In the summer of 1998, the Department of Education of the People’s Republic
of China hosted a summer mathematical school for graduate students in Nanjing
University. In the same period, the Morningside Mathematical Institute in the
Academia Sinica organized a special workshop in complex dynamical systems. I
was invited for both events. Nanjing is always a dream place for me to visit since
my parents had spent part of their early life there. When I was child, I heard
many stories about the city of Nanjing. Since I was born and grew up in Xian,
a wild western city of China, Nanjing seems to be a far southern fairy tale city
to me. Also Cao Xueqin’s famous novel “The Dream in Red Chamber” makes
Nanjing even appealing to me to visit. When I got an invitation from Professors
Cheng Chongqing and Tian Gang, I accepted the invitation with full happiness.
Since I also organized and participated the special workshop in the Morningside
Mathematical Institute in the Academia Sinica in Beijing, I prepared my lecture
notes together. In these lectures, I presented three topics, thermodynamical formal-
ism, one-dimensional dynamical systems, and complex dynamical systems. In the
first topic, we discussed Ruelle-Perron-Frobenius operators and their applications
to equilibrium states, smooth invariant measures, and dynamical determinants and
zeta functions. In the second topic we discussed some basic techniques in the one-
dimensional dynamical systems and their applications to the study of the geometry
of one-dimensional maps. In the third topic we first discussed local structures of
holomorphic functions and then we introduced global structures of rational func-
tions. In the end we introduced some newly developed methods like puzzle and
renormalization techniques in complex dynamical systems.

The 1998 summer mathematical school was for graduate students. We only
discussed basic concepts and theorems. More advanced materials were discussed
in the special workshop since most audiences were rearchers in dynamical systems.
The organizers of the summer school made it a successful one. All teachers and
students in the summer school worked very hard. Following the summer school, I
started to attend the special workshop. All participants of the workshop worked
almost every day for the whole month of August to give seminars and lectures and
to exchange information. The summer of 1998 was very busy but fruitful.

After my trip to China, I took a sabbatical leave from the City University
of New York (CUNY) and had a one-year visiting professorship in the Institute
for Mathematical Science (FIM) at ETH-Zurich, Switzerland. During this quiet
period, I started to rewrite my lecture notes. During the writing on this first part,
I have learned on Ruelle-Perron-Frobenius operators from Professors Aihua Fan,
Henrik Hans Rugh, Viviane Baladi, and Veronique Maume. Some new proofs are
given for some old theorems. I also lectured on the first topic in the Institute of
Mathematical Sciences in The Chinese University of Hong Kong during the summer
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of 1999. Professor Ka-Sing Lau and his student Ye Yuan-ling provided some useful
comments.

Since my trip started from Nanjing I named these lecture notes “Nanjing Lec-
ture Notes”. The lectures on the first topic became the first part, lectures on the
second topic became the second part, and lectures on the third part became the
third part. In this version, I present a complete draft for the firs part. Any com-
ments and suggestions from the reader will be greatly appreciated. In addition to
the names I mentioned before I would like to thank my colleague Professor Gerry
Roskes for some helpful discussion. I would also like to thank Professors Oscar E.
Lanford III, Alain-Sol Sznitman, and Marc Burger for their help during my stay at
the Institute for Mathematical Science (FIM) at ETH-Zurich. I thank the Institute
for Mathematical Science (FIM) at ETH-Zurich for its hospitality.

Yunping Jiang
Zurich, Switzerland, April 2000



Part 1

Transfer Operators in
Thermodynamical Formalism



Introduction.

Let (X, d) be a compact metric space and f : X → X be a map. This gives
us a dynamical system {fn}∞n=0. We simply call f a dynamical system on X. Let
ψ : X → C be a function. For the given f and ψ, we can define an operator
L = Lf,ψ as

Lφ(y) =
∑

x∈f−1(y)

ψ(x)φ(x)

for φ in a suitable function space on X. The operator we just defined is called a
transfer operator. If ψ is positive, i.e., ψ(x) > 0 for all x in X, then the operator is
a positive operator, this means that it maps a positive function to a positive func-
tion. A positive transfer operator is also called a Ruelle-Perron-Frobenius (RPF)
operator.

When the given dynamical system f is the one-side shift on a symbolic space
of finite type and when the given function is positive and Hölder continuous, Ru-
elle proved in [Ru1, Ru2] (see also [Bo]) that the RPF operator acting on the
Hölder continuous function space has a unique maximal positive eigenvalue ρ with
a positive eigenfunction. He used this result when completing a mathematical un-
derstanding of the existence and uniqueness of the equilibrium measure (or the
so-called Gibbs measure) for a Hölder continuous positive function on a symbolic
space of finite type in thermodynamical formalism. Ruelle’s theorem represents an
important result in modern thermodynamical formalism. Since then RPF opera-
tors have become a standard tool in many different areas in dynamical systems and
other branches of mathematics and mathematical physics as well. Walters [Wa]
proved Ruelle’s theorem in more general settings. In Walters’ paper, a dynamical
system can be any expansive and mixing map and a function can be a positive
summable variational function. There are many textbooks and articles about Ru-
elle’s theorem. We give a partial list [Ba1, Bo, Fa, FJ, FS, Ji, PP, Vi] in the
literature.

Ruelle’s theorem consists of two parts. The first part concerns the existence
and simplicity of a unique maximal eigenvalue for an RPF operator acting on a
Hölder continuous function space. The second part concerns the the existence and
uniqueness of the Gibbs measure. The proof of the second part needs the first part.
A geometric proof of the first part for a given expanding and mixing dynamical
system on a compact metric space and for a given positive Hölder continuous func-
tion is given by Ferrero and Schmitt in [FS], where a remarkable point is that the
Hilbert projective metrics introduced by Birkhoff in [Bi] are useful. In fact, Ferrero
and Schmitt showed that the operator contracts the Hilbert projective metric on
the convex cone of positive functions in the space of Hölder continuous functions.
Therefore, the existence and simplicity of a maximal eigenvalue follows directly
from the contracting fixed point theorem. In [Ji], we found an elementary but
elegant proof of the first part of Ruelle’s theorem. By combining the ideas in [Ji]
and in [DF], we give a proof of the second part of Ruelle’s theorem in [FJ].

Ruelle’s theorem becomes more and more important in the study of modern
dynamical systems like searching Sinai-Bowen-Ruelle measures for deterministic
and stochastic dynamical systems. Chapter One presents a discussion of Ruelle’s
theorem. In Section 1.1, we discuss some geometry for an expanding and mixing
dynamical system on a compact metric space. In Section 1.2, we present an ele-
mentary proof of the first part in Ruelle’s theorem in [Ji], that is, the existence and
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uniqueness of a maximal eigenvalue for an RPF operator. The study of RPF oper-
ators is not only beneficial for itself, it is also beneficial for the study of many other
subjects. In Section 1.3, we give an application of the first part in Ruelle’s theorem
to Krzyzewski-Szlenk’s Theorem [KS] which is about the existence and uniqueness
of a smooth invariant measure for a C1+α expanding and mixing dynmaical sys-
tem on a compact C2 Riemannian manifold. In Section 1.4, we adapt the method
in [FJ] to give a proof of the existence and uniqueness of the Gibbs distribution
for a given expanding and mixing dynamical system and a given positive Hölder
continuous potential on a compact metric space.

Another topic closely related to transfer operators is dynamical determinants
and dynamical zeta functions. In Chapter two, we give an introduction to this topic.
The reader who is interested in this topic may refer to [Ba2, BL, Fr, PP, Rg, Ru3]
for the further study.





CHAPTER 1

Ruelle-Perron-Frobenius Operators And Gibbs
Distributions

1.1. Geometry of Expanding And Mixing Dynamical Systems

Suppose X is a compact metric space and d is the metric. For each n ≥ 0, we
define dn as

dn(x, y) = max
0≤i≤n

{d(f i(x), f i(y))}
and call it the n-Bowen metric. We also call

Bn(x, r) = {y ∈ X ; dn(x, y) < r}
the n-Bowen ball centered at x of radius r > 0. The 0-Bowen metric and a 0-Bowen
ball are just the original metric d and a ball for d.

Let f : X → X be a continuous map. We have a dynamical system {fn}∞n=0

on X. We simply call f a dynamical system. We say f is locally expanding if there
are constants λ > 1 and b > 0 such that

d(f(x), f(x′)) ≥ λd(x, x′), x, x′ ∈ X with d(x, x′) ≤ b.

We call (λ, b) a primary expanding parameter. We say f is mixing if for any open
set U of X, there is an integer n > 0 such that fn(U) = X.

Remark 1.1. In general one can define locally expanding as that there are
three constants C, b > 0 and λ > 1 such that

d(fn(x), fn(x′)) ≥ Cλnd(x, x′)

for any x, x′ ∈ X with dn(x, x′) ≤ b.

Suppose f is locally expanding and mixing with a primary expanding constant
(λ, b). We prove some geometric properties for f .

proposition 1.1. The map f is locally homeomorphic. More precisely,

f : B(x, b) → f(B(x, b))

is homeomorphic for any x ∈ X.

Proof. It is clear that f |B(x, b) is injective. Since f is continuous on the closed
ball B(x, b) and since the closed ball is compact, the inverse of f |B(x, b) is also
continuous. But f : B(x, b) → f(B(x, b)) is bijective, so it is homeomorphic. ¤

proposition 1.2. There is a constant 0 < a < b such that for any y ∈ X with
f−1(y) = {x1, · · · , xn}, there are local inverses g1, · · · , gn of f defined on B(y, a)
such that gi(y) = xi and {gi(B(y, a))}n

i=1 are pairwise disjoint. Moreover, there is
a constant integer n0 ≥ 1 such that #(f−1(y)) ≤ n0 for all y ∈ X.

5
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Proof. First #(f−1(y)) is finite for each y ∈ X because otherwise f would
not be homeomorphic about a limit point of f−1(y). Let

d(y) = inf
1≤k 6=j≤n

d(xk, xj)

be the shortest distance between the preimages of y. It is clear that d(y) > b. For
0 < r ≤ b/2, f : B(xi, r) → f(B(xi, r)) is homeomorphic for each 1 ≤ i ≤ n. Since
the open set ∩n

i=1f(B(xi, r)) contains y, it must contain a sufficiently small closed
ball B(y, ry) with ry > 0 such that the inverse giy mapping y to xi satisfies

giy : B(y, ry) → giy(B(y, ry)) ⊂ B(xi, r).

Since B(xi, r) are disjoint, giy(B(y, ry)) are disjoint. Now take a finite number of
balls {B(yj , ryj

)} such that {B(yj , ryj
/2)} form a cover of X. Let

a =
1
2

min
j
{ryj}.

Then it satisfies the proposition. In fact, for any y ∈ X, we have y ∈ B(yj , ryj /2)
for some j. Then B(y, a) ⊆ B(yj , ryj ). Let

gi = giyj |B(yj , a), 1 ≤ i ≤ n.

Then g1, · · · , gn are local inverses of f on B(y, a) such that gi(y) = xi and
{gi(B(y, a))}n

i=1 are pairwise disjoint
Since #(f−1(y)) is a locally constant function of y. It is then bounded because

of the compactness of X, that means that we have a constant integer n0 ≥ 1 such
that #(f−1(y)) ≤ n0 for all y ∈ X. ¤

We call (λ, a) where a is a number in Proposition 1.2 an expanding parameter
for f . Note that any (λ′, a′) where 0 < a′ < a and 1 < λ′ < λ is also an expanding
parameter. In this chapter (λ, a) will always mean an expanding parameter for f .
For any 0 < r ≤ a and y ∈ X, let g be an inverse branch of f on B(y, r). Let
x = g(y). For any z, w ∈ B(y, r),

d(g(z), g(w)) ≤ 1
λ

d(z, w).

This implies that
g(B(y, r)) ⊆ B(x,

r

λ
).

Moreover, B1(x, r) = g(B(y, r)) and f : B1(x, r) → B(y, r) is homeomorphic.
Furthermore, we have

proposition 1.3. For any 0 < r ≤ a and x ∈ X, the map

fn : Bn(x, r) → B(fn(x), r)

is homeomorphic.

Proof. Let x, f(x), · · · , fn(x) be a finite orbit of f . Then we have the n local
inverses, h1, · · · , hn, of f ,such that

x
h1←− f(x) h2←− f2(x) h3←− · · · hn−1←− fn−1(x) hn←− fn(x).

From the argument before this proposition, we know that

hn : B(fn(x), r) → B1(fn−1(x), r)
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is homeomorphic. This implies that

hn(B(fn(x), r)) = B1(fn−1(x), r).

Suppose we already know that

hn−k+1 ◦ · · · ◦ hn(B(fn(x), r)) = Bk(fn−k(x), r)

for 1 ≤ k < n− 1. Then

hn−k ◦ · · · ◦ hn(B(fn(x), r)) = hn−k(Bk(fn−k(x), r)).

This implies that z ∈ hn−k(Bk(fn−k(x), r)) if and only if f(z) ∈ Bk(fn−k(x), r)
and if and only if

d(f i(f(z)), f i(n− k(x))) < r, 0 ≤ i ≤ k.

So we have
d(f(z), fn−k(x)) < r, · · · , d(fk+1(z), fn(x)) < r.

This combining with the fact that

d(z, fn−k−1(x)) ≤ 1
λ

d(f(z), fn−k(x)) <
r

λ
gives us that

hn−k ◦ · · · ◦ hn(B(fn(x), r)) = Bk+1(fn−k−1(x), r).

Now the induction implies

h1 ◦ h2 ◦ · · · ◦ hn(B(fn(x), r)) = Bn(x, r),

that is fn(Bn(x, r)) = B(fn(x), r). Because fn on Bn(x, r) is also injective,

fn : Bn(x, r) → B(fn(x), r)

is homeomorphic. ¤

proposition 1.4. For any 0 < r ≤ a, there is an integer p = p(r) ≥ 1 such
that fp(B(x, r)) = X for any x ∈ X.

Proof. Let {B(yi, r/2)} be a finite ball cover of X. For each i, there is an
integer pi = p(yi) > 0 such that

fpi(B(yi,
r

2
)) = X

Let
p = max

i
{pi}.

For any y ∈ X, we have y ∈ B(yi,
r
2 ) for some i. Then

B(y, r) ⊃ B(yi,
r

2
)

and
fp(B(y, r)) ⊇ fp−pi(fpi(B(yi,

r

2
))) ⊇ fp−pi(X) = X.

¤

proposition 1.5. For any 0 < r ≤ a, let p = p(r) be the integer in Proposition
1.4 and let n0 be the integer in Proposition 1.2, then

1 ≤ #(f−(n+p)(y) ∩Bn(x, r)) ≤ np
0

for any x, y ∈ X and any n ≥ 1.
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Proof. Since fn : Bn(x, r) → B(fn(x), r) is a homeomorphism,

fn+p(Bn(x, r)) = fp(B(fn(x), r)) = X.

This implies that f−(n+p)(y) ∩ Bn(x, r) 6= ∅. On the other hand, #(f−p(y)) ≤ np
0

and every z ∈ f−p(y) ∩ B(fn(x), r) has exact one preimage in Bn(x, r) under fn.
So

1 ≤ #(f−(n+p)(y) ∩Bn(x, r)) ≤ np
0.

¤

1.2. Maximal Eigenvalues for Ruelle-Perron-Frobenius Operators

Suppose f is a locally expanding and mixing map with an expanding parameter
(λ, a). Let R denote the real line. Let C0 = C0(X,R) be the space of all continuous
functions φ : X → R with the supremum norm

||φ|| = max
x∈X

{|φ(x)|}.

Let 0 < α ≤ 1 and let Cα = Cα(X,R) be the space of all α-Hölder continuous
functions φ in C0, that is, φ ∈ C0 satisfying

[φ]α = sup
0<d(x,y)≤a

|φ(x)− φ(y)|
d(x, y)α

< ∞,

where [φ]α is called the local Hölder constant for φ. We say two functions φ1 ≥ φ2

if φ1(x) ≥ φ2(x) for all x in X. A function φ is called positive if φ > 0. A positive
function in Cα is called a potential.

For two constants K, s > 0, define

Cα
K,s = Cα

K,s(X,R) = {φ ∈ Cα ; φ ≥ s, [log φ]α ≤ K}.
The following lemma is a conclusion of Ascoli-Arzela Theorem.

Lemma 1.1. Any bounded sequence in Cα
K,s has a convergent subsequence in C0

whose limit is in Cα
K,s.

Let ψ be a potential. The Ruelle-Perron-Frobenius (RPF) operator with weight
ψ is defined as

Lφ(y) =
∑

x∈f−1(y)

ψ(x)φ(x).

It is clear that L(C0) ⊆ C0. So
L : C0 → C0

is a linear operator. Moreover for any φ ∈ Cα, consider y, y′ ∈ X with d(y, y′) ≤ a.
Let {x1, · · · , xk} = f−1(y) and {x′1, · · · , x′k} = f−1(y′) be the corresponding inverse
images of y and y′ such that d(xi, x

′
i) ≤ λ−1d(y, y′) for all 1 ≤ i ≤ k. Then

|Lφ(y)− Lφ(y)| = |
k∑

i=1

ψ(xi)φ(xi)−
k∑

i=1

ψ(x′i)φ(x′i)|

=
∣∣∣

k∑

i=1

(
ψ(xi)

(
φ(xi)− φ(x′i)

)
+ φ(x′i)

(
ψ(x′i)− ψ(xi)

))|.

So
[Lφ]α ≤ n0

λα

(||ψ||[φ]α + ||φ||[ψ]α
)

< ∞.
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Thus L(Cα) ⊆ Cα and
L : Cα → Cα

is a linear operator.
For the purpose of the study of eigenvalues of L, we can normalize the weight

ψ such that minx∈X ψ(x) = 1. Henceforth, we will always assume that ψ is a
normalized element in Cα

K0,1 for some constant K0 > 0 in the rest of this section.
Let 0 < s < 1 and K > K0/(λα − 1) > 0 be two fixed constants.

Lemma 1.2. For any φ ≥ 0 in Cα with ||φ|| = 1, there is an integer N =
N(φ) > 0 such that

Lnφ ∈ Cα
K,s, n ≥ N.

Proof. Since ||φ|| = 1, there is a point y in X such that φ(y) = 1. We thus
have a neighborhood U of y such that φ(y′) > s for all y′ in U . Since f is mixing,
there is an integer n1 > 0 such that fn(U) = X for all n ≥ n1. Therefore for any
z in X, f−n(z) ∩ U is non-empty for all n ≥ n1. Thus Lnφ(z) ≥ s.

For any y and y′ in X with d(y, y′) ≤ a, let {x1, · · · , xk} = f−1(y) and
{x′1, · · · , x′k} = f−1(y′) be the corresponding inverse images of y and y′ such that
d(xi, x

′
i) ≤ λ−1d(y, y′) for all 1 ≤ i ≤ k. Let

K ′ = [logLn1φ]α.

Then

L(Ln1φ
)
(y′) =

k∑

i=1

ψ(x′i)Ln1φ(x′i)

≤
k∑

i=1

ψ(xi) exp
(
K0d(xi, x

′
i)

α
)Ln1φ(xi) exp

(
K ′d(xi, x

′
i)

α
)

≤ exp
(
(K0 + K ′)λ−αd(y, y′)α

)L(Ln1φ
)
(y)

for all y and y′ in X with d(y, y′) ≤ a. Inductively, for

Kn = K0

( n∑

i=1

λ−αi
)

+ K ′λ−αn,

we have
Ln

(Ln1φ
)
(y′) ≤ exp

(
Knd(y, y′)α

)Ln
(Ln1φ

)
(y)

for all y and y′ in X with d(y, y′) ≤ a. It is clearly that Kn tends to K0/(λα − 1)
as n goes to infinity. So there is an integer n2 > 0 such that for any n ≥ n2

Ln
(Ln1φ

)
(y′) ≤ exp

(
Kd(y, y′)α

)Ln
(Ln1φ

)
(y)

for all y and y′ in X with d(y, y′) ≤ a. Then N = n1 + n2 satisfies the lemma. ¤
Lemma 1.2 implies that if t > 0 is an eigenvalue of L : Cα → Cα with a non-

zero eigenfunction φ ≥ 0. Then L also has an eigenfunction in Cα
K,s with respect

to t. Therefore, we can use Cα
K,s to find positive eigenvalues of L : Cα → Cα with

non-negative eigenfunctions. From the calculation in the proof of Lemma 1.2, we
have that

L(Cα
K,s) ⊆ L(Cα

K,s)
because (K0 + K)λ−α < K for K > K0/(λα − 1). Define

S = {t ∈ R ; t > 0, there is a φ in Cα
K,s such that Lφ ≥ tφ}
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Lemma 1.3. The set S is nonempty bounded subset in the real line R

Proof. First let us show that S is nonempty. Take a function φ in Cα
K,s. Then

for any x and y in X,

Lφ(y) =
∑

x∈f−1(y)

ψ(x)φ(x) =
( ∑

x∈f−1(y)

φ(x)
φ(y)

ψ(x)
)
φ(y) ≥ s

||φ||φ(y).

Thus s/||φ|| ∈ S.
Let

m = sup
y∈X

∑

x∈f−1(y)

ψ(x).

For any φ in Cα
K,s, let φ(y) = ||φ||. Then

Lφ(y) =
∑

x∈f−1(y)

ψ(x)φ(x) ≤ φ(y)
∑

x∈f−1(y)

ψ(x) ≤ mφ(y)

Therefore, any t > m will not be in S. Thus S is a bounded subset in R. ¤

Theorem 1.1 (Ruelle). The linear operator L : Cα → Cα has a unique maximal
positive eigenvalue whose corresponding eigenspace has dimensional one.

Proof. Take δ = sup S > 0. Then there is a sequence {tn}∞n=1 in S convergent
to δ. Let φn be a corresponding functions in Cα

K,s such that Lφn ≥ tnφn. Let us
normalize φn with minx∈X{φn(x)} = s. Then {φn}∞n=1 is a bounded sequence in
Cα

K,s. From Lemma 1.1, {φn}∞n=1 has a convergent subsequence in C0 whose limit
is in Cα

K,s. Let us assume that {φn}∞n=1 itself converges to φ0. Then

Lφ0 ≥ δφ0.

We now show that Lφ0 = δφ0. Suppose there is a point y in X such that

Lφ0(y) > δφ0(y).

Then there is a neighborhood U of y such that

Lφ0(y′)− δφ0(y′) > 0

for all y′ in U . Since f is mixing, there is an integer n > 0 such that fn(U) = X.
Then

Ln(Lφ0 − δφ0) > 0,

that is,
L(Lnφ0

)
> δLnφ0.

Therefore for φ = Lnφ0, we have a t > δ such that Lφ ≥ tφ. This contradicts to
the maximal property of δ. This proved that

Lφ0 = δφ0.

Now let us show that δ is simple, i.e., the eigenspace

Eδ = {φ ∈ Cα; Lφ = δφ}
has dimension one. Suppose φ is any function in Eδ. Let

a = min
x∈X

{ φ(x)
φ0(x)

}

and
φ1 = φ− aφ0.
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Then φ1 is in Eδ and φ1 ≥ 0. Moreover, there is a point y in X such that φ1(y) = 0.
Then φ1(x) = 0 for all x in f−1(y) because

Lφ1(y) =
∑

x∈f−1(y)

φ(x) = 0.

Inductively, we have φ1 = 0 on Xy = ∪∞n=0f
−n(y). Since f is mixing, Xy is a dense

subset in X. So φ1 ≡ 0 on X, that is, φ ≡ aφ0.
The reminder is to prove that δ is the biggest eigenvalue but it is easy as follows.

Suppose t 6= δ is an eigenvalue of L : Cα → Cα. Then there is a non-zero function φ
in Cα with ||φ|| = 1 such that Lφ = tφ. So L|φ| ≥ |t||φ|. There is an integer N > 0
such that LN |φ| is in Cα

K,s and also L(LN |φ|) ≥ |t|LN |φ|. Thus |t| is a number in
S, so |t| ≤ δ. If |t| < δ, then we have nothing to prove. If |t| = δ, by using the
mixing property as we did in the previous two paragraphs, we have |φ| = aφ0 for
some a > 0. This implies φ = ±aφ0 and t = δ. ¤

1.3. Smooth Invariant Measures for Expanding Dynamical Systems

In this section, suppose M is an m-dimensional compact C2 Riemannian man-
ifold where m ≥ 1 is an integer. Let f : M → M be a C1 map. We say f is
C1+α for 0 < α ≤ 1 if the determinant J(f) of the Jacobi matrix Jac(f) of f is
an α-Hölder continuous function defined on M . A probability measure ν on M is
called f -invariant if ν(f−1(A)) = ν(A) for all Lebesgue measurable subsets A of
M . Let dy denote the Lebesgue metric on M . A probability measure ν is called a
smooth measure if there is a continuous function ρ defined on M such that

ν(A) =
∫

A

ρ(y)dy

for all Lebesgue measurable sets A in M . The function ρ is called the density
function of the smooth measure ν.

Lemma 1.4. Suppose f : M → M is a C1 map such that J(f)(y) 6= 0 for all y
in M and suppose ν is a smooth probability measure with ν =

∫
ρdy. Then ν is a

f -invariant measure if and only if
∑

x∈f−1(y)

ρ(x)
J(f)(x)

= ρ(y)

for all y in M .

Proof. Since J(f)(y) 6= 0 for all y in M there is a constant a1 > 0 such
that for any connected domain U with diameter less than or equal 2a1, f on each
component V of f−1(U) is injective and has the local inverse g : V → U such
that fg = identity. If ν is a f -invariant measure, then ν(f−1(U)) = ν(U) for all
Lebesgue measurable subsets U of M . In particular, take U as the ball of centered
y and radius 0 < ε < a1 and denote V1, · · · , Vk as the components of f−1(U). Then

k∑

i=1

∫

Vi

ρ(x)dx =
∫

U

ρ(y)dy.

By the mean value theorem and let ε tend to zero, we get
∑

x∈f−1(y)

ρ(x)
J(f)(x)

= ρ(y).
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Now assume
∑

x∈f−1(y)

ρ(x)
J(f)(x)

= ρ(y)

for all y in M . For any ball U with radius a1 , let V1, · · · , Vk be the components
of f−1(U). Then f on each Vi is injective and has the local inverse. So

ν(U) =
∫

U

ρ(y)dy =
∫

U

∑

x∈f−1(y)

ρ(x)
J(f)(x)

dy

=
∑

x∈f−1(y)

∫

U

ρ(x)
J(f)(x)

dy =
k∑

i=1

∫

Vi

ρ(x)dx

=
k∑

i=1

ν(Vi) = ν(f−1(U)).

¤

Theorem 1.2 (Krzyzewski-Szlenk). Suppose f : M → M is a C1+α locally
expanding map for some 0 < α ≤ 1. Then f has a unique smooth f -invariant
probability measure with an α-Hölder continuous density function.

Proof. Since f is C1 and locally expanding, J(f)(y) 6= 0 for all y in M . Let

||J(f)|| = max
y∈M

{J(f)(y)} and ψ =
||J(f)||
J(f)

.

Then ψ is an function in Cα
K0,1 for some K0 > 0. Consider the RPF operator with

weight ψ

Lφ(y) =
∑

x∈f−1(y)

ψ(x)φ(x).

Theorem 1.1 implies that there is a unique maximal positive eigenvalue δ with a
positive eigenfunction in Cα and the corresponding eigenspace is one-dimensional.
Let ρ be the one in the eigenspace normalized by

∫
M

ρdy = 1. Then Lρ(y) = δρ(y),
that is,

∑

x∈f−1(y)

ρ(x)
J(f)(x)

= δ0ρ(y),

for δ0 = δ/||J(f)||. Integrate on both sides of the last equation, we have that the
right hand side is δ0. Now let us calculate the left hand side. Cut M into path
connected pieces M1, · · · , Mn such that

(1) M = M1 ∪M2 ∪ · · · ∪Mn,
(2) the Lebesgue measure of each Mi ∩Mj is zero for i 6= j,
(3) f on each component of f−1(Mi) is injective, 1 ≤ i ≤ n.

Let M j
i , 1 ≤ j ≤ ki be the components of f−1(Mi) for 1 ≤ i ≤ n. Then M =

∪n
i=1 ∪ki

j=1 M j
i and the Lebesgue measure of each M j

i ∩M j′

i′ is zero for i 6= i′. Let
us use xij to denote the point in f−1(y)∩M j

i for any y ∈ Mi, where 1 ≤ i ≤ n and
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1 ≤ j ≤ ki. Therefore,
∫

M

∑

x∈f−1(y)

ρ(x)
J(f)(x)

dy =
n∑

i=1

∫

Mi

∑

x∈f−1(y)

ρ(x)
J(f)(x)

dy

=
n∑

i=1

ki∑

j=1

∫

Mi

ρ(xij)
J(f)(xij)

dy

=
n∑

i=1

ki∑

j=1

∫

Mj
i

ρ(xij)dxij

=
∫

M

ρ(y)dy = 1.

So we have that δ0 = 1 (that is, δ = ||J(f)||) and that ν =
∫

ρdy is a smooth
f -invariant measure following Lemma 1.4.

Uniqueness follows the fact that if ν =
∫

ρdy is a smooth f -invariant measure,
than ρ is in the eigenspace of L with respect to the eigenvalue δ. ¤

1.4. Chains of Markovian Projections

In this section we present a theory about chains of Markovian projections and
G-measure theory.

Let X be a compact Hausdorff space. Let FX be the standard σ-algebra gen-
erated by all open sets in X. Let C0 = C(X,R) still be the space of all real
valued continuous functions on X, equipped with the supremum norm || · ||. Let
M = M(X) = (C0)∗ be the dual space of C0. By Rieze representation theorem, M
is identical to the space of all measures on X with respect to FX . Let M0 ⊂ M
be the family of all probability measures. We use

< µ, φ >=
∫

X

φ dµ

to mean the integral of a function φ with respect to a measure µ in M.

Definition 1.1. A linear map P : C0 → C0 is said to be a projection if P 2 = P .
It is said to be Markovian if P1 = 1 and if Pφ ≥ 0 whenever φ ≥ 0.

Let us first give some basic properties about projections and Markovian pro-
jections. Let Ker(P ) = {φ ∈ C0; Pφ = 0} and let Im(P ) = P (C0).

proposition 1.6. Let P and Q are two projections. Then
(1): C0 = Ker(P )

⊕ Im(P ).
(2): φ ∈ Im(P ) if and only if Pφ = φ.
(3): PQ = Q if and only if Im(Q) ⊆ Im(P ).
(4): QP = Q if and only if Ker(P ) ⊆ Ker(Q).

Proof. (1) means that for each φ ∈ C0 we can write φ = φ′ + φ′′ in a unique
way with φ′ ∈ Ker(P ) and φ′′ ∈ Im(P ). This is true because φ = (φ−Pφ)+Pφ. (2)
is a consequence of (1). Suppose φ ∈ Im(Q) and PQ = Q. By (2), we have Qφ = φ.
So Pφ = PQφ = Qφ = φ, i.e., φ ∈ Im(P ). Conversely, for any φ ∈ C0, there is
another map φ′ ∈ C0 such that Qφ = Pφ′. Then PQφ = P 2φ′ = Pφ′ = Qφ. For
(4), suppose QP = Q and φ ∈ Ker(P ). Then it is clear that Qφ = 0. Conversely,



14 1. RUELLE-PERRON-FROBENIUS OPERATORS AND GIBBS DISTRIBUTIONS

for φ ∈ C0 we decompose it as φ = (φ−Pφ)+Pφ. By assumption, φ−Pφ ∈ Ker(Q),
so Qφ = QPφ. ¤

For an operator P : C0 → C0, let P ∗ : M→M be its dual operator. The proof
of the next proposition is not hard. The reader may do it as an exercise.

proposition 1.7. Let P and Q be Markovian projection on C0. We have

1): ||P || = ||P ∗|| = 1.
2): P ∗2 = P ∗.
3): P ∗(M0) ⊆M0.
4): PQ = Q if and only if Q∗P ∗ = Q∗.

A sequence of Markovian projections P = {Pn}∞n=1 defined on C0 is called a
chain of Markovian projections (abbreviated as CMP) if it satisfies

PmPn = Pm, 1 ≤ n ≤ m.

For such a chain, define

Gn = {µ ∈M0 ; P ∗nµ = µ}, 1 ≤ n < ∞
Because M0 is a weakly compact convex subset of M and P ∗n : M0 →M0, from
the Schauder-Tychonoff theorem (see[DS]), Gn 6= ∅. Let

G∞ = ∩∞n=1Gn.

If G∞ is non-empty, then every element in it is called a G-measure with respect to
P. If G∞ contains only one element, then we call the given CMP uniquely ergodic.

Theorem 1.3. For any CMP P, G∞ 6= ∅. Actually, for any sequence {µn}∞n=1

in M0, any weak limit of {P ∗nµn}∞n=1 is an element in G∞.

Proof. Since ||P ∗nµn|| = 1, there is a weak limit of {P ∗nµn}∞n=1. Let ν be such
a weak limit. Then there is a subsequence P ∗ni

µni tends to ν weakly as i goes to
infinity. This implies that for any φ ∈ C0,

lim
i→∞

< P ∗nP ∗ni
µni , φ >= lim

i→∞
< P ∗ni

µni , Pnφ >=< ν, Pnφ >=< P ∗nν, φ > .

On the other hand,

< P ∗nν, φ >= lim
i→∞

< P ∗ni
µni , Pnφ >= lim

i→∞
< µni , PniPnφ >

= lim
i→∞

< µni , Pniφ >= lim
i→∞

< P ∗ni
µni , φ >=< ν, φ > .

So P ∗nν = ν for all n ≥ 1, that is, ν ∈ G∞. ¤

Theorem 1.3 says that G∞ is weakly compact. It is clear that G∞ is convex,
i.e., tµ1 + (1− t)µ2 ∈ G∞ if µ1, µ2 ∈ G∞ and 0 ≤ t ≤ 1.

Theorem 1.4. Suppose P is a CMP defined on C0. Then the following are
equivalent.

(1): The CMP is unique ergodic.
(2): for every φ ∈ C0, Pnφ converges uniformly on X to a constant.
(3): for every φ ∈ C0, Pnφ converges pointwise on X to a constant.



1.4. CHAINS OF MARKOVIAN PROJECTIONS 15

Proof. It is clear (2) implies (3). Assume (3), for any µ ∈ G∞, the constant
is < µ, φ > because by the Lebesgue theorem

< µ, φ >=< P ∗nµ, φ >= lim
n→∞

< µ, Pnφ >=< µ, lim
n→∞

Pnφ >= lim
n→∞

Pnφ.

Therefore, for any µ, ν ∈ G∞ and φ ∈ C0,

< µ, φ >=< ν, φ >= lim
n→∞

Pnφ.

It implies that µ = ν, so (1) holds. Now assume (1) and suppose µ is the unique
element in G∞. Suppose (2) is false. There exists φ ∈ C0 such that Pnφ does not
converge to < µ, φ > uniformly. So we have a constant ε > 0 and a subsequence
{ni}∞i=1 of integers and a sequence of points {xi}∞i=1 such that

|Pni
φ(xi)− < µ, φ > | ≥ ε

for all i ≥ 1. Let δxi
be the Dirca measure concentrating at xi. Then

Pni
φ(xi) =< P ∗ni

δxi
, φ > .

By Theorem 1.3, any weak limit ν of {P ∗ni
δxi}∞i=1 is in G∞. But

| < ν, φ > − < µ, φ > | ≥ ε.

It contradicts with the assumption of (1). ¤
A CMP P = {Pn}∞n=1 is said to be compatible if it satisfies

(a): Pn(φχ) = χPnφ if χ ∈ ImPn.
(b): PnPm = Pm(= PmPn) if m ≥ n.

Suppose P = {Pn}∞n=1 is a compatible CMP. Let F0 be the standard σ-algebra on
R generated by all open sets. For a function φ : X → R, let Fφ = φ−1(F0) be the
pull-back σ-algebra on X. Given a family of functions Γ, we use FΓ to mean the
minimal σ-algebra containing all σ-algebras Fφ for φ ∈ Γ. Let Fn = FImPn for all
n ≥ 1. Then {Fn}∞n=1 is a decreasing sequence of sub-σ-algebras in FX , i.e.,

· · · ⊆ Fn+1 ⊆ Fn ⊆ · · · ⊆ F1 ⊆ FX .

This is because from Proposition 1.6

· · · ⊆ ImPn+1 ⊆ ImPn ⊆ · · · ⊆ ImP1 ⊆ C0.

Let F∞ be the σ-algebra generated by the limit of {Fn}∞n=1 which is defined as

F∞ = ∪∞n=1 ∩m≥n Fm(= ∩n≥1 ∪m≥n Fm).

A G-measure µ is called P-ergodic if µ|F∞ is trivial, i.e., µ(A) = 0 or 1 for any
A ∈ F∞.

Let µ ∈ M0 be a probability measure. For any φ ∈ C0 and n ≥ 1, we have a
measure µn defined on the sub-σ-algebra Fn by

µn(A) =
∫

A

φdµ, A ∈ Fn.

It is clear that µn is absolutely continuous with respect to µ|Fn. By the Radon-
Nikodym theorem there exists a unique (modulo sets of measure zero) L1(X,Fn, µ)-
function denoted by E(φ|Fn) and called the conditional expectation of φ given Fn,
such that

µn(A) =
∫

A

E(φ|Fn)dµ, A ∈ Fn.

The function is defined uniquely a.e. by
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1:
∫

A
E(φ|Fn)dµ =

∫
A

φdµ, A ∈ Fn,
ii: E(φ|Fn) ∈ L1(X,Fn, µ).

The operator E(·|Fn) enjoys the following properties:
iii: For all φ ∈ L1(X,FX , µ) and φ′ ∈ L∞(X,Fn, µ),

E(φφ′|Fn) = φ′E(φ|Fn).

The proof of the following theorem can be found in [Pa, pp. 30]

Theorem 1.5 (Decreasing martingale theorem). If

· · · Fn+1 ⊂ Fn ⊂ · · · ⊂ F1 ⊆ FX

is a decreasing sequence of sub-σ-algebras such that ∩∞n=1Fn = F∞, then E(φ|Fn) →
E(φ|F∞) a.e. and in L1(X,FX , µ) when φ ∈ L1(X,FX , µ).

Now assume that µ ∈ G∞ is a G-measure for P. Then we have that for any
φ′ ∈ ImPn,

< µ, φ′Pnφ >=< µ, Pn(φφ′) >=< P ∗nµ, φφ′ >=< µ, φφ′ >,

so
Pnφ = E(φ|Fn), µ− a.e..

Following the decreasing martingale theorem, the limit of Pnφ exists µ-a.e. and,
furthermore, a P-invariant measure µ is P-ergodic iff limn→∞ Pnφ =< µ, φ > µ-a.e.
for any φ ∈ C0 (see [Pa, pp. 21]). Then we have the following classical ergodicity
theorem.

Theorem 1.6. Suppose P = {Pn}∞n=1 is a compatible CMP.
(1) If µ1 and µ2 in G∞ are P-ergodic, then either µ1 = µ2 or µ1 ⊥ µ2.
(2) µ ∈ G∞ is P-ergodic iff µ is an extremal point in G∞.

Proof. (1) Suppose µ1 6= µ2. There exists φ ∈ C0 such that

< µ1, φ > 6=< µ2, φ > .

Define

A1 = {x ∈ X; lim
n→∞

Pnφ =< µ1, φ >} and A2 = {x ∈ X; lim
n→∞

Pnφ =< µ2, φ >}.
We have µ1(A1) = 1 and µ2(A1) = 0, and µ1(A2) = 0 and µ2(A2) = 1. This implies
that µ1 ⊥ µ2.

(2) Suppose µ ∈ G∞ is P-ergodic and µ = tµ1 +(1−t)µ2 with µ1, µ2 in G∞ and
0 < t < 1. For any A ∈ F∞, µ(A) = 0 or 1 because of the ergodicity of µ. Then
µ1(A) = µ2(A) = 0 or 1 because 0 < t < 1. That means that µ1 and µ2 are also
P-ergodic. According to (1), if µ1 6= µ2 we can find A ∈ F∞ with µ1(A) = 1 and
µ2(A) = 0. Consequently µ(A) = t. This contradicts the ergodicity of µ. Therefore
µ1 = µ2 and µ is extremal.

Conversely, suppose µ ∈ G∞ is not P-ergodic. Let A ∈ F∞ such that 0 < t =
µ(A) < 1. Define

µ1 =
1
t
µ1A, µ2 =

1
1− t

µ1X\A.

We are now going to show µ1, µ2 ∈ G∞. For any n ≥ 1

< P ∗nµ1, φ >=< µ,
1
t
1APnφ >, φ ∈ C0.
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Since A ∈ F∞ ⊆ Fn,

< µ,
1
t
1APnφ > =

1
t

sup < µ, φ′Pnφ >=
1
t

sup < P ∗nµ, φφ′ >

=
1
t

sup < µ, φ′φ >=<
1
t
1Bµ, φ >

where the supremum is taken over {φ′ ≤ 1A, φ′ ∈ ImPn}. This implies that
P ∗nµ1 = µ1 for all n ≥ 1, that is, µ ∈ G∞. Similarly, we can prove that µ2 ∈ G∞.
But

µ = tµ1 + (1− t)µ2, 0 < α < 1
which implies that µ is not an extremal point. ¤

The space M is a locally convex topological space and metrizable. So G∞ is a
compact metrizable convex subset in M. Let EG∞ be the set of P-ergodic µ in G∞.
Then the above theorem says that EG∞ consists of all extremal points in G∞. The
relation between G∞ and EG∞ can be obtained from the Choquet representation
theorem (see [OR, pp. 1-32] for the proof).

Theorem 1.7 (Choquet representation theorem). For each µ ∈ G∞, there
exists a Borel probability measure m on G∞, supported on the set EG∞ of extremal
points, so that

µ =
∫

G∞
νdm(ν), µ ∈ G∞.

1.5. Gibbs Distributions

If a physical system of n states with the energies of these states are E1, · · · ,
En. Suppose that this system is put in contact with a much larger “heat source”
which is at temperature T . Energy is therefore allowed to pass between the original
system and the heat source. Suppose the temperature T of the heat source remains
constant. It is a physical fact derived in statistical mechanics that the probability
pj that state j occurs is given by the Gibbs distribution

pj =
e−βEj

∑n
i=1 e−βEi

where β = 1
kT and k is a physical constant. This is the starting point for the ther-

modynamical formalism. However, thermodynamical formalism is a mathematical
subject which studies Gibbs measures for more general systems. In this section, we
will use the same notations as those in Sections 1.1, 1.2 and 1.4.

Suppose f is a locally expanding and mixing dynamical system with an ex-
panding parameter (λ, a) and suppose ψ > 0 ∈ Cα, 0 < α ≤ 1, is a potential.
Define

Gn(x) =
n−1∏

i=0

ψ(f i(x)), x ∈ X, n ≥ 1.

Let
Lφ(y) =

∑

x∈f−1(y)

ψ(x)φ(x)

be the RPF operator with weight ψ. Let δ > 0 be the maximal eigenvalue and
h > 0 ∈ Cα be a corresponding eigenvector of L. Let L∗ : M → M be the dual
operator of L.
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Theorem 1.8 (Ruelle). There is a unique probability measure ν = νψ ∈ M0

such that L∗ν = δν and for any 0 < r ≤ a/2, there is a constant C = C(r) > 0
such that

C−1 ≤ ν
(
Bn(x, r)

)

δ−nGn(x)
≤ C (Gibbs Property)

for all x ∈ X and n ≥ 1. And moreover, take h such that
∫

X
h dν = 1. Then for

any φ ∈ C0,
lim

n→∞
δ−nLnφ =< ν, φ > h

uniformly.

The inequality in the theorem is called the Gibbs Property and the probability
measure µ = hν is called the Gibbs measure for (f, ψ). To prove Theorem 1.8, we
first normalize the operator L. Take

ψ̃(x) =
h(x)

δh(f(x))
ψ(x).

Then it is still a positive function in Cα. So we can consider the RPF operator

L̃φ(x) = Lψ̃φ(x) =
∑

y∈f−1(x)

ψ̃(y)φ(y).

The important feature of L̃ is that

L̃1 = 1.

We call it a normalized RPF operator. Let L̃∗ be the dual operator of L̃ acting on
the space M. Let

G̃n(x) =
n−1∏

i=0

ψ̃(f i(x)), x ∈ X, n ≥ 1.

Then we have

G̃n =
h

δnh ◦ fn
Gn

and relations between L and L̃ and between L∗ and L̃∗,
Lnφ = δnhL̃n(φh−1) and L∗nν = δnh−1L̃∗n(hν)

From these relations, Theorem 1.8 follows from the following statement for normal-
ized RPF operators.

Theorem 1.9. Suppose L is a normalized RPF operator, i.e., L1 = 1. Then
there is a unique probability measure µ ∈ M0 such that L∗µ = µ and for any
0 < r ≤ a/2, there is a constant C = C(r) > 0 such that the Gibbs property holds,
i.e.,

C−1 ≤ µ
(
Bn(x, r)

)

Gn(x)
≤ C (Gibbs Property)

for all x ∈ X and n ≥ 1. Moreover, for any φ ∈ C0

lim
n→∞

Lnφ =< µ, φ >
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Suppose L is normalized in the rest of this section. Define

Pnφ(x) = Lnφ(fn(x)) =
∑

y∈f−n(fn(x))

Gn(y)φ(y).

It is a linear operator from C0 into itself with Pn1 = 1 and Pnφ > 0 whenever
φ > 0. Moreover, we have the following facts.

Lemma 1.5. For any m ≥ n ≥ 1, PnPm = PmPn = Pn.

Proof. Let us show that PmPn = Pm.

PmPnφ(x) =
∑

y∈f−m(fm(x))

Gm(y)Pnφ(y)

=
∑

w∈f−(m−n)(fm(x))

∑

y∈f−n(w)

Gm−n(w)Gn(y)Pnφ(y)

=
∑

w∈f−(m−n)(fm(x))

∑

y∈f−n(w)

Gm−n(w)Gn(y)
∑

z∈f−n(fn(y))

Gn(z)φ(z)

=
∑

w∈f−(m−n)(fm(x))

∑

y∈f−n(w)

Gn(y)
∑

z∈f−n(w)

Gm−n(w)Gn(z)φ(z)

=
∑

w∈f−(m−n)(fm(x))

( ∑

y∈f−n(w)

Gn(y)
)( ∑

z∈f−n(w)

Gm(z)φ(z)
)

=
∑

w∈f−(m−n)(fm(x))

∑

z∈f−n(w)

Gm(z)φ(z)

=
∑

z∈f−m(fm(x))

Gm(z)φ(z)

= Pmφ(x).

We use the fact that
∑

y∈f−n(w) Gn(y) = 1. This also implies that Pn is a projec-
tion, i.e., P 2

n = Pn. Similar arguments imply that PnPm = Pm. ¤
Lemma 1.6. For any φ ∈ C0 and χ ∈ ImPn, Pn(φχ) = χPnφ.

Proof. Suppose χ(x) =
∑

y∈f−n(fn(x)) Gn(y)β(y). Then

Pn(φχ)(x) =
∑

z∈f−n(fn(x))

Gn(z)φ(z)
∑

y∈f−n(fn(z))

Gn(y)β(y)

=
∑

y∈f−n(fn(x))

∑

z∈f−n(fn(x))

Gn(y)Gn(z)φβ

=
∑

y∈f−n(fn(x))

Gn(y)β(y)
∑

z∈f−n(fn(x))

Gn(z)φ(z)

= χ(x)Pnφ(x).

¤
Lemmas 1.5 and 1.6 say that P = {Pn}∞n=1 is a compatible CMP. So we can

apply the theory of CMP in §1.4 to give a proof of Theorem 1.9.
Let P ∗n be the dual operator of Pn. Remember that G∞ is the set of common

fixed points of P ∗n ’s and an element of G∞ is called a G-measure. An element µ
such that L∗µ = µ is called a ψ-measure. Because L(φ ◦ f) = φ, any ψ-measure
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µ is f -invariant, i.e., µ(f−1(A)) = µ(A) for any µ-measurable sets A. So a ψ-
measure is a G-measure. Since M0 is a weakly compact convex subset of M and
L∗ : M0 → M0, by the Schauder-Tychonoff fixed point theorem there is at least
one ψ-measure (and G-measure). Now we use Section 1.4 to prove that it is a
unique G-measure.

Lemma 1.7. For any φ in C0, Pnφ converges to a constant if and only if Lnφ
converges to the same constant. And moreover, the constant has to be < µ, φ > for
any ψ-measure (or G-measure) µ.

Proof. Since

Pnφ(x) =
∑

y∈f−n(fn(x))

ψ(y)φ(y) = (Lnφ)(fn(x))

and f : X → X is surjective, it is clear that

‖Pnφ(x)− c‖ = ‖Lnφ(x)− c‖.
Therefore, Pnφ converges to c if and only if Lnφ converges to c. Suppose Pnφ
converges to c. Then

c = lim
n→∞

Pnφ = lim
n→∞

< µ, Pnφ >= lim
n→∞

< P ∗nµ, φ >=< µ, φ > .

¤

Lemma 1.8 (Naive Distortion Lemma). There is a constant C > 0 such that
for any n ≥ 0 and any x, y ∈ X with dn(x, y) ≤ a,

C−1 ≤ Gn(x)
Gn(y)

≤ C.

Proof. Let xi = f i(x) and yi = f i(y) for 0 ≤ i ≤ n. Then

d(xi, yi) ≤ λn−id(xn, yn).

So

| log Gn(x)− log Gn(y)| ≤
n−1∑

i=0

| log ψ(xi)− log ψ(yi)|

≤ [ψ]α
A

n−1∑

i=0

d(xi, yi)α

≤ [ψ]α
A

n−1∑

i=0

λ−α(n−i)d(xn, yn)α

≤ C0

where A = minx∈X ψ(x) and [ψ]α is the Hölder constant for ψ, and

C0 =
[ψ]αaαλα

A(λα − 1)
.

Therefore, let C = eC0 , we have

C−1 ≤ Gn(x)
Gn(y)

≤ C.

¤
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Proof of Theorem 1.9. We prove the Gibbs Property first. Let µ be a G-
measure. Let r be a real number such that 0 < 2r ≤ a. For any x ∈ X, let φ be a
function such that

1Bn(x,r) ≤ φ ≤ 1Bn(x,2r)

where 1B denotes the characteristic function of a set B. Then we have

µ(Bn(x, r)) ≤
∫

φ dµ =
∫

φ dP ∗nµ =
∫

Pnφ dµ

where

Pnφ(y) =
∑

z∈f−n(fn(y))

Gn(z)φ(z) ≤
∑

z∈f−n(fn(y))

Gn(z)1Bn(x,2r)(z).

From Lemma 1.8 and Proposition 1.3, there is a constant C > 0 such that

#(f−n(fn(y)) ∩Bn(x, 2r)) ≤ C

and
Gn(z) ≤ CGn(x), z ∈ Bn(x, 2r).

Thus we get
µ
(
Bn(x, r)

) ≤ C2Gn(x).
On the other hand, we have

µ
(
Bn(x, 2r)

) ≥
∫

φ dµ =
∫

φ dP ∗n+pµ ≥
∫

Pn+pφ dµ

where p is an integer in Proposition 1.4 in §1.1 and

Pn+pφ(y) =
∑

z∈f−n−p(fn+p(y))

Gn+p(z)φ(z)

≥
∑

z∈f−n−p(fn+p(y))

Gn+p(z)1Bn(x,r)(z).

Proposition 1.5 says that there is at least one term in the sum is non-zero. This
and Lemma 1.8 imply that there is a positive constant, we still denote it as C, such
that

µ
(
Bn(x, 2r)

) ≥ CGn+p(x) ≥ CApGn(x),
where A = minx∈X ψ(x). Let s be the least integer such that λs ≥ 2. Then we
have Bn(x, r) ⊃ Bn+s(x, λsr) ⊃ Bn+s(x, 2r). By the last inequality, we get

µ
(
Bn(x, r)

) ≥ CAp+sGn(x).

Therefore, we have a positive constant depending on r only, which we still denote
it as C, such that

C−1 ≤ µ
(
Bn(x, r)

)

Gn(x)
≤ C.

Following Section 1.4 and the Gibbs Property, only remaining thing to be
proven is that a G-measure is unique. From the Choquet representation theo-
rem, we only need to prove that a P-ergodic G-measure is unique. Theorem 1.6
says that any two P-ergodic G-measures are either equal or totally singular. Now
we use the Gibbs Property to prove that any two P-ergodic G-measures µ and ν
are mutually absolutely continuous, that is, there is a constant C > 0 such that

C−1ν(U) ≤ µ(U) ≤ Cν(U)

for any open set U of X. Let us prove it as follows.
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Fix a real number r, 0 < 2r ≤ a. Let {x1, · · · , xm} be a 2r-net in (X, d), this
means that the balls {B(xi, r)}1≤i≤m are disjoint and the balls {B(xi, 2r)}1≤i≤m

form a cover of X. Define

A1 = B(x1, 2r) \ (
B(x2, r) ∪ · · · ∪B(xm, r)

)

Ai = B(xi, 2r) \ (A1 ∪ · · · ∪Ai−1), 2 ≤ i ≤ m.

Then we get a partition Q0 = {Ai}m
i=1 of X satisfying

B(xi, r) ⊆ Ai ⊆ B(xi, 2r), 1 ≤ i ≤ m.

For every n ≥ 1 and every 1 ≤ i ≤ m, denote f−n(xi) = {zj}kni
j=1. Let gjn be

the inverse of fn : Bn(zj , 2r) → B(xi, 2r). Define Anij = gjn(Ai). We call Anij a
n-component of f−n|Q0. Let Qn be the set of all n components of f−n|Q0. It is
again a partition of X and satisfies that for any A ∈ Qn,

Bn(cA, r) ⊆ A ⊆ Bn(cA, 2r)

where cA ∈ A such that fn(cA) = xj . The point cA is called the center of A. It is
worth to note that for n > k ≥ 1 and for any A ∈ Qn, f (n−k)(A) ∈ Qk. However
Qk may not be a refinement of Qn. (So they are not Markov partitions.)

Let U be an arbitrary open set in X. For n ≥ 1, let Qn(U) be the family of
all elements A of the partition Qn such that the n-Bowen ball Bn(cA, r) is entirely
contained in U . Let

Vn =
⋃

A∈Qn(U)

A.

This is a Borel subset of U which is a countable union of disjoints sets. From the
Gibbs Property, we get

µ(Vn) =
∑

A∈Qn(U)

µ(A) ≤
∑

A∈Qn(U)

µ(Bn(cA, 2r))

≤ C
∑

A∈Qn(U)

Gn(cA) ≤ C2
∑

A∈Qn(U)

ν(Bn(cA, r))

≤ C2
∑

A∈Qn(U)

ν(A) = C2ν(
⋃

A∈Qn(U)

A) = C2ν(Vn)

Then we have µ(U) ≤ C2ν(U) by using Fatou lemma and the fact that

U = lim inf
n→∞

Vn.

Similarly ν(U) ≤ C2µ(U). Therefore, a G-measure is unique.
Let µ be the unique G-measure. Then following Theorem 1.4, Pnφ →< µ, φ >

as n → ∞ for any φ ∈ C0. Therefore, Lnφ →< µ, φ > as n → ∞ (Lemma 1.7).
This completes the proof. ¤

1.6. Spectra of Ruelle-Perron-Frobenius Operators

Let L be the RPF operator in the previous section. Let C0
C = C0(X,C) be the

space of all continuous complex valued functions φ : X → C with the supremum
norm

||φ|| = max
x∈X

{|φ(x)|}.
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It is a Banach space. Let 0 < α ≤ 1 and let Cα
C = Cα(X,C) be the space of all

α-Hölder complex valued continuous functions φ in C0
C, that is, φ ∈ C0

C satisfying

[φ]α = sup
0<d(x,y)≤a

|φ(x)− φ(y)|
d(x, y)α

< ∞,

where [φ]α is called the local Hölder constant for φ. For any φ ∈ C0
C, we can write

it as
φ = φ1 + iφ2, φ1, φ2 ∈ C0.

Then φ is in Cα
C if and only if φ1 and φ2 are both in Cα. Since ψ is a real valued

function, we have
Lφ = Lφ1 + iLφ2.

Thus we have that L0 : C0
C → C0

C is a bounded linear operator. The space Cα
C

equips with the norm
||φ||α = ||φ||+ [φ]α

is a Banach space. We still denote it as Cα
C . Then Lα = L : Cα

C → Cα
C is a bounded

linear operator (refer to the argument after lemma 1.1 but before Lemma 1.2). The
following is a directly consequence of Theorem 1.8.

Corollary 1.1. The maximal eigenvalue δ is the spectrum radius of

L0 = L : C0
C → C0

C.

Proof. The spectrum radius can be calculated as

ρ(L0) = lim sup
n→∞

||Ln
0 ||

1
n ,

where
||Ln

0 || = sup
φ∈C0

C,||φ||≤1

||Ln
0φ||.

For any φ ∈ C0
C with ||φ|| ≤ 1, from Theorem 1.8,

||δ−nLn
0φ|| ≤ | < ν, φ > | · ||h||+ 1 ≤ ||h||+ 1

for n large. So
δ−n||Ln

0 || ≤ ||h||+ 1

and
||Ln

0 ||
1
n ≤ (||h||+ 1)

1
n δ

for n large. So ρ(L0) ≤ δ. But δ is a spectrum point, we have ρ(L0) = δ. ¤

Furthermore, we have

Corollary 1.2. The maximal eigenvalue δ is the spectrum radius of

Lα = L : Cα
C → Cα

C .

The rest of spectrum is in a disk of center 0 with radius strictly less than δ.

This corollary is a direct consequence of the relation between L and its nor-
malization before Theorem 1.9 and the next corollary which is a consequence of
Theorem 1.9.
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Corollary 1.3. Suppose L is a normalized RPF operator, i.e., L1 = 1. Then
the maximal eigenvalue 1 is the spectrum radius of

Lα = L : Cα
C → Cα

C .

The rest of spectrum is in a disk of center 0 with radius strictly less than 1.

Proof. The spectrum radius can be calculated as

ρ(Lα) = lim sup
n→∞

||Ln
α||

1
n
α ,

where
||Ln

α||α = sup
φ∈Cα

C ,||φ||α≤1

||Ln
0φ||α.

For any φ ∈ Cα
C with ||φ||α ≤ 1 and x, y ∈ X with d(x, y) ≤ a, let f−1(x) =

{x1, · · · , xn} and f−1(y) = {y1, · · · , yn} such that d(xi, yi) ≤ 1/λd(x, y). Then

|Lαφ(x)− Lαφ(y)| ≤
n∑

i=1

|ψ(xi)φ(xi)− ψ(yi)φ(yi)|

≤
n∑

i=1

|ψ(xi)− ψ(yi)||φ(yi)|+
n∑

i=1

ψ(xi)|φ(xi)− φ(yi)|.

Since d(xi, yi) ≤ (1/λ)d(x, y) and since
∑n

i=1 ψ(xi) = 1,

[Lαφ]α ≤ [ψ]αn0

λα
||φ||+ 1

λα
[φ]α.

We have that
||Lαφ||α ≤ C1||φ||+ 1

λα
||φ||α,

where C1 = 1− 1/λα + [ψ]αn0/λα. Inductively, suppose

||Ln−1
α φ||α ≤ Cn−1||φ||+

( 1
λα

)n−1||φ||α.

Then

||Ln
αφ||α ≤ Cn−1||Lαφ||+ ( 1

λα

)n−1||Lαφ||α

≤ Cn−1||φ||+
( 1
λα

)n−1
C1||φ||+

( 1
λα

)n||φ||α

= Cn||φ||+
( 1
λα

)n||φ||α,

where Cn = Cn−1 + (1/λα)n−1C1 ≤ C = C1λ
α/(λα − 1). Therefore we have that

||Ln
αφ||α ≤ C||φ||+ ( 1

λα

)n||φ||α
for all n ≥ 1.

Let
Cα⊥
C = {φ ∈ Cα

C ; < µ, φ >= 0}.
Then Cα

C = Cα⊥
C

⊕
C because φ = (φ− < µ, φ >)+ < µ, φ >. To prove the rest

of spectrum of Lα is in a disk of center 0 with radius less than 1, we only need to
prove that the spectrum of

Lα|Cα⊥
C : Cα⊥

C → Cα⊥
C

is strictly less than 1. We prove this as follows.
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Suppose n, k > 0. Then

||Ln+k
α φ||α ≤ C||Lk

αφ||+ ( 1
λα

)n||Lk
αφ||α

≤ C||Lk
αφ||+ C

( 1
λα

)n||φ||+ ( 1
λα

)n+k||φ||α.

Since {φ ∈ Cα⊥
C ; ||φ||α ≤ 1} is a compact set in C0

C (because it is a uniformly
bounded and equicontinuous family), following Theorem 1.9, for any 0 < τ < 1
there are m, k > 0 such that

||Lm+k
α φ||α ≤ τ

for all φ ∈ Cα⊥
C with ||φ||α ≤ 1. So ||Lm+k

α ||α ≤ τ . Therefore,

lim sup
n→∞

||Ln|Cα⊥
C ||

1
n
α ≤ τ

1
m+k < 1.

This completes the proof. ¤
In the next section, we will prove a stronger estimate about the relative gap

between the maximal eigenvalue and the rest of spectrum of Lα (see Theorem 1.11).

1.7. Hilbert Metric And Convergence Speed

Let ν be the unique probability measure in Theorem 1.8 and define

ρ(φ) =< ν, φ >, φ ∈ C0
C.

Then ρ is a functional from C0
C to C. From Theorem 1.8, we know that for φ ∈ C0

C,
δ−nLnφ converges to ρ(φ)h uniformly as n goes to infinity. An important question
in thermodynamical formalism is how fast does δ−nLnφ converge to ρ(φ)h? We
discuss this question in this section (refer to [FJ] for some further study).

Define
Cα

K = {φ ∈ Cα ; φ > 0 and [log φ]α ≤ K} ∪ {0}.
One can check that Cα

K is a convex cone in Cα, this means that (1) for any φ ∈ Cα
K

and any real number t ≥ 0, tφ ∈ Cα
K and (2) for any φ1 and φ2 in Cα

K and any
0 ≤ t ≤ 1, tφ1 + (1− t)φ2 is in Cα

K .
Suppose ψ is in Cα

K0
for some K0 > 0. Let K > K0/(λα−1) be a fixed constant

and define τ = (K + K0)λ−α/K < 1. Then we have

Lemma 1.9.
L(Cα

K) ⊆ Cα
τK .

Proof. Suppose φ 6= 0 ∈ Cα
K and x, y ∈ X with d(x, y) ≤ a. Then

Lφ(x) =
∑

z∈f−1(x)

ψ(z)φ(z) and Lφ(y) =
∑

w∈f−1(y)

ψ(w)φ(w).

We can arrange z’s and w’s such that d(z, w) ≤ λ−1d(x, y). So

Lφ(x) =
∑

z∈f−1(x)

ψ(z)φ(z)

≤
∑

w∈f−1(y)

ψ(w)eK0d(z,w)α

φ(w)eKd(z,w)α

≤
(
Lφ(y)

)
e(K0+K)λ−αd(x,y)α

=
(
Lφ(y)

)
eτKd(x,y)α

.
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This implies that Lφ ∈ Cα
τK . ¤

The real valued function space Cα equipped with the norm

||φ||α = ||φ||+ [φ]α
is a Banach space. The convex cone Cα

K is closed in it. So we can define the Hilbert
projective metric with respect to Cα

K (refer to [Bi])
First let ¹ be a partial order in Cα defined as φ1 ¹ φ2 if φ2 − φ1 ∈ Cα

K . The
partial order ¹ is integral meaning that if φn ¹ φ for all n and φn converges
uniformly to φ0, then φ ¹ φ0. Let

A = A(φ1, φ2) = sup{t > 0; tφ1 ¹ φ2}
and

B = B(φ1, φ2) = inf{t > 0; φ2 ¹ tφ1}.
Note that A may be 0 and B may be ∞, however, if both φ1 and φ2 are in the
cone, then both A and B are finite numbers. The Hilbert projective metric with
respect to Cα

K is defined as

Θ(φ1, φ2) = log
B

A
.

The following lemma gives an explicit formula for Θ.

Lemma 1.10. For φ1, φ2 6= 0 ∈ Cα
K ,

Θ(φ1, φ2) = log sup
d(x,y),d(z,w)≤a

eKd(x,y)α

φ1(x)− φ1(y)
eKd(z,w)αφ1(z)− φ1(w)

eKd(z,w)α

φ2(z)− φ2(w)
eKd(x,y)αφ2(x)− φ2(y)

.

Proof. By the definition,

Θ(φ1, φ2) = log
B

A
where

Aφ1(x) ≤ φ2(x) ≤ Bφ1(x), x ∈ X,

and
φ2(y)−Aφ1(y) ≤ eKd(x,y)α

(φ2(x)−Aφ1(x)), d(x, y) ≤ a,

and
Bφ1(w)− φ2(w) ≤ eKd(z,w)α

(Bφ1(z)− φ2(z)), d(z, w) ≤ a.

Then

A ≤ φ2(x)
φ1(x)

≤ B, x ∈ X,

and

A ≤ eKd(x,y)α

φ2(x)− φ2(y)
eKd(x,y)αφ1(x)− φ1(y)

, d(x, y) ≤ a,

and

B ≥ eKd(z,w)α

φ2(z)− φ2(w)
eKd(z,w)αφ1(z)− φ1(w)

, d(z, w) ≤ a.

We have

A = min
{

inf
x∈X

φ2(x)
φ1(x)

, inf
d(x,y)≤a

eKd(x,y)α

φ2(x)− φ2(y)
eKd(x,y)αφ1(x)− φ1(y)

}

and

B = max
{

sup
z∈X

φ2(z)
φ1(z)

, sup
d(z,w)≤a

eKd(z,w)α

φ2(z)− φ2(w)
eKd(z,w)αφ1(z)− φ1(w)

}
.
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Let x0 ∈ X such that
φ2(x0)
φ1(x0)

= min
x∈X

φ2(x)
φ1(x)

.

Then for x ∈ X with d(x, x0) ≤ a,

eKd(x,x0)
α

φ2(x0)− φ2(x)
eKd(x,x0)αφ1(x0)− φ1(x)

=
eKd(x,x0)

α φ2(x0)
φ1(x0)

φ1(x0)− φ2(x)
φ1(x)φ1(x)

eKd(x,x0)αφ1(x0)− φ1(x)
≤ φ2(x)

φ1(x)
.

Take a sequence {xn} tending to x0 in X as n goes to infinity. Then

inf
d(x,y)≤a

eKd(x,y)α

φ2(x)− φ2(y)
eKd(x,y)αφ1(x)− φ1(y)

≤ eKd(xn,x0)
α

φ2(x0)− φ2(xn)
eKd(xn,x0)αφ1(x0)− φ1(xn)

≤ φ2(xn)
φ1(xn)

.

As n goes to infinity,

inf
d(x,y)≤a

eKd(x,y)α

φ2(x)− φ2(y)
eKd(x,y)αφ1(x)− φ1(y)

≤ φ2(x0)
φ1(x0)

.

We get

A = inf
d(x,y)≤a

eKd(x,y)α

φ2(x)− φ2(y)
eKd(x,y)αφ1(x)− φ1(y)

Similarly we can get

B = sup
d(z,w)≤a

eKd(z,w)α

φ2(z)− φ2(w)
eKd(z,w)αφ1(z)− φ1(w)

.

Thus

Θ(φ1, φ2) = log sup
d(x,y),d(z,w)≤a

eKd(x,y)α

φ1(x)− φ1(y)
eKd(z,w)αφ1(z)− φ1(w)

eKd(z,w)α

φ2(z)− φ2(w)
eKd(x,y)αφ2(x)− φ2(y)

.

¤
Let

∆ = sup
φ1,φ2∈Cα

τK

Θ(φ1, φ2)

and
Λ = tanh

(∆
4

)
.

Let k0 be the minimal positive integer such that there are k0 balls of radius a
covering X.

Lemma 1.11.

∆ ≤ 2 log
(1 + τ

1− τ

)
+ 2(1− τ + 2k0)Kaα.

Thus 0 < Λ < 1.

Proof. For any φ1, φ2 ∈ Cα
τK ,

eKd(z,w)α

φ2(z)−φ2(w) =
(
eKd(z,w)α− φ2(z)

φ2(w)

)
φ2(z) ≤

(
eKd(z,w)α−e−τKd(z,w)α

)
φ2(z).

In the same way, we get that

eKd(x,y)α

φ2(x)− φ2(y) ≥
(
eKd(x,y)α − eτKd(x,y)α

)
φ2(x)

and
eKd(x,y)α

φ1(x)− φ1(y) ≤
(
eKd(x,y)α − e−τKd(x,y)α

)
φ1(x),
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eKd(z,w)α

φ1(z)− φ1(w) ≥
(
eKd(z,w)α − eτKd(z,w)α

)
φ1(z).

This implies that

Θ(φ1, φ2)

≤ log sup
d(x,y),d(z,w)≤a

(
eKd(x,y)α − e−τKd(x,y)α)
(
eKd(x,y)α − eτKd(x,y)α

)
(
eKd(z,w)α − e−τKd(z,w)α)
(
eKd(z,w)α − eτKd(z,w)α

) φ2(z)
φ2(x)

φ1(x)
φ1(z)

= log sup
d(x,y),d(z,w)≤a

(
1− e−(1+τ)Kd(x,y)α)

(
1− e−(1−τ)Kd(x,y)α

)
(
1− e−(1+τ)Kd(z,w)α)

(
1− e−(1−τ)Kd(z,w)α

) φ2(z)
φ2(x)

φ1(x)
φ1(z)

.

Since

e−Ct ≤ 1− e−t =
∫ 0

−t

eξdξ ≤ t, 0 ≤ t ≤ C

and since
φ2(z)
φ2(x)

,
φ1(x)
φ1(z)

≤ ek0Kaα

,

we have

Θ(φ1, φ2) ≤ (1 + τ)Kd(x, y)α

(1− τ)Kd(x, y)αe−(1−τ)Kaα

(1 + τ)Kd(z, w)α

(1− τ)Kd(z, w)αe−(1−τ)Kaα

(
ek0Kaα

)2

=
(1 + τ

1− τ

)2

e2(1−τ)Kaα

e2k0Kaα

.

Therefore,

∆ ≤ 2 log
(1 + τ

1− τ

)
+ 2(1− τ + 2k0)Kaα.

¤

Lemma 1.12. For any φ1, φ2 ∈ Cα
K ,

Θ(Lφ1,Lφ2) ≤ ΛΘ(φ1, φ2).

Proof. By the definition,

Θ(φ1, φ2) = log
B

A

and φ2 −Aφ1 and Bφ1 − φ2 are both in Cα
K . From Lemma 1.9,

Θ
(L(φ2 −Aφ1),L(Bφ1(x)− φ2)

) ≤ ∆.

Let A0 and B0 be two corresponding numbers in the definition of

Θ
(L(φ2 −Aφ1),L(Bφ1(x)− φ2)

)
.

Then we have
B0

A0
≤ e∆

and
A0L(φ2 −Aφ1)

) ¹ L(Bφ1 − φ2) ¹ B0L(φ2 −Aφ1).

This gives us that

B + B0A

1 + B0
Lφ1 ¹ Lφ2 ¹ B + A0A

1 + A0
Lφ1.
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So

Θ
(Lφ1,Lφ2

) ≤ log
(B + A0A)(1 + B0)
(B + B0A)(1 + A0)

= log
eΘ(φ1,φ2) + A0

eΘ(φ1,φ2) + B0
− log

1 + A0

1 + B0

=
∫ Θ(φ1,φ2)

0

(B0 −A0)eξ

(eξ + A0)(eξ + B0)
dξ

≤ 1− A0
B0(

1 +
√

A0
B0

)2
Θ(φ1, φ2)

≤ ΛΘ(φ1, φ2).

¤
It is easy to check that the functional ρ satisfies
(1) ρ(sφ) = sρ(φ) for any s ≥ 0 and φ ∈ Cα and
(2) if φ1 ¹ φ2, then ρ(φ1) ≤ ρ(φ2).

Use these properties, we have

Lemma 1.13. For any φ1 and φ2 in Cα
K satisfying ρ(φ1) = ρ(φ2) 6= 0,

||φ2 − φ1|| ≤
(
eΘ(φ1,φ2) − 1

)||φ1||.
Proof. From the definition,

Θ(φ1, φ2) = log
B

A
where

Aφ1 ¹ φ2 ¹ Bφ1.

We get
Aρ(φ1) ≤ ρ(φ2) ≤ Bρ(φ1).

So
A ≤ 1 ≤ B.

Thus

||φ2 − φ1|| ≤ ||φ2

φ1
− 1||||φ1|| ≤ (B − 1)||φ1|| ≤ (

B

A
− 1)||φ1|| ≤

(
eΘ(φ1,φ2) − 1

)||φ1||.
¤

Lemma 1.14. Suppose φ ∈ Cα, φ > 0. Then there is an integer N = N(φ) > 0
such that

Lnφ ∈ Cα
K

for all n ≥ N .

Proof. Let [log φ]α be the Hölder constant of log φ. From the proof of Lemma
1.2 we see that

[logLφ]α ≤ ([log φ]α + K0)λ−α.

In general,

[logLnφ]α ≤ K0(λ−α + · · ·+ λ−nα) + Kφλ−nα → K0

λα − 1
as n →∞.

Since K > K0/(λα − 1), we can find an integer N > 0 satisfying the lemma. ¤
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Theorem 1.10. Suppose φ ∈ Cα. Then there is a constant C0 > 0 independent
of φ and an integer N = N(φ) > 0 such that

||δ−nLnφ− ρ(φ)h|| ≤ C0Λn−N ||φ||, n ≥ N.

Proof. Suppose ||φ|| > 0. Otherwise it is trivial. Take

b =
2||φ||

minx h(x)
.

Then φ + bh > 0. From Lemma 1.14, there is an integer N = N(φ + bh) > 0 such
that

Ln(φ + bh) ∈ Cα
K , n ≥ N.

For n ≥ 0,

ρ(δ−nLn(φ + bh)) = δ−n

∫
Ln(φ + bh) dν

= δ−n

∫
(φ + bh) dL∗nν

=
∫

(φ + bh)dν

= ρ(φ + bh)
= ρ(φ) + b.

Because

|ρ(φ)| = |ρ(
φ

h
h)| ≤ ||φ||

minx h(x)
,

ρ(φ) + b 6= 0. From Lemma 1.13,

||δ−nLnφ− δ−mLmφ|| = ||δ−nLn(φ + bh)− δ−mLm(φ + bh)||
≤

(
eΘ

(
Ln(φ+bh),Lm(φ+bh)

)
− 1

)
||δ−mLm(φ + bh)||

for any m > n ≥ N . Since Lk(φ + bh) ∈ Cα
K for k ≥ N ,

Θ(Ln(φ + bh),Lm(φ + bh)) ≤ Λn−NΘ(LN (φ + bh),Lm−n+N (φ + bh)) ≤ Λn−N∆.

Thus

||δ−nLnφ− δ−mLmφ|| ≤ (eΛn−N∆ − 1)||δ−mLm(φ + bh)||.
Let m →∞. We get

||δ−nLnφ− ρ(φ)h|| ≤ (
eΛn−N∆ − 1

)
(ρ(φ) + b)||h|| ≤ C0Λn−N ||φ||

for n ≥ N , where C0 > 0 is a constant independent of φ. ¤

Remember that µ = hν is the Gibbs measure for (f, ψ) and is f -invariant. For
any φ ∈ C0, define

Φ(n) =
∣∣∣
∫

φ · φ ◦ fn dµ− ( ∫
φ dµ

)2
∣∣∣.
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It is called the correlation for φ. Since L∗nν = δnν,
∫

φ · φ ◦ fn dµ = δ−n

∫
φ · φ ◦ fnh dL∗nν

= δ−n

∫
Ln(φ · h · φ ◦ fn) dν

=
∫ (

δ−nLn(φh)
)
φ dν.

Thus for n ≥ N ,

Φ(n) ≤
∫
||δ−nLn(hφ)− ρ(hφ)h|| · ||φ|| dν ≤ C0||h||Λn−N ||φ||2 = CΛn−N ||φ||2

where C = C0||h|| is a constant independent of φ. This gives us that

Corollary 1.4. The decay of correlation is exponential. More precisely, there
is a constant C > 0 such that for any φ ∈ Cα, there is an integer N = N(φ) > 0
such that

Φ(n) ≤ CΛn−N ||φ||2, n ≥ N.

Assume L is normalized, i.e., L1 = 1. Let

Cα⊥ = {φ ∈ Cα ; ρ(φ) = 0}.
Then

Cα = Cα⊥ ⊕ R
since φ =

(
φ − ρ(φ)

)
+ ρ(φ). For φ ∈ Cα⊥, Theorem 1.10 says that there is an

integer N = N(φ) > 0 such that

||Lnφ|| ≤ C0Λn−N ||φ||, n ≥ N.

This is used in the proof of the next lemma. Let κ = max{λ−α,Λ} < 1.

Lemma 1.15. There is a constant C > 0 independent of φ such that

[Lnφ]α ≤ C · (n + 1−N) · κn−N ||φ||
for all n ≥ N .

Proof. Suppose x, y ∈ X with d(x, y) ≤ a. Let f−1(x) = {z} and f−1(y) =
{w}. We can arrange z’s and w’s such that d(z, w) ≤ λ−1d(x, y). Then

|Lφ(x)− Lφ(y)| = |
∑

z∈f−1(x),w∈f−1(y)

(
ψ(z)φ(z)− ψ(w)φ(w)

)|

≤
∑

z∈f−1(x),w∈f−1(y)

|ψ(z)− ψ(w)||φ(z)|+ ψ(w)|φ(w)− φ(z)|.

So

[Lφ]α ≤ [ψ]αn0

λα
||φ||+ 1

λα
[φ]α.
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Let C2 = [ψ]αn0C0Λ−1λ−α. Then for n > N ,

[Lnφ]α = [L(Ln−1φ)]α

≤ [ψ]αn0

λα
||Ln−1φ||+ 1

λα
[Ln−1φ]α

≤ [ψ]αn0

λα
C0Λn−1−N ||φ||+ 1

λα
[Ln−1φ]α

≤ C2Λn−N ||φ||+ 1
λα

[Ln−1φ]α.

Further,

[Lnφ]α ≤ C2Λn−N ||φ||+ 1
λα

(
C2Λn−1−N ||φ||+ 1

λα
[Ln−2φ]α

)

≤ 2C2κ
n−N ||φ||+ 1

λ2α
[Ln−2φ]α

≤ · · · ≤ (n−N)C2κ
n−N ||φ||+ 1

λ(n−N)α
[LNφ]α

≤ C · (n−N + 1) · κn−N ||φ||
where C = max{C2, C1} > 0. ¤

Lemma 1.16. For any φ ∈ Cα⊥ and for any ξ ∈ R such that |ξ| > κ, the series

Kφ = ξ−1φ + ξ−2Lφ + ξ−3L2φ + · · ·+ ξ−(n+1)Lnφ + · · ·
converges in the maximal norm and belongs to Cα⊥. Thus K : Cα⊥ → Cα⊥.

Proof. The convergence of the series in C0 follows directly from Theorem 1.10.
Because ρ(Lnφ) = 0 for all n > 0, ρ(Kφ) = 0. From Lemma 1.15,

[Kφ]α ≤
∞∑

n=0

|ξ|−n−1[Lnφ]α

≤
N−1∑
n=0

|ξ|−n−1[Lnφ]α + C

∞∑

n=N

|ξ|−n−1κn−N (n−N + 1) < ∞.

Therefore, Kφ is in Cα⊥. ¤

Now consider complex valued function spaces Cα
C and Cα⊥

C . Both of them are
Banach spaces under the norm ||φ||α. Then

Lφ = Lφ1 + iLφ2 for φ = φ1 + iφ2, φ1, φ2 ∈ Cα.

Thus we have L : Cα
C → Cα

C and L : Cα⊥
C → Cα⊥

C . Similarly, K is also defined on
Cα⊥
C and for any φ ∈ Cα⊥

C and any ξ ∈ C such that |ξ| > κ, the series

Kφ = ξ−1φ + ξ−2Lφ + ξ−3L2φ + · · ·+ ξ−(n+1)Lnφ + · · ·
converges in the maximal norm and belongs to Cα⊥

C . So K : Cα⊥
C → Cα⊥

C . Now we
prove a stronger result than Corollary 1.3.

Theorem 1.11. Suppose L is a normalized RPF operator, i.e., L1 = 1. Then
the spectrum radius of L|Cα⊥

C : Cα⊥
C → Cα⊥

C is less than or equal to κ.
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Proof. From Lemma 1.16, for ξ ∈ C such that |ξ| > κ,

K(ξI − L) = (ξI − L)K = I on Cα⊥
C .

So ξI − L : Cα⊥
C → Cα⊥

C is bijective. By the Banach theorem, it is invertible. This
implies that ξ is not a spectrum point of L|Cα⊥

C . This proves the theorem. ¤
Corollary 1.5. For any φ ∈ Cα⊥

C and any ε > 0, there is an integer N =
N(φ, ε) > 0 such that

||Lnφ||α ≤ (κ + ε)n||φ||α, n ≥ N.

Proof. From the spectrum formula,

lim sup
n→∞

||Ln|Cα⊥
C ||

1
n
α ≤ κ.

We have an integer N = N(φ, ε) > 0 such that

||Lnφ||α ≤ (κ + ε)n||φ||α, n ≥ N.

¤
Corollary 1.6. For a normalized RPF operator L : Cα

C → Cα
C , the maximal

eigenvalue is 1 and the rest of its spectrum is inside the closed disk centered 0 of
radius κ.

From the relation between an RPF operator and its normalization, Corollary
1.6 implies that

Corollary 1.7. For any RPF operator L : Cα
C → Cα

C , let δ be its maximal
positive simple eigenvalue. Then the rest of its spectrum is inside the closed disk
centered 0 of radius κδ.





CHAPTER 2

Transfer Operators And Dynamical Zeta Functions

2.1. Nuclear Operators

Suppose B and D are two Banach spaces. Let B′ be the dual space of B, i.e.,
the space of all bounded linear functionals from B to C. Let L(B,D) be the space of
continuous (bounded) linear operators from B to D. If B = D, let L(B) = L(B,D).

For x′ ∈ B′ and y ∈ D and λ ∈ C, let λx′ ⊗ y mean the linear operator
λx′ ⊗ y(z) = λx′(z)y for z ∈ B. It is a bounded linear operator. A bounded linear
operator N is said to have finite rank if there are {x′i}n

i=1 ⊂ B′ and {yi}n
i=1 ⊂ D

and {λi}n
i=1 ⊂ C such that

N =
n∑

i=1

λix
′
i ⊗ yi.

For a bounded linear operator N =
∑n

i=1 λix
′
i ⊗ yi in L(B), we can define its trace

as

Tr(N) =
n∑

i=1

λix
′
i(yi).

Lemma 2.1. The trace Tr(N) of a linear operator of finite rank in L(B) is
independent of representations.

Proof. Let {e1, · · · , em} be a linearly independent set in B such that ||ei|| = 1
and such that {y1, · · · , yn} ⊂ span{e1, · · · , em}. Then

yi = ai1e1 + · · · aimem, i = 1, · · · , n.

Let e′i ∈ B′ be the linear functional satisfying that e′i(ej) = δij . Then

N(ek) =
n∑

i=1

λix
′
i(ek)

m∑

j=1

aijej =
n∑

i=1

m∑

j=1

λiaijx
′
i(ek)ej =

m∑

j=1

( n∑

i=1

λiaijx
′
i(ek)

)
ej .

Furthermore,

e′k
(
N(ek)

)
=

n∑

i=1

λiaikx′i(ek).

But

Tr(N) =
n∑

i=1

λix
′
i(yi) =

n∑

i=1

λix
′
i

( m∑

k=1

aikek

)

=
n∑

i=1

m∑

k=1

λiaikx′i(ek) =
m∑

k=1

n∑

i=1

λiaik)x′i(ek) =
m∑

k=1

e′k
(
N(ek)

)
.

This implies that the trace Tr(N) is independent of representations. ¤
35
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A sequence a = {λn}∞n=1 of complex numbers is in lp, 0 < p ≤ 1 if

||a||p =
( ∞∑

n=1

|λn|p
) 1

p

< ∞;

and it is in l∞ if

||a||∞ = sup
n≥0

max
1≤i≤n

|λi| < ∞;

A linear operator N in L(B,D) is called a nuclear operator of order 0 ≤ q < 1 if

N =
∞∑

n=1

λnyn ⊗ x′n

where a = {λn}∞n=1 is in lp for any p > q, y = {yn}∞n=1 is a sequence of elements in
D with norms ||yn||D = 1, and x = {x′n}∞n=1 is a sequence of elements in B′ with
also norms ||x′n||B′ = 1. In other words, N is a nuclear operator if and only if it can
be decomposed as the product N = ABC where C : B → l∞, B : l∞ → ∩q<p≤1lp,
and A : ∩q<p≤1lp → D are bounded linear operators. A nuclear operator of order
q is compact but a compact operator may not be nuclear because all eigenvalues of
a compact operator may accumulate to 0 in a very slow speed.

Theorem 2.1. Suppose B, D, and E are three Banach spaces. Suppose N ∈
L(B,D) and M ∈ L(D, E) are bounded linear operators. If one of N and M is
nuclear of order 0 ≤ q < 1, then MN and NM are nuclear of order q.

Proof. Suppose N is nuclear and has a representation

N =
∞∑

n=1

λnx′n ⊗ yn.

It is easy to see that

MN =
∞∑

n=1

λnx′n ⊗M(yn)

=
∞∑

n=1

λn||M(yn)||x′n ⊗
M(yn)
||M(yn)||

for all n > 0 such that M(yn) 6= 0. Therefore, we have

MN =
∞∑

n=1

λ̃nx′n ⊗ ỹn

where ỹn = M(yn)/||M(yn)|| or 0 and λ̃n = λnM(yn). Since

∞∑
n=1

|λ̃n|p ≤
∞∑

n=1

|λn|p||M ||p < ∞

for any q < p ≤ 1, we get that MN is a nuclear operator of order q. Similarly, we
can prove that NM is a nuclear operator of order q. Similarly, one can prove that
MN is nuclear of order q too. ¤
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For a nuclear operator in L(B), if it has a representation N =
∑∞

n=1 λnyn⊗x′n,
we can define a “formal” trace

“Tr”(N) =
∑

n∈N
λnx′n(yn).

A Banach space B is said to have approximation property if there is a sequence
{en}∞n=1 of independent unit elements in B such that any element x in B can be
written as a linear combination of these independent elements,

x =
∞∑

n=1

anen,

where {an}∞n=1 is a sequence of complex numbers. Following the proof of Lemma
2.1, if B has approximation property and N is a nuclear operator of order 0 ≤ q < 1,
then the trace defined above is independent of representations. Not every Banach
space has approximation property, however, we have

Theorem 2.2 (Grothendick [Gr]). If N ∈ L(B) is a nuclear operator of order
0, then “Tr”(N) is unique, this means that it is independent of representations, and
then we have a well-defined trace

Tr(N) =
∞∑

n=1

λnx′n(yn) =
∑

ρ∈sp(N)

ρ

and a well-defined determinant

Det(I − zN) = exp
(
−

∞∑
n=1

zn

n
Tr(Nn)

)
=

∏

τ∈sp(N)

(1− τz),

where sp(N) means the spectrum of N . Moreover, Det(I−zN) is an entire function
of C.

Remark 2.1. To prove that Det(I − zN) is entire, Grothendick proved that

Det(I − zN) =
∞∑

n=0

(−z)nΛnN

where ΛnN means the n-fold exterior product of the linear operator N . Then
following the Haadam Inequality, he showed that

|Tr(ΛnN)| ≤ Cn−
n
2 = Ce−

n log n
2 .

So Det(I − zN) is an entire function.

Now let us see some nuclear operators in dynamical systems. Let U and V be
two bounded Jordon domains in the complex plane such that U is compact and
U ⊂ U ⊂ V . Suppose Cω(V ) (resp. Cω(U)) is the space of all complex analytic
functions on U (resp. V ) and suppose C0(V ) (resp. Cω(U)) is the space of all
complex valued continuous functions on U (resp. V ). Let A(U) = Cω(U) ∩ C0(U)
and A(V ) = Cω(V ) ∩ C0(V ). Define RU : A(V ) → A(U) by RU (φ) = φ|U for any
φ ∈ A(V ).

Example 2.1. The operator RU ∈ L(A(V ), A(U)) is a nuclear operator of
order 0.
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Proof. Let Dr = {z ∈ C; ||z|| < r} for any 0 < r ≤ 1. First let us consider a
special case that U = Dr for some 0 < r < 1 and V = D1, we want to prove that
Rr = RDr : A(D1) → A(Dr) is nuclear of order 0.

For any φ in A(D1), we have

φ(z) =
∮

∂D1

φ(u)
u− z

· du

2πi
=

∞∑
n=1

∮

∂D1

zn−1 φ(u)
un

du

2πi
=

∞∑
n=1

λnx′n(φ)⊗ yn(z)

where yn(z) = (z/r)n−1, λn = rn−1, and

x′n(φ) =
∮

∂D1

φ(u)
un

· du

2πi
.

Since ||x′n||A(D1) = 1 and yn = (z/r)n−1 is a function defined on Dr with ||yn(z)||A(Dr) =
1 and since

∑∞
n=1 rp(n−1) < ∞ for all 0 < p ≤ 1, we have that

Rr =
∞∑

n=1

λnx′n ⊗ yn(z)

is nuclear of order 0.
If U and V are general Jordon domains, let f : D1 → V be a conformal mapping

(Riemann mapping). Then f can be continuously extended to D1. Let f∗φ = φ ◦ f
for φ ∈ A(V ). Let 0 < r < 1 such that f−1(U) ⊂ Dr and let g : Dr → U be another
conformal mapping (Riemann mapping). Also g can be continuously extended to
Dr. Let g∗φ = φ ◦ g−1 for φ ∈ A(Dr). Let (g ◦ f−1)∗φ(z) = φ(g ◦ f−1(z)) for
φ ∈ A(U). Then

RU = (g ◦ f−1)∗ ◦ g∗ ◦Rr ◦ f∗.

Since RDr is nuclear of order 0 and (g ◦ f−1)∗, g∗, and f∗ are all bounded, RU is
nuclear of order 0. ¤

2.2. Nuclear Transfer Operators And Dynamical Determinants

Consider two complex numbers c, θ, |θ| < 1. Define an operator Nθ,c : A(D1) →
A(D1) by

Nθ,cφ(w) = cφ(θw), φ ∈ A(D1).

Theorem 2.3. The operator Nθ,c is nuclear of order 0.

Proof. Let RD|θ| : A(D1) → A(D|θ|). It is nuclear of order 0 from Example
2.1. Define Ñ : A(D|θ|) → A(D1) by

Ñφ(w) = cφ(θw), φ ∈ A(D|θ|).

Then
Nθ,c = Ñ ◦RD|θ| .

Theorem 2.1 says that Nθ,c is nuclear of order 0 because Ñ is bounded and RD|θ|
is nuclear of order 0. ¤

Now let us see how to calculate the trace Tr(Nθ,c). Consider the bases 1, w,
w2, · · · , wn, · · · of A(D1) and the Taylor expansion

φ(w) =
∞∑

n=0

anwn
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for φ in A(D1). We have that Nθ,c(wn) = cθnwn for n = 0, 1, · · · . Thus {wn}∞n=0

are all eigenvectors of Nθ,c with eigenvalues {cθn}∞n=0. Thus the trace can be
calculated as

Tr(Nθ,c) =
∞∑

n=0

cθn =
c

1− θ
.

It is clear that the determinant

Det(1− zNθ,c) =
∞∏

n=0

(1− zcθn)

is an entire function.
Let V and U , U ⊂ V , are Jordon domains in the complex plane C. Suppose

g : V → U is conformal. Then g has a unique fixed point zg which is attractive
(following hyperbolic geometry). Suppose ψ is in A(V ). Define Ng,ψ : A(V ) 7→
A(V ) by

Ng,ψφ = ψ ◦ g · φ ◦ g, φ ∈ A(V ).

Lemma 2.2. The operator Ng,ψ is nuclear of order 0 and

Tr(Ng,ψ) =
ψ(zg)

1− g′(zg)

Proof. The restriction operator RU : A(V ) → A(U) is nuclear of order 0.
Since

Ng,ψ = Ñ ◦RU ,

where
Ñφ = ψ ◦ g · φ ◦ g, φ ∈ A(V ).

is bounded, N is nuclear of order 0.
For any φ ∈ A(V ),

Ng,ψφ(w) =
∮

∂V

φ(z)
g(z)

z − f(w)
dz

2πi
.

Since for w ∈ V and z ∈ ∂V , z − f(w) 6= 0,

Tr(Ng,ψ) =
∮

∂V

g(z)
z − f(z)

dz

2πi
=

ψ(zg)
1− g′(zg)

.

¤
Remark 2.2. In general if K(w, z) is a kernel function such that

Nφ(w) =
∮

∂V

K(w, z)φ(z)dz : A(V ) → A(V )

is an integral operator (called the standard Fredholm operator). The trace of N
can be calculated by Tr(N) =

∮
∂V

K(z, z)dz (see [DS]).

Finally let us have some result on dynamical determinants. Suppose V , U1,
· · · , Ud are Jordon domains such that

∪d
k=1Uk ⊂ V and Ui ∩ Uj = ∅, 1 ≤ i 6= j ≤ d.

Let f : ∪d
k=1Uk → V be analytic and each f |Uk : Uk → V is conformal. Suppose ψ

is in A(V ). The transfer operator L for f with weight ψ is defined as

Lφ(z) =
∑

w∈f−1(z)

ψ(w)φ(w), φ ∈ A(V ).



40 2. TRANSFER OPERATORS AND DYNAMICAL ZETA FUNCTIONS

Let gk = (f |Uk)−1 and zk be the unique fixed point of gk in Uk, 1 ≤ k ≤ d.
Define Nk : A(V ) → A(V ) by

Nkφ = ψ ◦ gk · φ ◦ gk.

Then L =
∑d

k=1 Nk. Since each Nk is nuclear of order 0, so is L.

Tr(L) =
d∑

k=1

Tr(Nk) =
d∑

k=1

ψ(zk)
1− g′k(zk)

.

Let wn = i0i1 · · · i0 be a sequence of 1’s, · · · , d’s of length n. Let

Nwn = Nin−1 ◦ · · · ◦Ni0 .

Define
ψwn

= ψ ◦ gi0 · ψ ◦ gi0 ◦ gi1 · · ·ψ ◦ gi0 ◦ gi1 ◦ · · · ◦ gin−1

and
gwn

= gi0 ◦ g1 ◦ · · · ◦ gin−1 .

We have
Nwnφ = ψwn · φ ◦ fwn .

Furthermore,
Ln =

∑
wn

Nwn

and
Tr(Ln) =

∑
wn

Tr(Nwn),

where the summations are over all sequence of 1’s, · · · , d’s of length n. Let zwn be
the unique fixed point of gwn in Uwn = gwn(V ). Then we have

Tr(Nwn) =
ψwn(zwn)

1− g′wn
(zwn)

.

Theorem 2.4 (Ruelle). The operator L is nuclear of order 0 and the determi-
nant

Det(I − zL) = exp
(
−

∞∑
n=1

zn

n

∑
wn

ψwn(zwn)
1− g′(zwn)

)
=

∏

τ∈sp(L)

(1− zτ)

is an entire function and the roots of Det(I − λL) are exactly one over the eigen-
values of L (with the same multiply), where sp(L) means the spectrum of L.

Proof. Because

Det(I − zL) = exp(−
∞∑

n=1

zn

n
Tr(Ln))

and

Tr(Ln) =
∑
wn

ψwn(zwn)
1− g′(zwn)

.

Now from Theorem 2.1, we have that

Det(I − zL) = exp
(
−

∞∑
n=1

zn

n

∑
wn

ψwn(zwn)
1− g′(zwn)

)
=

∏

τ∈sp(L)

(1− τz)
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is an entire function. It is clear from the last formula that the roots of Det(I − zL)
are exactly one over the eigenvalues of L (with the same multiply), ¤

2.3. Dynamical Zeta Functions

Suppose V , U1, · · · , Ud are Jordon domains such that

∪d
k=1Uk ⊂ V and Ui ∩ Uj = ∅, 1 ≤ i 6= j ≤ d.

Let f : ∪d
k=1Uk → V be analytic and each f |Uk : Uk → V is conformal. Let

Λ = ∩∞n=0f
−n(V ).

Let C0(Λ) be the space of all continuous functions φ : Λ → C. Suppose ψ is in
C0(Λ). For any n > 0, let

Gn(x) =
n−1∏

k=0

ψ(fk(x)), x ∈ Λ.

Remember that gk = (f |Uk)−1 and that for wn = i0i1 · · · in−1, a sequence of
1’s, 2’s, · · · , d’s of length n,

gwn = gi0gi1 · · · gin−1 : V → Uwn = gwn(V ).

The map gwn has a unique fixed point zwn in Λwn = Λ ∩ Uwn because it is a
contracting map. For each n > 0, define

Zn(ψ) =
∑
wn

Gn(zwn)

where wn runs over all sequences of 1’s, 2’s, · · · , d’s of length n. The functional
Zn(ψ) : C0(Λ) → C is called a partition function. The zeta function of (f, ψ) is
defined as

ξ(z, ψ) = exp
( ∞∑

n=1

zn

n
Zn(ψ)

)
.

The number

P (ψ) = lim sup
n→∞

1
n

log |Zn(ψ)|
is called the topological pressure of the observation log ψ. The convergence radius
of ξ(z, ψ) is eP .

Remark 2.3. If ψ > 0, we can define a measure µn on Λ as

dµn =
Gn(zwn)
Zn(ψ)

on Λwn .

All weak limits of {µn} will be f -invariant probability measures on Λ and are called
Gibbs measures for (f, ψ) (refer to §1.5).

Now let us see some examples to calculate zeta functions.

Example 2.2. Suppose ψ = 1. Then Zn(1) = #
(
Fix(fn)

)
= dn. Let A =

(1)d×d be the d×d matrix with all entires 1. Then it is easy to see Zn(1) = tr(An).
So

ξ(z, ψ) = exp
( ∞∑

n=1

zn

n
tr(An)

)
=

1
det(I − zA)

,
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where I means the d× d identity matrix. The pressure is

P = lim
n→∞

1
n

log Zn(1) = log d.

Example 2.3. Suppose ψ is a function only depending on i0i1, that is,

ψ(x) = ai0i1 , x ∈ Λi0i1

Let L = (ai0i1) be the d×d-matrix whose i0i1-entry is ai0i1 . One can see easily that
Z1(ψ) =

∑d
i=1 aii = tr(L) and Z2(ψ) =

∑d
i=1

∑d
j=1 aijaji = tr(L2). In general,

Zn = tr(Ln). Therefore,

ξ(z, ψ) = exp
( ∞∑

n=1

zn

n
Tr(Ln)

)
=

1
det(I − zL)

,

where I means the d× d identity matrix.

Now let us calculate the zeta function for a function ψ ∈ A(V ).

Theorem 2.5 (Ruelle). Suppose ψ ∈ A(V ). Then the zeta function ξ(z, ψ) can
be extended to a meromorphic function of z and its pole are exactly the one over
eigenvalues of the transfer operator Lψ (counted by multiplicity).

Proof. The transfer operator L = Lψ can be written as

Lφ(z) =
d∑

i=1

ψ(gk(z))φ(gk(z)).

For any string wn = i0i1 · · · in−1 of 0’s, · · · , d’s, remember that

gwn = gi0 ◦ gi1 ◦ · · · ◦ gin−1

and
ψwn = ψ ◦ gi0 · ψ ◦ gi0 ◦ gi1 · · · · · ψ ◦ gi0 ◦ gi1 ◦ · · · ◦ gin−1 .

Then
Lnφ(z) =

∑
wn

ψwn(z)φ(gwn(z)),

where wn runs over all strings of 0’s, · · · , d’s of length n. As we already know that
Ln is nuclear of order 0. Its trace is

Tr(Ln) =
∑
wn

ψwn(zwn)
1− g′wn

(zwn)
.

The difference between tr(Ln) and Zn(ψ) is the factor 1 − g′wn
(zwn). However, it

is quite easy to remove the factor as follows. Define L(0) = L and

L(1)φ(z) =
d∑

i=1

ψ(gk(z))g′k(z)φ(gk(z)).

Then (L(1)
)n

φ(z) =
∑
wn

ψwn(z)g′wn
(z)φ(gwn(z))

and

Tr
((L(1)

)n
)

=
∑
wn

ψwn(zwn)g′wn
(zwn)

1− g′wn
(zwn)

.
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So
Zn(ψ) = Tr

((L(0)
)n

)
− Tr

((L(1)
)n

)
.

This gives us that

ξ(z, ψ) = exp
( ∞∑

n=1

zn

n

(
Tr

((L(0)
)n

)
− Tr

((L(1)
)n

)))

=
exp

(
−∑∞

n=1
zn

n Tr
((L(1)

)n
))

exp
(
−∑∞

n=1
zn

n Tr
((L(0)

)n
))

=
Det(I − zL(1))
Det(I − zL(0))

.

Since Det(I−zL(1)) and Det(I − zL(0)) are both holomorphic functions of z, ξ(z, ψ)
is a meromorphic function of z. It is clearly the poles of ξ(z, ψ) are exactly one
over the eigenvalues of L (counted by multiplicity). ¤
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