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Let QS be the space of all (orientation-preserving) quasisymmetric
circle homeomorphisms. Let Q be those in QS fixing 1. Let F be the
space of all uniformly quasisymmetric circle endomorphisms of degree
2 fixing 1. (The following can be done for all degrees d > 2 with a little
bit modification). Suppose q(z) = z2. Let α : Q → F be defined as

α(h) = h ◦ q ◦ h−1.
Theorem 16. The map α is bijective.

Proof. From Theorems 14 and 15 and Corollary 4, we have that α :
Q → F is a onto map. We only need to prove that α is injective.
Suppose α(h1) = α(h2) for h1, h2 ∈ Q. Since 1 is the only fixed point
of α(h1), α(h2), and q, h1(1) = h2(1) = 1. Since

h−1
1 (q−1(1) = h−1

2 (q−1(1)),

we have that h1(−1) = h2(−1). Inductively, since

h−1
1 (q−n(1) = h−1

2 (q−n(1)),

we have that h1(e
2πi(k/2n)) = h2(e

2πi(k/2n)) for all 0 ≤ k < 2n. Since the
set of all numbers {k/2n|0 ≤ k < 2n, n = 1, 2, · · · } is dense in T , we
have that h1 = h2. So α is injective. ¤
Remark 4. The bounded nearby geometry and the quasisymmetric
property for a conjugacy have been also studied for one-dimensional
maps with critical points. Refer to (download site:
http://qcpages.qc.cuny.edu/˜yjiang/HomePageYJ/Download/1993GeomFin.pdf)
”Geometry of geometrically finite one-dimensional maps”. Comm. in
Math. Phys., 156 (1993), no. 3, 639-647. Or the book ”Renormal-
ization and Geometry in One-Dimensional and Complex Dynamics”.
Advanced Series in Nonlinear Dynamics, Vol. 10 (1996) World Sci-
entific Publishing Co. Pte. Ltd., River Edge, NJ, xvi+309 pp. ISBN
981-02-2326-9.

Dual symbolic space and scaling model for Q and F .

Suppose f is a circle endomorphism of degree 2. As we have seen,
we have a sequence of nested Markov partitions η = {ηn}∞n=0. Here ηn

contains 2n intervals, each interval has a unique label wn = i0i1 · · · in−1

which we denote as Iwn , where ik ∈ {0, 1}, such that

f(Iwn) = Iσ(wn).
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Now we would like to relabel these intervals. For wn = i0i1 · · · in−1, let

w∗
n = jn−1 · · · j1j0,

where jn−1 = i0, · · · , j0 = in−1. Define the dual shift map

σ∗(w∗
n) = jn−1 · · · j1.

Then we have the following

Iw∗n ⊂ Iw∗n .

We call

Σ∗ = {w∗ = · · · jn−1 · · · j0} =
0∏
−∞
{0, 1}

with the product topology the dual symbolic space. Then the dual
shift map is

σ∗ : w∗ = · · · jn−1 · · · j1j0 → σ∗(w∗) = · · · jn−1 · · · j1.

Then we call (Σ∗, σ∗) the dual symbolic dynamical system. The dual
cylinder for a given w∗

n = jn−1 · · · j0 is

[w∗
n] = {w∗ = · · · j′m−1 · · · j′njn−1 · · · j0 | j′k ∈ {0, 1}, k ≥ n}.

Then all these dual cylinders form a topological basis for Σ∗.
Now we define another operator in Σ∗ called the adding machine

a(w∗) as follows: If w∗ = · · · jn−1 · · · j1j0 and j0 = 0, then a(w∗) =
· · · jn−1 · · · j1(j0 + 1) and if j0 = 1, then j0 + 1 = 0 and then consider
j1+1, so on. For each w∗

n, we can also define the adding machine a. We
have that for any w∗

n, Iw∗n and Ia(w∗n) are two adjacent intervals. (Note
that if w∗

n = 1 · · · 1︸ ︷︷ ︸
n

, then we define a(w∗
n) = 0 · · · 0︸ ︷︷ ︸

n

).

For each w∗
n, we define two scalings, one is for bounded nearby ge-

ometry and one is for bounded geometry:

bng(w∗
n) =

∣∣∣ log
|Iw∗n |
|Ia(w∗n)|

∣∣∣

and

bg(w∗
n) =

|Iw∗n|
|Iσ∗(w∗n)| .

Thus we have two sets of scalings

BNG = {bng(w∗
n) | w∗

n = jn−1 · · · j0, jk ∈ {0, 1}}
and

BG = {bg(w∗
n) | w∗

n = jn−1 · · · j0, jk ∈ {0, 1}}.
These two sets can be determined to each others.
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Exerice 8. Express scalings in BG in terms of scalings in BNG and
verse versa.

Therefore, the sequence of nested Markov partitions η = {ηn}∞n=0 has
bounded nearby geometry if and only if there is a constant C > 0 such
that

bng(w∗
n) ≤ C, ∀w∗

n.

And it has bounded geometry if and only if there is a constant C > 0
such that

bg(w∗
n) ≥ C, ∀w∗

n.

It is also clear that

(2) bg(wn0) + bg(wn1) = 1

which we call it the summation condition. Now let us consider the
space of scalings (means positive numbers)

S = {(S(w∗
n))}

satisfies the summation condition (2) and the induced bounded nearby
geometry (bng(w∗

n)) is in l∞. Then for f ∈ F , we have that

γ(f) = (bg(w∗
n)) ∈ S.

This induces a map

β(h) = γ ◦ α ∈ S
and

Theorem 17. The maps β : Q → S and γ : F → S are both bijective.

Universal Teichmüller space and the space of uniformly qua-
sisymmetric circle endomorphisms and space of scalings

Remember that QS is the space of all quasisymmetric homeomor-
phisms of T . Let M be the space of all Möbius transformations pre-
serving the unit disk ∆. Then

M = {M(z) = e2πθi z − a

1− az
| |a| < 1}

The quotient space

UT = QS/M
is called the universal Teichmüller space. It is a complex Banach man-
ifold (we will discuss this later, see Remark 5).
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Since each element in M has one complex parameter a ∈ ∆ and one
real parameter 0 ≤ θ < 1, for any pair of triple points {z1, z2, z3} and
{w1, w2, w3} arranged in the counter-clockwise order on T , there is a
one and only one element M ∈M such that

M(z1) = w1, M(z2) = w2, M(z3) = w3.

Thus the universal Teichmüller space can be thought as the space of
all quasisymmetric homeomorphisms fixing three points on T . Let us
assume that this three points are 1, i, −1. Then

UT = {h ∈ QS | h(1) = 1, h(i) = i, h(−1) = −1} = Q/M1

where

M1 = {M(z) =
1− a

1− a

z − a

1− az
| |a| < 1}

is the space of all Möbius transformations preserving the unit disk ∆
fixing 1.

Now consider the space of all uniformly quasisymmetric circle endo-
morphisms of a fixed degree d > 1 conjugated by M, which we denote
as UFd. For the simplicity, we assume d = 2 and write UF = UF2.

Theorem 18. The map α induces a bijective map % = [α] : UT → UF .

Proof. Let q(z) = z2. Then it has a unique fixed point 1 and q−1 =
{1,−1} and q−2(1) = {1, i,−1,−i}. The space UF can be thought as
the space of those uniformly quasisymmetric circle endomorphisms f
fixing 1 such that f−1(1) = {1,−1} and f−2(1) = {1, i,−1, s}. It is
clear that of h ∈ Q fixing 1, −1, i if and only if f = α(h) ∈ UF . Thus
α induces a onto map % from UT to UF . We need to prove % is one-
to-one. Suppose %(h1) = %(h2). Similar to the proof of Theorem 16,
h1 = h2. ¤

Let US be the space of scalings (s(w∗
n)) in S such that s(0) = s(1) =

s(00) = 1/2.

Corollary 5. The maps γ and β induce bijective maps [γ] : UF → US
and [β] : UT → US.

Remark 5. Note that
Q = UT ×∆

where ∆ = {a | |a| < 1} is the unit disk in the complex plane. For any
h ∈ Q, let t = h(i) and s = h(−1) and

a =
1− i s(t−1)

(t−s)

1− i t−1
t−s

∈ ∆.
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Let

Ga(z) =
1− a

1− a

z − a

1− az
.

Then Ga maps 1, t, s to 1, i,−1. So Ga ◦ h fixes 1, i,−1 and is in UT .
So if we define χ(h) = (Ga ◦ h, a). Then it is a bijective map from Q
to UT × ∆. So Q as well as F and S has induced complex Banach
manifold structure such that it is a complex Banach manifold. (We will
discuss this later.)
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Still in Draft version

Symmetric homeomorphisms

Let Q0 be the space of all symmetric homeomorphisms in Q, that is,
h ∈ Q0 if and only if h(1) = 1 and there is a bounded positive function
ε(t) > 0 such that ε(t) → 0 as t → 0,

1

1 + ε(t)
≤ |H(x + t)−H(x)|
|H(x)−H(x− t)| ≤ 1 + ε(t)

for all x ∈ R and t > 0.
For any h ∈ Q0, consider f = h ◦ q ◦ h−1 and the corresponding

sequence of nested Markov partitions η = {ηn}∞n=0 and corresponding
scalings (s(w∗

n)).

Theorem 19. The homeomorphism h ∈ Q0 if any only if for any
w∗ ∈ Σ∗, the limit S(w∗) = limn→∞ s(w∗

n) exists and is 1/2, that is, it
defines a constant function

S(w∗) =
1

2
: Σ∗ → R.

Before to prove this theorem, we need to have the following concept
about quasisymmetry on an interval. Suppose I and J are two intervals
on the real line R. Suppose Q : I → J is a homeomorphism. Let
M ≥ 1. We say that Q is M -quasisymmetric on I if

M−1 ≤ |Q(x + t)−Q(x)|
|Q(x)−Q(x− t)| ≤ M, ∀ x− t, x, x + t ∈ I, t > 0.

Lemma 6. Suppose I = J = [0, 1]. There is a function ζ(M) > 0
satisfying ζ(M) → 0 as M → 1 such that for any M-quasisymmetric
homeomorphism Q : [0, 1] → [0, 1] such that Q(0) = 0 and Q(1) = 1,

|Q(x)− x| ≤ ζ(M), ∀ x ∈ [0, 1].
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Proof. Consider points xn = 1/2n, n = 0, 1, · · · . M -quasisymmetry
and the normalization Q(0) = 0, Q(1) = 1 imply that

1

1 + M
H(

1

2n−1
) ≤ Q(

1

2n
) ≤ 1

1 + M−1
Q(

1

2n−1
).

Similarly,
( 1

1 + M

)n

≤ Q(
1

2n
) ≤

( 1

1 + M−1

)n

, ∀ n ≥ 1.

Furthermore, by M -quasisymmetry and induction on n = 1, 2, · · · ,
yield
( 1

1 + M

)n

≤ Q(
i

2n
)−Q(

i− 1

2n
) ≤

( 1

1 + M−1

)n

, ∀ n ≥ 1, 1 ≤ i ≤ 2n.

Let

τn = max

{(
M

M + 1

)n

− 1

2n
,

1

2n
−

(
1

M + 1

)n}
, n = 1, 2, · · · .

Then for n = 1,

|Q(
1

2
)− 1

2
| ≤ τ1 =

1

2

M − 1

M + 1
,

and for any n > 1, we have

max
0≤i≤2n

∣∣∣Q(
i

2n
)− i

2n

∣∣∣ ≤ max
0≤i≤2n−1

∣∣∣Q(
i

2n−1
)− i

2n−1

∣∣∣ + τn

By summing over k for 1 ≤ k ≤ n, we obtain

max
0≤i≤2n

∣∣∣Q(
i

2n
)− i

2n

∣∣∣ ≤ δn =
n∑

k=1

τk.

If we put ζ(M) = sup1≤n<∞{δn}, by summing geometric series, we
obtain

ζ(M) = max
1≤n<∞

{
M−1+

1

2n
−M

( M

1 + M

)n

, 1− 1

M
+

1

M

( 1

M

)n

− 1

2n

}
.

Clearly, ζ(M) → 0 as M → 1, and since the dyadic points

{i/2n | n = 1, 2, · · · ; 0 ≤ i ≤ 2n}
are dense in [0, 1], we conclude

|Q(x)− x| ≤ ζ(M) ∀ x ∈ [0, 1],

which proves the lemma. ¤



54

Proof of Theorem 19. Suppose ε(t) > 0 is the bounded positive func-
tion such that ε(t) → 0 as t → 0,

1

1 + ε(t)
≤ |H(x + t)−H(x)|
|H(x)−H(x− t)| ≤ 1 + ε(t)

for all x ∈ R and t > 0.
For any ε > 0, there is a δ > 0 such that ζ(δ) < ε. Then we have

τ > 0 such that ε(t) < δ for any 0 < t < τ . Let n0 > 0 be an integer
such that 1/2n0) < τ . Then H on any interval I with |I| < 1/2n0 is a
(1 + δ)-quasisymmetric homeomorphism.

Suppose w∗ = · · · jn−1 · · · j1j0 ∈ Σ∗ ∈ Σ∗ is any point. Let

w∗
n = jn−1 · · · j1j0 and v∗n−1 = jn−1 · · · j1.

By definition,

S(w∗
n) =

|Iwn|
|Iσ∗(v∗n−1)| ,

where Iwn ⊂ Iv∗n−1
. Consider the sequence {S(w∗

n)}∞n=1. Then we have
that, for any n > n0,

H : I0 = [
i

2n−1
,
i + 1

2n−1
] → Iv∗n−1

is a (1 + δ)-quasisymmetric homeomorphism for some integer 0 ≤ i ≤
2n−1. Let j be another integer such that H([j/2n, (j + 1)/2n] = Iw∗n .
Let J0 = [j/2n, (j + 1)/2n].

From Lemma 6 (by normalizing Ivn−1 and I0 to [0, 1] and J0 to [0, 1/2]
or [1/2, 1] and Iwm to [0, x] or [x, 1] by linear transformations), we get

|S(w∗
n)− 1

2
| ≤ ζ(1 + δ) < ε.

This implies that {S(w∗
n)}∞n=1 has a limit and the limit is 1/2.

On the other hand if all {S(w∗
n)}∞n=1 have limits and the limits are

1/2. Then following a similar proof to Theorem 15, we can show that
for any ε > 0, there is a δ > 0 such that H restricted on any interval I
with |I| < δ is a (1 + ε)-quasisymmetric. ¤

The universal asymptotically affine Teichmüller space is defined as

T0 = Q0/M1 = {h ∈ Q0 | h(0) = 0, h(1) = 1, h(i) = i}.
Corollary 6. The universal asymptotically affine Teichmüller space is
one-to-one corresponding to the space of scalings (S(w∗

n)) ∈ US such
that limn→∞ S(w∗

n) = 1/2 for all w∗ = · · ·w∗
n ∈ Σ∗.
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Thus if we denote that

S0 = {(S(w∗
n)) ∈ S | lim

n→∞
S(w∗

n) =
1

2
∀ w∗ = · · ·w∗

n ∈ Σ∗}.
and

US0 = {(S(w∗
n)) ∈ US | lim

n→∞
S(w∗

n) =
1

2
∀ w∗ = · · ·w∗

n ∈ Σ∗}.
Then β : Q0 → S0 and β : T0 → US0 are bijective..

Remark 6. Since T0 is a complex Banach manifold (we will discuss
this later), so US0 is also a complex Banach manifold. Since

Q0 = T0 ×∆ and S0 = US0 ×∆,

they are also complex Banach manifolds.

Limiting quasisymmetric homeomorphisms and uniformly sym-
metric circle endomorphisms

The above section gives us an idea to define the following space

LQ = {h ∈ Q | S(w∗) = lim
n→∞

S(w∗
n) exists for all w∗ ∈ Σ∗}.

Then for each h ∈ LQ, we define a function

S(w∗) : Σ∗ → R.

The scaling function satisfies the summation condition

S(w∗0) + S(w∗1) = 1 ∀w∗ ∈ Σ∗.

We call this function the scaling function for h as well as for f =
h ◦ q ◦ h−1. Following a similar proof to Theorem 19 we have that

Theorem 20. The scaling functions for h and for h0 ◦ h (or h ◦ h0)
are the same for every h0 ∈ Q0.

Thus the space of all scaling functions is a representation of

LAT = LQ/Q0

which we call the universal limiting asymptotically conformal Teichmüller
space. The universal asymptotically conformal Teichmüller space is de-
fined as

AT = Q/Q0.

Then we have that

LAT ⊂ AT .
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Remark and Problem 1. The space AT can not be represented by
a space of functions defined on ever points in Σ∗. We would like to
use limiting Martingales to represent this space. Note that AT is a
complex Banach manifold. (We will talk about this later.) However,
we are still interested in to find the exact complex manifold structure
of LAT . It is an interesting question.

Theorem 21. Suppose f = h◦q ◦h−1 is a uniformly symmetric circle
endomorphism. Then its scaling function

S(w∗) : Σ∗ → R+

exists and is a continuous function. Furthermore, if f is C1+α, then
S(w∗) is Hölder continuous. Actually when f is C1 Dini expanding,
the modulus of continuity of S(f)(w∗) is controlled by ω̃(t).

Proof. Suppose w∗ = · · · jn−1 · · · j1j0 ∈ Σ∗. Let

w∗
n = jn−1 · · · j1j0 and v∗n−1 = jn−1 · · · j1.

By definition,

S(w∗
n) =

|Iwn|
|Ivn−1|

,

where Iwn ⊂ Ivn−1 . Consider the sequence {S(w∗
n)}∞n=1.

Let 0 < τ < 1 be a constant such that

ι̃n = max
wn

|Iwn | ≤ τn, ∀n ≥ 1.

For any ε > 0, let n0 > 0 be an integer such that ζ(1 + ε(τn−1)) ≤ ε
for all n > n0. Then for any m > n > n0, we have that

Fm−n(Ivm−1) = Ivn−1 and Fm−n(Iwm) = Iwn

Since F−(m−n)|Ivn−1 is a (1+ε(τn−1))-quasisymmetric homeomorphism,
from Lemma 6 (by normalizing Ivn−1 to [0, 1] and Iwm to [0, x] by a linear
transformation),

|S(w∗
m)− S(w∗

n)| =
∣∣∣ |F

−(m−n)(Iwn)|
|F−(m−n)(Ivn−1)|

− |Iwn|
|Ivn−1|

∣∣∣ ≤ ζ(1 + ε(τn−1)) ≤ ε.

This implies that S(w∗
n)}∞n=1 is a Cauchy sequence. Thus the limit

S(w∗) = lim
n→∞

S(w∗
n)

exists.
Now consider two points

w∗ = · · · jm−1 · · · jnjn−1 · · · j0 and w̃∗ = · · · jm−1 · · · j′njn−1 · · · j0.
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Let w∗
m = jm−1 · · · jnjn−1 · · · j0 and w̃∗

m = jm−1 · · · j′njn−1 · · · j0. Then
w∗

n = w̃∗
n. For any m > n,

|S(w∗
m)− S(w̃∗

m)|
≤ |S(w∗

m)− S(w∗
n)|+ |S(w̃∗

m)− S(w∗
n)| ≤ 2ζ(1 + ε(τn−1)).

So by taking a limit,

|S(w∗)− S(w̃∗)| ≤ 2ζ(1 + ε(τn−1)).

Thus we have that
S(w∗) : Σ∗ → R+

is a continuous function whose modulus of continuity is bounded by
2ζ(1 + ε(τn−1)).

Moreover, if f is a C1+α expanding circle endomorphism for some
0 < α ≤ 1, from the Hölder distortion property (1), there is a constant
C > 0 such that

|S(w∗)− S(w̃∗)| ≤ Cτα(n−1).

This implies that the scaling function S(w∗) is Hölder continuous.
When f is C1 Dini, then there is a constant C > 0 such that

|S(w∗)− S(w̃∗)| ≤ Cω̃(τn−1).

Thus the scaling function S(w∗) is continuous and its modulus of con-
tinuity is controlled by ω̃(τn−1). We have proved the theorem. ¤

Define

UA(q) = {h ∈ Q | f = h ◦ q ◦ h−1 is uniformly symmetric }
Then it can be represented by all scalings (S(w∗

n)) such that the limiting
scaling functions S(w∗) exists and is continuous. Since the limiting
scaling functions are invariant under Q0, we have that the Teichmüller
space of uniformly symmetric circle endomorphisms

AT (q) = UA(q)/Q0

is represented exactly by the space of all continuous scaling functions

CS = {S(w∗) | S : Σ∗ → R is a continuous scaling function}.
Define

HA(q) = {h ∈ Q | f = h◦q◦h−1 is C1+α expanding for some 0 < α ≤ 1}
Then it can be represented by all scalings (S(w∗

n)) such that the limiting
scaling functions S(w∗) exists and is Hölder continuous. Since the
limiting scaling functions are invariant under Q0, we have that the
Teichmüller space of uniformly symmetric circle endomorphisms

HAT (q) = HA(q)/Q0 = HA(q)/D
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is represented exactly by the space of all Hölder continuous scaling
functions

HS = {S(w∗) | S : Σ∗ → R is a Hölder continuous scaling function},
where D is the space of all circle diffeomorphisms.

Then we have that

HA(q) ⊂ UA(q) ⊂ LQ ⊂ Q
HAT (q) ⊂ AT (q) ⊂ LAT ⊂ AT

Remark 7. Under the Teichmüller metric (we will talk later), the
completion of HAT (q) is AT (q).

Quasiconformal maps and quasisymmetric homeomorphisms

Theorem 22 (Riemann Mapping Theorem). Suppose D is a simply
connected domain in the complex plan C such that its complement con-
tains at least one point. Then there is a conformal map f from D onto
the open unit disk ∆. Furthermore, if we specific a point z0 in D such
that f(z0) = 0 and f ′(z0) > 0, then f is unique.

In the theorem f : D → ∆ is called a Riemann mapping.

Theorem 23 (Caratheodory’s Extension Theorem). If D is a Jordan
domain, then the Riemann map f : D → ∆ can be extended to the
boundary of D such that f : ∂D → S1 = ∂D is a homeomorphism.

Now we specific four points z1, z2, z3, z4 on the boundary of D and
other four points w1, w2, w3, w4 on the boundary of ∆. Could you find
a conformal f : D → ∆ such that its extension to the boundary maps
zi to wi for i = 1, 2, 3, 4? This is Grötzsch’s problem. Answer to this
question is no in general.

Let w = f(z) be a C1 map. let z = x + iy and w = u + iv. Then

du = uxdx + uydy

dv = vxdx + vydy.

If we write it into complex version, we have

dw = fzdz + fzdz

where

fz =
1

2
(fx − ify) and fz =

1

2
(fx + ify).
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Suppose f is orientation-preserving. Then the Jacobian

J(f)(z) = |fz|2 − |fz|2 = uxvy − uyvx > 0.

So |fz| < |fz|. This implies that

(|fz| − |fz|)|dz| ≤ |dw| ≤ (|fz|+ |fz|)|dz|.
Thus dw maps the unit circle to an ellipse whose longest axis is |fz|+|fz|
and whose shortest axis is |fz|−|fz|. So the ratio of the major to minor
axis is

Df =
|fz|+ |fz|
|fz| − |fz| ≥ 1.

This is called the dilatation of f at z. let

df =
|fz|
|fz| ≤ 1.

Then

Df =
1 + df

1− df

and df =
Df − 1

Df + 1
.

The mapping f is conformal iff Df = 1, df = 0.
Suppose R = [0, a]× [0, b] and R′ = [0, a′]× [0, b′] are two rectangle.

Suppose f : R → R′ is a C1 map such that it maps the four corner
points of R to the four corner points of R′ in order. Assume that
m = a/b ≤ m′ = a′/b′. A curve is called a a-side if its two endpoints
are in [0, a] × {0} and [0, a] × {1}, respectively. So f must take any
a-side to a a’-side. This implies that

a′ ≤
∫ a

0

|df(x + iy)| ≤
∫ a

0

(|fz|+ |fz|)dx.

So

a′b ≤
∫

0

a

∫

0,b

(|fz|+ |fz|)dxdy

and

(a′b)2 ≤
∫

0

a

∫

0,b

|fz|+ |fz|
|fz| − |fz|dxdy

∫

0

a

∫

0,b

(
|fz|2 − |fz|2

d
xdy = a′b′

∫

0

a

∫

0,b

Dfdxdy.

This implies that
m′

m
≤ ab∫

0

a

∫

0,b

Dfdxdy

Therefore,
m′

m
≤ sup Df .
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This says that if m′ 6= m, then f can not be conformal. Let K =
supDf ≥ 1. We call f a K-quasiconformal map from R to R′. This
says that K ≥ m′/m. The minimum is attained for the affine mapping

f(z) =
1

2

(a′

a
=

b′

b

)
z +

1

2

(a′

a
− b′

b

)
z.

A quadrilateral Q is a Jordan domain D, together with a pair of
disjoint closed arcs on the boundary ∂D (called the b arcs). Then there
is a conformal map f maps Q to a rectangle R = [0, a]× [0, b] such that
the b-arcs are mapped to the b-sides of R. The number m(Q) = a/b is
unique. We call m(Q) the module of Q.

Suppose Ω is a region in the complex plane. f : Ω → f(Ω) is a
orientation-preserving homeomorphism. Then f maps any quadrilat-
eral Q to a quadrilateral f(Q) in f(Ω).

Definition 10 (Geometric Definition). The map f is K-quasiconformal
if

1

K
≤ m(f(Q))

m(Q)
≤ K

for any quadrilateral Q in Ω.

We say a real function u(x, y) is ACL (absolutely continuous on lines)
in the region Ω if for any closed rectangle R ⊂ Ω with sides parallel
to the x-axis and to the y-axis, u(x, y) is absolutely continuous on a.e.
horizontal lines and a.e. on vertical lines. Such a function has partial
derivatives a.e. in Ω.

Definition 11 (Analytic Definition). The map f is K-quasiconformal
if

1) f is ACL in Ω;
2) fz ≤ k|fz|, a.e. in Ω (where k = (K − 1)/(K + 1).

Theorem 24. The geometric definition and the analytic definition are
equivalent.


