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Dynamics of Linear Maps and Local Dynamics (continued):

Irrational circle rotations is a basic example for the study of dynamics
of topological groups. A topological group G is a group with a topology
such that each group multiplication by a fixed element in the group is
a continuous map from the topological space into itself and the inverse
is also a continuous map from the topological space into itself. For
example, the unit circle S' is an Abelian topological group.

Let Ly, : G — G be the group multiplication by go

Lgog =909 : G — G.

The orbit of the unit element e € G is cyclic group {gf}>2 . From
Theorem 2 in Lecture 3, S' has not proper infinite closed subgroup.

Theorem 1. If Ly, is topologically transitive, then it is minimal.

Proof. Since Ly, is topologically transitive, there is a g such that O(g) =

{g8g}>__ is dense in G. Now for any ¢’ € G, gi'g’ = gig((g7'q).

Thus the orbit O(¢") = O(g)(g'¢’). Since g~'¢' : G — G is continu-
ous, O(¢’) is dense in G. O

Another example of an Abelian topological groups is a torus

T"=S'"x---xS'={w= (2, ,2,) | z € S'}

which plays a central role in the study of completely integrable Hamil-
tonian systems. The multiplication

w-w' = (2127, Znzn)
ifw=1(z1,--+,2,) and w’ = (21, -+, z.). The group multiplication by
wy 18
Lyy,w = wy - w.
Theorem 2. Suppose wy = (e¥™91 ... e¥91)  The group multipli-

cation L., is minimal if and only if the number ¢1, ---, ¢, and 1
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are rationally independent, that is, if Y . ki¢; = 0 (mod 1), then
ki=ky=---=k,=0.

Exerice 1. Prove this theorem. You can refer to Katok and Has-
senlblatt’s book ”Introduction to the Modern Theory of Dynamical Sys-
tems”, Cambridge University, pages 28-31.

Maps with extremely complicate dynamics but we now un-
derstood quite well:

Suppose (X, d) is a metric space. By the definition, X is called
compact if every cover {U, }aea by open sets has a sub-cover {U,, }7",
consisting of finite number of open sets in this cover. Equivalently,
X is compact if every sequence {z,}>°, has a convergent subsequence
{zn,}32,. A closed subset of a compact space is compact. The space X
is called totally disconnect if every connected component of X contains
only one point. A point x € X is called a limiting point if for every
neighborhood U of z, there is a y # x in U. Let X’ be the set of all
limiting points. Then X is called perfect if X = X’. Topologically, a
Cantor set is a compact, totally disconnected, and perfect metric space.

Suppose I = [0, 1] is the unit interval and Iy = [0,a] and I; = [b, 1]
are two subintervals where 0 < a < b < 1. A C! map f defined on
Iy U I is said to be degree two if f|I; from I; to I is bijective for ¢ = 0,
1; f is said to be expanding if there are constants C' > 0 and A > 1 so
that |(f°")'(x)| > CA™ whenever f°(x) are in Iy U I, for all i = 0, 1,
oy n—1.

Suppose f : IjUl; — I is a degree two expanding map. Let G = (a, )
be the complement of IoU/; in I. A number x in [ is said to be escaping
to G if f°%(x) is in G for some integer k > 0 (where f°° is the identity).
The set €2 C I of escaping points is an open subset of the real line. The
complement A of 2 in [ is called the non-escaping set under f. It is a
compact (closed and bounded) subset of the real line R. We also call
A the maximal invariant set of f in [0, 1].

A linear example

Example 1. (3-Cantor set) . Suppose a =1/3 and b= 2/3. Define

_J 3z, if 0 <z <a;
f(x)_{ 3r—2, ifb<wz<1
Then f is a degree two expanding map for which the non-escaping set
A under f is the famous %-C’cmtor set.



Proof. Every point x € [0, 1] can be written as

o0

in
xr = _n
n:13
where i, € {0,1,2}. Then
=Ny
AN={r= = <[0,1] | i, € {0,2}}.
{« ;3n [0,1] | in € {0,2}}

It is a closed subset. So it is compact.
For any

n=1
and any m > 0, let
m—1 . .k o0 .
in O in
L = —+ — + o
LA APOR

where ¥ = 2 —4,,. Then z,, #  and x,, — = as m — oo. This says
x € N. So A is perfect.
Suppose x # y € A. Then there is an integer m > 0 such that

In , tm in
L= Z 3n + 3m + Z In
n=1 n=m+1
and
m—1 .
in 1, 4
Y= Z 3n + 3m + Z 3n
n=1 n=m-+1
where i, # i',. Let us assume that i,, = 0 and i/, = 2 and define
m—1 0
in 1 1
zZ = v + 3—m + Z 3—n
n=1 n=m+1
Then

U=(-00,2) and V = (z,400)

are two open sets. It is clear that UNV =0 and A CUUV andx € U
and y € V. Therefore, A is a Cantor set. O

Theorem 3. Any two Cantor sets are topologically equivalent.

Proof. Suppose (X,d) is a Cantor set. Let A be the 1/3-Cantor set.
We only need to prove that X is homeomorphic to A.



Each non-empty open set U of X (respectively, A) can be divide
into two non-empty open sets U; and U, such that U = U; U Uy and
U, N Uy = (. Therefore, since X and A are compact, we can divide

X=XjU---X,, and A=AU---A,

into disjoint non-empty compact sets such that all of them have diam-
eters < 1. Suppose we have divided

X = UiO"'ikXiO"'ik and A= UiomikAiomik

into disjoint non-empty compact sets such that all of them have di-
ameters < 1/k. Then each pair Xj,..;, and A;..;, can be divided into
same number disjoint non-empty compact sets such that all of them
have diameters < 1/(k + 1), that is,

_ Nk41 o MNE+1
Xi()'-'ik = U2 Xio~~-ikl and Aio"-ik = U Ai0-~~ikl

and d(Xiy..iy1)s | Nig-ipt] < 1/(k+1). Thus we have a sequence of nested
non-empty compact set

cr C Xigiginsy C Xigeiy, Co- C Xy C X
and

wor C Nig iy C Mgy C - T Ay CA
Since d(Xiy..i, )y | Nig-iy | < 1/k,

Mo 1 Xigoip, = {Tigeipr  and  N523 Njoip, = {Pigevip
both contain one point each. Set
h(Digifr) = Tigeripero-

Then it is a homeomorphism between X and A. O



