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Examination Problem: Give a detailed proof of the following theo-
rem: Suppose f is a C'P" circle expanding endomorphism. Then f
is uniformly symmetric with e(t) < Cw(t).

Bounded geometry and uniformly quasisymmetry and qua-
sisymmetric conjugacy: (continued)

Example 1. Consider qq(z) = 2%, d > 2. Then it is a circle endomor-
phism of degree d. The lift of q is Q(z) = dx. Then we have
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Every 0 < k < d™, can be expressed as
k=i,14ipod+ - +igd" .
So for wy, =igiy - ip_1, Ly, = [i/d", (i+ 1)/d"].

Theorem 1. Any two uniformly quasisymmetric circle endomorphisms
f and g of the same degree d > 1 are topologically conjugate and the
conjugacy is a quasisymmetric homeomorphism.

Proof. From foh = hog and g(1) = 1, h(1) is a fixed point of f,
that is, f(h(1)) = h(1). Let k(z) = z/h(1) and f = ko f o k~'. Then
f(1) = 1. Take h = k o h. We have that h(1) =1 and foh = hog.
So h is quasisymmetric if and only if & is quasisymmetric. So, without
loss of generality, we assume that h(1) = 1.

Suppose

Th,f = {Iwmf} and T,y = {Iwn,g}v n = 17 27 e

are two sequences of Markov partitions for f and g, respectively.
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From the bounded geometry property (Theorem ?7?), we have a con-
stant 0 < 7 < 1 such that

bn,f =max|Ly, ¢, tng=max|l, . <7", Vn=12--
Wn, Wn,

Then Theorem ?7? implies that f and g are topologically conjugate.

Suppose h is the topological conjugacy between f and g and H is its
lift to R. By adding all integers, the sequence of partitions 7, r and 7, 4
induce two sequences of partitions of R, which we still denoted as 7, ¢
and 7, ,. Both of these sequences of partitions have bounded nearby
geometry.

Let Q be the set of all endpoints of intervals I € n,,, n =0,1--- , 00.
Then it is dense in R.

For x € €. Consider the interval [x — t,z]. There is a largest
integer n > 0 such that there is an interval I = [a, z] € 1, ; satisfying
[z —t,z] C I. Suppose J = [b,z] € npy15. Then J C [z —t,z]. Let
J' = [x,c] € nyq1,r. From Theorem 77, there is a constant C' > 0 such
that
<
=T

If |J'| > t, we have |J'| < Ct. Let J, = [z, cx] € Npiksr,s for k> 0.
From the bounded geometry, there is a 0 < 7 < 1 such that

|| < TFCt.

Let k be the smallest integer greater than —log C'/logr. Then |J;| < t.
This implies that J;, C [z, 2 +t]. So we have
(HW| _ [H(z+t) — H(z)| _ [H(T)]
[H(D)| ~ |H(z) = H(z = t)] = [H(J)|’
where H(I) € n, 4, H(J),H(J') € Npy14, and H(J}) € Npiks1,4. Now
from the bounded geometry for g, we have a constant, still denote as
C' > 0, such that
(H(JW| _ [H(z+t) = H(z)| _ [H(])]
— HD] T H(x) = H(z =) T [H(])|
If |J'] <t, we have |J'| > C~'t. Let J', = [x,c_k] € Np_ry1,s for
k > 0. Then from the bounded geometry, there is a constant, which
we still denote as 0 < 7 < 1, such that |J',| > 77¥C~t. Let k be

the smallest integer greater than —log C'/logr. Then |J’,| > ¢t. This
implies that J' , O [z, 2 +t]. So we have

(H()| _ [H(z+1) = H(z)| _ [H(TL)|
HD| = H@) — B -0 = [HD|

c! < C.

c! C.

IN




3

where H(I) € n, 4, H(J), H(J') € Nps14, and H(J' ) € Np_gt1,4. Now
from the bounded geometry for g, we have a constant, which we still
denote as C' > 0, such that

o1 < [HUDL H(z +1) — Hz)] _ [H(TL)

—HI)] T H(x) - H(z =) T [H(J)

For any x € R, since € is dense in [0, 1], we have a sequence z,, € )
such that x,, — x as n — oco. For any ¢ > 0, we have that

3 H(z,+t)— H(x,)|
c'< | <C.
|H (2n) — H(2n — 1)
Since H is uniformly continuous on R, we get that
L H@ ) - HE)L
|H(z) — H(z — )|
We have proved the theorem. 0

<C.

C

Corollary 1. Suppose f is a circle endomorphism. If the sequence of
nested Markov partitions n = {n,}>°, has the bounded geometry. Then
f s uniformly quasisymmetric.

Proof. Suppose h is a conjugacy from f to ¢, thatis, f = hogoh™%
Since both sequences of nested Markov partitions for f and for ¢ have
bounded nearby and bounded geometry. Then h is quasisymmetric.
Since f®" = hoqg®oh™!, so f is uniformly quasisymmetric. 0



