Math 231 Practice Test 2 Solutions

u.(2u—3v)=(1,-1,0,2).((2,-2,0,4) — (0,0,3,15))
= (1,-1,0,2). (2, —2, -3, —11)

(1)( )+ (=1)(=2) + (0)(=3) + (2)(=11)

—18.

(i)

lu+v| =(1,-1,1,7)| = VI+ 1+ 1 +49 = V52.
(iii) The vector u — v has coordinates (1, —1, —1, —3) and norm 1/12. Hence the unit vector
in the direction of u — v is the vector \/%(1, -1,-1,-3) = (ﬁ, \7%, \;%, \}5)
(iv) The distance between u and v is |Ju — v|| = v/12.
(v)
u orthogonal to u + av <= u.(u+av) =0
~— (1,-1,0,2).(1,—-1,a,2+ 5a) =0
= (1) + (=1)(=1) + (0)(a) + (2)(2 + 5a) = 0
<=6+ 10a =0
= a=-%
2. If f and g are both odd functions, so is f + g because
(f +9)(=x) = f(=2) + g(=x) = = f(z) — g(z) = =(f(x) + g(2)) = =(f + 9)(2).
Similarly, if f is an odd function and A is a scalar, the function A\f is also odd:
(Af)(=z) = Af(—z) = =Af(z) = =(Af)(2).
It follows that the set of odd functions is closed under addition and scalar multiplication.
Hence it must be a subspace of F(—o0, +00).

3. {uy,uy} is a basis for R? if and only if the two vectors u; and uy are linearly independent.
This means that A\ju; + Ayus = 0 happens only when Ay = Ay = 0. Now

Au; + Aquy = 0 <— )\1(GV1 + bVQ) + )\2(CV1 -+ dVQ) =0
< ((l/\l + C/\Q)Vl + (b)\l + d/\Q)VQ =0
<= a) + Ay = bA\ +dhy =0 (since {vy,va} is a basis)
It follows that u; and us are linearly independent if and only if the homogeneous system
CL)\l + C)\Q =0
b)\l + d/\g - 0
has only the trivial solution A\; = Ay = 0. This happens precisely when the matrix
a c
b d

is invertible, i.e., when ad — bc # 0.



4. We form the 4 x 4 matrix whose columns are the vectors vy, vy, v3, vy and compute its
determinant:

11 =2 2
10 1 -2 L2

det 50 3 o0l~ —det |2 3 0 | (expansion along second column)
00 1 5 015

15 1
= —(15—14) = —1

=— <det [3 O] — 2det [1 _52]> (expansion along first column)

Since this determinant is non-zero, B is a basis for R*.

To find the coordinates of a generic vector v = (z,y, z, w) relative to B, we have to express
v as a linear combination avy + bvy + c¢v3 + dv, and find the coefficients a, b, ¢, d in terms of
T,Y, 2, W:

(x,y,z,w) =a(1,1,2,0) + b(1,0,0,0) + ¢(—2,1,3,1) + d(2,—2,0,5)
a+b—2c+2d =

X 11 -2 2 a x
a+c—2d =y PN 10 1 =2 bl |y
2a + 3¢ =z 2 0 3 0 cl |z
¢+ 5d —w 00 1 5 d w
We solve this system by Gauss-Jordan elimination:
11 -2 2 @z 1 1 =2 2 x
1 0 1 -2 : y| -Ri+Rs—2Ri+Rs |0 —1 3 —4 —r+y
—
20 3 0 : z 0 -2 7 —4 : 2z+z2
00 1 5 : w| o0 1 5 : wo
11 -2 2 x 11 -2 2 x
—R9,2Ro+R3 0 1 —3 4 r—1Yy —R3+Ry 0 1 _3 4 r—vy
— —
00 1 4 —2y+z 0 0 4 —2y+=z
00 1 5 w | 00 0 1 2y —z+w)
11 =20 r—4y+ 2z — 2w
—4R4+Rs,—4R4+R2,—2Rs+R1 |0 1 =3 0 r—9y+4z — 4w
—
00 1 0 —10y + 52z — 4w
00 0 1 y—z+w |
1100 r — 24y + 122 — 10w 10 00 15y — 72 + 6w
3Rs+Rs2Rs+R; |0 1 0 0 x—39 + 192 — 16w | Rtk |0 1 0 0 : z—39y+ 192 — 16w
—_— —
0010 —10y + 5z — 4w 0010 —10y + 5z — 4w
0001 20—z 4w | 00 01 2y —z+w




So the system has the solution

a=1by — 7z +6w,b=2x—39y + 192 — 16w, c = —10y + 5z — dw,d = 2y — z + w.
Thus the coordinates of v = (z,y, z,w) relative to B are

(z,y,z,w)pg = (15y — Tz + 6w,z — 39y + 192 — 16w, —10y + 5z — 4w, 2y — z + w).

5. Let W be the set of all symmetric 3 x 3 matrices, i.e., all 3 x 3 matrices A such that
AT = A. Suppose A, B are in W and X is any scalar. Then

(A+BT=AT"+B"=A4+B and (\A)T =xAT =)A

Thus both A + B and AA are in W. This shows W is closed under addition and scalar
multiplication, so it is a subspace of Ms 3.
Now let us find a basis for W. Every matrix in W, being symmetric, has the form

a b c
b d e
c e f
for some real numbers a, b, c,d, e, f. We can decompose this matrix as
a b c 100 010 0 01 0 00 000 000
b d el=a|0 0 O[+b|1 0 O|+c |0 O O[4+d |0 1 O|+e |0 O 1|+f(0 0 O
c e f 000 0 00 100 0 00 010 0 01
If we set
100 010 0 01
Ar=10 0 0 Ay=11 0 0 A3=10 0 O
000 0 00 1 00
0 00 0 00 000
Ay=10 1 0 As=10 0 1 0 0 0],
000 010 0 01
it follows that every matrix in W is a linear combination of {A;,..., Ag}. In other words,

W =span{Ay, ..., Ag}. On the other hand, Ay, ..., Ag are linearly independent because if
CLAl + bA2 + CA3 + dA4 + €A5 + fAG =0

then
a b c 0 00
b d e|l=10 0 0
c e f 0 00
which impliesa =b=c=d=e= f =0. Thus {Ay,..., As} is a basis for W. In particular,

dim(W) = 6.
6. (i) W ={(a,b,c) : a+2b—c = 0}. In other words, W consists of all vectors of the form
(a,b,a + 2b), where a, b are arbitrary real numbers. Since

(a,b,a + 2b) = a(1,0,1) + b(0, 1, 2),

it follows that every vector in W is a linear combination of v; = (1,0,1) and v, = (0,1,2).
It is easy to see that vy, vy are independent, so they must form a basis for W. In particular,
dim(W) = 2 (a plane through the origin).



(ii) W = {(a,b,c) : a = b = —c}. In other words, W consists of all vectors of the form

(a,a, —a), where a is an arbitrary real number. Since

(a,a,—a) =a(1,1,-1),

it follows that every vector in W' is a scalar multiple of v; = (1,1, —1) so vy alone must form

a basis for WW. In particular, dim(WW) =1 (a line through the origin).

a
7. (i) Augment the vector b = (é to A and reduce to row-echelon form:
d
13 1 -2 -3 : a 1 3 1 -2 -3
1 4 3 —1 —4 . b —Ri1+R2,—2R1+R3,—3R1+ R4 0 1 2 1 —1
N
23 -4 -7 -3 : ¢ 0 -3 -6 -3 3
38 1 -7 -8 d] 0 -1 -2 -1 1
131 -2 -3 a
3R2+R3,R2+ Ry 0 ]. 2 1 —1 —a + b
—
000 0 O —5a+3b+c
000 0 0 @ —da+b+d]

If follows that

Ax =b = is consistent <—= —5a+3b+c=—4a+b+d=0.

QL O o

(ii) We already have the row-echelon form R of A:

131 -2 -3
012 1 -1
E=1000 0 o0
000 0 0

A basis for Row(A) will consist of the non-zero rows of R:

13 1 —2 =3 0121 -1].

—a—+b
—2a+c
—3a + d_

Since the leading 1’s in R occur along the first and second columns, a basis for Col(A) will

consist of the first and second columns of A:

1

W N =
0 W = W



Finally, to find a basis for Null(A), let us solve the system Ax = 0, or equivalently, Rx = 0:

1+ 3rs+ 23— 224 — 35 =0
.CEQ+2.CE3—|—ZE4—$5 =0

The leading variables are z1, x5 and the free variables are x3, x4, z5. So the solutions of the
system are obtained by assigning arbitrary values to 3, x4, x5 and solving for x1, zs:

(2, = 5r+5s
Ty = —2r—s+t
T3 =T (r,s,t are arbitrary)
Ty =S
\ L5
Thus
or + 5s 3 5 0
—2r—s+t -2 -1 1
x is in Null(A) <= x = r =r|1|+s|0|+2¢]0
s 0 1 0
t 0 0 1
It follows that a basis for Null(A) is given by the vectors
) 5 0
—2 -1 1
1 0 0
0 1 0
0 0 1

(iii) rank(A) = dimRow(A4) = dimCol(A) = 2 and nullity(4) = dimNull(A) = 3, so
rank(A) + nullity(A4) = 5.



