MATH 360 Final Exam
December 15, 2001

e TOTAL POINTS: 80

e SOLUTIONS MUST BE WRITTEN COMPLETELY, CAREFULLY AND CLEARLY.
YOU MUST JUSTIFY ALL YOUR CLAIMS. IF YOU ARE REFERRING TO A
RESULT THAT HAS ALREADY BEEN PROVED IN CLASS, STATE THAT RESULT
CLEARLY.

e YOU ARE NOT ALLOWED TO SHARE YOUR IDEAS OR SOLUTIONS WITH OTH-
ERS, BUT YOU MAY USE YOUR NOTES OR ANY BOOK ON THE SUBJECT.

e THE EXAM IS DUE 10:00 AM OF MONDAY 12/17. HAND IN YOUR WORK
TO ME AT DRL 4N59, OR SIMPLY SLIP IT UNDER THE DOOR IN CASE [ AM
NOT THERE. SOLUTIONS WILL NOT BE ACCEPTED AFTER THE DUE TIME.

Problem 1. [4 points] Suppose x and y are real numbers such that |z — y| < |z|.
Show that zy > 0.

Problem 2. [5 points| Let {x,},>1 be any sequence in [0, 1]. Define a new sequence
{yn}nZI by

= max ;.
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Prove that {y, },>1 converges.

Problem 3. [5 points] Let X and Y be two sets, f : X — Y be a map and A C Y.
Show that f(f'(A)) C A. Show that if f is onto, then f(f~'(A)) = A.

Problem 4. [8 points] Let A and B be non-empty sets in a metric space. Show that
ANBcC ANB.

Show by an example that the above inclusion can be proper.
Problem 5. [9 points|] Provide an example for
(i) A continuous map f : X — Y and an open set A C X such that the image
f(A) C Y is not open.

(ii) A continuous map f : X — Y and a disconnected set A C X such that the
image f(A) C Y is connected.

(iii) A continuous map f : X — Y and a compact set A C Y such that the
preimage f~'(A) C X is not compact.



Problem 6. [8 points] Let {x, },>1 be a sequence of non-zero vectors in R” such that
n 1
T
5 Tl 2
Show that {z,} converges to the origin 0 € R". (Hint: Choose any 3 < A < 1 and
observe that ||z,41]|/||z.|| < A for all sufficiently large n.)
Problem 7. [6 points| Show that for every integer n, there exists a point x such that

|z —nm| < g and z = tanx.

Problem 8. [10 points] Let f : R — R be the function defined by

T if x is rational
f(x) =

0 otherwise
Find all points at which f is continuous.

Problem 9. [10 points| Let V' be a vector space with an inner product (-, ), and the
induced norm ||z|| = \/{(x,x). Fix two vectors z,y € V. Suppose ||z — ty|| takes its
minimum value over all t € R exactly when ¢ = 0. Show that (z,y) = 0.
Problem 10. [15 points] Let f : [0,1] — R be continuous and f(0) = f(1).

(i) Show that there exists an x such that f(z) = f(z + 3).

(ii) Let n be any natural number. Show that there exists an x such that f(z) =
fla+3).

(iii) [Bonus problem] Let 0 < a < 1 be a real number which is not equal to = for
any natural number n. Show that there is a continuous function f : [0,1] — R
with f(0) = f(1) such that f(z) # f(x + a) for all .

(Hint: For the first part, consider the continuous function g(z) = f(z+3) — f(z) and
assume it never vanishes to get a contradiction.)



