
Topology Homework 5 Fall 2022

1. [Problem 6 from Spring 2021]

Suppose that the following is a pullback diagram in TOP:

𝐹 𝐸

𝐶 𝐵

𝑃
⌟

𝑝

Prove that if 𝑝 is monic then 𝑃 is monic.

2. [Problem 3 from Fall 2022]

Let 𝑋 and 𝑌 be spaces and let 𝑓 : 𝑋 → 𝑌 be a function. Prove that 𝑓 is a continuous
injection if and only if the following diagram is a pullback square:

𝑋 𝑋

𝑋 𝑌

𝑖𝑑

𝑖𝑑 𝑓

𝑓

3. [Problem 3 from Fall 2016]

Prove that the following two descriptions of the torus are homeomorphic:

1. 𝑆1 × 𝑆1

2. A square with opposite sides identified as shown.

4. [Problem 2 from Spring 2016]

Suppose 𝑋 is contractible and 𝑌 is any space. Prove or disprove 𝑋 × 𝑌 is homotopy
equivalent to 𝑌.
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5. [Problem 4 from Spring 2012 ≈ problem 4 from December 2020]

Suppose 𝐴 is a subspace of 𝑋 and 𝑓 : 𝐴 → 𝑌. We say 𝑓 can be extended to 𝑋 if and only if
there exists a map 𝑔 : 𝑋 → 𝑌 with 𝑔 = 𝑓 on 𝐴.

(a) Prove that if 𝐴 is a dense subspace of 𝑋 and 𝑌 is Hausdorff, then 𝑓 : 𝐴 → 𝑌 can be
extended to 𝑋 in at most one way.

(b) Give an example of spaces 𝑋,𝑌, a dense subset 𝐴 ⊆ 𝑋, and a map 𝑓 : 𝐴 → 𝑋 that
cannot be extended to 𝑋.

(c) Give an example of spaces 𝑋,𝑌, a dense subset 𝐴 ⊆ 𝑋, and a map 𝑓 : 𝐴 → 𝑋 that
can be extended to 𝑋 in more than one way.

6. [Problem 1 from Fall 2021 and Problem 2 on Spring 2021]

Prove or disprove:

(a) [Problem 1a from Fall 2021] Compact is a homotopy invariant.

(b) [Problem 1b from Fall 2021] Connected is a homotopy invariant.

(c) [Problem 2 on Spring 2021] Hausdorff is a homotopy invariant.


