
Topology Homework 7 Fall 2022

1. Let 𝐵 = 𝑆1 ∨ 𝑆1 and consider the cover 𝑝 : 𝐸 → 𝐵 pictured below

I’ve tried to sketch the covering space in R3 and the base space in the 𝑥𝑦-plane with the
covering map being project (𝑥, 𝑦, 𝑧) ↦→ (𝑥, 𝑦). The seeming self intersections in 𝐸 are an
illusion of the way I’m picturing this, like the way a drawing of a Klein bottle appears to
intersect itself. You might find it more helpful to have this other picture of 𝐸 below. Here,
the space 𝐸 is pictured as a graph and the map 𝐸 → 𝐵 is described by the labelling and
arrows.
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(a) Compute 𝜋1(𝐸, 𝑥1) and 𝜋1(𝐸, 𝑥2) as subgroups of 𝜋1(𝐵, 𝑥).
Hint: Use the picture. Let 𝑎 be the class of the loop in 𝐵 starting at 𝑥 and proceeding
counterclockwise once around the circle on the left, and let 𝑏 be the class of the loop
in 𝐵 starting at 𝑥 and proceeding counterclockwise once around the circle on the
right. So, 𝜋1(𝐵, 𝑥) = 𝐹(𝑎, 𝑏). Now, both 𝜋1(𝐸, 𝑥1) and 𝜋1(𝐸, 𝑥2) are isomorphic to a
free group on 5 generators, since 𝐸 is homotopic to 𝑆1 ∨ 𝑆1 ∨ 𝑆1 ∨ 𝑆1 ∨ 𝑆1, which you
can see by contracting the “𝑎” edges.
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(b) Describe the action of 𝜋1(𝑋, 𝑥) on the fiber 𝑝−1(𝑥).

(c) Compute Aut(𝐸), the group of automorphisms of the cover 𝐸
𝑝
→ 𝐵.

2. The free group on two generators 𝐹(𝑎, 𝑏) is a subgroup of the free group on three
generators 𝐹(𝑐, 𝑑, 𝑒) and vice versa. Find covering maps 𝑝 : 𝐸 → 𝑋 with

(a) 𝐹(𝑐, 𝑑, 𝑒) = 𝜋1(𝐵, 𝑏) and 𝐹(𝑎, 𝑏) = 𝜋1(𝐸, 𝑒)

(b) 𝐹(𝑎, 𝑏) = 𝜋1(𝐵, 𝑏) and 𝐹(𝑐, 𝑑, 𝑒) = 𝜋1(𝐵, 𝑒)

3. Consider the topological space 𝐵 = {𝑎, 𝑏, 𝑐, 𝑑} with topology

𝜏 = {∅, {𝑎}, {𝑐}, {𝑎, 𝑐}, {𝑎, 𝑏, 𝑐}, {𝑐, 𝑑, 𝑎}, {𝑎, 𝑏, 𝑐, 𝑑}}.

The universal cover of 𝐵 is the space �̃� = {𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖 , 𝑑𝑖 : 𝑖 ∈ Z} with topology generated by
the basic open sets {𝑎𝑖}, {𝑐𝑖}, {𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖} and {𝑐𝑖 , 𝑑𝑖+1 , 𝑎𝑖+1}. The covering map is given by

𝑝 :�̃� → 𝐵

𝑥𝑖 ↦→ 𝑥

Use a covering space argument to compute the fundamental group of 𝐵.

4. Suppose (𝐸, 𝑒)
𝑝
→ (𝐵, 𝑏) is any based cover. Prove that the induced map in homotopy

groups 𝑝∗ : 𝜋𝑛(𝐸, 𝑒) → 𝜋𝑛(𝐵, 𝑏) is an isomorphism for 𝑛 ≥ 2.

5. [Problem 4 Spring 2014]

Find all connected three-fold covers of the wedge sum of two projective planes, carefully
justifying your answer.

6. Problem 3 Spring 2011]

Use a covering space argument to prove that any map R𝑃2 ×R𝑃2 → 𝑆1 is null-homotopic.


