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Abstract. The absolute Galois group Gal(Q/Q) of the field Q of rational

numbers can be presented as a highly computable object, under the notion of
type-2 Turing computation. We formalize such a presentation and use it to

address several effectiveness questions about Gal(Q/Q): the difficulty of com-

puting Skolem functions for this group, the arithmetical complexity of various
definable subsets of the group, and the extent to which countable subgroups

defined by complexity (such as the group of all computable automorphisms of

the algebraic closure Q) may be elementary subgroups of the overall group.

1. Introduction

The absolute Galois group Gal(Q/Q) of the field Q of rational numbers is tra-
ditionally and naturally viewed as a profinite group. It is the object of intense
study in number theory and is often viewed as a dense and impenetrable object,
not well understood as yet. In [14] it is stated that it is impossible to “write down”
an element of Gal(Q/Q) distinct from the identity and complex conjugation. In-
deed, there is sometimes debate over the extent to which one can even consider the
algebraic closure Q itself in a reasonable way.

Nevertheless, from the point of view of computability theory, there is a per-
fectly nice presentation of Q – unique up to computable isomorphism – from which
one then can describe a very reasonable presentation of its automorphism group
Aut(Q), which is to say, of Gal(Q/Q). This automorphism group is not suscepti-
ble to standard computable structure theory, which focuses on the presentation of
countable structures. However, in Section 2 we will present it as the set of paths
through a computable, finite-branching tree of height ω. Among all presentations
of uncountable structures commonly occurring in mathematics, our presentation of
Aut(Q) is probably the most congenial and tractable currently known, far easier to
work with than the usual presentations of the fields R and C, for instance. Even
among automorphism groups of countable structures, it stands out as a particu-
larly straightforward example. Of course, it is for the number theorists and others
studying Aut(Q) for their own purposes to decide whether this presentation is of
any use to them or not. Here we simply regard Aut(Q) as a first-order structure in
the language of groups, uncountable but with a highly accessible tree presentation,
to be studied from the standpoint of computability in the same manner as any
other such structure would be.
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We will see that there is a natural notion of the Turing degree of each auto-
morphism in Aut(Q): some are computable, most are not, but each one has a
well-defined spot in the usual pantheon of Turing degrees. Indeed, for each Turing
degree d, the set of d-computable automorphisms

Autd(Q) = {f ∈ Aut(Q) : f ≤T d}

forms a countable subgroup of Aut(Q). Moreover, for each number field F , every
element of Gal(F/Q) is the restriction of an element of Aut0(Q) (and likewise with
every Autd(Q); here 0 is the degree of the computable sets). Subgroups such as
Aut0(Q) therefore feel like very reasonable “simulations” of the full group Aut(Q),
which is the inverse limit of the directed system of all such finite groups Gal(F/Q).
It is natural to ask to what extent each Autd(Q) is an elementary subgroup of the
full group Aut(Q), or at least to what extent they share the same theory in the
language of groups.

Of course, it is not difficult to prove the existence of countable, fully elementary
subgroups of Aut(Q). The Downward Löwenheim-Skolem Theorem gives examples
immediately. Our long-term goal is not so much to exhibit countable elementary
subgroups as to examine the extent to which naturally defined subgroups such as
these Autd(Q) are elementary. Another set of examples, to which our investigations
will lead us, are the unions ∪d∈IAutd(Q) over various Scott ideals I in the Turing
degrees. These prove more fruitful than the individual groups Autd(Q), which
correspond to principal Turing ideals. (For the relevant definitions, see Subsection
8.1 in the Appendix.) In Section 4 we will see that the Scott-ideal groups are
elementary within Aut(Q) for all universal formulas, all existential formulas, all
positive formulas, and a significant class of more complex formulas.

Our investigations of elementarity will place us in a good position, in Section
5, to consider the complexity of subsets of Aut(Q) definable by formulas of the
types listed above. Some of these sets will prove to have complexity significantly
lower than the complexity of the defining formula. Additionally, in Section 6, we
will apply the techniques developed for elementarity to consider the complexity of
Skolem functions for Aut(Q): when α(F,G) is a formula in the language of groups
and it is known that (∀F∃G)α(F,G) holds in Aut(Q), how difficult is it, given a
specific f ∈ Aut(Q), to find a witness g ∈ Aut(Q) realizing α(f, g)? The Uniform
Low Basis Theorem, proven recently in [1] by Brattka, de Brecht, and Pauly, will
enhance this discussion dramatically.

The subgroup Aut0(Q) is countable and dense in Aut(Q), as is every subgroup
Autd(Q). So likewise are the unions ∪d∈IAutd(Q) over countable Turing ideals.
Consequently none of these groups is closed in Aut(Q), and none fixes any elements
outside of Q, so the usual Galois correspondence between subfields of Q and closed
subgroups of Aut(Q) will not play a prominent role in this article. Effective aspects
of this correspondence were investigated by LaRoche in [10], and it seems likely that
his results should relativize to arbitrary Turing degrees.

It is fair to say that the results in this article are circumscribed by the boundaries
of pure computability theory: to understand the proofs here, no significant number-
theoretic background is required. Useful definitions and results from computability
are presented in the Appendix (Section 8), and [16] is the classic source for more
basic background. In ongoing work [8], the number theorist Debanjana Kundu
has joined with the author to address questions in this area where number theory
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plays an essential role, and that role will likely only increase during any further
investigations. Certain relevant results from [8] will be stated here without proof.

Additionally, the author would be remiss not to mention ongoing work by Wes-
ley Calvert, Valentina Harizanov, and Alexandra Shlapentokh. While the goal of
their efforts is to develop a workable definition of a “random” algebraic field, the
techniques there use essentially the same presentation of Gal(Q/Q) as given in in
Section 2, and their work helped inspire the author to consider Gal(Q/Q) as a
type-2-computable structure. We hope that their results will appear soon.

2. Presenting Aut(Q)

The celebrated theorem of Michael Rabin in [13] shows that, for every com-
putable field F , there is a computable presentation of the algebraic closure F . We
immediately fix one computable presentation Q of the algebraic closure of Q. The
central claim in Rabin’s Theorem shows that Q itself forms a decidable subset of
Q, since Q has a splitting algorithm, described by Kronecker in [9]. We also remark
that our choice of the specific presentation Q makes no difference: the algebraic
closure of Q is computably categorical, as first shown by Ershov in [4], meaning that
for any two computable presentations, there is a computable isomorphism between
them, allowing all results about either presentation to be transferred directly to the
other. For readers desiring more details, [11] is a useful beginning source.

Kronecker’s theorems show that not only is Q decidable within Q, but so is every
finite extension F of Q within Q, and the decision procedure for each such F is
uniform in each finite generating set for F . Moreover, given a finite generating
set, we may effectively and uniformly find a primitive generator for F (as seen in
[5], for instance). Therefore, the following procedure is entirely computable and
defines an increasing nested sequence F0 ⊂ F1 ⊂ · · · of number fields, all normal
over Q (hence with each Fn+1 normal over Fn), such that ∪nFn = Q. Start with
F0 = Q, letting z0 to be its multiplicative identity element. Then, for each n ≥ 0,
let xn+1 be the least element of Q \ Fn (where “least” is defined using the usual
order < on the domain ω of Q), find all Q-conjugates of xn+1 in Q, find a primitive
generator zn+1 of the field generated by all those conjugates (including xn+1 itself),
and define Fn+1 = Q(zn+1).

The absolute Galois group Gal(Q/Q) is simply the automorphism group Aut(Q)
of our field Q, since every automorphism of Q fixes Q pointwise. We will refer to
this group as Aut(Q) from here on. The Galois tree TQ will yield our representation

of the elements of Aut(Q). Using the primitive generator zn of each field Fn, we
define the elements of the n-th level of TQ to be the n-tuples

(σ(z1), . . . , σ(zn)) ∈ Fnn ,

where σ ranges over Aut(Fn). This is computable: the number of such n-tuples is
exactly the degree of zn over Q, which is computable, and their final coordinates
are precisely the Q-conjugates of zn. From the final coordinate z it is easy to
compute all previous coordinates: zn generates Fn, so the map zn 7→ z generates
an automorphism σ of all of Fn, yielding the tuple. Each initial segment of length
l < n has already appeared as a node at level l in the tree. (Thus this is indeed a
tree.) We often refer to the individual node thus described as an automorphism of
Fn, thinking of it as the map σ rather than as the element σ(zn). If τ ∈ Aut(Fm)
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extends σ ∈ Aut(Fn), we will write σ ⊑ τ . Similarly, σ < f means that f ∈ Aut(Q)
extends σ.

The automorphisms of Q itself correspond bijectively to the paths through TQ,

in the obvious way: each f ∈ Aut(Q) may be viewed as the countable sequence
(f(z1), f(z2), . . .), all of whose finite initial segments are nodes in TQ. Conversely,
each path through TQ names compatible automorphisms of all fields Fn, so their

union is an automorphism of Q. The tree is a specific computable way of presenting
these automorphisms, by defining them on increasingly large number fields within
Q. Moreover, the operations of composition and inversion on Aut(Q) are effective,
in the sense that there exist Turing functionals Γ and Υ such that, for every f, g ∈
Aut(Q) and every n,

Γ(f(z1),f(z2),...)⊕(g(z1),g(z2),...)(zn) = f(g(zn)) and Υ(f(z1),f(z2),...)(zn) = f−1(zn).

Thus Γ and Υ compute f ◦ g and f−1 effectively from their oracles f ⊕ g and f ,
respectively. Indeed, each individual value f(g(zn)) can be computed just from
f(zn) and g(zn), and f

−1(zn) can be computed just from f(zn). (The join f ⊕ g is
simply the least upper bound of f and g under Turing reducibility, often presented
by splicing the two sequences together as (f(z1), g(z1), f(z2), g(z2), . . .). This join
is not itself a path in the tree; it is simply a convenient way to describe two paths
simultaneously.) All of this follows from work of Kronecker in [9]; more modern
descriptions appear in [3] and [11].

At times we will wish to consider several elements of Aut(Q) simultaneously. For
this purpose we define TmQ . The level n of TmQ consists of all m-tuples of nodes at

level n in TQ, with

(τ1, . . . , τm) ⊑ (σ1, . . . , σm) ⇐⇒ (∀i ≤ m)τi ⊑ σi.

For future use, we give a more general definition that covers both Aut(Q) and
other common presentations of uncountable structures.

Definition 2.1. Let A be a structure of power at most the continuum 2ω. A
computable tree quotient presentation of A consists of:

• a computable subtree T of ω<ω; and
• a Π0

1 equivalence relation ∼ on [T ]2 (where [T ] is the set of all paths through
T ); and

• for each n-ary function symbol f , a Turing functional Φf such that, when-

ever all Pi lie in [T ], also ΦP1⊕···⊕Pn

f ∈ [T ]; and

• for each n-ary relation symbol R, an effectively open set UR ⊆ [T ]n; and
• for each constant symbol c, a computable path Pc in [T ],

where all Φf and UR respect ∼ and A is isomorphic to the structure with domain
[T ]/∼ under the functions Φf , the relations UR, and the constants [Pc]∼.

Such an object is a computable tree presentation if ∼ is simply equality on [T ].

Definition 2.1 naturally relativizes to the degree of any set D, by allowing a
D-oracle in each item. If one wants a relation R to be fully computable, this can
be accomplished by putting both R and ¬R in the signature. (However, in case
T is finite-branching, this leads to very simple relations!) The usual presentation
of the ordered field R is a computable tree quotient presentation: [T ] is the class
of all fast-converging Cauchy sequences of rational numbers, and ∼ is the relation
of having the same limit. Notice that here ∼ is strictly Π0

1, while < is strictly
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Σ0
1. Automorphism groups of computable structures have computable tree pre-

sentations, although often the tree must have terminal nodes. Finally, countable
structures A that satisfy the usual definition of a computable structure (having do-
main ω and decidable atomic diagram) have natural computable tree presentations:
just let T contain every node of the form (n, n, . . . , n) with n ∈ ω, using the path
(n, n, n, . . .) ∈ [T ] to represent the element n of the domain of A.

Part of the reason for stating Definition 2.1 here is to emphasize what a simple
structure Aut(Q) really is. Our tree TQ is finite-branching and has no terminal

nodes. (The finite-branching property makes it topologically compact, which will
be exploited dramatically in the rest of this article.) There are no relation symbols,
and the relation ∼ is just equality on [TQ], eliminating much of the uncertainty
present in computable tree presentations of other structures.

3. Relating Aut(Q) to Aut(Fn)

Having noted the simplicity of our presentation of Aut(Q), we add that there
remains some undecidability about it: the equality relation on its elements (i.e., on
paths through TQ) is only a Π0

1 property, not decidable. This situation informs our
decision to begin by examining positive formulas. These will behave much more
nicely than non-positive formulas, as the avoidance of negation means that the
formulas will define Π0

1-classes of automorphisms in Aut(Q).

Definition 3.1. A formula φ in prenex form in a first-order language is positive if
φ does not use the negation connective ¬.

Thus, in group theory, a positive sentence can say that there exists a group
element satisfying a particular disjunction of conjunctions of equations in words in
other group elements, but it cannot say that there exist two distinct such elements,
as this would require negation. (Recall that a sentence is just a formula with no
free variables.)

Proposition 3.2. Let φ(⃗a) be a positive sentence in the language of groups, with
parameters a⃗ ∈ (Aut(Q))k. Then

Aut(Q) |= φ(⃗a) ⇐⇒ (∀n) Aut(Fn) |= φ(a1↾Fn, . . . , ak↾Fn).

Below we abbreviate φ(a1↾Fn, . . . , ak↾Fn) by φ(⃗a↾Fn).

Proof. We work by induction on the number of quantifiers. A quantifier-free pos-
itive sentence φ(⃗a) may be taken to be a disjunction of conjunctions of equations
in a⃗. This is the base case for the induction. If the disjunction holds in every
Aut(Fn), then some single disjunct holds in infinitely many Aut(Fn), and it is then
immediate that this disjunct holds in Aut(Q). Conversely, if the disjunction holds
in Aut(Q), then φ(⃗a↾Fn) holds in Aut(Fn) for every n, because when an equation
holds in Aut(Fn+1) (or in Aut(Q)), it will remain true in Aut(Fn) provided that we
restrict the terms to Fn. Here we see why the proposition requires φ to be positive:
inequations can be true in Aut(Fn+1) yet false when restricted to Aut(Fn). (For
instance, ∃G1∃G2 G1 ̸= G2 holds in Aut(F1) but not in Aut(F0).)

For the inductive step, suppose first that φ(⃗a) is of the form (∀G) ψ(G, a⃗) with
ψ positive. Assume that Aut(Q) |= (∀G) ψ(G, a⃗). Fix any n and any σ ∈ Aut(Fn),
and choose an extension g = σ with g ∈ Aut(Q). Then Aut(Q) |= ψ(g, a⃗), and the
inductive hypothesis shows that Aut(Fn) |= ψ(g↾Fn, a⃗↾Fn). Since g↾Fn = σ, and
since this works for every n and σ, we have Aut(Fn) |= (∀G) ψ(G, a⃗↾Fn) for all n.
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Conversely, suppose that Aut(Fn) |= (∀G) ψ(G, a⃗ ↾Fn) for every n, and pick
any g ∈ Aut(Q). Then, for every n, Aut(Fn) |= ψ(g ↾Fn, a⃗↾Fn). The inductive
hypothesis now shows that Aut(Q) |= ψ(g, a⃗), and thus Aut(Q) |= (∀G) ψ(G, a⃗).
as required.

Now consider a sentence (∃G) ψ(G, a⃗), with ψ just as above. We do the easy
direction first, assuming that this sentence holds in Aut(Q), so that some g ∈
Aut(Q) has Aut(Q) |= ψ(g, a⃗). By inductive hypothesis, we see that for every n,
Aut(Fn) |= ψ(g↾Fn, a⃗↾Fn), hence Aut(Fn) |= (∃G) ψ(G, a⃗↾Fn) as required.

For the opposite direction, suppose that Aut(Fn) |= (∃G) ψ(G, a⃗↾Fn) for every
n. Now we use the tree TQ developed earlier, building the subtree

Tψ,⃗a = {σ ∈ Aut(Fn) : n ∈ ω & Aut(Fn) |= ψ(σ, a⃗↾Fn)}.
(Recall that the nodes of TQ at level n correspond to the automorphisms of Fn.)
Notice first that Tψ,⃗a really is a subtree: again, this holds because we require φ
(and hence ψ) to be positive. Negative sentences true in Fn+1 can fail in Fn when
we consider their restrictions.

By assumption this Tψ,⃗a has infinitely many nodes, and as a subtree of TQ, it
must be finite-branching. König’s Lemma therefore implies that it contains an
infinite path σ0 ⊑ σ1 ⊑ · · · , corresponding to an automorphism g = ∪nσn in
Aut(Q). But since Aut(Fn) |= ψ(σn, a⃗↾Fn) for every n, our inductive hypothesis
shows that Aut(Q) |= ψ(g, a⃗) and therefore that Aut(Q) |= (∃G) ψ(G, a⃗).

The final paragraph here begins to reveal the importance of König’s Lemma,
which states that every infinite finite-branching tree has an infinite path. Since we
have presentations of all of the finite groups Aut(Fn), uniformly in n, the subtree
Tψ,⃗a of TQ is decidable relative to the parameters a⃗, and the decision procedure is
uniform in these parameters. In Section 4 we will apply near-effective versions of
König’s Lemma in a similar way to derive further results.

Proposition 3.2 has an obvious corollary, which surely was already folklore.

Corollary 3.3. The positive theory of the group Aut(Q) forms a Π0
1 set.

4. Scott ideals and partial elementarity

Our ultimate goal is to find countable subgroups of Aut(Q), defined using com-
putability theory, that are elementary subgroups in the usual model-theoretic sense.
The question of full elementarity goes beyond the scope of this article and may re-
quire closing under arithmetic reducibility, but we will establish elementarity at
least for formulas of moderate complexity, provided that the subgroup is defined by
a Scott ideal. Section 8.1 in the appendix recalls this notion. The use of König’s
Lemma in the proof of Proposition 3.2 makes Scott ideals relevant to our topic.

Definition 4.1. For each Turing ideal in the Turing degrees, write

AutI(Q) = {f ∈ Aut(Q) : deg(f) ∈ I}.

It is immediate that AutI(Q) is a subgroup of Aut(Q), as arbitrary automor-
phisms f and g will have f−1 and f ◦ g computable from f and from the join f ⊕ g
(respectively). The closure of Turing ideals under join and downwards under ≤
does the rest.

The finite-branching subtree Tψ,⃗a of TQ that we built in Proposition 3.2 was
computable from the tuple a⃗, and its branching is also a⃗-computable. Every path
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through it is a path through TQ (hence an automorphism of Q) realizing ψ(G, a⃗).

Conversely, every g ∈ Aut(Q) with Aut(Q) |= ψ(g, a⃗) appears as a path through
Tψ,⃗a. (Consequently, if Aut(Q) |= ¬(∃G) ψ(G, a⃗), then Tψ,⃗a is a finite tree.) This
will allow us to prove the principal results of this section, Proposition 4.5 and
Theorem 4.6. As a warm-up, we begin with existential sentences, which we no
longer require to be positive.

Theorem 4.2. If I is a Scott ideal in the Turing degrees, then AutI(Q) is el-
ementary for purely existential sentences. By this we mean that whenever φ(⃗a)

is a sentence in the language of groups, of the form ∃G1 · · · ∃Gmψ(G⃗, a⃗) with ψ
quantifier-free and with parameters a⃗ all in AutI(Q),

Aut(Q) |= φ(⃗a) ⇐⇒ AutI(Q) |= φ(⃗a).

The same holds for purely universal sentences φ(⃗a).

Proof. Let φ(⃗a) be (∃G⃗) ψ(G⃗, a⃗), with ψ quantifier-free and a⃗ ∈ (AutI(Q))k. Again
it is clear that a witness for φ in AutI(Q) would also be a witness in Aut(Q). For the
difficult direction, suppose g⃗ ∈ (Aut(Q))m with Aut(Q) |= ψ(g⃗, a⃗). Viewing ψ as

∨ψi, a disjunction of sentences ψi(G⃗, a⃗) each of which is a conjunction of equations
and inequations, assume without loss of generality that Aut(Q) |= ψ1(g⃗, a⃗). We
divide ψ1 into two (possibly empty) conjuncts ψ=

1 (g⃗, a⃗), a conjunction of equations,

and ψ ̸=
1 , a conjunction of inequations.

By Proposition 3.2, every n has Aut(Fn) |= ψ=
1 (g⃗↾Fn, a⃗↾Fn). For each inequation

in ψ ̸=
1 , there exists some level n such that g⃗↾Fn and a⃗↾Fn satisfy the inequation

in Aut(Fn). Moreover, satisfaction of inequations is preserved upwards in the tree.

Therefore, taking the maximum over all inequations in ψ ̸=
1 gives a level n0 such

that, for every n ≥ n0 and every σ⃗ ∈ (Aut(Fn))
m with all σi ↾Fn0

= gi ↾Fn0

Aut(Fn) |= ψ ̸=
1 (σ⃗, a⃗). In short, above the node g⃗↾Fn0 in the tree TmQ , ψ ̸=

1 is satisfied

everywhere. (We set n0 = 0 in case ψ ̸=
1 is the empty conjunction.)

Fixing this n0, we turn to the equations in ψ=
1 . The procedure here now recalls

that of Proposition 4.5, only beginning at the node g⃗↾Fn0
. We define the set

Tψ=
1 ,⃗a

= {γ⃗ ∈ (Aut(Fn))
m : n ∈ ω & g⃗↾Fn0 ̸⊥ γ⃗ & Aut(Fn) |= ψ=

1 (γ⃗, a⃗↾Fn)}.

The second clause says that γ⃗ is compatible with g⃗↾Fn0
, so Tψ=

1 ,⃗a
contains a single

node g⃗↾Fn at each level n ≤ n0 and then is allowed to start branching out after
that. Tψ=

1 ,⃗a
is a decidable subset of (TQ)

m relative to an oracle for the tuple a⃗ (along

with its root node g⃗↾Fn0
, which is finitely much information). Proposition 3.2 shows

that for every n ≥ n0, Aut(Fn) |= ψ=
1 (g⃗↾Fn, a⃗↾Fn), so Tψ=

1 ,⃗a
must be infinite, and

its branching is a⃗-computable (and finite!) just as before. The Scott ideal I must
contain a degree d that is PA relative to a⃗, and this d must compute a path g⃗I
through Tψ=

1 ,⃗a
. We may view g⃗I as an element of (Aut(Q))m, hence in (AutI(Q))m.

Since every n has Aut(Fn) |= ψ=
1 (g⃗I↾Fn, a⃗↾Fn), we know that Aut(Q) |= ψ=

1 (g⃗I , a⃗),
and since ψ=

1 is quantifier-free, ψ=
1 (g⃗I , a⃗) holds in the subgroup AutI(Q) as well.

We also know that ψ ̸=
1 (g⃗I , a⃗) holds in AutI(Q), because it holds at every node above

g⃗↾Fn0 . Thus AutI(Q) |= ψ1(g⃗I , a⃗), and so AutI(Q) |= ψ(g⃗I , a⃗) as desired.

Now we wish to move our study of elementarity beyond existential and universal
sentences. This becomes more difficult. Our best result will be Theorem 4.6, which
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covers the class defined in Definition 4.4 below, containing more complex sentences,
including all positive sentences, but by no means all sentences.

Definition 4.3. A formula is quantifier-free negative if it is built from negated
atomic formulas using ∧ and ∨.

Thus, in the language of groups, every quantifier-free negative formula is logically
equivalent to a conjunction of disjunctions of inequations.

Definition 4.4. A formula β is separated (and is also Σ0-separated and Π0-
separated) if either of the following holds.

• β itself is positive; or
• β is the conjunction of a positive formula and a quantifier-free negative
formula. (The positive formula is allowed to use quantifiers.)

A formula α is Σn+1-separated if α is of the form ∃G⃗β(G⃗), where β is Πn-separated;

while α is Πn+1-separated if it is of the form ∀G⃗β(G⃗), where β is Σn-separated.

Notice that negations of separated formulas need not be separated. More gen-
erally, the negation of a Σn-separated formula need not be Πn-separated, nor vice
versa. Also, a quantifier-free formula in a form such as (A ∨ (¬B)) ∧ (C ∨ (¬D))
(where A, B, C, and D are equations) will be neither. It is routine to show that
every positive formula is logically equivalent to a positive formula in prenex normal
form. However, negation does not move readily across quantifiers, and so we make
is no similar claim for separated formulas.

Now we begin with Proposition 4.5, concerning positive sentences, which we will
then extend to Theorem 4.6 for Σ2-separated sentences.

Proposition 4.5. Let I be any Scott ideal in the Turing degrees. Then AutI(Q)
is an elementary subgroup of Aut(Q) for positive sentences. By this we mean that
whenever φ(⃗a) is a positive sentence in the language of groups, with parameters a⃗
all in AutI(Q),

Aut(Q) |= φ(⃗a) ⇐⇒ AutI(Q) |= φ(⃗a).

(The same therefore holds when φ(⃗a) is the negation of a positive sentence,)

This is just the standard notion of an elementary substructure, restricted to
positive sentences. The question of whether this “positive elementarity” holds for
all Turing ideals (not just Scott ideals) will appear among our open questions in
Section 7.

Proof. As usual for questions of elementarity, the important step is to “go down-
wards” for ∃-sentences. The equivalence in the theorem is immediate in case φ is
quantifier-free. Moreover, once it is known to hold for sentences with m quanti-
fiers, the case of a sentence (∃G) ψ(G, a⃗) (where ψ has m quantifiers) that holds in
AutI(Q) is quickly handled, as the witness g ∈ AutI(Q) with AutI(Q) |= ψ(g, a⃗)
also satisfies Aut(Q) |= ψ(g, a⃗) by induction. The converse is the step requiring
work.

Assume therefore that Aut(Q) |= (∃G) ψ(G, a⃗), and let g ∈ Aut(Q) witness this
fact. Of course, g need not lie in AutI(Q). As in Proposition 3.2, we define the
subtree

Tψ,⃗a = {σ ∈ Aut(Fn) : n ∈ ω & Aut(Fn) |= ψ(σ, a⃗↾Fn)}.
By Proposition 3.2, for every n, g↾Fn lies in Tψ,⃗a. (Thus, as we remarked above,
every witness is given by a path in TQ which lies entirely within Tψ,⃗a.) It follows that
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Tψ,⃗a is infinite. Moreover, since every Aut(Fn) is finite and effectively presented
(uniformly in n), determining whether a given σ ∈ TQ lies in Tψ,⃗a only requires

us to know the elements a1 ↾Fn, . . . , ak ↾Fn within Aut(Fn). We use an oracle
(formally, a1 ⊕ · · · ⊕ ak) for a⃗, so Tψ,⃗a is an a⃗-decidable subtree of TQ. Moreover,
as the branching in TQ is computable, with a⃗ we can now compute the number
of immediate successors of any σ ∈ Tψ,⃗a: just compute the number of immediate
successors of σ in TQ, find them all, and use a⃗ to check which ones lie in Tψ,⃗a. (The

answer could be zero, of course: Tψ,⃗a may have terminal nodes.)
As I is a Turing ideal, the join deg(a1)∪· · ·∪deg(ak) lies in I. Being a Scott ideal,

I therefore contains some degree d that is PA relative to deg(a1) ∪ · · · ∪ deg(ak).
By Definition 8.2, d can compute a path gI through the infinite finite-branching
subtree Tψ,⃗a. This gI is therefore a path through TQ as well, i.e., an automorphism

of Q, and lies in AutI(Q) because it is computable from d, which lies in I. By the
definition of Tψ,⃗a, every n has Aut(Fn) |= ψ(gI ↾Fn, a⃗↾Fn). Proposition 3.2 now

shows that Aut(Q) |= ψ(gI , a⃗), so by inductive hypothesis AutI(Q) |= ψ(gI , a⃗) as
well, so AutI(Q) |= (∃G) ψ(G, a⃗) as required.

Theorem 4.6. Let I be any Scott ideal in the Turing degrees. Then the subgroup
AutI(Q) of Aut(Q) is elementary for Σ2-separated sentences, and also for their
negations. This means that every such sentence (with parameters from AutI(Q))
holds in AutI(Q) just if it holds in Aut(Q).

Proof. Definition 4.4 gives the form of ψ(⃗a) in the important case:

(∃G1 · · · ∃Gm)(∀H1 · · · ∀Hl) [α(G⃗, H⃗, a⃗) & φ(G⃗, H⃗, a⃗)],

where α is quantifier-free negative and φ is positive. (For the other case, where
ψ(⃗a) itself is positive, apply Proposition 4.5.)

First suppose ψ(⃗a) holds in AutI(Q), with some specific witness tuple g⃗0 there.

By Theorem 4.2, the Π1 sentence ∀H⃗α(g⃗0, H⃗, a⃗) will also hold in Aut(Q), as will

the positive sentence ∀H⃗ψ(g⃗0, H⃗, a⃗), by Proposition 4.5. Thus Aut(Q) |= ψ(⃗a), as
required by the theorem.

For the converse, suppose that ψ(⃗a) holds in Aut(Q). We need to establish that
ψ(⃗a) holds in AutI(Q) as well. Fix a tuple g⃗ ∈ (Aut(Q))m of witnesses to its
truth in Aut(Q). Defining A = ⊕iai and a = deg(A) ∈ I, we will produce an a-
computable subtree Tψ,⃗a of (TQ)

m, such that every path through this tree is a tuple

of witnesses to the truth in AutI(Q) of (this equivalent of) ψ(⃗a). Since the Scott
ideal I must contain the degree of some such path, this will prove the Corollary.

The twist here is that we give an a-computable approximation of the subtree
Tψ,⃗a of TQ, rather than a decision procedure. There may be finitely many stages
s + 1 at which Tψ,⃗a,s+1 deletes nodes from Tψ,⃗a,s. However, from some stage s0
on, all approximations will define the same subtree of TQ, and so this subtree

Tψ,⃗a will indeed be an a-computable subtree of (TQ)
m. This twist means that our

construction of Tψ,⃗a is not uniform in ψ and a⃗, as uniformity would also require
knowledge of the stage s0. Presenting the contruction this way will facilitate a
proof in Section 6.

At each stage s, we define Tψ,⃗a,s as follows. Consider the shortest γ ∈ TQ such
that both

(∃δ ∈ (TQ)
m) [|δ| = s & γ ̸⊥ δ & Aut(Fs) |= ∀H⃗ φ(δ, H⃗, a⃗)]
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(which is a-decidable, as level s of (TQ)
m is finite) and

Aut(F|γ|) |= (∀H⃗) α(γ, H⃗, a⃗).

We will see below that such a γ must exist. Define γs to be the leftmost such γ (at
this least possible level). Define the n-th level of the tree Tψ,⃗a,s to contain:

• only γs↾n, if n ≤ |γs|;
• those δ ∈ (TQ)

m of length n such that

γs ⊑ δ & Aut(Fn) |= (∀H1 · · · ∀Hl) φ(δ, H⃗, a⃗),

if n > |γs| and this set is nonempty; or
• all δ ∈ (TQ)

m of length n such that δ↾(n − 1) ∈ Tψ,⃗a,s, if n > |γs| and the
set in the preceding item is empty.

Thus Tψ,⃗a,s contains γs but no other node at level s. Above that level, it contains
all extensions of γs that appear to witness satisfaction of our formulas. (However,
it is possible that the tree of all such extensions is finite; in this case, we recognize
its finiteness when we reach its longest node(s), say of length n0, and simply define
it trivially from there on up, so as to ensure that Tψ,⃗a,s is infinite. If this occurs,
then when we come to define γn0+1, it will be different from γs.) This completes
stage s.

First we claim that the sequence ⟨γs⟩s∈ω stabilizes on a limit γ, which will
be a specific node in TQ. Indeed, for our witness g⃗ ∈ (Aut(Q))m, we know first

of all that Aut(Fn) |= (∀H⃗)φ(g⃗↾Fn, H⃗, a⃗↾Fn) for every n, by Proposition 3.2, and

second of all that Aut(Q) |= (∀H⃗)α(g⃗, H⃗, a⃗). The quantifier-free formula α(G⃗, H⃗, a⃗)
is a finite conjunction ∧iαi, where each αi is a finite disjunction of inequations.

Since Aut(Q) |= (∀H⃗)αi(g⃗, H⃗, a⃗) and every inequation is realized in some Aut(Fn),
(Aut(Q))l is covered by the open sets

{h⃗ ∈ (TQ)
l : Aut(Fn) |= αi(g⃗↾Fn, h⃗↾Fn, a⃗↾Fn)}

as n ranges over ω. The compactness of (Aut(Q))l then shows that there is some

finite level ni with Aut(Fni) |= (∀H⃗)αi(g⃗ ↾Fni , H⃗, a⃗ ↾Fni). Thus, for every n ≥
maxi(ni),

Aut(Fn) |= (∀H⃗)α(g⃗, H⃗, a⃗),

as the inequations in every αi are all satisfied for every H⃗ by that level. Thus, at
every stage s ≥ maxi(ni), the restriction g⃗↾Fmax(ni) is a node which satisfies the
conditions for γs (with g⃗↾Fs as δ).

This shows first that γs is defined at every stage s, as g⃗↾Fmax(ni) satisfies all
the requisite conditions at every stage. Second, whenever γs ̸= γs+1, γs will never
again be chosen as γt for any t > s. (The reason for it not to be chosen as γs+1

must stem from the lack of an extension δ at level s + 1, which will continue at
subsequent stages t.) Thus, among the finitely many nodes that are either shorter
than g⃗↾Fmaxi(ni) or to its left at the level maxi(ni), each one is chosen as γs either
finitely often or cofinitely often. It follows that ⟨γs⟩s∈ω does indeed stabilize on a
limit γ.

Let s0 be a stage such that for every s ≥ s0, γs = γ is the limiting node. Then
for every s ≥ s0, Tψ,⃗a,s contains precisely those δ ⊒ γ for which

Aut(F|δ|) |= (∀H1 · · · ∀Hl) [α(δ, H⃗, a⃗↾F|δ|) & φ(δ, H⃗, a⃗↾F|δ|)].
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(Every level n contains such a δ, since g⃗↾Fn is one such.) Therefore Tψ,⃗a,s = Tψ,⃗a,s0
for all s ≥ s0. This shows that AutI(Q) |= ψ(⃗a), because this a-computable tree
must contain a path g⃗I with Turing degree in the Scott ideal I, which will satisfy

Aut(F|γ|) |= ∀H⃗α(g⃗I↾F|γ|, H⃗, a⃗↾F|γ|) and (for all n) Aut(Fn) |= (∀H1 · · · ∀Hl) φ(g⃗I↾

Fn, H⃗, a⃗↾F|γ|).
The result for negations of Σ2-separated sentences follows immediately from that

for Σ2-separated ones.

The reader may wonder why we bothered with the initial stages of this con-
struction, rather than just choosing γ = γs0 and beginning nonuniformly at stage
s0. Doing so would indeed prove Theorem 4.6. However, in the proof of Theorem
6.6 below, we will use the tree Tψ,⃗a again and will want to know its construction
uniformly through all stages, even though we will still not know which stage is stage
s0. It seems best to give the entire construction here, rather than revising it during
that proof.

5. Definable sets for Aut(Q)

Section 4 concerned the extent to which specific countable subgroups of Aut(Q)
can be elementary. However, the methods derived there also yield facts about
Aut(Q) itself. In this section we determine the complexity levels of certain definable
subsets of Aut(Q), viewed as sets of reals within the hyperarithmetical hierarchy.
In Section 6 the same methods will allow us to examine the difficulty of computing
Skolem functions in Aut(Q) for various formulas.

In Proposition 4.5, given a positive formula ψ(G⃗, A⃗) and a tuple a⃗ from Aut(Q),
we produced an a⃗-computable subtree Tψ,⃗a of (TQ)

m such that the paths through

Tψ,⃗a are precisely the m-tuples g⃗ ∈ (Aut(Q))m such that Aut(Q) |= ψ(g⃗, a⃗). In that
Proposition, the point of the subtree was that it must contain a path of PA-degree
relative to a⃗. However, the same construction also yields a description of the subset

of (Aut(Q))m defined by the formula ψ(G⃗, a⃗) with the parameters a⃗. Thus we infer
the following result.

Theorem 5.1. For every positive formula ψ(G⃗, A⃗) in the language of groups, and
every tuple a⃗ ∈ (Aut(Q))l of parameters, the subset Sψ,⃗a of (Aut(Q))m defined by

ψ(G⃗, a⃗) is arithmetically a Π0
1 set of reals relative to a⃗, and the Π0

1 property defining
it is uniform in both ψ and a⃗.

Proof. The tuple g⃗ lies in Sψ,⃗a just if, for every n, g⃗↾Fn ∈ Tψ,⃗a, where this is the
subtree of (TQ)

m defined in the proof of Proposition 4.5.

Notice that, if the positive formula ψ is Σn in complexity, then the definition
it yields for the set Sψ,⃗a is boldface Σ1

n, as all quantification is over elements of

Aut(Q), which is to say, over reals, not over natural numbers. (A parameter-
free definition ψ would define a lightface Σ1

n set, but any parameters must be
included as an oracle.) On its face, therefore, Sψ,⃗a did not appear to belong to the
hyperarithmetical hierarchy at all unless n = 0. Theorem 5.1 shows Sψ,⃗a to have
far lower complexity than the definition would have suggested.

On the other hand, the “warm-up case” of Theorem 4.2 does not yield this same
result, nor does the construction in the proof of Theorem 4.6. These two theorems
each allowed some use of negation in the defining formulas. Now even the quantifier-
free statement G0 ̸= G1 has arithmetic complexity Σ0

1 when applied to Aut(Q):
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g0 ̸= g1 just if there exists some n with g0↾Fn ̸= g1↾Fn. So, when the formulas in
these theorems are not positive, there is no reason to expect the sets they define
to be Π0

1-classes, even relative to the parameters. In the proof of Theorem 4.2,
the tree we constructed was not uniform in the formula: it required the knowledge
of a level n0 at which the inequations had all been satisfied. Likewise, although
we gave a uniform construction in the proof of Theorem 4.6, that construction did
not actually decide an a⃗-computable subtree of TQ. Instead, it approximated that
subtree Tψ,⃗a, in such a way that the entire approximation converged at some finite
stage, but without giving any way to determine that finite stage effectively. Indeed,
in these cases, the subsets of (Aut(Q))m defined by the formulas in question (with
parameters a⃗) are arithmetically only Σ0

2 relative to a⃗. (We leave the construction
of the Σ0

2 property to the reader.) The Σ0
2 property is uniform in both ψ and a⃗,

once again, and of course Σ0
2 is still a substantial improvement over the original

(non-hyperarithmetical) definitions of these definable sets, but it is no longer clear
that they are Π0

1-classes. However, it remains open whether this is sharp, in the
specific case of Aut(Q): does there actually exist an existential or universal formula,
or a Σ0

2-separated formula, defining a subset of (Aut(Q))m that is not a Π0
1-class

relative to the parameters? We conjecture that the answer is affirmative, but that
answer seems likely to require a fair dose of number theory in the construction.

The uniformity in the constructions above yields an application to the theory of

Aut(Q) as well. If ψ is a Σ1 sentence in the language of groups, say (∃G⃗)α(G⃗) with
α in disjunctive normal form, then ψ holds just if the decidable subtree Tψ of TQ
contains a node σ at which all inequations (in one or another disjunct of α) hold
and such that every level > |σ| contains an extension of σ in which all equations
from that disjunct hold. This is arithmetically a Σ0

2 statement. However, a Π1

sentence (∀G⃗)β(G⃗), now with β in conjunctive normal form, holds just if there is
a level l such that for every σ at level l in TQ there is a conjunct βi of β such that
every level ≥ l contains a successor of σ satisfying the same conjunct βi. Again this
is arithmetically a Σ0

2 property, so we have extended Corollary 3.3 to a stronger
result. We remind the reader that the existential theory of Aut(Q) is, on its face,
Σ1

1, as it quantifies over reals, yet its complexity is far lower.

Proposition 5.2. The existential theory of Aut(Q) is ∅′-decidable, as it and its
complement are both Σ0

2.

6. Skolem functions for Aut(Q)

Consider a Π2 formula ∀F∃Gα(F,G), with α quantifier-free, that holds in Aut(Q).
A Skolem function for this α is a function G : Aut(Q) → Aut(Q) such that, for
every f ∈ Aut(Q), α(f,G(f)) holds in Aut(Q). Thus G is a kind of choice func-
tion: knowing that (for its input f) some g satisfying α(f, g) must exist, it picks
out one such g. By the Axiom of Choice, such a Skolem function must exist,
and in general there will be many Skolem functions for this given α. (Of course
there might be only one: this holds if the g corresponding to each f is unique, so
Aut(Q) |= ∀F ∃!G α(F,G).) More generally, in any formula in prenex form, we
can replace the ∃-quantifiers by Skolem functions of all preceding variables, so that
∀a∃b∀c∃dR(a, b, c, d) becomes ∀a∀c R(a,F(a), c,G(a, c)), for example.

The meaning of “Skolem function” for the initial ∃-quantifier in a Σn sentence
can be ambiguous: what is required is essentially a 0-ary function, often viewed
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simply as a constant a0 ∈ Aut(Q). (That is, ∃a∀b∃c∀d R(a, b, c, d) Skolemizes
to ∀b∀d R(a0, b,F(b), d).) We will consider here a more general situation: even
if Aut(Q) ̸|= ∀F∃Gα(F,G), we would like to have a function G such that every
f ∈ Aut(Q) for which Aut(Q) |= ∃Gα(f,G) has Aut(Q) |= α(f,G(f)). In other
words, G should output a witness to ∃Gα(f,G) whenever one exists. We will refer

to such a G as a generalized Skolem function for ∃G⃗α(F⃗ , G⃗), and ideally we would
want to produce such a G uniformly for each formula.

Notice that, if we have a way of producing these generalized Skolem functions
uniformly for Σn formulas, then we can also produce Skolem functions uniformly for

Πn+1 formulas. Indeed, if (∀F⃗ )(∃G⃗)ψ(F⃗ , G⃗, a⃗) is Πn+1 with parameters a⃗ (so ψ is

Πn−1), then for every tuple f⃗ , a generalized Skolem function G for Σn formulas can

be applied to the formula (∃G⃗)ψ(f⃗ , G⃗, a⃗), in which we consider f⃗ and a⃗ together as
one long tuple of parameters. We see that, whenever this formula holds in Aut(Q),

we will have Aut(Q) |= ψ(f⃗ ,G(ψ, f⃗ , a⃗), a⃗), and so, using this G, we can compute

G∗ such that Aut(Q) |= (∀F⃗ )ψ(F⃗ ,G∗(F⃗ , a⃗), a⃗)), making G∗ a Skolem function for

the Πn+1 formula (∀F⃗ )(∃G⃗)ψ(F⃗ , G⃗, a⃗) with which we started. Finally, finding this
G∗ was uniform in ψ and a⃗, so this procedure succeeds uniformly for all Πn+1

formulas. Therefore, in theorems such as Proposition 6.4 and Theorem 6.6 below,
we will focus on Σn formulas.

The existence of generalized Skolem functions again follows directly from the
Axiom of Choice. However, as in the rest of this article, we are concerned with
effectiveness rather than mere existence. For purposes of computation in Aut(Q),
it would be ideal for Skolem functions to be computable, and moreover they should
even be uniform in the formula in question. Thus, at the Σ1 level, one would hope

for a computable function G(α, F⃗ ) of both the formula α(F1, . . . , Flα , G⃗) and the

parameters F⃗ , satisfying for every quantifier-free α and every f⃗ ∈ (Aut(Q))lα

Aut(Q) |= (∃G1 · · · ∃Gm)α(f⃗ , G⃗) =⇒ Aut(Q) |= α(f⃗ ,G(α, f⃗)).

If this held, we would then move on to more complex formulas and pose similar
questions about computing their Skolem functions. If there is no such G – that is,
if generalized Skolem functions for Σ1 formulas in Aut(Q) are not computable –
then before moving on to Σ2 formulas, we would next ask how close we can come
to computing generalized Σ1 Skolem functions.

It turns out that the second of these situations is the case. In the article [8],
written in parallel to this article, Kundu and the present author have established
the following theorem.

Theorem 6.1 (Kundu & Miller [8]). There is no computable generalized Skolem
function for the formula (∃G)G ◦ G = F . Indeed, for every Turing functional Φ,
there exists an automorphism f ∈ Aut(Q) such that Aut(Q) |= (∃G) G ◦G = f , yet
either (Φf ) ◦ (Φf ) ̸= f or else Φf /∈ Aut(Q) (including the possibility that Φf is not
even total). In fact, such a counterexample f may be computed uniformly from an
index for Φ.

Since it is impossible to compute a Skolem function for this specific formula, it
is certainly impossible to compute a generalized Skolem function for Σ1 formulas
collectively. Therefore we turn here to the second question: how close can we come
to computing Skolem functions? It turns out that we can come quite close. To
quantify this, consider the following concept.
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Definition 6.2. A function F : 2ω → 2ω is superapproximable if there exists a
Turing functional Φ such that, for every A ∈ 2ω,

(∀n ∈ ω) lim
s

ΦA(n, s) = χ(F (A))′(n).

If this holds, we say that Φ superapproximates F . The same definition applies to
functions on Aut(Q) (viewed as paths through TQ), or on Baire space ωω.

A superapproximation is generally not a computation of F , but it comes quite
close to being one. It is stronger than an ordinary approximation, in which the
characteristic function χF (A) would be presented as the limit of an A-computable
function and hence would have F (A) ≤T A′. With a superapproximation, we
approximate not just F (A) but its jump (F (A))′, uniformly in A, showing that F (A)
itself is low relative to A. From this it is not difficult to create an approximation of
F (A) itself, if this is what one wants, as there exists a single computable function f
that is a 1-reduction from S to S′ simultaneously for every S ⊆ ω. (For the program
for f , see [12, Lemma 1].) However, the specific point is to approximate the jump
(F (A))′ computably and uniformly in A, thus proving F (A) to be uniformly low
relative to A.

Subsection 8.1 of the Appendix presents a version of the Uniform Low Basis
Theorem of Brattka, de Brecht, and Pauly as Theorem 8.4. It follows from their
theorem that there is a superapproximable function F such that, for every A ∈ 2ω,
F (A) has PA-degree relative to A.

Lemma 6.3. Suppose F,G : 2ω → 2ω are superapproximable. Then so is G ◦ F ,
and a superapproximation for G ◦F may be found uniformly in those for G and F .

Proof. Fix A ∈ 2ω, set B = F (A) and C = G(B), and let Φ and Γ be functionals
such that, for every e,

lim
s

ΦA(e, s) = χB′(e) & lim
s

ΓB(e, s) = χC′(e).

From Φ we derive, uniformly, a Turing reduction B′ ≤T A′. (For each e, just
use A′ to find a stage se after which ΦA(e, s) is constant.) Similarly from Γ we get
C ′ ≤T B′ uniformly. Composing Turing reductions is a uniform process, so we have
a reduction C ′ ≤T A′ uniformly, say χC′ = ΘA

′
. Also, uniformly in A, we have

an A-computable enumeration ⟨A′
s⟩s∈ω of A′, Now we define ΨA(e, s) to to output

the value Θ
A′

t
u (e), where ⟨t, u⟩ is the least pair such that t ≥ s and Θ

A′
t

u (e)↓. Such

a pair must exist, because ΘA
′
(e)↓. Moreover, ΘA

′
t(e) = ΘA

′
(e) for all sufficiently

large t, so for all sufficiently large s we have ΨA(e, s) = χC′(e).

With this notion, we now address the question of the complexity of Skolem
functions for various formulas about Aut(Q). In large part, the answers will be
derived by exploiting the uniformity of our earlier results on elementarity.

Proposition 6.4. Aut(Q) has superapproximable generalized Skolem functions for
every positive Σn formula ∃Gψ(⃗a,G), for every n. Moreover, superapproximations
of these functions can be given uniformly in n and the formula ψ.

As remarked above, it follows that Aut(Q) has uniformly superapproximable
Skolem functions for all positive Πn formulas as well.

Proof. The same tree Tψ,⃗a used in the proofs of Propositions 3.2 and 4.5 is again
the key. We argue by induction, assuming that the Proposition holds for all Σm
sentences for all m ≤ n, uniformly in the sentence and the parameters.
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Consider a positive sentence (∃F⃗ ) ψ(F⃗ , a⃗), where ψ is Πn and positive. The
tree T∃F⃗ψ,⃗a is an a⃗-decidable subtree of TQ, and we are given the parameters a⃗ for

our computation. This tree has as its paths exactly the realizations f⃗ of ψ(F⃗ , a⃗)
in Aut(Q), so we simply use the Uniform Low Basis Theorem to compute an ap-
proximation to the jump of a path through T∃F⃗ψ,⃗a. This is a superapproximation

of a function G with Aut(Q) |= ψ(G(⃗a), a⃗). Now the inductive hypothesis, applied
to the formula ψ(G(⃗a), a⃗) with the entire concatenated tuple G(⃗a)̂ a⃗ viewed as the
parameters, gives uniformly superapproximable generalized Skolem functions for
Σn−1 formulas, hence also gives a superapproximation of a Skolem function for the
Πn formula ψ(G(⃗a), a⃗), uniformly in a⃗, and ψ. Lemma 6.3 completes the proof.

Moving to non-positive formulas, we recall that, although Skolem functions for
Σ1 sentences are merely constants, it must be proven that those constants can be
found uniformly in the sentence.

Proposition 6.5. Σ1 formulas φ(⃗a) have uniformly superapproximable generalized
Skolem functions in Aut(Q). In other words, there is a procedure, uniform in φ
and parameters a⃗, that superapproximates a tuple in (Aut(Q))m of witnesses to the
truth of each Σ1 sentence φ(⃗a) true in Aut(Q).

Proof. Say that φ(⃗a) is of the form (∃G⃗)[∨iαi(G⃗, a⃗)], where each αi is a conjunc-
tion of equations and inequations. In Theorem 4.2, we built an infinite sub-
tree of (TQ)

m and argued that it must contain a path of the degree required
there. Here we have no specific degree requirement. However, the tree in The-
orem 4.2 was constructed nonuniformly: it required knowing some specific i such

that Aut(Q) |= (∃G⃗)αi(G⃗, a⃗), and also some specific level n0 by which some witness
in Aut(Q) had satisfied all of the inequations in that αi. Each of these constituted
finitely much information, but here, those difficulties appear to contradict our uni-
formity claim.

Nevertheless, the theorem holds. The reason is that a superapproximation is
able to change its mind finitely often and attempt to satisfy a different αi, or to
use a different n0, whereas a computation cannot do the same. In the following
uniform construction, which approximates a subtree Tφ,⃗a of (TQ)

m, there may exist

stages s (but only finitely many) at which Tφ,⃗a,s ̸= Tφ,⃗a,s+1. The Uniform Low

Basis Theorem will give approximations Φa⃗(e, s) at stage s based on our stage-s
approximation of Tφ,⃗a. This may produce some strange values at early stages, but
once we reach the stage s0 after which Tφ,⃗a,s never changes again, it will behave
as we desire from then on, superapproximating the jump of a path through the
limit tree Tφ,⃗a. Thus the superapproximation will be uniform even though the
construction of the tree was not.

At each stage s ≥ 0, we choose γs to be the shortest node γ ∈ (TQ)
m satisfying

Aut(Fl) |= ∨iαi(γ, a⃗↾Fl), where l = max(s, |γ|). (If there are several such nodes at
the same level, take the leftmost possibility as γs.) Some such γs must exist, since

by hypothesis Aut(Q) |= (∃G⃗)∨i αi(G⃗, a⃗) and for each witness g⃗, some finite initial
segment of g⃗ will suffice. Fix the least index is such that Aut(Fl) |= αis(γ, a⃗↾Fl),
and for each n, define the n-th level of the tree Tφ,⃗a,s to contain:

• only γs↾n, if n ≤ |γs|;
• those δ ∈ (TQ)

m of length n such that

γs ⊑ δ & Aut(Fn) |= αis(δ, a⃗↾Fn),
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if n > |γs| and this set is nonempty; or
• all δ ∈ (TQ)

m of length n such that δ↾(n − 1) ∈ Tφ,⃗a,s, if n > |γs| and the
set in the preceding item is empty.

Thus Tφ,⃗a,s contains γs but no other node at level s. Above that level, we would
like each level to contain all extensions of γs that appear to witness satisfaction of
the disjunct αis . However, in case we reach a level where no extension does so, we
use the option of extending the tree trivially instead. This completes stage s.

Among all witnesses g⃗ ∈ (Aut(Q))m to the satisfaction of φ(⃗a), and all of the
(finitely many) disjuncts αi that each one satisfies, there is some particular g⃗ and
i for which g⃗ satisfies αi at the lowest level l. (If several do this at the same level
l, fix some witness g⃗ with g⃗ ↾Fl the leftmost possible.) Then fix the least i for
which Aut(Fl) |= αi(g⃗, a⃗). Eventually the construction will reach a stage s0 with
γs0 = g⃗↾Fl and with this i as is, and at all stages s ≥ s0 we will have γs = γs0 and
is = is0 and consequently Tφ,⃗a,s = Tφ,⃗a,s0 . Thus, as promised, our approximation
of this limit Tφ,⃗a only changes at finitely many stages.

Now we apply the Uniform Low Basis Theorem to our approximation: for each
e and s, let

Φa⃗(e, s) = ΥTφ,a⃗,s(e, s).

By our construction, this superapproximates a path through Tφ,⃗a, which is therefore

a witness g⃗ with Aut(Q) |= ∨iαi(g⃗, a⃗). So we have the uniform generalized Skolem
function required.

Theorem 6.6. Every Σ2-separated formula ψ(⃗a) has superapproximable generalized
Skolem functions, and the superapproximations are uniform in the formula ψ.

As described above, this proves that all Π3-separated formulas have superap-
proximable Skolem functions as well.

Proof. Here we refer to the construction of the tree Tψ,⃗a in the proof of Theorem
4.6. Recall that this tree is the limit of a sequence of subtrees Tψ,⃗a,s of (TQ)

m. At
some stages these trees change,, but there was a finite stage s0 such that, for all
s ≥ s0, Tψ,⃗a,s = Tψ,⃗a,s+1. In general s0 cannot be computed uniformly from ψ and
a⃗.

In this theorem, ψ(⃗a) is of the form ∃G⃗λ(G⃗, a⃗) with λ Π1-separated. Assuming
that Aut(Q) |= ψ(⃗a), we will produce an a⃗-computable superapproximation Sa⃗(e, s)
of a Skolem function G : (Aut(Q))k → (Aut(Q))m for which

Aut(Q) |= λ(G(F⃗ ), a⃗).

With A = ⊕a⃗ as oracle, the function G proceeds to compute the approximations
Tψ,⃗a,s to the tree Tψ,⃗a, just as in Theorem 4.6. It then applies the Uniform Low
Basis Theorem, so that for each e at each stage s, Sa⃗(e, s) superapproximates a
path through the tree currently being built. Specifically, at stage s, Sa⃗ computes
the greatest stage s′ ≤ s at which the approximation to Tψ,⃗a,s′ reset itself from
the preceding stage instead of just extending the previous Tψ,⃗a,s′−1. Sa⃗ treats
stage s′ as the first stage in the construction of Tψ,⃗a and computes its stage-s
approximation to a path through this tree using the Uniform Low Basis Theorem.
Just as in Proposition 6.5, the nonuniformity of the actual tree is simply folded into
the process of superapproximation. Therefore, Sa⃗ is indeed a superapproximation
of a path through Tψ,⃗a, by which we mean that lims Sa⃗(e, s) converges to the jump
of such a path. The path itself is the value G(⃗a), which Sa⃗ superapproximates.



COMPUTABILITY FOR THE ABSOLUTE GALOIS GROUP OF Q 17

All instructions here were entirely uniform in θ and in the parameters a⃗, so the
uniformity claim in the theorem is clear.

7. Questions

The first question raised by our results, naturally, is how much further they can
be extended. Do the theorems of Sections 4, 5, and 6 extend to all Σ2 formulas,
or to Σ3 formulas, or beyond? It does not seem possible to answer these questions
with the techniques employed here. In current work, Jason Block is studying this
situation for arbitrary actions of compact groups on ω (as opposed to the specific
case here, where Aut(Q) acts on the domain ω of Q) and may be able to prove
broader results in that context. Specific results for Aut(Q) are likely to require
a stronger dose of field theory, unless the broader results turn out to resolve all
questions.

On the other hand, one also naturally inquires into the subgroups Autd(Q) of
Aut(Q), defined by principal Turing ideals (containing all degrees ≤ d) rather than
by Scott ideals. It was noted (as Theorem 6.1 above) that Kundu and Miller have
shown that there is no computable generalized Skolem function even for Σ1 formulas
in Aut(Q). However, it remains possible (as of this writing) that every computable
f ∈ Aut(Q) that happens to be of the form g◦g is in fact the square of a computable
g ∈ Aut0(Q): all we know is that there is no uniform way of computing such a g
for each such f . Thus, Aut0(Q) might yet prove to be an elementary subgroup of
Aut(Q), at least for Σ1 formulas and/or positive formulas and possibly more. This
will require real work, however. At present we do not even know whether Aut(Q)
and Aut0(Q) are elementarily equivalent!

Part of the interest in these issues revolves around the possibility of giving a
computability-theoretic description of Aut(Q) as a direct limit. Normally it is
viewed as a profinite group, of course, i.e., an inverse limit of finite groups, and
this view is totally natural and extemely productive. Nevertheless, it could also be
viewed as the direct limit of the countable groups Autd(Q), under inclusion, as d
ranges over all Turing degrees. It is not difficult to imagine that these two views
together might yield results that could not be derived from either one on its own.
This would seem especially likely if we can uncover further information about the
groups Autd(Q). How close are their theories to that of Aut(Q)? How close are
they to being elementary? To what extent does the isomorphism class of Autd(Q)
depend on the choice of the degree d?

This article has provided some evidence that the Scott-ideal groups AutI(Q)
seem to be closer to elementary (within Aut(Q)) than the principal-ideal groups
Autd(Q). This being the case, it might also be fruitful to consider Aut(Q) as the
direct limit of the groups AutIA(Q), as A ranges over all subsets of ω, or possibly
over a class of representatives of the Turing degrees, and IA is as in Theorem 8.5.
(That theorem also shows that AutIA(Q) = Autb(Q) ∩ Autc(Q), for the degrees b
and c of the two specific sets BA and CA defined there. Thus each AutIA(Q) has
a simpler definition than the procedure in Subsection 8.2 would suggest.) In order
to make this direct limit close to effective, various technical details are required,
some of which appear in [12]. Once again, the idea would be to take a direct limit
of these subgroups under simple inclusion ⊆. It is not clear, though, whether one
can build the subgroups AutIA(Q) to respect Turing reducibility, as it is unknown
whether the IA built using our present version of the Uniform Low Basis Theorem
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satisfy A ≤T B =⇒ IA ⊆ IB . (This is expressed in [12] as the question of whether
the Uniform Low Basis Theorem is or can be made monotonic.)

Of course, it has been known ever since the Lowenheim-Skolem Theorems that
there are countable elementary subgroups of Aut(Q), and indeed that Aut(Q) is the
union of such subgroups. The point of the statement here is the natural definition
of the subgroups: by Theorem 8.5, each AutIA(Q) can be defined by a simple
statement of Turing reducibility f ≤T BA & f ≤T CA. Additionally, one suspects
that a group such as Aut0(Q) has a presentation that is closer to computable than
any presentation of the natural Löwenheim-Skolem subgroups would be. Indeed,
it seems likely that the usual Löwenheim-Skolem procedure, applied to produce
a countable elementary subgroup of Aut(Q) containing a single given computable
automorphism f of Q, may yield the subgroup of all arithmetic automorphisms of
Q. (Subgroups of Aut(Q) defined by arithmetic reducibility, where

A ≤a B ⇐⇒ A is arithmetic in B,

offer another potential presentation of Aut(Q) as a direct limit, this time most
likely of elementary subgroups. However, these subgroups are much further from
computable than the ones considered in this article.)

In the context of reverse mathematics, one naturally suspects that all results here
are at the level of WKL0, due to the frequent use of König’s Lemma. Dorais, Hirst,
and Shafer initiated exploration of such questions in [2]. It would be surprising if any
results here turned out to be stronger than that, in terms of reverse mathematics,
but we do not address this question here. For background in this area, see [6].

8. Appendix: computability and Scott ideals

8.1. Scott ideals and the Low Basis Theorem. A decidable infinite subtree of
the complete binary tree 2<ω need not have a computable path. This follows from
the Incompleteness Theorems, as the completions of a given (consistent, decidable)
axiom set form the set of paths through such a tree. Thus the natural effective
version of König’s Lemma fails to hold.

More generally, a finite-branching infinite computable tree T need not have a
computable path, and this remains true even if we assume that the branching in
T is computable, i.e., that we can compute the function mapping each σ ∈ T to
the (finite) number of immediate successors of σ in T . The above example with
completions of axiom sets already contradicts this stronger version.

With an oracle for the Halting Problem, one can readily compute paths through
infinite computable finite-branching trees. However, in a surprise for the logic
community, this turned out not to be sharp. Shoenfield showed in [15] that one can
always do better, and then Jockusch and Soare proved the following result in [7].

Theorem 8.1 (Low Basis Theorem, Jockusch and Soare). Every computable infi-
nite tree with finite computable branching contains a path P of low Turing degree,
i.e., for which the jump P ′ is computable from the Halting Problem. Indeed, there
exists a single low degree d that can compute a path through every such tree. (Such
a degree is now known as a PA-degree).

The term PA-degree arises from the fact that the degrees with this property are
precisely the Turing degrees of complete extensions of the usual axiom set PA for
Peano Arithmetic. However, the version above relativizes more readily, as follows.
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Definition 8.2. For a given Turing degree c (or a set C of this degree), a Turing
degree d is a PA-degree relative to c (or to C) if d can compute a path through
every c-computable infinite tree with c-computable finite branching.

Recall that a Turing ideal is a proper nonempty subset of the Turing degrees
that is closed under the join operation and also closed downwards under Turing
reducibility. This notion is often strengthened as follows.

Definition 8.3. A Scott ideal I is a Turing ideal with the additional property that,
for every c ∈ I, I also contains a degree d that is PA relative to c.

Not all Turing ideals are Scott ideals. Indeed, the principal Turing ideal {d :
d ≤ c} generated by a single degree c can never be a Scott ideal, as it contains
no PA-degree relative to c. Scott ideals appear frequently in reverse mathematics:
every ω-model of the axiom system WKL0 defines a Scott ideal, namely the set
of degrees of functions ω → ω in the model. Conversely every Scott ideal I gives
the second-order part of an ω-model of WKL0 in this way. In practice, the virtue
of a Scott ideal I is that, whenever I contains both the degree of an infinite finite-
branching tree T and the degree of its branching, I must also contain the degree of
some path through T . In Section 4 we exploit this virtue. For further discussion of
the preceding concepts, we recommend the book [6].

8.2. Producing Scott ideals. We discuss how Scott ideals may be found. The
natural intuition is to start with a degree a and build an increasing sequence a =
a0 < a1 < · · · with each aj+1 being PA relative to aj . This succeeds, but of
course it cannot be done effectively: even a1 simply cannot be computed from a0.
Instead we appeal to the Uniform Low Basis Theorem of Brattka, de Brecht, and
Pauly from [1], in the form given here.

Theorem 8.4 (Uniform Low Basis Theorem, in [1]). There is a Turing functional
Υ with the property that, for every infinite subtree T ⊆ 2ω, ΥT : ω2 → {0, 1} is
total and there is a path P through T such that

(∀n) lim
s

ΥT (n, s) = χP ′(n).

In the language of Definition 6.2, ΥT superapproximates P .

Here, since the jump P ′ is the limit of a T -computable function, P itself is
certainly low relative to T (i.e., P ′ ≤T T ′). Of course, P itself is also the limit of
a uniform T -computable function (see [12, Lemma 1] for a proof). The true point,
however, is not that P is uniformly T -limit-computable, but that P ′ is: this proves
the lowness of P relative to T , which was the point of the original (relativized but
non-uniform) Low Basis Theorem of Jockusch and Soare.

Theorem 8.4 allows us to produce the degree sequence {aj}j∈ω as effectively as
could be hoped. (See [12, Theorem 1] for details.) Notice also that a′ = a′

0 ≥
a′
1 ≥ a′

2 ≥ a′
3 ≥ · · · , so every aj (not just a1) is low relative to a. It now becomes

possible to apply Spector’s notion of an exact pair, and the construction there turns
out to preserve lowness relative to a. This result was proven much earlier using
coded ω-models ofWKL0, but the direct construction using the Uniform Low Basis
Theorem, which we quote here, appears in [12, Th. 4].
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Theorem 8.5. For every subset A ⊆ ω, there exist subsets B and C of ω whose
join is low relative to A (i.e., (B ⊕ C)′ ≤T A′) and such that

{deg(D) : D ⊆ ω with D ≤T B & D ≤T C}
forms a Scott ideal IA containing deg(A). (Thus every degree in this ideal is low
relative to deg(A).) Furthermore, an A-computable superapproximation of such a
join B ⊕ C may be constructed uniformly in the oracle A.

The ideal IA is thus the intersection of the lower cones defined by the degrees of
B and C. It is clear that B and C cannot have a meet, as that meet would have the
greatest degree in IA, leaving nothing in the Scott ideal to be PA relative to that
degree. However, deg(A) comes reasonably close to being the greatest degree in IA,
as B and C (and even their join) are low relative to A. We refer to these sets B and
C as an exact pair for the ideal IA, in keeping with the original terminology of an
exact pair for a countable increasing sequence of degrees. (Indeed, the construction
in [12] builds the sequence a0 < a1 < · · · described above and then takes B and C
to be an exact pair for this sequence.)
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