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Computable differential fields
Differential closure

1. Introduction

Differential algebra is the study of differential equations from a purely algebraic
standpoint. The differential equations studied use polynomials in a variable Y and its
derivatives dY,d(0Y),..., with coefficients from a specific field K which admits dif-
ferentiation on its own elements via the operator d. Such a field K is known as a
differential field: it is simply a field with one or more additional unary functions ¢ on
its elements, satisfying the usual properties of derivatives: d(x + y) = (0x) + (dy) and
6(z - y) = (x-0y) + (y - ox).

It is therefore natural to think of the field elements as functions, and standard exam-
ples include the field Q(X) of rational functions in one variable under differentiation le,
and the field Q(t, 6t, 6%, .. .) with a differential transcendental t satisfying no differential
equation over the ground field Q. Additionally, every field becomes a differential field
when we set dx = 0 for all x in the field; we call such a differential field a constant field,
since an element whose derivative is 0 is commonly called a constant. We give a good
deal of further background on computability and on differential fields in Sections 2, 3,
and 4. First, though, without dwelling on formal definitions, we summarize the situation
addressed in this article.

Although the natural examples are fields of functions, the treatment of differential
fields regards the field elements merely as points. There are strong connections be-
tween differential algebra and algebraic geometry, with such notions as the ring K{Y'}
of differential polynomials (namely the algebraic polynomial ring K[Y,dY, §2Y,.. ], with
each §'Y treated as a separate variable), differential ideal, differential variety, and differ-
ential Galois group all being direct adaptations of the corresponding notions from field
theory.

Characteristically, these concepts behave similarly in both areas, but the differential
versions are often a bit more complicated. In terms of model theory, the theories ACF
and DCF (of algebraically closed fields and differentially closed fields, respectively, of
characteristic 0) are both complete and w-stable with effective quantifier elimination,
but ACF( has Morley rank 1, whereas DCF( has Morley rank w. The higher Morley
rank has elicited intense interest in DCF( from model theorists.

Just as the algebraic closure F of a field F' (of characteristic 0) can be defined as the
prime model of the theory ACFqUA(F) (where A(F) is the atomic diagram of F'), the
differential closure K of a differential field K is normally taken to be the prime model of
DCF( U A(K). This K is unique up to isomorphism over K, but not always minimal:
it is possible for K to embed into itself over K (i.e., fixing K pointwise) with image
a proper subset of itself. This has to do with the fact that some 1-types over K are
realized infinitely often in K, so that the image of the embedding can omit some of those
realizations.
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As a prime model, the differential closure realizes exactly those 1-types which are
principal over K, i.e., generated by a single formula with parameters from K. It therefore
omits the type of a differential transcendental over K, since this type is not principal,
and so every element of K satisfies some differential polynomial over K. On the other
hand, the type of a transcendental constant, i.e., an element x with dz = 0 but not
algebraic over K, is also non-principal and hence is also omitted, even though such an
element would be “differentially algebraic” over K.

The goal of this article is to adapt the two fundamental theorems from computable
field theory to computable differential fields. These two theorems, each used very fre-
quently in work on computable fields, are the following.

Theorem 1.1 (Kronecker’s Theorem (1882)). (See [11] or [2], or Theorem 3.3 below.)

1. The field Q has a splitting algorithm. That is, the set of irreducible polynomials in
Q[X], commonly known as the splitting set of Q, is decidable.

2. If a computable field F has a splitting algorithm, so does the field F(x), for every
element x algebraic over F (within a larger computable field).

3. If a computable field F' has a splitting algorithm, then so does the field F(t), for every
element t transcendental over F.

(The algorithms deciding irreducibility in Parts II and III are different, and no unifying
algorithm exists.)

Theorem 1.2 (Rabin’s Theorem (1960)). (See [19], or Theorem 3.5 below.)

1. Every computable field F has a Rabin embedding, i.e., a computable field embedding
g: F — FE such that E is a computable, algebraically closed field which is algebraic
over the image g(F).

2. For every Rabin embedding g of F, the image g(F) is Turing-equivalent to the split-
ting set Sp of F.

For differential fields, the analogue of the first part of Rabin’s Theorem was proven in
1974 by Harrington [6], who showed that for every computable differential field K, there
is a computable embedding g of K into a computable, differentially closed field L such
that L is a differential closure of the image g(K). Harrington’s proof used a different
method from that of Rabin, and therefore did not address the question of the Turing
degree of the image. Indeed, the first question to address, in attempting to adapt either
of these theorems for differential fields, is the choice of an appropriate analogue for the
splitting set S in the differential context.

Kronecker, like many others before and since, saw the question of reducibility of a
polynomial in F[X] as a natural question to ask, with applications in a broad range
of areas. However, with twentieth century model theory, we can specify more exactly
the reasons why it is important. Specifically, every irreducible polynomial p(X) € F[X]
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generates a principal type over the theory ACFy U A(F), and every principal type is
generated by a unique monic irreducible polynomial. (More exactly, the formula p(X) = 0
generates such a type.)

On the other hand, no reducible polynomial generates such a type (with the exception
of powers p(X)™ of irreducible polynomials, in which case p(X) generates the same
type). So the splitting set Sg gives us a list of generators of principal types, and every
element of F satisfies exactly one polynomial on the list. Moreover, since these generating
formulas are quantifier-free, we can readily decide whether a given element satisfies a
given formula from the list or not. Thus, a decidable splitting set allows us to identify
elements of F' very precisely, up to their orbit over F.

From model theory, we find that the set Tk of constrained pairs over a differential
field K plays the same role for the differential closure. A pair (p, ¢q) of differential poly-
nomials from K{Y} is constrained if

e p is monic and irreducible and of greater order than ¢ (i.e., for some r, p(Y) in-
volves 0"Y nontrivially while ¢(Y) € K[Y,dY,...,6""1Y]), and

o foreveryz,y € K, if p(z) = p(y) = 0 and q(x) # 0 # q(y), then for every h € K{Y},
either h(z) = 0 = h(y) or h(y) # 0 # h(x). This says that, if z and y both satisfy the
pair (p,q), then the differential fields K (z) and K (y) that they generate within K
must be isomorphic, via an isomorphism fixing K pointwise and mapping x to y.

This is sufficient to ensure that the formula p(Y) = 0 # ¢(Y") generates a principal type
over DCF(y U AK, and conversely, every principal type is generated by such a formula
with (p,q) a constrained pair.

For these reasons, model theorists have come to see constrained pairs as the ap-
propriate differential analogue of irreducible polynomials. Computability theorists have
reserved their judgment. They would go along with the model theorists if it could
be shown that every other list of existential generators of the principal types over
DCF(y U AK has complexity >7 Tk, or even if this could be shown at least for those
computable differential fields appearing commonly in differential algebra; but this is not
known. Essentially, the question turns on whether Kronecker’s Theorem can be adapted
and proven in the setting of computable differential fields K and constraint sets Tk .

With this background, we may state our results, first addressing Rabin’s Theorem
and then Kronecker’s.

Theorem 1.3. (See Theorem 6.1 and Proposition 6.2.) For every embedding g of a
computable differential field as described by Harrington in [6], the image g(K) is Turing-
computable from the set Tr. So too is algebraic independence of finite tuples from K,
and also the function mapping each x € K to its minimal differential polynomial over K.
Howewver, there do exist such embeddings g for which Tx has no Turing reduction to g(K).

Theorem 1.4. (See Theorem 8.6 and Theorem 9.6.) Let K be a computable nonconstant
differential field, and let z be an element of a larger computable differential field L O K
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such that K is computably enumerable within L. (So K(z) is also c.e. within L, and thus
has a computable presentation.)

o If 2 is constrained over K, then Tk .y is Turing-computable from Txk.
o If z is differentially transcendental and K is not algebraic over K, then Ty .y is
Turing-computable from Tk.

So the last two parts of Kronecker’s Theorem hold in most cases. The first part
remains open: it is unknown whether the set T of constrained pairs over the constant
differential field Q is decidable. We regard this as the most important question currently
open in this area of study. A positive answer would likely give us a much better intuition
about the structure of various simple differentially closed fields, well beyond any current
understanding. It would also be desirable to make the failure of the second part of
Rabin’s Theorem more precise, by finding sets which are always equivalent to the Rabin
image g(K), and by finding sets which are always equivalent to T

2. Background in computability

We recall here the concepts from computability theory which will be essential to our
work on differential fields. Computable functions are defined in [25], and indeed, several
very different definitions give rise to the same class of functions. Functions on the set w of
nonnegative integers are usually identified with their graphs in w?, and we then code w?
into w, so that the graph corresponds to a subset of w. Conversely, for our purposes,
a subset A of w may be identified with its characteristic function y 4, and we say that A
is computable (or decidable) if the function x4 is computable.

The partial computable functions (those for which the computation procedure halts on
certain inputs from w, but not necessarily on all of them) can be enumerated effectively,
and are usually denoted as ¢q, ¢1, . . ., with the index e coding the program for computing
¢e(x) on z € w. The domains of these functions constitute the computably enumerable
sets, and we write W, for the domain of ¢.. These are precisely the sets which are
definable by XY formulas, i.e., sets of the form

{I'E(JJI Elylflym (x,yla”'ayM) GR}’

m+1 We usually write

where m € w is arbitrary and R may be any computable subset of w
“de(x)d = y” to indicate that the computation of ¢. on input = halts and outputs y, and
50 ¢e(z)] iff x € We; otherwise we write ¢.(z)1. Also, if the computation halts within s
steps, we write @¢ s(x)]. The set W , is the domain of ¢ s, so We = |J, We s. Every set
We s is computable (although the union W, may not be), and we take it as a convention
of our computations that only numbers < s lie in W .

More generally, we define the X9 formulas by induction on n. The X formulas are

those formulas with free variables x1, . .., 2,, which define computable subsets of w™ (for
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any m € w). A II? formula is the negation of a X9 formula. Therefore, the II{ formulas
are exactly the X formulas, but for n > 0 this is no longer true: for instance a IT9
formula is universal, in the same sense that a X9 formula is existential. A X9, formula
in the variable z is a formula of the form

Fy1 - Ty R(m,y1,---,ym)7

where R is a [T formula. Thus the subscript counts the number of quantifier alternations.
(We sometimes omit the superscript 0, which refers to the fact that we quantify only
over natural numbers, not over sets of naturals, or sets of sets of naturals, etc.)

Turing reducibility and 1-reducibility are ways of comparing the complexity of subsets
A, B C w. We refer the reader to [25] for the definition of Turing reducibility, and
write A <7 B to denote that under this reducibility, A is no more complex than B.
1-Reducibility is more simply defined.

Definition 2.1. A set A is 1-reducible to a set B, written A <y B, if there exists a
computable injective function f, whose domain is all of w, such that

(Vz) [ve€ A& f(z) € B].

It is well known that, for every n € w, there exists a set S which is X9, -complete:
S itself is X9, and every X9 | set T has T <; S. Indeed, the Halting Problem,
written here as (', is X9-complete. The set (/" is the halting problem relative to §)/, and
is X9-complete, and one iterates this jump operation, always taking the halting problem
relative to the previous set, to get the X0 -complete set (-, or (("*1). Likewise, the
complement of a X0 -complete set S is II0 -complete. This is regarded as an exact
assessment of the complexity of S; among other things, X9 L 1-completeness ensures that
S'is not IIY 4, nor X9.

Note that the class of X sets and the class of II{ sets coincide: these are the com-
putable sets. For n > 0, a set which is both X9 and II? is said to be A%. The A? | sets
are exactly those which are Turing-reducible to a X%-complete oracle set. As a canon-
ical X9-complete set, we usually use 0™ the n-th jump of the empty set, as defined
in [25].

Turing reducibility <r is a partial pre-order on the power set P(w). We define A =r B,
saying that A and B are Turing-equivalent, if A <7 B and B <r A. The equivalence
classes under this relation form the Turing degrees, and are partially (but not linearly)
ordered by <7. In fact, they form an upper semi-lattice under <, with least element 0,
the degree of the computable sets, but no greatest element. One often speaks of a set A
as being computable in a Turing degree d, meaning that for some (equivalently, for every)
B € d we have A < B.
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3. Background on fields

The next definition arises from the standard notion of a computable structure. To
avoid confusion, we use the domain {zg, z1,...} in place of w.

Definition 3.1. A computable field F consists of a set {z;: ¢ € I}, where I is an ini-
tial segment of w, such that these elements form a field with the operations given by
Turing-computable functions f and g:

Ty +Tj = Tyig) T~ Tj = Tg(i,5)-

Frohlich and Shepherdson were the first to consider computable algebraically closed
fields, in [4]. However, the definitive result on the effectiveness of algebraic closure is
Rabin’s Theorem. To state it, we need the natural notions of the root set and the
splitting set.

Definition 3.2. Let F' be any computable field. The root set R of F is the set of all poly-
nomials in F[X] having roots in F, and the splitting set Sr is the set of all polynomials
in F[X] which are reducible there. That is,

Rp ={p(X) € FIX]: (3a € F) p(a) =0}
Sp = {p(X) € F[X]: (3 nonconstant pg,p1 € F[X]) P =po ~p1}.

If Sg is computable, I is said to have a splitting algorithm.

With F computable, Rr and Sy must both be computably enumerable, being defined
by existential conditions. Theorem 3.5 will show them to be Turing-equivalent. For most
computable fields one meets, both are computable; the first steps in this direction were
taken by Kronecker in 1882.

Theorem 3.3 (Kronecker’s Theorem). (See [11].)

(i) Q has a splitting algorithm.

(ii) Let L be a c.e. subfield of a computable field F. If L has a splitting algorithm,
then for every x € F algebraic over L, L(x) also has a splitting algorithm. The
specific decision procedure for Sp,) can be determined from that for Si, and from
the minimal polynomial of x over L.

(iii) Let L be a c.e. subfield of a computable field F. If L has a splitting algorithm, then
for any x € F transcendental over L, L(x) also has a splitting algorithm, which can
be determined just from that for L, given that x is transcendental.
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More generally, for any c.e. subfield L of a computable field F' and any x € F, the splitting
set of L(x) is Turing-equivalent to the splitting set for L, via reductions uniform in x and
in the minimal polynomial of x over L (or in the knowledge that x is transcendental).

The algorithms for algebraic and transcendental extensions are different, so it is essen-
tial to know whether x is algebraic. If it is, then from S, one can determine the minimal
polynomial of x. This yields the following.

Lemma 3.4. For every computable field F' algebraic over its prime subfield P, there is a
computable function which accepts as input any finite tuple & = (x1,...,x,) of elements
of F' and outputs an algorithm for computing the splitting set for the subfield P[Z] of F.
(We therefore say that the splitting set of P[Z] is computable uniformly in &.)

Proof. Clearly there are splitting algorithms for all finite fields, just by checking all
possible factorizations. (So in fact there is a single algorithm which works in all posi-
tive characteristics.) In characteristic 0, one can readily compute the unique isomorphism
onto the prime subfield P of F' from the computable presentation of Q for which Kroneck-
er’s splitting algorithm works, and this computable isomorphism allows us to compute
the splitting set of P.

The lemma then follows by induction on the size of the tuple & = (z1,...,z,), using
part (ii) of Theorem 3.3. Since our F' is algebraic over P, we may simply search for
a polynomial p(X) with root x,, and coefficients in P[zg,...,Z,_1], and then factor it,
using the splitting algorithm for P[z, ..., z,—1] (by inductive hypothesis), until we have
found the minimal polynomial of x,, over P[zg,...,2,-1]. O

At the other extreme, if F' is algebraically closed, then clearly both Rp and Sp are
computable. However, there are many computable fields F' for which neither Rp nor Sp is
computable; see the expository article [14, Lemma 7] for a simple example. Frohlich and
Shepherdson showed that Rp is computable if and only if Sg is, and Rabin’s Theorem
then related them both to a third natural c.e. set related to F', namely its image inside
its algebraic closure. (Rabin’s work actually ignored Turing degrees, and focused on Sg
rather than Rp, but the theorem stated here follows readily from his proof there.) More
recent works [15,26] have compared these three sets under stronger reducibilities, but
here, following Rabin, we consider only Turing reducibility, denoted by <, and Turing
equivalence =7.

Theorem 3.5 (Rabin’s Theorem). (See [19].) For every computable field F, there exist an
algebraically closed computable field E and a computable field homomorphism g : F — E
such that E is algebraic over the image g(F'). Moreover, for every embedding g satisfying
these conditions, the image g(F) is Turing-equivalent to both the root set Rp and the
splitting set Sg of the field F.
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We will refer to any embedding g : ' — E satisfying the conditions from Rabin’s
Theorem as a Rabin embedding of I'. Since this implicitly includes the presentation of £
(which is required by the conditions to be algebraically closed), a Rabin embedding is
essentially a presentation of the algebraic closure of F', with F' as a specific, but perhaps
undecidable, subfield.

When we begin to consider polynomials in several variables, the connection between
Rp ans Sg breaks down.

Theorem 3.6. (See [3].) Suppose that F is a computable field. Then for every n, the set
of irreducible polynomials in the ring F[Xy,...,Xy] is computable in an oracle for the
splitting set Sg, via a Turing reduction uniform in n.

Hence, in a computable differential field K, it is decidable in Sk whether a differential
polynomial p(Y) € K{Y'}, viewed as an algebraic polynomial over K in Y,8Y,8%Y, ...,
is irreducible. (Differential polynomials are described in the next section.)

For a proof, see [3, §19]. In contrast, the decidability of the existence of rational
solutions to arbitrary polynomials in Q[X7, Xs,...] remains an open question: this is
Hilbert’s Tenth Problem for Q, the subject of much study. At present, it is not clear
that these questions impinge on single-variable problems for differential fields, but since
a differential polynomial can be viewed as an algebraic polynomial in several variables,
it is not implausible that a connection might exist.

We now turn to questions of algebraic dependence in fields. Predictably, these issues
are closely tied to transcendence bases.

Definition 3.7. For a computable field F' with computably enumerable subfield E, the
algebraic dependence set Ap/p is the set of all finite tuples of F' algebraically dependent
over E:

Ap/p = {(xl,...,xn) € F<v: (3 nonzero p € E[X17...,Xn]) p(Z) = O}.

Likewise, for any computable F-vector space V (including computable field extensions
of F), the linear dependence set is

Ly = {{vl,...,vn} CcV: (3(01,...,cn> IS {(O,...,O}}) Zaivi :0}.

i<n

Below, when considering a differential field K within its differential closure K, we will
often want to consider this set for K over K, and we will write

Dk = Ag )k

for the set of all finite subsets of K algebraically dependent over K. The following lemma
is considered in more depth in [13].
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Lemma 3.8. For every computable field F' and every computably enumerable subfield E,
there is a transcendence basis Bp g for F' over E computable using the set Ap/p as an
oracle. Conversely, for every transcendence basis B for F' over E, we have Ap;p <1 B.

Proof. We define the canonical transcendence basis By, for F over E as U, Bs, where
By =0 and

B Bs; U{zs}, if this set is algebraically independent over E,
+1 =
° s if not.
Clearly Br/g <1 Ap/g (and so, by the next paragraph, Br,g =1 Ar/E).

If F has finite transcendence degree over E, then every transcendence basis is com-

putable, with no oracle at all. So we assume the transcendence degree to be infinite. If
B is a transcendence basis and

S:{xlv"'v'xn}gF’

then S is algebraically independent iff there exist an r > n, an r-element subset By =
{b1,...,b.} C B, and elements y,+1, ...,y € F such that every element in each of the
sets By and

{xlv"'axnaynJrlv"'vyT}

is algebraic over the other set. This condition is XY relative to B. Of course, algebraic
dependence of S is X9 (without any oracle), so membership of S in Ap,p is decidable
from B. O

An exactly analogous proof likewise holds for bases of vector spaces.

Lemma 3.9. For every computable field F and every computable F-vector space V' (such
as a computable field extension of F), the relation Ly of linear dependence is computable
relative to any basis for V. over F. Conversely, this relation itself computes a basis.

4. Computable differential fields

Differential fields are a generalization of fields, in which the field elements are of-
ten viewed as functions. The elements are not treated as functions, but the differential
operator(s) on them are modeled on the usual notion of differentiation of functions.

Definition 4.1. A differential field is a field K with one or more additional unary func-
tions d; satisfying the following two axioms for all x,y € K:

di(z+y)=diz+dy iz -y)=(v-8y)+ (y-dix).
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The constants of K are those x such that, for all i, ;2 = 0. They form a differential
subfield Ck of K.

So every field can be made into a differential field by adjoining the zero operator
dz = 0. For a more common example, consider the field F(Xq,...,X,,) of rational func-
tions over a field F', with the partial derivative operators §; = aixi. We will be concerned
only with ordinary differential fields, i.e., those with a single differential operator ¢.

A differential field K gives rise to a ring K{Y} of differential polynomials. This can
be described as

K[Y,8Y,6%Y,.. ],

the ring of algebraic polynomials in the infinitely many variables shown. However, for
any differential polynomial p and any single y € K, it makes sense to speak of p(y), by
which we mean the element

p(y,0y,0%y,...) € K

calculated using ¢ and the field operations of K. Likewise, in any differential field exten-
sion L of K, p(z) will be an element of L for every x € L.

We can similarly discuss the derivative of a polynomial, bearing in mind that the
coefficients are elements of K, not necessarily constants, and may require the Leibniz
Rule. For instance, if

p(Y) = a(8Y)? +bY (8°Y)
with a,b € K, then
(6p)(Y) = (8a)(8Y)* + 2a(6Y) (6*Y) + (6b)Y (6%Y) + b(6Y)(6%Y) + bY (6°Y).

The order of p € K{Y'} is the greatest » > 0 such that §"Y appears nontrivially in p(Y").
So, in the example above, p(Y') has order 2 and dp(Y") has order 3. The algebraic polyno-
mials (in K[Y]) of positive degree in Y have order 0. By convention the zero polynomial
has order —oo, and all other algebraic polynomials of degree 0 have order —1.

Just as polynomials in F[X] are ranked by their degree, differential polynomials in
K{Y} are ranked as well. First, if p,q € K{Y} and ord(p) < ord(q), then p has lower
rank than ¢. Second, if ord(p) = ord(q) = r but §"Y has lesser degree in p than in ¢,
then p has lower rank than ¢. This is not the entire notion of rank, but it is as much as
we need in this paper: rank is the lexicographic order on the pair (ord(p), degsoratmy (P)),
hence of order type w?.

The notion of a computable differential field extends that of a computable field in the
natural way.
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Definition 4.2. A computable differential field is a computable field with one or more
differential operators § as in Definition 4.1, each of which is likewise given by some
Turing-computable function h with 0(x;) = x5y (Where {xo,z1,...} is again the set of
elements of the differential field, as in Definition 3.1).

As we shift to consideration of differential fields, we must first consider the analogy
between algebraic closures of fields and differential closures of differential fields. The
theory DCFy of differentially closed fields K of characteristic 0 is a complete theory,
and was axiomatized by Blum (see e.g. [1]) using the axioms for differential fields of
characteristic 0, along with axioms stating that, for every pair of nonzero differential
polynomials p,q € K{Y} with ord(p) > ord(g), there exists some y € K with p(y) =
0 # q(y). (By convention, all nonzero constant polynomials have order —1. Blum’s axioms
therefore include formulas saying that K is algebraically closed, by taking ¢ = 1 and
arbitrary nonconstant p € K[Y].)

For a differential field K with extensions containing elements xy and x;, we will write

To SEx T

to denote that K (xg) = K(x1) via an isomorphism fixing K pointwise and sending xg
to 21. This is equivalent to the property that, for all h € K{Y},

h(zg) =0 <  h(z1) =0;

a model theorist would say that xg and z; realize the same atomic type over K. The
same notation xg =g x; could apply to elements of field extensions of a field F, for
which the equivalent property would involve only algebraic polynomials h € K[Y].

Let K C L be an extension of differential fields. An element z € L is constrained
over K if z satisfies some constrained pair over K, as defined here. The terminology
of “principal types” reflects the model theory behind the definition. In fact, the type
generated is principal over the theory DCFy.

Definition 4.3. Let K be a differential field. A pair (p,q) of differential polynomials
in K{Y'} generates a principal type if, for all differential field extensions Ly and L,
of K and all x; € L; such that p(z;) = 0 # ¢(x;), we have xg X 21. The pair (p,q)
is constrained for K if p is monic and algebraically irreducible over K, with ord(q) <
ord(p), and (p,q) generates a principal type. Elements z in an extension of K with
p(x) =0 # gq(x) are said to satisfy the constrained pair (p,q). We let

Tk ={(p.q) € (K{Y})2: (p,q) is not a constraint }
={(p.q): (3z,y € K) (3h € K{Y}) [h(z) =0 # h(y) & =,y satisfy (p,q)]}.

(The second of these equivalent definitions should logically follow Theorem 4.4, where
we define the differential closure K of K, and Proposition 4.5, which establishes the
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equivalence.) Thus Tk is the constraint set for K. If Tk is computable, we say that K
has a constraint algorithm.

The broad intention is to quantify over all x and y in all differential field exten-
sions of K. However, since the definition considers only those xy and x; satisfying the
constrained pair, it turns out to be equivalent to quantify over all x and y in a differ-
ential closure K of K. Once we state Harrington’s Theorem below, the quantification
will just be over elements of w, and so the second definition of Tx above uses a XY
formula, provided that K is computable. (The first definition can also be seen directly
to be X¥: the model-theoretic notion of generating a principal type is II?, since the
theory DCFy U A(K) described below is complete and decidable.) This was our reason
for defining Tk to be the complement of the constraint set: we thus parallel the notation
Rp and Sp for the corresponding sets for fields, in that all are existential definitions.
(For this purpose we eschew the symbol Cx, which is already widely used to denote the
constant subfield of K.)

Definition 4.3 parallels the definition of the splitting set Sr in function if not in
form. For fields F, irreducible polynomials p(X) have exactly the same property: if
p(z0) = p(z1) = 0 (for 2o and x; in any field extensions of F'), then xg =g 1 (that is,
F(z0) = F(x1) via an F-isomorphism mapping xg to z1). So Tk is indeed the analogue
of Sp: both are X9 sets, given that K and F are both computable, and both are the
negations of the properties we need to produce isomorphic extensions.

If x € L is constrained over K by (p, q), then there exists a differential subfield of L,
extending K and containing x, whose transcendence degree as a field extension of K is
finite. Indeed, writing K (x) for the smallest differential subfield of L containing = and
all of K, we see that the transcendence degree of K {x) over K is the smallest order r of
any nonzero element p of K{Y'} for which z is a zero, and that

{z, ox, ..., 5T71:E}

forms a transcendence basis for K(z) as a field extension of K. The unique irreducible p of
smallest order is called the minimal differential polynomial of z, and its order r is called
the order of x. (Fact 5.1 and Definition 5.2 will elaborate on this. For more general
results, see [9, I1.12, Theorem 6(d)], and also [17, Lemma 6.12] for ordinary differential
fields.) The elements of L which are constrained over K turn out to form a differential
field in their own right. If this subfield is all of L, then L itself is said to be a constrained
extension of K.

An algebraic closure F' of a field F' is an algebraically closed field which extends F
and is algebraic over it. Of course, one soon proves that this field is unique up to isomor-
phism over F' (that is, up to isomorphisms which restrict to the identity on the common
subfield F'). On the other hand, each F' has many algebraically closed extensions; the
algebraic closure is just the smallest of them. Likewise, each differential field K has many



R. Miller et al. / Journal of Algebra 407 (2014) 316-357 329

differentially closed field extensions; a differential closure of K is such an extension which
is constrained over K.

Model-theoretically, the two situations are closely analogous: the algebraic closure F
of F (of characteristic 0) is the prime model of the theory ACFy U A(F), given by
extending the language to include constants for all elements of F' and adjoining to ACF
the atomic diagram A(F'). Likewise, the differential closure K of K is the prime model
of DCFy UA(K).

As with fields, the differential closure K of K turns out to be unique up to isomor-
phism over K. On the other hand, K is generally not minimal: there exist differential
field embeddings of K into itself over K whose images are proper differential subfields
of K. This provides a first contrast between DCFy and ACFy, since the corresponding
statement about algebraic closures is false.

Theorem 4.4. (See [10,22,24].) For every differential field K of characteristic 0, there
exists a differential field extension K D K which satisfies the axiom set DCFy and
has the property that every element off( satisfies some constrained pair from Tk . We
refer to K as the differential closure of K, since it can be shown to be unique up to
isomorphisms which fix K pointwise.

Our next fact was already cited in Definition 4.3 and is standard.

Proposition 4.5. Let = and y lie in any two differential field extensions of K. Then
x Z y iff, for all h € K{Y'}, we have h(z) = 0 iff h(y) = 0.

With this much information in hand, we can now state the parallel to the first half of
Theorem 3.5.

Theorem 4.6. (See [6, Corollary 3].) For every computable differential field K, there
exists a differentially closed computable differential field L and a computable differential
field homomorphism g : K — L such that L is constrained over the image g(K).

For the sake of uniform terminology, we continue to refer to a computable function g
as in Theorem 4.6 as a Rabin embedding for the differential field K.

Harrington actually proves the existence of a computable structure L which is the
prime model of the theory T generated by DCF( and the atomic diagram of K. Thus
L is a computable structure in the language I’ in which the language of differential
fields is augmented by constants for each element of K. The embedding of K into L
is accomplished by finding, for any given x € K, the unique element y € L which is
equal to the constant symbol for z. Clearly this is a computable process, since L is a
computable ¥/ -structure, and so we have our embedding of K into L. Since L is the
prime model of T, it must be constrained over K: otherwise it could not embed into
the constrained closure, which is another model of T'. So L satisfies the definition of the
differential closure of K, modulo the computable embedding.
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The root set and splitting set of a differential field K are still defined, of course, just as
for any other field. However, with the differential operator § now in the language, several
other sets can be defined along the same lines and are of potential use as we attempt
to adapt Rabin’s Theorem. The most important of these is the constraint set Tk, from
Definition 4.3, which is analogous in several ways to the splitting set and will be the
focus of our attempts to adapt Kronecker’s Theorem (Theorem 3.3 above) to differential
fields.

We will also need a version of the Theorem of the Primitive Element for differential
fields. This was provided long since by Kolchin.

Theorem 4.7. (See [8, p. 728].) Assume that an ordinary differential field F' contains an
element x with 0x # 0. If E is a differential subfield of the differential closure F with
F C E, and E is generated (as a differential field over F) by finitely many elements,
then there is a single element of E that generates all of E as a differential field over F.

Kolchin extended this theorem to partial differential fields with m derivations: the
generalized condition there is the existence of m elements whose Jacobian is nonzero.
He offered counterexamples in the case where § is the zero derivation on F', but in the
counterexamples, the generators of E are constants which are algebraically independent
over F and therefore do not lie in £ , although they are differentially algebraic over F. (At
that time, the definition of differential closure was not yet well established.) It remains
open whether the theorem as stated here holds for constant differential fields as well.

One sees readily that Theorem 4.7 can be carried out effectively: given an enumeration
of F within F, along with the finitely many generators of E over F, it is easy to find
a single generator as described in the theorem, simply by enumerating the elements
generated over F' by each single z € F until some such z is seen to generate all of the
finitely many given generators of E. Of course, without Theorem 4.7, one would not be
sure whether this process would ever halt.

5. Constrained pairs

For fields, the usefulness of the set Sr of reducible polynomials in Sg is that the irre-
ducible polynomials in F[X] exactly define the isolated 1-types over ACFoUA(F'). That
is, if « and y lie in field extensions of F' and satisfy the same irreducible p(X) € F[X],
then they generate isomorphic subfields: F(z) = F(y), via an isomorphism fixing F'
pointwise and mapping z to y. (Reducible polynomials in F[X] fail to have the same
property, except for the special case of a power of an irreducible polynomial, which
can be recognized effectively using the formal derivative and the Euclidean algorithm.)
Moreover, satisfaction of a particular irreducible polynomial p(X) by a particular x is
decidable, in a computable field extending F': the formula p(X) = 0 generating the 1-type

is quantifier-free, and the field operations are computable. Of course, since ACFqUA(F)
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has effective quantifier elimination, we could start with any generating formula and find
a quantifier-free generating formula.

The important point is that we have a list of formulas, each of which generates a
principal type, and such that every principal type is generated by a formula on the list.
Theorem 3.3 says that this list can be given effectively for the field QQ, and that the
effectiveness carries over to finitely generated computable field extensions. This is the
theorem which we wish to adapt for differential fields K, with the constraint set Tk in
place of the set Sr of irreducible polynomials in F[X]. After some further preliminaries,
we will prove that the natural adaptations of parts (ii) and (iii) of Theorem 3.3 do indeed
carry over to differential fields. Whether part (i) can likewise be adapted remains an open
question.

Fact 5.1. Let K be a differential field. Then for each x € K, there is exactly one p € K{Y}
such that x satisfies a constrained pair of the form (p,q) € Ty . (Recall that by definition p
is required to be monic and irreducible.) Moreover, ord(p) is least among the orders of all
nonzero differential polynomials in the radical differential ideal Irc(x) of x within K{Y }:

Ix(x) = {p € K{Y}: p(z) =0},

and deg(p) is the least degree of 6°*P)Y in any polynomial in K{Y} of order ord(p)
with root x.

Proof. Since K is constrained over K , each x € K satisfies at least one constrained
pair (p,q) € Tx. Set r = ord(p), and suppose there were a nonzero p(Y) € Ix(x) with
ord(p) < r. By Blum’s axioms for DCFy, there would exist y € K with

p(y) = 0# q(y) - p(y),

since the product (¢-p) has order < r. But then y also satisfies (p, q), yet p(y) # 0 = p(x),
so that K(z) 2 K(y). This would contradict Definition 4.3. Hence r is the least order of
any nonzero differential polynomial with root x.

It follows from minimality of r that {z,dz,...,d" 12} is algebraically independent
over K. Next we claim that the minimal polynomial of 6"z over K(x,...,5" 'z) must
equal

p(aa ox, ..., 67'_133,Y).

Clearly the minimal polynomial must divide p(x, §x, ..., 8" tx,Y), and if it were a proper
factor, then by Blum’s axioms for DCF, the quotient of p(z,dz,...,8"t2,Y) by the
minimal polynomial would have a root y with ¢(y) # 0 which would not be a root of the
minimal polynomial, so that K(x) 2 K (y), contradicting Definition 4.3. (We used here
the fact that with p(Y,dY,...,d"Y) irreducible in K[Y,dY,...,8"Y],
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p(x, Sz, ..., 0" tx, Y)

cannot be a power of the minimal polynomial.) Thus p is the minimal differential poly-
nomial of x over K. 0O

Definition 5.2. If K C L is an extension of differential fields, then for each z € L, we
define ordg (z) = ord(p), where (p, q) is any constrained pair in Tk satisfied by x. Notice
that in the differential closure of K, every element has a well-defined finite order over K,
by Fact 5.1. (A more general definition of order for elements of differential field extensions
sets ordk () < w be the transcendence degree of K (x) as a field extension of K.)

In fact, the irreducibility of p(Y) is barely necessary in Definition 4.3. The condition
that K(z) = K(y) for all  and y satisfying the constrained pair shows that p(Y)
cannot factor as the product of two distinct differential polynomials. The only reason
for requiring irreducibility of p is to rule out the possibility of p being a perfect square,
cube, etc. in K{Y'}. If these were allowed, the uniqueness in Fact 5.1 would no longer
hold.

Proposition 5.3. Let p,q,§ € K{Y'}, with (p,q) in the constraint set Tx and ord(§) <
ord(p). Then (p,q) € Tk iff, for every x € K, z satisfies (p,q) iff = satisfies (p,q).

Proof. First suppose (p,§) € Tx. If x satisfies (p,q), then p is the minimal differential
polynomial of = over K (by Fact 5.1), and so §(x) # 0. Likewise, if  satisfies (p, §), then
it satisfies (p, q) as well. Conversely, if the second condition holds, then every z and y
satisfying (p, §) also satisfy (p, ), hence have z 2k y, putting (p,§) € Tx. O

It is quickly seen that if (p,q) € Tk, then also (p,q-h) € Tx for every h € K{Y}.
So Proposition 5.3 is nontrivial, and the constrained pair satisfied by an = € K is not
unique, although its first component is unique. The proposition shows that the first
component essentially determines the constrained pair: two constrained pairs with the
same first component define the same set. On the other hand, not all monic irreducible
differential polynomials p can be the first component of a constrained pair; the polynomial
p(Y) = 6Y is a simple counterexample. In Section 7 we will address the question of
constrainability: for which p € K{Y} does there exist some ¢ € K{Y'} with (p,q) € Tk?

6. Decidability in the constraint set and Rabin image
6.1. Decidability in the constraint set
The two theorems in this section were proven in [16], a preliminary report on the

work in this article. They address the adaptation of Rabin’s Theorem to the context of
differential fields. The proofs are straightforward, and we do not repeat them here.
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Theorem 6.1. (See [16, Theorem 10].) Let K be any computable differential field, and
g: K-> Ka (differential) Rabin embedding of K. Then all of the following are com-
putable in an oracle for the constraint set Ty : the splitting set Sk, the Rabin image g(K),
and the order function ordyx on K. If additionally our derivation is nontrivial, then the
set Dg of finite subsets of K algebraically dependent over g(K) is also computable in
a Tk -oracle.

In particular, the Rabin image g(K) is computable in a Tk-oracle. This means that
(9(K) N Cg) is a Tx-computable subfield of the constant field C'x, which in turn is a
computable subfield of K. Indeed, the restriction of g to Cx is a Rabin embedding of
the computable field Cg into its algebraic closure C, in the sense of Theorem 3.5, the
original theorem of Rabin for fields.

Therefore, if C' is any computable field without a splitting algorithm, we can set K = C
to be a differential field with Cx = C' (by using the zero derivation). Theorem 4.6 gives
a Rabin embedding g of this differential field K into a computable presentation of K.
Theorem 3.5 shows that g(K) = g(Ck) is noncomputable within the computable subfield
C, and therefore must be noncomputable within K itself. Finally, Theorem 6.1 shows
that the constraint set Tk of this differential field K was noncomputable.

So there do exist computable differential fields, even with the simplest possible deriva-
tion, for which the constraint set is noncomputable. In the opposite direction, it is
certainly true that if K itself is already differentially closed, then its constraint set
is computable, since the constrained pairs are exactly those pairs of the form (Y — a,b)
with a,b € K and b # 0. (Such a pair is satisfied by exactly one x € K, hence by
exactly one x € K= g(K), using the identity function as the Rabin embedding g. Thus
it trivially satisfies Definition 4.3.)

We do not yet know any examples of computable differential fields which have com-
putable constraint set, yet are not differentially closed. The decidability of the constraint
set is a significant open problem for computable differential fields in general. So likewise
is the decidability of constrainability: for which p € K{Y} does there exist a ¢ with
(p,q) € Tx? We address this question in Section 7. The comments in the proof of The-
orem 6.1 in [16] make it clear that p(Y) = Y is an example of a differential polynomial
which is not constrainable.

6.2. Decidability in the Rabin image

Rabin’s Theorem for fields, stated above as Theorem 3.5, gave the Turing equivalence
of the Rabin image g(F) and the splitting set Sp. Our principal analogue of Sg for
differential fields K is the set Tk, and Theorem 6.1 makes some headway in identifying
sets, including ¢g(K) but not only that set, whose join is Turing-equivalent to Tk. It
is also natural to ask about Rabin’s Theorem from the other side: what set (or what
join of sets) must be Turing-equivalent to g(K)? We now present one step towards an
answer to that question, using the notion of a linear differential polynomial in K{Y}.
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Recall that “linear” here is used in exactly the sense of field theory: the polynomial has
a constant term, and every other term is of the form ad'Y’, for some a € K and i € w. If
the constant term is 0, then the polynomial is homogeneous as well, every term having
degree 1.

The solutions in K of a homogeneous linear polynomial p(Y) of order r are well
known to form an r-dimensional vector space over the constant field Cf,.. By additivity,
the solutions in K to any linear polynomial of order r then form the translation of such
a vector space by a single root z of p(Y). Of course, not all of the solutions in K need
lie in K: the solutions to p(Y) = 0 in K (if any exist) form the translation of a vector
space over C'k of dimension < 7.

Proposition 6.2. (See [16, Proposition 11].) In a computable differential field K whose
field C'i of constants is algebraically closed, the full linear root set F Ry :

{linear p(Y) € K{Y}: p(Y) =0 has solution space in K of dim ord(p)},

is computable from an oracle for the image g(K) of K in any computable differential
closure K of K under any Rabin embedding g. Moreover, the Turing reduction is uniform
in indices for K and g.

It would be of interest to try to extend this result to the case where C'x need not
be algebraically closed, and/or to the situation involving the differential closure of an
extension of K by algebraically independent constants.

7. The constrainability set

We now address the question of whether a given differential polynomial p(Y') € K{Y'}
is constrainable within its computable differential field K. This question asks whether
there exists some ¢ € K{Y} such that (p,q) forms a constrained pair, i.e., such that
(p,q) ¢ Tk. Such a q is called a constraint on p.

Definition 7.1. For a differential field K, the set of unconstrainable differential polyno-
mials is the set

Uk ={pe K{V}: (Vge K{Y}) (p.q) € Tk}
Any p(Y) ¢ Uk is said to be constrainable.

As the natural c.e. and co-c.e. sets for fields are all named in their existential forms
(Rk, Sk, Tk, and D), we propose that related X9 and IT9 sets should always be
named in their /79 (that is, V3) forms. As in the case of Uk, this will often involve a
single V quantifier over an existential set, which makes a simple and natural definition.
An alternative definition follows from our next proposition.
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Fact 7.2. A differential polynomial p € K{Y} is constrainable over K iff p is the minimal
differential polynomial of some x in the differential closure K of K.

Proof. Every constrained pair (p,q) is satisfied by some z € K. Fact 5.1 shows that p
must be the minimal differential polynomial of this x, and also shows that the minimal
differential polynomial of each z € K is the first component of the constrained pair
satisfied by that x. O

This alternative definition of constrainability is no simpler, however: it says that there
exists an x satisfying p such that no polynomial in K{Y} of lesser rank than p can have
x as a zero. We now show that Ug cannot be defined by any formula simpler than I79.

Theorem 7.3. There exists a computable differential field K in which the set of constrain-
able polynomials p € K{Y'} is X9-complete.

Proof. This proof evolved out of a suggestion by David Marker. The key to the
II9-completeness is Theorem 6.2 from [12, p. 73], which introduces the differential poly-
nomials

pe(Y) =6Y —t.(Y? - Y?)

we will use, over a ground field Ky = Q(to,t1,...) in which the elements ¢, form a
differentially independent set over Q. (That is, no tuple (tg,...,t,) is a zero of any
nonzero differential polynomial over Q.) Now p.(Y) certainly will have zeroes in the
differential closure of K (although its only zeroes in K itself are the trivial ones 0
and 1), but, imitating the proof of Corollary 6.3 in [12] with f(Y) = Y3 — Y2, we see
that the set of its nonconstant zeroes is algebraically independent over Q.

Moreover, in an extension K of Ky such as we shall build, p. is constrainable iff
K contains only finitely many zeros of p.. This condition is readily exploited to show
X9-completeness of constrainability, which is to say, I19-completeness of Uy, using re-
quirements:

Re:  pe has infinitely many zeroes in K < e € Inf.

These will show that the IT19-complete set Inf = {e: |W,| = oo} is 1-reducible to Uk.
Since Uy is already known to be IT9, it will therefore be IT9-complete, and many com-
putable model theorists could fill in the rest of these details immediately.

The differential field K is built as a c.e. subfield of the differential closure Ky, in
stages, as a computably enumerable differential subfield of the (computable) differential
closure of Q(to,t1,...). Each requirement R. will be eligible at infinitely many stages,
at each of which it will have the opportunity to add more elements to K if it needs
to.



336 R. Miller et al. / Journal of Algebra 407 (2014) 316-357

At stage 0, we apply Harrington’s Theorem 4.6 to (a computable presentation of)
the differential field Q(to,t1,...), as described above, with the t. all differentially in-
dependent over Q. This yields a differential Rabin embedding f of Q(tg,t1,...) into a
computable presentation L of the differential closure of a c.e. subfield Ky which is the
image of Q(tg,t1,...) under f. We may assume that the function e — t. in the original
presentation of Q(tg,t1,...) was computable, and thus that e — f(t.) is computable as
well. From here on, we deal only with K, writing

Qe :f(te) € Ko

for the image in Ky of each differential transcendental ¢.. Within L, we can now name
the nonconstant zeroes of the polynomials

pe(Y) =06Y —a.(Y® -Y?).

There must be infinitely many such zeroes, since L is differentially closed and p. has
order 1, and each list

{Ze’o < Ze1 < RZepo <+ }

of all nonconstant zeroes of p. in L is computable, uniformly in e.

We now move to stage s + 1. Here we use the convention that in our enumeration of
all the c.e. sets We, for each s, there is a unique pair (e, z) for which € W, 541 — We 4
(that is, for which = enters W, at stage s + 1). Of course, W, o = 0 for every e. So, at
the stage s + 1, we find the unique corresponding pair (e, ), choose i = [W, 4|, and set

Koi1 = Ks(ze:) C L.
Notice that since

0Z¢; = Qe (zg’l — zgl),
this K41 is closed under §, hence is a differential subfield of L. Lemma 7.4 will show
that z.; is transcendental over K as a field (even though it is constrained over K as a
differential field), making K41 a purely transcendental field extension.

This completes the construction, and the differential field K s the union of the
fields K defined at each stage. Thus K is a c.e. subfield of L. (A computable pre-
sentation of K with domain w may readily be found, since the infinite c.e. set K is the
image of w under some injective total computable function f. Just pull the differential
field operations from K back to w via f.)

Lemma 7.4. The set {z.,;: e,i € w} is algebraically independent over K.



R. Miller et al. / Journal of Algebra 407 (2014) 316-357 337

Proof. Each z.; by itself is transcendental over K. A theorem of Rosenlicht which
appears as [12, Theorem 6.2, p. 73|, along with Example 2 there, shows that if z = 2.,
and Z = z;, are algebraically dependent over Ky, then

aez2 = aj22.

Applying § to both sides and using the equations
0z = ae (23 — 22) and 0Z = aqj (23 — 22),
we derive a second equation
2*6ac + 2a2(z* — 2*) = 2%6a; + 2(1? (z* = 2°).

Applying ¢ and substituting for 0z and §Z again yields a third polynomial relation on z,
Z, e, dac, 0%ae, a;, 6a;j, and §%a;. But now these three distinct algebraic relations show
that the field

s 2 2
Q(z, Z,0e,00c,07ac, aj,0a5,0 aj)

has transcendence degree at most 5 over Q. Assuming that e # j, this contradicts

the differential independence of a. and a;. If e = j, then the equation a.z? 2

= ajz
actually showed that Z = 4z, and the only way for z and —z both to be zeroes of p,
is for z = 0 = —z. Thus, every set {z.;,2;,} of two distinct elements is algebraically
independent over Kj.

One then argues by induction. Let S be any subset of {z.;: e,i € w} of sizen+1 > 3.

Form
S/ = S - {Ze,i,zj,k;}

by deleting any two elements from S. Then each of z.; and z;; is a transcendental
over Ky(S’), by inductive hypothesis, and the argument from the preceding paragraph,
with Ky(S’) and Q(S’) in place of Ky and Q, shows that {z.;,z;x} is algebraically
independent over Ky(S’), making S algebraically independent over Ky. O

Lemma 7.5. In the construction above, the nonconstrainability set Uy is I13-complete.

Proof. If W, is finite, then by our construction, there are only finitely many stages at
which any zero z.; of the polynomial p.(Y") is added to K. It follows from Lemma 7.4
that the only elements z.; in K are the ones we specifically enumerated into K 11 at
some stage s + 1: Lemma 7.4 shows that no finite set of such elements z.; generates
any zs i as a field, except those already in the finite set, and we remarker in the proof
that the field generated by this set is closed under differentiation. Therefore, an easy
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induction on s shows that, for every e and s, p. has exactly |W. 4| nontrivial zeroes
in K,. But now, if |W,| = n is finite, then

( e(Y)vy(Y - 1)(Y - 26,0) e (Y - Ze;n—l)) ¢ TKa

and so p. ¢ Uk.

Conversely, if W, is infinite, then p.(Y) has infinitely many zeroes in K, since a
new one is added at each stage at which W, receives a new element. But then there
is no ¢ € K{Y} with (pe,q) ¢ Tk: such a ¢ would have to have order 0, since p.
has order 1, and hence ¢ would have only finitely many zeroes in K. This would leave
infinitely many z.,; in K satisfying (pe, q), yet clearly z., Zxk z.; for all i # j with
either z.; or z.; in K, since no isomorphism fixing K pointwise could map z.; to any
element except itself. Thus

pe € Ux & e € Inf,

and the computable injective function e — p. is a l-reduction from Inf to Uy, proving
the lemma. (Recall that Definition 7.1 shows that Uy is a I19 set.) O

This completes the proof of Theorem 7.3. O

The usual examples of nonconstrainable polynomials are along the lines of p(Y') = 0Y".
Based on just this, one might wonder whether the nonconstrainable polynomials in K{Y'}
are exactly those of the form 6p for some p € K{Y}. In one direction, this holds true:
polynomials §p are nonconstrainable. To see this, note that for every constant ¢ € K
and every ¢ € K{Y} of order < ord(dp) the polynomial (p(Y) — ¢) would have order
> ord(q), so there would exist an z, € K satisfying

ﬁ(l’c) —c=0 7é Q(l'c)a

by Blum'’s axioms. Every such z. would satisfy (0P, q), yet for constants ¢ # d, we would
have

p(xe) = c # d = p(za),

proving that (6p, q) is not a constrained pair.
However, Theorem 7.3 shows that nonconstrainability is not always equivalent being
the derivative of another polynomial.

Corollary 7.6. There exist a computable differential field K and a differential polynomial
p € K{Y'} such that, for all p € K{Y'}, p # 0D, yet po is not constrainable in K{Y'}.
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Proof. In the differential field K built in Theorem 7.3, nonconstrainability cannot be
equivalent to being a derivative, since nonconstrainability cannot be defined by the X9
condition

(Hﬁ € K{Y}) op = p.

We argued above that every dp with p € K{Y} is nonconstrainable, so the opposite
containment relation must fail. That is, there must exist some nonconstrainable p which
is not a derivative. 0O

In fact, we can say specifically that in the field K constructed in Theorem 7.3, those p,
which turned out to be nonconstrainable are specific instances of Corollary 7.6. If such
a p. were of the form dp, then p would have appeared in K{Y'} at some finite stage s,
and thus p. would have been nonconstrainable even in the differential subfield K gen-
erated by the elements enumerated by stage s. But this did not happen: each p. was
constrainable within each K, even though certain of them became nonconstrainable in
the larger field K.

Finally, we note that although U is I19-complete for this particular K, there may
still be many other computable differential fields L for which Uy, is not this complex.
Theorem 7.3 shows that no definition of the constrainability set can be any simpler
than I19, but in specific cases a definition equivalent to constrainability might have
lower complexity. In particular, for a constant differential field F', and especially for the
constant field Q itself, one suspects that the complexity may be lower. These questions
remain open.

8. Extension by constrained elements

Since the constraint set Tk plays the same role for a differential field K that the
splitting set Sr plays for an algebraic field F, it is natural to ask which results about S
carry over to Tk . The most basic results about Sg are those of Theorem 3.3, given by
Kronecker in [11]: that Sg is computable, and that the splitting set Sp(,) for a computable
extension F'(x) of a computable field F' is computable from an oracle for Sg.

Moreover, the process of computing Sp(,) from Sg is uniform in /' and in one single
piece of information about x, namely, whether = is algebraic or transcendental over F'.
(It is often said that the process is uniform in the minimal polynomial of x over F, but
if we know that x is algebraic, then we can find its minimal polynomial using the Sg
oracle.)

It follows that every finitely generated computable field of characteristic 0 has com-
putable splitting set, and this fact is extremely useful when one tries to build embeddings
or isomorphisms among computable fields. The same holds in characteristic p > 0, since
the splitting set of a finite field such as I, is obviously computable.

In this section, we investigate the analogue of this result for constrained differential
field extensions. If K is a computable differential field, with computable extension K (z),
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must Ty <t Tx? We will show that when z is constrained over K, the answer is
always positive, uniformly in z, provided only that K is nonconstant. For constant K,
the question remains open.

In the previous section we exploited the fact that if K C L C K , then K can fail
to be (isomorphic over L to) a differential closure of L, although it must contain some
subfield L O L which is a differential closure of L. The problem was that certain elements
of K turned out not to be constrainable over L. When we consider a finitely generated
differential field extension L = K(zp,...,2n) C K7 this is no longer possible.

Lemma 8.1. (See [10, §4, Proposition 5].) Let K be a differential field and L a subfield
of any differential closure K of K, with L finitely differentially generated as a differen-
tial field extension of K. Then K must also be a differential closure of its differential
subfield L.

Lemma 8.1 shows that every x € K satisfies a constrained pair over K (z), but does
not specify the two polynomials which constitute that constrained pair. Below we will
prove Theorem 8.6, stating that if we can recognize constrained pairs over K, then we
can also recognize them over K(z). Once this is known, then given an oracle for Tk,
we will be able to identify the constrained pair over K (z) satisfied by x, simply by
searching for it. However, there is a good deal of work still to be done before we can
prove Theorem 8.6.

Lemma 8.2. For a computable differential field K with Rabin embedding g : K — K, and
an arbitrary z € X, the splitting set Sg .y is computable in an oracle for Ty, uniformly
m z.

Proof. With the oracle Tk, we can find a constrained pair (p,q) € Ty satisfied by z.
Then, with r = ord(p), the differential field K (z) is the field

K(z, 0z, ..,y 5T_1z) [(STZ],

and p gives the minimal polynomial of §"z over the purely transcendental field extension
K(z,0z,...,6"12). With this information, Kronecker’s Theorem allows us to compute
the splitting set of K (z) from Sk. O

The same holds when z is differentially transcendental over K: then K(z) is just the
field K (z,62,0%z,...), with computable transcendence basis {d’z: i € w}, hence has a
splitting algorithm. However, the uniformity of the result fails when we do not know
whether z is constrained or not.

In what follows, for p € K{Y'}, [p] is the least differential ideal in K{Y} containing p.
Let r = ord(p). Recall that the initial I, of p is defined as the leading coefficient when p is
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expressed as a polynomial in 6"Y (say of degree d) with coefficients in K(Y,...,8""1Y),
so that p = I,(6"Y)4 +---. Let

dp
(Y

hy =1, - s,, Wwhere s, =

For example, if p = Y(0Y)? + Y + 1, then hy, =Y - (2Y Y + 1). For J C K{Y}, we
define the colon ideal J : h;® by

J:hX ={feK{Y}|hy-feJforsomen >0}.

It turns out that [p] : hy° is a prime differential ideal if and only if (p) : h3° is a prime
ideal [9, IT1.8, Lemma 6 and IV.9, Lemma 2]. Moreover, if p is an irreducible polynomial,
then (p) is a prime ideal. Therefore, in this case, (p) : hy° is prime as well. Thus, if p is
irreducible, then [p] : ho° is a prime differential ideal.

Lemma 8.3. For every computable differential field K and every differential polynomial
p € K{Y}, the relation of equivalence mod [p] : hy° is computable in K{Y'}, uni-
formly in K and p, and so there is a computable presentation of the differential ring

K{Y'}/[p] : hye.

Proof. The basic point of the proof is that we have an algorithm, called differential
pseudo-division, which takes an f € K{Y} as input and produces g € K{Y} of lower
rank than p, with

f—g€lpl:hy.

(Recall that “lower rank” means that either ord(g) < r = ord(p) or else ord(g) = r and
0"Y has strictly lesser degree in g than its degree d in p.) First, if ord(f) = s > r, then
0°~"p has order s and is linear in 6°Y with “leading coefficient” s,. So, by subtracting
an appropriate multiple of 6°Y from s, - f, we get an f; with order < s such that

(sp - f = fo) € p]-

Repeating this process produces an f, of order < r. If its order is exactly r, then we
reduce it by multiples of p until the degree of the variable 6"Y in f,, is < d multiplying
by h, whenever needed. A general algorithm is described in [9, 1.9].

Of course, if S is the set of all f € K{Y} for which either ord(f) < r or else ord(f) = r
and 0"Y has degree < d in f, then no two distinct elements of S can be equivalent mod
[p] : s, since

[p] : hpy” NS = {0}.
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So two elements of K{Y'} are equivalent mod [p] : hp° iff the above algorithm on those
elements gives the same output for both. Moreover, S is computable and is the domain

hy°, with addition, multiplication, and

of our computable presentation of K{Y}/[p] :
differentiation computed exactly as in K{Y'}, with the result reduced modulo [p] : hp°

to an element of S in the sense of the algorithm described above. O

Corollary 8.4. For every computable differential field K, every Rabin embedding
g: K = K, and every z € K, the differential subfield g(K)(z) is computably pre-
sentable, uniformly in the minimal differential polynomial p of z over K. (In turn, p can
be computed from z using a Dk oracle.)

Proof. K (z) is isomorphic to the differential field Quot(K{Y'}/[p] : hy°), with z mapping
to the equivalence class of Y. In this case, the irreducible polynomial p € K{Y} forms a
characteristic set of the prime differential ideal P := ker(K{Y'} — K(z)) [9, 1.10]. O

Of course, this corollary is clear for other reasons, even without needing to know p.
g(K)(z) is a c.e. differential subfield of K, hence can easily be pulled back to a computable
presentation. The interesting point is that one cannot readily use the subfield g(K){z) to
prove the uniformity over p in Lemma 8.3. It is easy to find zeroes z € K of the given p,
but unless D is computable, one cannot decide which of these zeroes, if any, is generic
for p — that is, which z have minimal differential polynomial p.

Moreover, if p were unconstrainable, then no z at all would be generic for p over K.
So the proof of Lemma 8.3 is essential to the study of computable differential fields,
particularly those for which Dy or Uk is noncomputable. (For computable fields F, the
analogous procedure works for all irreducible p € F[X], so one only needs to be able to
decide the splitting set Sg, which is always c.e., whereas in general U is only X3.)

We will need the following lemma as well.

Lemma 8.5. Let K be a computable differentially closed field. Then it is computable, given
arbitrary m, n, and coefficients for differential polynomials fq,..., fm and go,...,gn
in K’{Y}, whether V(fo, ..., fm) € V(go,.-.,gn), where these are the differential vari-
eties in K defined by these polynomials. Consequently, it is also uniformly computable
whether V(f) = V(g), and whether containment or equality holds between the radical

differential ideals \/ﬁ and \/1g].

Proof. This follows from quantifier elimination for the theory DCFy, but it can also
be seen as a pleasing application of the Differential Nullstellensatz, which states that

with K differentially closed, V(f) C ) iff \/_ - \/7 The analogous result over
algebraically closed fields is Hilbert’s Nullstellensatz.) So the statement about radical
differential ideals will follow from that about varieties.

Moreover, the reversal between the two inclusions quickly yields the lemma, since
V(f) € V(g) is a universal condition, saying that every common zero of all f; is also
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a zero of every g;, while \/[g] C y/[f] is an existential condition: each of the (finitely
many) g; in g lies in y/[f] iff there exist k; and a linear combination (over K{Y'}) of

the f;’s and their derivatives such that the combination is equal to gfj . Being defined
uniformly by both an existential and a universal condition, the containment is therefore
computable. O

We now come to the differential analogue of Kronecker’s Theorem, for finitely gener-
ated constrained extensions.

Theorem 8.6. Let L be any computable ordinary differential field with nontrivial deriva-
tion 8, and K its image under any differential Rabin embedding of L into any K. Then
for every z € K, the constraint set T .y is computable in an oracle for Tx. Also, the

constrainability set Uk () is computably enumerable relative to Tk . Both the computation

of Tk (y and the enumeration of Uk .y are uniform in z and Tk .

Proof. First, using the oracle Tk, search for a pair (p.,q.) € Tk satisfied by z. Since
ze K , we eventually find such a pair, in which p, is the minimal differential polynomial
of z over K. Set r, = ord(p,). Then K (z) has transcendence basis

By = {z, 0z, ..., 5“712}

over K, and is generated by this basis along with 6”2z, whose minimal polynomial over
the transcendence basis is p,(z,...,0"* "1z, Y). With this information, we can compute
the splitting set Sk .y from Sk, which in turn is computable from our Tk-oracle, by
Theorem 6.1.

Moreover, Tk can also compute Dy, the set of finite sglﬁets of K which are al-
gebraically dependent over K. But a finite subset S of K(z) = K is algebraically
independent over K (z) iff SN By =0 and S U By ¢ Dg. Thus

Dg2y <1 Dk <1 Tk,

again uniformly in z. (“Computing Dg )" normally means deciding algebraic indepen-
dence over K(z) for all finite subsets from some particular differential closure of K(z).
In this case, by Lemma 8.1, the identity map from K(z) into K is a differential Rabin
embedding, and we have given a process for deciding algebraic independence over K (z)
which works for all finite tuples from K.)

Since K(z) is a computable differential field, T . is X9 uniformly in z (and even
in K). So we need only show that its complement is X relative to Tk . Briefly sum-
marizing, the following argument says that there are two ways for (p, q) to lie in T (.y:
either p is nonconstrainable there, or else ¢ is not the correct constraint for p. Constrain-
ability is Xy in an oracle for Dy, which we have. Assuming p is constrainable, we use the
differential closure to find some z satisfying (p, ¢), and then use Lemma 8.3 to compare
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q over [p] : hy® with a constrained pair (p,q) over K(z), which z is known to satisfy.
(Possibly (p, ) is not actually a constrained pair over K (z), but it is known to generate
a principal type there, which is sufficient for our purpose.)

We claim that, for every (p,q) € (K (2){Y})?, the following process will halt iff (p, q) ¢
Tk (z)- Set r = ord(p), and check first that 7 > ord(g), and that p is monic and irreducible
as an algebraic polynomial over K(z). (This uses Sk ..) If so, then we search for an
z € K with the properties that

p(x) =0#q(z) and {z,0z,...,0" 'z} & Dr(sy.

Assuming (p, q) ¢ Tk (2, such an z exists, so eventually we find one, and Fact 5.1 shows
that p is the minimal differential polynomial of this z over K (z), hence is constrainable,
by Fact 7.2. (If p were not constrainable, then no such z could exist, since we have already
confirmed that p is irreducible.) Moreover, the differential ideal [p] : hy° in K(2){X} is
precisely the ideal

{j € K{z}{X}: j(x) =0},

Having found this x, we search for some u in the c.e. subfield K{(z, z) of K such that z
and z both lie in K (u).

Theorem 4.7 shows that we do eventually find such a v in K, since we assumed § to
be nontrivial, and indeed we find differential rational functions f, g, h with coefficients
in K such that

f(z,2) = u, glu) =z, and h(u)=z.

We also use the oracle to find a pair (p.,q.) € Tk satisfied by u, and another pair
(pz, qz) € Tk satisfied by . Now

h(f(x,z)) —2z2=0,
and if we choose hg, h; € K(z){X} so that

ho(X)
h1(X)

= h(f(X7 Z)) - %,
then ho(x) = 0 # hy(z). Similarly, setting

po(X)
Pl(X)

gives go(z) = 0 # g1(x) and po(x) = 0 # p1(z), with all these polynomials in K (z){X}.
Now we define § € K(2){X} by

:g(f(sz))—X and :pu(f(sz))

(X)) = qu(f(X,2) - 91(X) - b1 (X) - p1(X) - hy(X),
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with h,, as on page 341 for our p. Suppose & € K satisfies (p, §). Now every j € K (z){X}
with j(z) = 0 lies in [p] : ko, hence must have j(¥) = 0 (since h,(Z) # 0). We also
know that x satisfies (p, §), since h,, has strictly lesser rank than the minimal differential
polynomial p of x, and thus must have h,(z) # 0. We set

u= f('i?'z)a

so by our assumption about Z, we know g, (@) # 0. Also,

0= pu(u) =pu(f(z,2)),

so po lies in [p] : hy°, while p1(Z) # 0, and therefore

0=py (f(i'v Z)) = pu<ﬂ)

as well. Therefore this 7 satisfies the constrained pair (p,q.) € Tk, and so the map o
with o(u) = @ which restricts to the identity on K is an isomorphism from K (u)
onto K(a).

Now 0 = ho(Z) = go(Z), since these differential polynomials both have x as a zero,
while we know

It follows that

and so h(@) = z and ¢g(4) = Z. But g and h have coefficients in K, so

o(z) =o(h(u)) =h(o(u)) =h(i) =2z and o(z) =o(g(u)) = g(o(u) =g(a) = z.

Thus this 0 maps x to Z, fixes z, and fixes K pointwise, so o witnesses that * =g (. . We
have thus shown that (p(X),G(X)) generates a principal type over K (z) and is satisfied
by z.

Notice that (p, §) could fail to be a constrained pair, since ¢ could have order > ord(p),
but it has the basic property of constrained pairs, Whiﬁh\is to generate a principal type.
(Recall that this means that every two elements of K (z) which both satisfy (p,q) are
isomorphic over K(z).)

Now suppose t € V(p, q). Then ¢(t) = 0 # ¢(x), so

T Zx(z) t

Since z satisfies (p, §), t cannot satisfy it, and with p(t) = 0, this forces ¢(¢t) = 0. Thus

V(p,q) €V (p,q).



346 R. Miller et al. / Journal of Algebra 407 (2014) 316-357

We now claim that

Vip,9)=Vpq) & (0,9 €Tk

For the forwards direction, suppose t and v both satisfy (p, ¢). Then

t¢Vp,q) =V(p,q),

but p(t) = 0, so ¢(t) # 0. Thus t satisfies (p, G), and so does v, by the same argument.
Since (p, ) generates a principal type, we have ¢ = .y v, which proves

(P, q) € Tk (z)-

For the converse, suppose

Vp,q) #V(pq)

Then there must exist some w € V(p,§) — V(p, q), since we saw above that V(p,q) C
V(p,G). Thus p(w) = 0 and g(w) # 0, so w satisfies (p, q), as does x. Yet

q(x) # 0 = q(w)

(since w € V(p,q)), and so x 2.y w, which proves

(1:q) ¢ Tz

So we use Lemma 8.5 to check whether V' (p, ) = V(p, ¢), and if so, we conclude that
(p,q) is a constrained pair over K (z). Thus, being such a constrained pair is X9 relative
to Tk, and not being such a constrained pair is ¥y without any oracle. Finally, since a

T (z)-oracle can enumerate U (.), so can a Tk-oracle, now that we know T,y <7 Tk.
This completes the proof of Theorem 8.6. O

9. Extension by differential transcendentals

Lemma 9.1. Suppose that p € K{Y'} is algebraically irreducible and has order r. If an
element y € K has p(y) =0, but p is not the minimal differential polynomial of y, then
there exists some h € K{Y} of order < r such that h(y) =0 as well.

Proof. This y must have a minimal differential polynomial i over K. If h has order > r,
then by minimality it must have order r and degree < d, the degree of §"Y in p(Y). But
h(y) = 0 gives the minimal (algebraic) polynomial in

K(y, oY, ..., (V_ly) [(VY]



R. Miller et al. / Journal of Algebra 407 (2014) 316-357 347

of 6"y over K(y,dy,...,0" ty). Thus h must divide p, contradicting the irreducibility
of p. O

Lemma 9.2. Suppose that p € K(z){Y}, where z is differentially transcendental over K.
Suppose further that all coefficients of p lie within the field K(z,0z,...,0"z). If there are
elements x, y in the differential closure of K(z) for which p(x) = p(y) = 0 but x Zx .y ¥
then there exists g € K(z,...,0"2){Y} of strictly lesser rank (in z) than p, such that

either  g(x) =0#g(y) or g(y) =0#g(xz).

If p is constrainable over K(z), and g(x) = 0 # g(y), then there is also some § and some
G€ K(z,...,0" 12){Y} such that §(x) = p(§) = 0 # (7).

Proof. The proof of the main statement is by induction on the rank of p with respect
to the variable z, where we view p as a polynomial in both Y and z, clearing denomi-
nators if needed. (Technically, this is a transfinite induction, since ranks of differential
polynomials, even in our simple definition, form an order of type w?.) The base case is
trivial, since when r = —1, then the two elements z and y must satisfy =z 2k y, and
Proposition 4.5 then provides a polynomial g € K{Y} with g(z) = 0 # g(y) (or vice
versa).

For the inductive step, let p, z, and y be as described. Since x 2.y y, Proposition 4.5
yields some h € K(z){Y'} with

h(x) =0 # h(y).

That proposition does not provide any a priori bound on the order of z in the coefficients
of this h, but we may view h(Y") as a differential polynomial in the two variables Y and z
(clearing denominators in i(Y') if needed) and reduce i modulo [p] : hy° with respect
to z, finding some g, whose rank with respect to z is less than the rank of p(Y’), and
some exponent k such that h’; -h — g € [p] (see [9, Section 1.9]). Therefore,

forcing g(z) = 0. Now either ¢ satisfies the lemma (if g(y) # 0), or we apply induction
to g (if g(y) = 0), since g also has strictly lesser rank than p.

Now suppose that p is also constrainable. (Notice that, if (p,q) € 'ZT@, then ¢ has
lower order than p in the variable Y, but not necessarily in z. So we cannot simply take g
to equal ¢.) Assume that g has positive degree in §" z, since otherwise we can set § = g.
This degree must be less than that of p, since g has lower rank than p, and so we may
apply the pseudo-division algorithm from Lemma 8.3 repeatedly, with respect to the
degree of the variable §"z over coefficients from K(z,...,d"12){Y}. This yields
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ig(Y) ™ - p(Y) =g(Y) - di(Y) +q(Y)
ig, (Y)™ - g(Y) = q(Y)-d2(Y) 4+ q2(Y)

i, (V)" qn1(Y) = qn(Y) - dny1(Y) + gura (Y),

where, for all ¢ < n, ¢;+1(Y) has strictly lower degree in 6"z than ¢;(Y") has (including
1 =0, with go = ¢). The process ends when we reach an n for which ¢,+1(Y) has degree 0
in §"z. Notice that if ¢,,+1(Y") were the zero polynomial, then ¢, (Y") would have positive
degree in 4"z and would divide

ig(Y)™ +igy (V)™ o vig, (V)™ - p(Y),
which is impossible, since
ig(Y)™ gy (Y)70 -+ o g, (V)

is free of 0" z and the constrainable polynomial p, even after its denominators were cleared,
must be irreducible (as a polynomial in Y, Y, 4%Y ...) and can have no nontrivial factor
from K (z). Therefore,

1Y) € K(z, ..., (V*lz) {Y}

is nonzero. But by induction on i, we see that either iy, (x) = 0, or else ¢;(z) = 0 for
every x, since p(z) = g(z) = 0. In the first case, we take § := 7,4, while in the second
case, § = qn+1 is the desired differential polynomial. In both cases, we get

while Fact 7.2 yields some ¢ in the differential closure of K (z) with p(g) =0 # §(g). O

We state the next lemma in a specific form which will be useful for the results in this
section.

Lemma 9.3. For any differential polynomials p,q,h € K{Y}, the set
{z € K: p(x) = hiz) = 0 # q(z)}
is empty iff 1 € \/[p,h] : q.

Proof. If p(z) = h(xz) = 0 # ¢(x), then every f € +/[p,h] : ¢ has f™ - ¢ € [p,h]
for some n, hence has f(x) = 0, precluding the constant function 1 from appearing in
[p,h] : q.
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Conversely, if 1 ¢ \/[p, h] : g, then, for every n, we have ¢ ¢ [p, h], and the Differential
Nullstellensatz yields an z € K with p(z) = h(z) = 0 but g(z) #0. O

Corollary 9.4. Suppose the pair (p,q) from K{Y} has p monic and irreducible of order
> ord(q). Then the following are equivalent.

L (p,q) € Tk
2. For all h € K{Y} of lesser rank than p, 1 € v/[p,h] : q.

3. For all g € K{Y'}, we have either 1 € \/[p,g] : q or g € \/[p] : ¢.

Proof. If (p,q) is a constrained pair, then p is the minimal differential polynomial of
some y € K, and so q(y) # 0 # h(y) for every h of lesser rank than p. But now every x
with p(z) = 0 # q(z) has z =k y, so h(z) # 0 for all such h, forcing

{z € K: pla) = hiz) = 0 # q(x)}

to be empty. By Lemma 9.3, it follows that 1 € 1/[p, h] : ¢ for all such h.
Conversely, suppose 1 € 1/[p, h] : g for all h € K{Y} of lesser rank than p. Then, for
every such h,

{2 € K: p(x) = h(z) = 0 # q(a)}

is empty, by Lemma 9.3. Therefore, if ,y € K both satisfy (p, q), then h(z) # 0 # h(y)
for every such h, and Lemma 9.2 then shows that @ =k y. Thus, (p,q) ¢ Tk, and so
(1) & (2).

The equivalence of (2) and (3) follows because every g is equivalent modulo \/[p] : ¢ to
some h of lesser rank than p. If this h is zero, then g € \/m : ¢, while if not, then every x

with p(x) = 0 # ¢(x) has g(x) = h(z) # 0, and so 1 € y/[p, ¢] : ¢ by Lemma 9.3. O

Lemma 9.5. Iff( is not algebraic over K, then this extension is of infinite transcendence
degree, and indeed K contains elements of arbitrarily large order over K.

Proof. The argument showing the first part of the statement is due to Michael Singer.
For simplicity, assume that K is algebraically closed. When K and K have the same field
of constants, one can use [23, Corollary, p. 489] to show that the transcendence degree
of K over K is infinite. To see this, assume that this transcendence degree is finite, say n.
Since K is algebraically closed, n > 1. Let y be in K and transcendental over K. Let

v,=vy", t=1,....,n+1.
Since K is differentially closed, let u; € K satisfy

5(ui)/ui:—(5(vi), i=1,...,n+1.
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The conclusion of the corollary implies that there exist constants ¢; such that ), ¢yt is
algebraic over K, which is a contradiction.

When K has new constants, argue as follows. Let C' be the constants of K. If K is
not algebraic over KC|, then there is y € K transcendental over KC' , and we can argue
as above to get a contradiction. Therefore, we can assume K is algebraic over KC. We
can assume that K contains a non-constant x (otherwise there are lots of elements in K
that are algebraically independent over K, for example, non-zero solutions of

I(Y)=2"-Y, n=0,

where z € K with 6(z) = 1) and that d(z) = 1 (replacing § by (1/8(z)) - 6 if needed).
Since K is algebraically closed, there is a constant ¢ € K not algebraic over K. Since K
is differentially closed, there is y € K such that

5(y) = 1/(c+ ).

Since y is algebraic over KC, taking traces, we see [18, Exercise 1.24] that there is
z € KC such that

0(z) =1/(c+ x).

Since KC is an extension of K(c) by constants, [20, Proposition 1.2] yields w =
p(c)/q(c) € K(c) such that

o(w)=1/(c+ x).

Expanding w in partial fractions with respect to ¢, differentiating and comparing terms
shows that this is impossible.

Now we consider the orders of elements of K. If K is nonconstant, Theorem 4.7 then
implies that K contains individual elements of arbitrarily large order over K. In the case
where K is a constant differential field, let x € K be such that z’ = 1; such an element
exists in K by Blum’s axioms, and must be transcendental over K since an element
algebraic over the constant field K would also be constant. Then, for all a1, ...,a, € K,

flag,...,an) ==2" /0 + a2t +---+a,
satisfies f(™ = 1. Now there exist a1, ..., a, € K such that f(ay,...,ay) is not a solution

of any polynomial differential equation F' of order n — 1 or less. Indeed, for each g < n,
the coefficient of z° in f(@ is equal to

g an—q.
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(This coefficient is often referred to as the “constant term” of f(@), but it would be
confusing to call it that in this context.) Hence, for all ¢4,...,¢, from {0,1,...,n — 1}
and all ng,...,n,, the coefficient of z° of

H(f(‘h))ni

%

is equal to

H(ql' *On—g; )m :

%

Thus, the coefficient of z° in F(f) is a polynomial in ay, ..., a,, which is not identically
zero. This implies the result as K is infinite. O

In the proof of Theorem 9.6, we use the technique of characteristic sets from differ-
ential algebra. We will give a short introduction to it for the convenience of the reader
unfamiliar with characteristic sets and differential rankings. Earlier, we introduced the
ring of differential polynomials in one differential indeterminate, which we denoted by
K{Y} most often. Let us now have finitely many differential indeterminates {y1,...,yn}
(in the proof of Theorem 9.6, we will just need the case of n = 2). A ranking is a total
order > on the set of derivatives

D:={y? |p>0,1<i<n}
satisfying the following conditions for all p > 0 and u,v € D:

1. u® >y, and
2. uz>v=uP) > @),

Similarly to our previous introduced notation, K{y1,...,yn} := K[D] (as commuta-
tive rings, and the d-action is defined naturally) and, for u = y§Q), ordu := ¢q. If
f € K{y1,...,yn} \ K, then ord f denotes the maximal order of the derivatives ap-
pearing effectively in f.

A ranking > is called orderly if, for all u, v € D, ord w > ord v implies u > v. A ranking
> is called elimination with y;, < --- <y, if

uP <yl pg=0,1<5<n

For example, in an orderly ranking with y; < ya, we have: y] > y2 and ¢} < y5. However,
in an elimination ranking with y; < y2, we have: ¢} < y2 and yj < 5.
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Let a ranking > be fixed on S. The derivative yj(p ) of the highest rank appearing in
feK{yi,...,yn} \ K is called the leader of f, which we denote by us. Represent f as
a univariate polynomial in uy:

f:ifu‘fc—l-alu;f_l—k---—l—ad. (1)

The monomial u? is called the rank of f. Extend the ranking relation on derivatives to
ranks: u’f‘ > ugz if either uy > wo, or uy = ug and dy > ds. As at the beginning of

Section 8, the polynomial is is called the initial of f. Applying ¢ to f, we obtain

0
/ ous + (5ifu;lc + 5a1u‘}71 + -+ dag.

The leader of 6 f is duy, and the initial of J f is called the separant of f, which is denoted
by sf. Note that the initial of any proper derivative (i.e., a derivative of order greater
than 0) of f is equal to s¢. For example, if K = Q(x), §(x) = 1, the ranking is elimination
with 1 > yo and

f=(yoyi + D)yt 2 + 9 2vh%y] + s +a,

then uy =y, the rank of f is y{'?, iy = yjy2 + 1,

0f = (2(y2vt + )y + v %05 )ui" + (yau +vhwn )i
+ (2u191y° + 3917y s )y + vivs + 3yiyays + 1
and sy = 2(y251 + D)yf + 195>,

We say that f € K{y1,...,yn} is partially reduced w.rt. g € K{y1,...,yn}t \ K if no
proper derivative of ugy appears in f. Also, f is said to be algebraically reduced w.r.t. g if
degug f< degug g. Finally, f is called reduced w.r.t. g if f is partially and algebraically
reduced w.r.t. g. Let A C K{y1,...,yn} \ K. For example, y| + y2 is reduced w.r.t.
Y5+ y1 in an orderly ranking but is not partially reduced w.r.t. y5 + 31 in an elimination
ranking with y; > yo. Also, y; is partially reduced but not reduced w.r.t. y;. We say that
A is autoreduced if each element of A is reduced w.r.t. all the others. So, in an orderly
ranking, the set ¢} + yo2,v5 + y1 is autoreduced. However, it is not autoreduced in any
elimination ranking.

Every autoreduced set is finite [9, Chapter I, Section 9]. For such sets we use the
notation A = Ay,..., A, to specify the list of the elements of A arranged in order of
increasing rank. We denote the sets of initials and separants of elements of A by i4
and sy, respectively. Let Hqy = i4 U s4. For a finite set S in a commutative ring R,
denote the smallest multiplicative set containing 1 and S by S°°. Let I be an ideal of R.
The colon ideal I : S*° is defined as

{aER‘EIsESOO: sael}.
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If R is a differential ring I is a differential ideal, then I : S is also a differential ideal
(see [9]).

Let A= Ay,..., A, and B = By, ..., Bs be autoreduced sets. We say the rank of A
is lower than the rank of B if

o there exists k& < min(r, s) such that rank A; = rank B; for all 4, 1 < ¢ < k, and
rank Ay < rank By,
e orifr>sandrank A; =rank B; for all ¢, 1 <i < s.

We say that rank A = rank B if r = s and rank A; = rank B; for all 4, 1 < i < r.
For instance, let A := y] + y2,y5 + y1 and B := y} + yo. Then, in an orderly ranking
with y; < w9, the rank of A is lower than the rank of B because rank A; = rank By,
but A has more elements than B does. For an orderly ranking with yo < y1, we write
A = yb 4+ 11,y + y2, and the rank of A is lower than the rank of B because now
rank A; < rank Bj.

For a differential ideal I C K{yi,...,yn}, its autoreduced subset of the least rank
is called a characteristic set of I [9, p. 82]. If the differential ideal I is prime and C
is its characteristic set, then I = [C] : HZ [9, Lemma 2, Chapter IV, Section 9]. For
example, the smallest radical differential ideal I of K{y} containing y'2+y is not prime,
having two minimal differential prime ideals containing it, P = [y'2 + y,2y” + 1] and
P, = [y]. Moreover, 4’2 + y and y are characteristic sets of P; and P, respectively, and
P =[y?+y]:y . Also, y'? +y is a characteristic set of I, but [y 2 +y] : v/ strictly
contains 1.

Theorem 9.6. Consider any computable ordinary nonconstant differential field K, and
assume that K is not an algebraic field extension of K. Let K(z) be a computable dif-
ferential field extension generated by an element z which is differentially transcendental
over K, presented so that K is a computably enumerable subset of K(z). Then the con-

straint set Tr ) is computable in an oracle for Ty . Also, the constrainability set U )
is computably enumerable relative to Tk . Both the computation of Ty (., and the enu-

meration of Uy .y are uniform in z and Tk.

Proof. It is only necessary to show that T ) has both an existential definition and a
universal definition, in which the quantifier-free parts are allowed to use the relation of
membership in the oracle set Ty . Of course, Tk .y is computably enumerable without
any oracle; indeed, its existential definition comes straight from Definition 4.3, with no
Tk-oracle required:

—

(P q) €Tgy < (Ela:,y e K(z)) (Elh € K<z>{Y})

[h(x) = 0 =p(x) # q(x) & h(y) # 0 =p(y) # a(y)]-
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So we need only give a universal definition of T .y (equivalently, an existential defini-
tion of Tk (.y) relative to Tk. For any p,q € K(z){Y}, clear the denominators of the
coefficients to form polynomials pg, go € K{z,Y}. We claim that

(p.a) €Txey & (3f.g€ K{Z})(32 € K)
[(f,9) € Tre & f(2) =0# g(2) & (po(%,Y),q0(2,Y)) € Tk(z)
&pe K(z, 0z,..., 5(°rd(f)_°rd”(p)_1)/zz) {Y}]

Once we have proven this equivalence, we will have a decision procedure for Tk (. rel-
ative to Tk given input (p, q), search simultaneously for witnesses to either of the two
existential statements above. (Notice that a Tx-oracle will decide membership in T (zy,
for every # € K, uniformly in %, according to Theorem 8.6.) Eventually, this procedure
must find a witness for one or the other, and when it does, we have determined whether
(p,q) € Ti 2y or not. -

For the forwards implication, let (p,q) € Tk (). Then, for every hyg € K{z,Y} of rank
(with respect to Y') less than the rank of py, we know that

1 € VI[po, ho) : qo,

by Corollary 9.4. Therefore, no matter what f and g we choose from K{Z}, we will have

1€ /[po, ho, f] : (9~ q0)

for every such hg, and hence 1 will also lie in the ideal

VI Y) ho(2.)] fao(2.Y) € K(2){Y}
for each z € K satisfying (f, g). Set
ﬁ(y) = p0(27 Y) and q~(Y) = qO('z’ Y)

Now every h € K (Z){Y'} of rank (with respect to Y) less than the rank of § has lower
rank than p, since p has rank < the rank of p, and so viewing has a polynomial in both
Z and Y and clearing denominators yields an hg as above and shows that

16\/@:@.

Then we apply Corollary 9.4 once more to see that (p, ) lies in Tk (2, as required. By
Lemma 9.5, there must exist a pair (f,g) € Tx with ord,(f) large enough that

pE K(z, 0z, ... ,5(°rd2(f)_°rdy(p)_1)/2z) {Y},
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and this pair, along with any z € K satisfying it, satisfies the existential condition
given.

We prove the backwards implication by contraposition. Suppose that (p,q) € Tr(.)-
Fix an r such that

D,q € K(z,éz, . ,5Tz){Y}.

Then there exist elements « and y in the differential closure of K(z) which both sat-
isfy (p, q), but such that some h € K{z,Y} has

h(z,x) =0 # h(z,y). (2)

Let ho(z,Y) € K{z,Y} be the result of multiplying h by the least common multiple of
all denominators of its coefficients, as with pg and gy. By Lemma 9.2, we may assume
that hg is of rank lower than that of py (under the orderly ranking with z < Y'), that is,

ord, (ho) + ordy (ho) < ord,(po) + ordy (pg) =: b (3)

holds. It follows from (2) that

1¢[p.hl:q and h¢/[p]:q (4)

implying that

V[pos hol : go N K{z} = {0}. (5)

It follows from (5) that there exists a minimal differential prime component of

vV [pos hol = qo

such that one of its characteristic sets C' with respect to the elimination ranking with
z <Y has the form {C;} for some irreducible Cy € K{z, Y} \ K{z}. Indeed, suppose
it had two elements in it, B; < Bs. We know that a characteristic set is autoreduced,
and that z < Y and the ranking is elimination. So, the leaders of By and By must
be derivatives of z and Y, respectively. Again, since the ranking is elimination and
z < Y, By cannot depend on Y, which would contradict (5). It now follows from
[5, Proposition 14] and (3) that

ord, (C) < ord,(Cy) + ordy (Cy)

max (ordz (ho), ord,(qo),ord, (po)) -+ max (ordy (ho),ordy (qo), ordy (po))
2b.

NN

N
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Moreover, for every irreducible Cy € K{z} with ord,(Cp) > 2b, the set C := {Cy,C1} is
autoreduced and, by the Rosenfeld Lemma (see [7, Theorem 4.8]),

1e[0]:H® & 1€(C):HS (6)

with the latter statement being impossible because of the choice of Cy and Cy (see [21,
pp. 88-90]). Fix any (f,g) € Tk with f of order > 2b+1, and any 7 € K satisfying (f, g),
and let p, ¢, and h be the result of replacing z by Z in pg, qo, and hg, respectively. Now (4)
and (6) imply that

1¢\/[p.h]:gc K{V}. (7)

Therefore, Corollary 9.4 shows that (p,§) € Tg(z. This completes the proof of the
backwards direction, and shows that our existential definition of T .y was correct. O
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