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CHAPTER 1

INTRODUCTION

Office hours are Tuesday, Thursday from 3:30 - 4:30.

1.1 Overview

The idea of topology revolves around the study of "spaces" and "functions" be-
tween them. We can think of interesting examples of what we could call "spaces",
for example spheres circles, tori, etc. The thing worth noticing is that each of
these "spaces" is a set of points. The question to ask then, is what differenti-
ates the different surfaces I just named from each other if all they are is a set of
points? Thus, we have to add there there exists some additional structure for each
of these spaces, which we will call their "topological " structure. For example, we
could take some notion of distance and add that notion to these sets.

To compare objects, we need to discuss a notion of "sameness".

Example. If we take sets with the additional structure of the notion of distance,
same-ness is a bijection preserving distances. A fancy name for this is an isome-
try. This line of thinking leads to a subject of metric geometry.

Example. If you took no additional structure, we're really just studying sets, and
"sameness" is defined by having a bijection between two sets. This line of thinking
leads to the subject of Combinatorics.

The subject of topology is somewhere in-between these two notions. Our addi-
tional structure on a set will be called "a topology", and a set with a topology
will be called a space- more specifically, a topological space. Then, our notion of
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CHAPTER 1. INTRODUCTION

"sameness" will be given by bijections between sets that preserve the additional
structure, i.e., the topology. This will lead to more familiar notions:

1.
2.

Connected-ness

Compact-ness, or things "being bounded" . For example, the real line R and
R? extend forever without bound, but a figure like a circle has a bound.

1.2 Discussions from Set Theory

Definition. A set is a collection of objects, with the following operations:

1.

Subsets

2. The union of an arbitrary number of sets
3.
4

. The Cartesian product of sets. For example, if A, B are sets, then A x B =

The intersection of an arbitrary number of sets.

{(a,b)la € A,b € B}.

Functions between sets, where such a function f : A — Bisasubset X C AxB
such that (ay,by), (az,by) € X if a; = ay then b; = by. You can think of this as
saying f(a) = b when (a,b) € X.

. Relations and Equivalence Relations. An Equivalence Relation on a set S is

a subset X of S x S satisfying the following:
@ a<a

(b) fa<bthenbd<a
(c)Ifa<b b<c thena<e.

Where we write a < b if and only if (a,b) € X.

Definition. A set S is finite if there exists a bijection f : {1,2,..n} — S for some
n € N. We say S has n elements. If S is not finite, then we say that S is infinite.
Fact. If a set is infinite, then every injection, or "one-to-one" function, is also a
surjection.

Example. Given f : N — N, f(n) = n + 1, this map is 1 — 1 and is not onto. This
follows from 1 not being in image of f. This tells us that N is not finite, but is an
infinite set.

Definition. We say that a set S is countable if there is a bijection f: N — S.

Fact. The integers Z = {+1,+2,+3,....} are countable. It is also true that Q are
countable. The more surprising fact is that R are not countable.
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1.3. THE DEFINITION OF A TOPOLOGY

A finite union of finite sets is always finite. Similarly, a finite intersection of a
finite number of sets is finite, and the same is true of a finite product of finite
sets, and a subset of a finite set is finite. However, a subset of a countable set is
not necessarily countable- for example, the subset {2, 3} of N is not countable since
there exists no bijection between this set and N. On the other hand, a finite union
of countable sets is countable, and the countable product product of countable
sets is not countable- and even worse, the finite product of countable sets is not
countable.

1.3 The Definition of A Topology

Definition. Let X be a set. A Topology on X is a collection of subsets of X,
denoted T, satisfying the following properties:

1. 0, X eT

2. An arbitrary union of elements of 7 belongs to 7 . Another way to say this
is that 7 is closed under arbitrary unions.

3. A finite intersection of elements of 7 belongs to 7 . Another way to say this
is that 7 is closed under finite intersections. If U;...U, € T , then N U, € T

A pair (X, 7) is called a topological space. Elements of 7 (which are in fact subsets
of X) are called open sets.

Example. Let X be a set. The trivial topology on X, 7 ={f), X} is one example of a
topology on X. Alternatively, the discrete topology on X, 7 consists of all subsets
of X, 7 =P(X). In this topology, all subsets of X are open.

Example. Another example is the finite complement topology, whose definition
is T ={A C X|X — A s finite or equals all of X }. This is a topology because:

1. e T since X -0 =X
2. suppose {U,} C 7. Looking at their union, |J, U, € 7. We know that X — U,
is finite or equals X for all o from the following:

X —|JUs =()(X = U,) = is either finite or all of X

[e%

which tells us that |, U, € T.

3. Suppose that U;,U, € 7. From this we know that X — U;& X — U, are either
finite or all of X. Now looking at X — (U; N Us) = (X — Uy) N (X — Uy) which is
either finite or all of X. Proceeding similarly, you can show the same is true
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CHAPTER 1. INTRODUCTION

for the intersection of a finite number of elements, and the same is true for
finite union.
Definition. Let X be a set. Suppose that you have two different topologies ,7, 7"
on X. We say that 7 is finer than 77 if 7" C 7. In this case we say that 7" is coarser
than 7.

Going back to our first two topologies, it is clear that the trivial topology is the
coarsest topology, and the discrete topology is the finest topology. Notice that
two topologies need not be comparable.

Definition. A basis for a topology 7 on X is a collection of subsets of X, called B
such that:

1. For all z € X, there is an element B € B such that z € B.

2. If you took B;, B, € B, nand z € B; N By, then there exists some B; € B such
that z € B,

We'll show a basis for a topology indeed induce a topology.
Example. Let X = R. Let B = {(a,b)|a < b}. Let's check the claim that this is a basis
for a topology

1. Given some point on the real like R, there is always an interval that contains
that point.

2. Give a point contained in two intervals that overlap, there is always a smaller
one that exists in between those two contained in their intersection that con-
tains that point.

Example. Given X = R? you can let B be all open disks in the plane. Is this a
basis?



1.4. CONSTRUCTING BASES FROM' T

1. Given some point, you can construct an open disk around that point.

2. Given a point contained in the intersection of two disks, you can create a
smaller disk contained in that intersection that contains that point.
Example. Let X = R?, and let B be all open rectangles in the plane. Is this a basis?

1. Any point can be contained in an open rectangle

2. Any point contained in the intersection of two rectangles can be contained
in an appropriate smaller rectangle.

The basis we discussed with intervals is called the "standard basis for R".

Claim. If B is a basis for a topology on X, then 75 = {..} is a topology on X. This
follows from:
Ts={UCX| VeeUIBeB st. x€ BB}

Proof. Fix a basis B and let 7 = 7.
1. First, ) € T since there's nothing to check.

2. X € T since if you take any » € X, there is an element B € B such that
x € B C X, which follows from the fist condition in the definition of a basis.

3. Given some {U,} € 7 We need to show that |, U, € 7. This follows from
noticing that for each o, if z € U,, then 3 B € B such that z € B C U,. Given
some z € | J_, U,, we know that = € U, for some «a. So, thenz € B C U, C |, U,.
This tells us that the B that works for U, also works for UU.,,.

4. Given Uy, ...U, € T, suppose that n = 2 and that x € U, N U,. Since 7 is a basis,
we know that open sets B;, B, contained respectively in U;, U, and that there
exists a B such that = € B; C B; N By. This shows that U; N U, € 7. For n > 2,
the result follows from induction.

]

We moved in to a discussion of elements of a topology being "open' sets.
Example. In the standard topology on R, a single point is not open- this is true
since if = € R, there does not exist an open interval (a, ) such that (a,b) C {z}.

1.4 Constructing Bases from 7

Example. Let X be some set and let 7 be the discrete topology. A basis for 7 is
given by:
B={reX}

9



CHAPTER 1. INTRODUCTION

Claim.

1. Bis a basis.

2. The topology that B generates is the discrete topology.

Proof. For (2), it is enough to show that every set in X is open. Given some subset
UCX,andz € U, z € {z} C U and {z} € B. This is the discrete topology. This
follows from allowing U to be any arbitrary set in X.

]

More formally,
Te={UC X|VxeU, dBe B staxe BCU}

is a topology, and we have the claim that 7z = all unions of elements of B.

Proof. Lets show that 7z C all unions of elements of B. So, if U € 7, for all z € U,
there exits B, € B such that x € B, C U. Then we can just say that U = |J__,; B.,
which follows what we claimed.

zeU

Now, in showing that 7z O all unions of B. First, B C 73, and on the other hand,
Tz is closed under arbitrary unions, so we know that arbitrary unions of B are in
T5. O

Example. The standard topology on R has the basis
{(a,b)|la < b}

So, the open sets in R are precisely the union of open intervals.

10



1.5. CONSTRUCTING T FROM A BASIS

1.5 Constructing 7 from a Basis

Let 7 be a topology on some set X. Any collection C of subsets of X satisfying
some particular condition is a basis. The condition is as follows: for any U €7 ,
an z € I, there exits C € C such that x € C C U is a basis for 7 .

Why is C a basis? Well, we need to recognize the following:

1. Given z € X, since X € T, by our condition we know that there exists C € C
such that z € C C X. Thus, every z is in some C.

2. Let C;,Cy, € C and let z € O, N C,. We need to find some C; € C such that
x € (O3 C CyNCyByletting C; = C; N0y, since C C T and since 7 is closed
under finite intersection, then C; € C. Thus, =z € C5 C C, N C,. This looks like
the following picture:

C1

C2
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CHAPTER 2

NOTIONS OF TOPOLOGY

2.1 Equality

A fair question to ask is “when are two topologies the same?' We have the follow-

ing theorem:
Theorem 1. Let T be generated by B, and let T' be generated by B'. Then,

1. 7' O T (T is finite, more open sets)

2. if and only if for all B € B an x € B there exists B' € B such that x € B’ C B.

Proof. In showing that (1) = (2), given some B € B and x € B, we know that then
B e T since BC 7 so B e 7' since 7' D 7. We also know that 7’ is generated by B,
which tells us that there exists some B’ € B’ such that x € B’ C B.

13



CHAPTER 2. NOTIONS OF TOPOLOGY

Switching to show that (2) = (1), Let U € 7. We want to show that U € 7'. It's
enough to show that Vz € U, 3B’ € B’ such that x € B’ C U. Since U is open in 7 ,
we know that for all € U, there exists some B < B such that x € B C U. By (2),
we have thatz € BB C BCU ]

Example. Look at the basis for R? given by all open disks. Similarly, we can look
at the topology on R? given by all open rectangles. Are these basis the same? It
turns out, the answer is yes, and we can show this using our theorem. We need to
show that the topology from (1) is contained in the topology from (2). This follows
from our theorem, by looking at our picture: Similarly, the topology from (2) O

7 N
Ve AN
/ \
/ \
/ T } \
_____________ / \
r——_==< I ! I ® X I \
I N I I I
e \ ' |
! \ Lo I ' ]
I[ .X | | \ L _ Jd /
l\\ / : \ /
Io~a_7 [ AN /
L - /
————————————— N P
~N //

SNS—— -

the topology from (1), which can also be seen from our picture. One interesting
consequence from this is that the interior of a circle can be represented by open
unions of rectangles, and vice versa. Thus these topologies are the same.
Example. We will now define the following new topology on R, given by the fol-
lowing basis:

{la,b)]a,b € R,a < b}

This is a basis, since
1. fzeRz €[z, 2+ 1).
2. And x € [¢,b) C [a,b) N [c, d).
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2.2. SUBBASES

B, is a basis, and generates a topology called the lower limit topology on R, denoted
R;. So, how are R; and the standard topology on R related? Given some z € (a,b),
r € [x,b) C (a,b) so (2) holds. By our theorem, R, O the standard topology on
R, demonstrated by the picture on the following page.. On the other hand, if

A
-

€ [a,b),z # a then z € (a,b) C (a,b]. But, if =z = a, there does not exist (¢, d) such
that z € (¢,d) C [a,b). Thus, (2) fails, and the standard topology on R is not finer
than the lower limit topology.

A
\

From this we have the following Corollary:
Corollary 2. The interval [a,b) cannot be written as an arbitrary union of open
intervals.

Proof. 1f this were true, than the basis of open intervals (a,b) would be the same
as the basis of all [a,b), which we know to not be true. O

Example. The topology R, is generated by the basis B = {(a,b)|a,b € R,a < b} or {(a,b)—
Kla,b € R,a < b} where K =/, -, % It can be shown that R, 2 R, and R, 2 R;. This
won't be worked out in class, but can be done at home.

2.2 Subbases

Definition. A Subbasis of X is a collection of subsets of X whose union is X.
Example. Let X = R, C = {(—n,n)|n € N} is a subbasis since the union (J, .S =
U,en(—n,n) = R. Thus, C is a subbasis of X. Thanks to this fact, we know that B;
is a basis for a topology on X.

Proof. We say that B is the set of all finite intersections of elements of C = {¢; N
..Ne¢ylet,...c, € C,n € N} We need to now show that each » € X is contained in
some B € B. To see this, first note that C C Bc. Secondly, since , since J¢.. S = X,
we know that for any z € X, x € S for some S € C. Thus,z € ScCc B¢, soxz €S
for some S € Be.

The second thing to check is if B, B, € Band x € B, N B, there exists some B; such
that z € B; C B, N B,. By definition, B, = ¢;N...N¢, and B, = d; N ... N d,, where
Ci,dj eC. SO, let z € anN..Ne,NdyN...Nd, € BN By, i.e., let Bs = BN Bs. []

it turns out that this subbasis is actually a basis. Does this subbasis generate the
standard topology on R? It turns out that if © € (—n,n), there exists (a,b) such

15



CHAPTER 2. NOTIONS OF TOPOLOGY

1 2
X
- ( ® ) >

that = € (a,b) C (—n,n). But, if x € (a,b), there may not exist n € N such that
z € (—n,n) C (a,b)!

This tells us that the standard topology is finer than the topology generated by
this basis, and is not finer than the standard topology (this sounds redundant,
but it can happen when two basis are the same). Thus the standard topology is
“strictly finer' than this topology.

Definition. A simply ordered set is a set X with a binary relation "<' such that:

1. Either z < yory <z Forall x,y
2. It is never the case that = < z (it is non-reflexive)
3. fr<yy<zz<oa

One example is (R, <), and a non-example is (R, <).
Example. Looking at R xR, a xb<cxbifa=c¢, orif b <d.

For any simply ordered set (X, <) we can define

(a,b) ={r e Xla<z <b} (a,b)={reXla<x<borz=>b} [a,b]={re X|a<az<b}

Looking back at our example R x R, if we take a point a x b and take a point ¢ x d,
the set S = {w x z|a x b < w x z < ¢ x d}, we have:

A !
|
I S={wxzlaxb<wxz<exd}

d—— .de

A

And we can show that the collection of open intervals in X need not be a basis or
a subbasis. For example, X = {0,1},0 < 1 but (0,1) = (. However, if you allow your

16



2.3. PRODUCTS OF TOPOLOGICAL SPACES

intervals to be closed, where (X, < ) is a simply ordered set, then B = {(a,b)|a,b €
X} U {(a,blla,b € X} U{[a,b)|a,b € X} is a basis for a topology on X. This basis
generates what is called the order topology.

Example. We can consider the order topology [0, 1] with < . The open sets by our
theorem are arbitrary unions of intervals of the form (a,b), (¢,d],[e, f). Another
example would be to take R using the relation < which has an order topology
(since R is an ordered set). In this case, it turns out that this topology is strictly
finer than the standard topology, since the standard topology does not have half-
closed intervals as open sets. This follows from noticing that given a € [a, b), there
does not exist some interval (c¢,d) such that a € (¢,d) C [a,b). So, the standard
topology is not finer than the order topology.

Definition. A Ray (a,) = {z € X|a < z}. Similarly, we could have defined this to
have been (00, a) = {z € X|z < a} We also have:

[a,00) ={z € X|x <z} (00,a] ={zr e X|z<a}

And these are a subbasis. Does this generate the order topology? This is an open
question for the class.

2.3 Products of Topological Spaces

Definition. Let (X, 7) and (Y, 7") be topological spaces. The product topology one
the set X x Y is the topology whose basis is:

U open in X

B={UxV] V openin Y }

The first question to askisif z xb € X x Y. Well, X openin X, Y openinY, soaxb
is contained in some element on B. Secondly, we can check what the following
picture illustrates:

Bl—U1><V1
T |
| |
I I
I -7
I I
L__A4 I
|
(L _____ | By =U, x Vs
\

B3: (UanQ) X (Vln‘/g)

Note however, that B is not closed under union. This is simply because the union
of two rectangles is often not a rectangle. The above picture illustrates that fact
plainly.
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CHAPTER 2. NOTIONS OF TOPOLOGY

We have the following maps:
X xY
X Y

And the set S = {#;}(U)|U is open in X}u{r,*(V)|V is open in Y } is a subbasis for
the product topology on X x Y. This is because 7;(X) € S and 7, '(X) = X x Y,
S0 S is a subbasis. Notice also that

TN U (a,b) € X x Ymi(a,b) € U}

Definition. Let (X,7) be a (topological) space. If Y is a subset of X, then the
subspace topology on Y is given by:

Ty ={UNY|U is open in X}

We have the following picture:

Z=UnNY,openin X.

Example. Let X = R with the standard topology. Y = [0,1]. Is [0,3] open in Y in
the subspace topology? Well, this would have to mean that there is some interval
that when we intersect it with Y, we get this set. And we have such an interval:

0.5)=(-15)nY

18



2.3. PRODUCTS OF TOPOLOGICAL SPACES

Notice thatif 0 < a < b < 1, then (a,b) is open in [0,1] =Y, since
(a,b) = (a,b)NY

Similarly, (¢, 1] is open in Y for all 0 < e < 1.

what this essentially says if that if you're given a topological space X with a sub-
space Y, you can put a topology on Y.

(X, 7T)

we can use the following interesting formulas to help show this:

0=0NnY

And we have the following properties of the subspace topology:

1. If 7 is generated by B, then 7y = {BNY|B € B}, which is a basis for the
subspace topology Ty

2. If V CY C X, Y isopenin X and V is open in Y, then V is V' is open in X
since V = U NY, which are both open inX.

3. (See Picture)

Our Picture Can demonstrate what were were interested in talking about. More
will follow this in our next class.
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CHAPTER 2. NOTIONS OF TOPOLOGY

(Z,T")
Y xW
¥4
AsAA
aiaa
Y (X,T)

2.4 The Subspace Topology, Continued

If Y C X, where you have (X, ordered set, Order topology) Then (Y, order topology)
and (Y, subspace topology), which are not the same in general.
Example. Let Y = [0,1] U {2}, and let X = R, an ordered set. Notice that

=G0y

So, {2} is open in Y, the subspace topology, and in the order topology. However,
if you removed the element {1} from Y, then (this example is in the book on page
83-91) somewhere on page 85 i think.

Definition. Let X, 7) be a topological space. A subset C' C X is called closed if and
onlyif X —C € T,ie., X —C is open.

Example. Let X = R be the standard topology. Given [a.b],

R — [a,b] = (—00,a) U (b, o0)

notice that both (—oo,a) and (b, o0) are both open sets, so thus their union is also
open. This tells us that [q, b] is closed in R.
Example. Take R, and look at C' = {11}. C is closed, since its compliment R — C'is
open under the same argument as above.
Example. Take any set X with the discrete topology. Unusually, every subset of
X is closed, since the complements are all open.
Example. We also have examples of sets that are both closed and open. For ex-
ample, take

YCR, Y =[2,3)

Its not very hard to show that [2, 3) is not open, and that (—oo,2) U3, 00) is also not
open. This tells us that [2,3) is not closed in R.

Example. Given R x R with the product topology, closed sets look like the follow-
ing:

20



2.4. THE SUBSPACE TOPOLOGY, CONTINUED

R xR

Example. Now look at X = [0,1] U (2,3) as a subspace of R. Since

0,1] = (-1, g) NnX

we know that [0, 1] is open in X and is closed in R, Alternatively,
(2,3) =(2,3)NX
So (2,3) is open in X and is open in R. However, notice that
[0,1] is closed in X since : X —[0,1] = (2, 3)
is open in X. Similarly, (2,3) must be closed in X since
X —(2,3)=[0,1]

which is open in X.

We have the following Properties of closed sets, where (X, 7T):
1. X and 0 are closed.
2. An arbitrary intersection of closed sets is closed.
3. A finite union of closed sets is closed.

A few of these follow from DeMorgan's laws,

n n

Ux-vy=x=Nu (X-Us)=X-JUa

i=1 =1 @

(3) uses the one on the left, and the one on the right is used for (2).

Definition. Given some topological space X and a subspace Y of X, and A C Y,
we say that A is closed in Y if and only if A is a closed subset of Y in the subspace
topology.

Claim. Suppose that A C Y C X where Y is a subspace, X is a space. Then, A is
closed in Y if and only if A = C NnY for some C closed in X.

21



CHAPTER 2. NOTIONS OF TOPOLOGY

Proof. Ais closed inY if and only if we can write A as A = CNY for some C closed
in X. And well, A = CnY for some C closed in X if and only if A = (X —U)NY for
some U open in X if and only if Y — A =Y NnY for some U open in X if and only if
Y — Ais open if and only if A is closed. This looks like the following picture: [

If A C X, where X is a space, we have define the Interior and the Closure of
A.
Definition.

Int(A) = U Closure(A) = A = ﬂ C

Uopen UCA closed ACC

Notice that
Int(A)CACA

Also, if A is open, Int(A) = A. Similarly, if A is closed, A = Closure(A). Also notice
that the interior of A is always open, and the closure of A is always closed.
Example. Let A =[0,1] CR. A is closed, so A = A4, and Int(A) = (0,1).
Example. Let A = {3,3,1,..} € R. A is not closed since R — A is not open: this
is true since for 0 € R — A and any a, b such that 0 € (a,b), we have (a,b) Z R — A.
Notice that A is a countable union of closed sets and not closed. Also, notice that
if you took

11 0

Ut =1
we see that we have a countable intersection of open sets that is not open. Simi-
larly,

6(1,2+%):(1,2]

is neither closed or open.
Lemma 3. Given Y, a subspace of X < the closure of A in Y4 is equal to the closure
of Ain X.

22



2.5. LIMIT POINTS

Proof. We know that

N C = N (DﬁY)z(U D>ﬂY:ClosureofAinXﬂY

CclosedinY, AC C DclosedinX,DCYNY ACD

]

Definition. We say that A, B C X intersect if AN B # (. We also say that Given a
topological space X, and z € X, a neighborhood is an open set U in X such that
reU.

Theorem 4. Let A C X, x € A if and only if every neighborhood of = intersects A.

Proof. It is enough to show that z ¢ A if and only if there exists a neighborhood
UofxsuchthatUn A = Q)._Firstly, notice thatif z ¢ A, thenz e X — A,and X — A
is open. Then, let U = X — A, then x € U and we can see that

U[lA=(X-4)[A

Working in the other direction, If there exists a neighborhood U of x such that
UNA=(, then X — U is closed since U is open and

X-UDA, SOX-UDA= N ¢
Cclosed,C D A

andsincercl,z¢ X -UsoXz¢ X -UDAsox ¢ A. O

Roughly, if the topology for X has the basis B, z € A if and only if every basis
elements B € B such that = € B satisfied BN A # 0.

2.5 Limit Points

Let A C X. A point z € X is a limit point of A if every neighborhood U of =z
intersects A in some point other than A.
Definition. If A C X, then

A" ={z € X|xis a limit point of A}

is called the set of limit points of A in X.
Example. Let X =R, and let 4 = (0,1). Itis clear that 1 is not a limit point, but 0, 1
are limit points of A in X.

A={zeR0<2<1}
Example. Let X =R and let A = {1,1, 1, 1,...} We can see that * is not a limit point,
0 is a limit point, so we say that A" = {0}.
Claim. A=A A"
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Proof. We know that A C 4, so we must show that A D A’. Let z € A’: then every
neighborhood U of z intersects A in a point other than X, so every neighborhood U
of X intersects 4, so 2 € A by our last theorem. It remains to show that A C A|J A'.
So, letz € A. If z € A, we're done, so assume that x ¢ A. We must show that z € A’
Since z € A, every neighborhood U of x intersects A, i.e., there exists ay € U N A,
and x € U. But, since z ¢ A, we know that y # z. This tells us that z € A’. O

Corollary 5. A is closed if and only if A’ C A.

Proof.

A= AU A6/
If A/ C Athen A’ = Aso Ais closed. If Ais closed, A=A4As0A=A=A4UASso
A’ C A. Sets are closed if they contain their limit points. ]

2.6 Hausdorff Spaces

Definition. A space X is Hausdorff if for all z,y € X there exists neighborhoods
Uof zand V of y such that U nV = 0.

Example. R” is Hausdorff for all n. A non-example would be R under the finite-
compliment topology.

Definition. A sequence of points in a space z, € X,n € N is said to converge
to z if and only if for every neighborhood U of z, there exists N € N such that
n>N=ux,cU.

Claim. If X is Hausdorff and =, — z and z,, — v, then z = y.

Proof. Suppose that = # y. Then, there exist neighborhoods U of z and V' of y such
that U N B = (. This follows from X being Hausdorff. In particular, if x,, — z, then
for n sufficiently large(n > N), x, is in U. However, since UNV = ), son > N,
z, ¢ V. This tells us that z,, does not converge to y, and this is a contradiction. [
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2.7. CONTINUITY

Example. Let X have the indiscreet topology, which means 7 ={0, X}. In this
space, every sequence converges to every point. Also notice that this space is
highly non-Hausdorff.

We have the following properties:
1. A subspace of a Hausdorff space is Hausdorff.

2. A product of two Hausdorff spaces is Hausdorff

2.7 Continuity

Definition. Let X, Y be spaces. A function f : X — Y is called continuous if and
only if the inverse image of an open set is open. More formally, if V' is open in Y,
then f~'(V) is open in X.

X Y

Figure 2.1: The Picture for Continuity

It turns out that this actually agrees with the usual notion of continuity. Recall
that if you have a function
f:R—=R

is called ¢ — § continuous if for all ¢ > 0 there exists some § > 0 such that if
|z — x| <6 then |f(z) — f(xo)] <€

The condition in this definition is true for all open sets V if it is true for all basis
elements. This follows from the fact from set theory that the inverse image of a
union (or an intersection, for that matter) is the union of the inverse images (or the
intersections). We will show that ¢ — § continuity at all points implies topological
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continuity. To show this, let V be open in R" , and we'll try to show that f~*(V) is
open.

Since V' is open, we can chose for each y € V an interval 7, C V and with y € I,.
This interval 7, has some radius e. Let z € f~*(y), so z € f~'(V), and since f is
e-0 continuous at z, we can find 6 > 0 so that the interval J, containing = and or
radius ¢ satisfies the condition that f(J,) is contained in 7,. This then tells us that
J. C f~1(1,). We should notice the following:

vy = (U @) -Usrtuy2U

yeVv yey yeVv

also, for every x € f~Y(V), 2z € J, S0z € Uxef_l(v) J, 80 [7HV) = Uxef_l(v) Jx and
since J, are open intervals, we can see that (V) is open.
Fact. The definition of continuity agrees with those you're used to for

fR—=R, f:R*"—=R" etc

Example. Let X.Y be spaces. Suppose that f : X — Y is a constant function. In
other words, f(z) = yo € Y for all z € X. Let V be open in Y. We now have two
cases, either y € V oritisn't. If y € V, then f~'(yy) = X, so f~(V) = X which is
open in X. Now if yy ¢ V, then f~1(V) = (), which is trivially open in X. This shows
that f is continuous.

Example. Let X be a space. Every space X has the canonical identity function,
id : X — X that assigns to every z € X the element z € X. Thus, f~!(V) =V, and if
V is open, it is clear that f~1(V) is open. So, the identity function is continuous.
Example. Let X,Y be topological spaces where X has the discrete topology. Any
function f : X — Y must be continuous, since f~!(V) corresponds to some set
in X, which by definition is open. Thus, any function from a topological space
with the discrete topology to another topological space is continuous A similar
situation occurs when you take a function from any topological space to a space
with the indiscreet topology.

Theorem 6. Let f : X — Y. The following are equivelant:

1. f is continuous

2. If AC X, then f(4) C f(A)

3. IfCisclosed inY, then f~'(C) is closed in X.

4. For every x € X andV open inY such that f(x) € V, there is a U open in X
such thatx eI and f(U) C V.

Proof.

(1) = (2) Let z € A, we want to show that f(z) € f(A). Let V be open in Y such that V
contains f(z). Our goal is to show that V intersects f(A). Recall that y € B
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2.7. CONTINUITY

Figure 2.2: f : R — §? C R? is an example of a continuous path from R to the
2-Sphere

if and only if every neighborhood of Y intersects B. By (1), f~'(V) is open
in X. Since » € f~4(V), and = € A, we know that F~!(V) intersects A. So for
example, if y € f~1(V)N A, we know that f(y) € VN f(A). This proves our goal.

(2) = (3) Let C be closed in Y. It is enough to show that f~}(C) = f~1(C). So it suffices

to show that f~1(C) C f~!(C). We have the following fact:
fuence

taking the closures of both sides and using (2), we have:

JFT@) cfFiC)cC=C

this tells us that

f7H0) c F7H(0)

So we're done

(3) = (1) Let V be open in Y. Then, C =Y — V is closed in Y. So, by (3), f7'(C) =
YY) = fY(V)=2— f~1(V)is closed in X. So, f~!(V) is open.

(1) = (4) Given z € X, V open in Y, with f(z) € V, we must find U open in X such that
f(U) C V. LetU = f~(V), which is open by (1), and f(U) = f(f~%(V)) C V.

(4) = (1) Let V be open in Y. Show that f~'(V) is open in X. From (4), for each z €
f7Y1(V) there is an open set U, with = € U, such that f(U,) C V. Notice that if
U is open, it is a union of open sets. And, f(U,) C V for all z so U, C f~(V)

for all z, so
v=J cr

zef~1(V)
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But f~1(V) C U since if x € f~!(v) then z € U, C U. So, U = f~}(V) is open.
OJ

Definition. Let X and Y be spaces. A function f : X — Y is called a homeomor-
phism if and only if the following are fulfilled:

1. fis a bijection
2. fis continuous
3. f~!is continuous

We say X and Y are homeomorphic if there exists some function f from X — Y
that satisfies these conditions.

Example. (a,b) is always homeomorphic to (¢, d)

Corollary 7. Let L be a linear homomorphism from (a,b) to (c,d). It turns out that
any two open intervals are homeomorphic. It also turns out that any open interval
is homeomorphic to R. It turns out that homeomorphisms are composable.
Definition. And imbedding! is an injection (1 — 1) f : X — Y such that

1. f is continuous

2. f: X — Im(f) CY is therefore a bijection, and we require that this function
f:X — Im(f) is a homeomorphism.

So (1) holds and f~!: Im(f) — X is continous.
Example. Show that f(t) = (¢, sin(t)) (so naturally, f : R — R) is an embedding.

If we have:

f: X—A
g: X —1DB

then

(fxg): X—AxB
(f x g)(z) = (f(z), g(z))

Claim. f x ¢ is continuous if and only if f and ¢ are both continuous.

Proof.

1" embedding' and "imbedding' will be used interchangeably, since Professor Wilson uses both,
and Wikipedia tells me they are equivalent.
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Where 7 (a,b) = a and my(a, b) = b. Recall that 7, 7, are continuous. Notice that

m o (f x g)(a,b) = f(a)

SO,
f=mo(fxg)
thus, if f x g is continuous, then so is f. Similarly, g = mo(f x g) SO ¢ is continuous.

In the other direction, suppose that f, g are continuous. Let U xV be a basis element
for A x B: it is enough to show that (f x ¢g)~}(U x V) is open. We can see that:

(fxg) ' (UxV)=f1U)ng (V) C X

and since f~1(U) and ¢~'(V) are open, we know that (f x g)~'(U x V) must be open,
since it is the intersection of two open sets. H

The “bad news' is that there is no nice condition for checking when a function
f: X xY — Z1is continuous.
Example. Suppose you have

' RxR—R
f
zy
e x.y #0
ren = {7 7

Let X, be a collection of sets, where o € J, where J is some arbitrary set called the
index set.
Definition.

[[Xe={f:7T=>UXa | fla)e X}

aed

Example. Suppose that J = {1,2} and X, X, are sets, then
X x Xy = {f : {1,2} — X7 UX, | fl EXl,f(Q) GXQ}

so, you can think of (a,b) as being shorthand for f(1) = a, f(2) = 0.
Example. Let J = N. X, X,, ... are sets.

[[X={r:N=JX: | f(i) e X3}
similarly as the above example, you can think of (a;,as, ...) as being shorthand for

f(i) =a; foralli

There are two natural ways to put a topology on ], _; X,:
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1. The Box Topology

The idea is to take the topology generated by the basis consisting of the
collection:
B = {H U, | U,is openin X,}

aeJ

it isn't very difficult to check that this is a basis, and is roughly the same as
the proof for the product of two spaces.

2. The Product Topology
This topology is the topology generated by the following sub-basis?:
S =A{n;'(Us) | Upis openin Xz}

notice that there exist functions:

71'5(1_[ Xa) — Xﬁ

acJ
So, suppose you fix some 3. What is
ng(Xg)?

it turns out,

75 (Xp) =[] Xa

acJ

So, S is a sub-basis. The basis generated by S is given by all finite intersec-
tions of elements of S:

Bs = {m3'(Us,) [ )-[ |75, (Us)|B: € J, Up, is open in X}
Example. Let J = N. Calculating the following:
7o (Us) [ ) [ 716, (Us,) C X1 x Xo X ... x Xjo % .

= (X1><X2><...U51><...><Xj><..)m(XlxX2><...><U52><...><Xj><...)m...ﬂ(Xlx)Qx...xUﬁkx...)
where each Uy, is in the 3" spot,
=X X Xgx..xUg x..xX..xXxUg x..

So, an element of B is a subset

v

acd

where Y, = X, except for finitely many o € J, and for these «, Y, can be any open
set U, C X,.

2Recall that a subbasis is a collection of subsets whose union is the entire space.
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The box topology generates a finer topology than the product topology, and if you
have a finite set for J, then notice that the restriction on the product topology is
sort of waived, and the topologies are the same.

Both the box and product topology on [], ., X, have the following properties:
1. If A, is a subspace of X, for all a then [],_, A, is a subspace of [] _, X,
2. If X, are Haudsdorff, for all o« € K, then [] ., X,, are Hausdorff.
3. If A, C X, then

14 =] A«
Claim. Let f : A — ], Xa, f(a) = [[,c,(fa(a)) Our claim is now that giving [] .,
the product topology, then f is continuous if and only if f, is continuous for all
a e J.

Remark. It turns out that this is actually false for the box topology, and we have
many examples of this. One such examples would be:

f:R%HR flz)=(z,z,2z,2,...)

neN

Consider the following:

Let us calculate f~! of U

fFf{U)={zeR | f(x)eU}y={z€R | (z,z,7,....)
11 11

) X (—r ) % -}

is contained in (—1,1) x (—=, =
22 33

and it turns out, that this set is {0}. This is not an open set in R, since it does not
contain an interval and is nonempty. Thus, f is not continuous.

Proof. If f is continuous, then
fe=mgof
where
ms: [[ Xe = X5 me({Xu}) =X, if Uis openin X,
a ind
Notice that 75 is continuous if U is open in X, . Then n;'(U) is open in ], ., X, by

definition. Now, if f is continuous, then f; = g0 f is continuous. Suppose that f,
is continuous for all a. We want to show that

f:A— ][ X« is continuous
aed
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It is enough to show that f~! of a subbasis element. We know that the elements
of the subbasis are the collection:

{r;'(U) | Uisopenin X}

then, looking at:
fH ) = f71(U)

which is open by assumption, since we assumed f; isS continuous. ]

2.8 Metric Spaces

Definition. A metric (or "distance function') on a set X is a function:
d: X xX—=R

such that:
1. d(z,y) > 0 and d(z,y) = 0 if and only if z = y.

2. d(z,y) = d(y,x)
3. d(z,2) <d(z,y) +d(y, z) for all z,y, . This is the triangle inequality.

Fact.
Definition. If X has metric d, then the "e-ball" centered at some = € X is by defi-
nition:

B(z,e) = {y € Xl|d(z,y) < ¢}
This looks sort of like the following, where v, 1, are in the e-ball centered around
X:

// >
/ y2 \
/ \
| € l
| X
\ 1
\ /
\ n R4
No P

Given some X with a metric d, the set of all e-balls centered at any point form a
basis for a topology.

Proof. Given x € X, x € B,(z,.17), since z(x,z) = 0. Now, given some z € B(zy,€;) N
B(z4, €2) it can be shown that there exists a new ball B(x, ) such that it is properly
contained in B(x1,€;) N B(xg, €3) O
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Example. R is an example of a metric space, where

d(z,y) = |z —y|
is its metric. The balls
Be={yeR | |z —y| <e}

and this is exactly:
={yeR | —e<z—y<e}

={yeR | z—e<y<z+e}

In other words, the e-balls in this space are open intervals.
Definition. A space X is metrizable if there exists a metric 4 on X such that the
induced metric topology is the same as the given topology.

Notice that R with the standard topology is metrizable.

Let ;
d(z,y) = { Lifd(z,y) >1

SO,
Bi={ye X | d(z,y) <2}

={ye X | min{d(z,y),1} <2} ={ye X} =X
so the e-balls for d are either e-balls for d (if € < 1) or all of X.

If X has two metrics, d,, d,, then the topology for d; is finer than the topology for
d, if and only if for every z € X, € > 0, there is a § > 0 so that

x € By, (,0) C By,(z,€)

So, d and d generate the same topology since this condition holds in showing that
the topology of d is finer than the topology of d, and vice-versa.
Example. On R”, the metric is:

d(z,y) = maXi<i<i{|z: — v}
this is called the square metric. Notice that when n = 1, the square metric is just

the Euclidean metric. When n = 2, we have the following picture:

B(X,1) ={y € R* | max{|zy — yil, |22 — yo| < 1}

and the following picture (on the next page) for when n = 3:
Example. Let o € R, o > 0.
1/
do = (Z |2y — yz’a>
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Figure 2.3: The picture for when n = 3 of the square metric. The point z is at the
center of the box.

we can check this is a metric. Notice that d,, where a = 2, is the Euclidean metric.
When a = 1, we see that

n

da,y) =3 Jei — i

z=1

and when n = 2, we have the following picture:

we can put these in a family, can draw them all when n = 2 as alpha ranges, and
you eventually get a square with rounded edges as alpha gets really large, like the
following: The limit as « — oo, the ball B, (0, 1) becomes the unit ball for the square
metric. The claim is that the vector (1® + 1%)/* = 2%/* — 1 as a — oc.

While this may seem confusing, it turns out that these all actually induce the same
topology on R".

Proof. Recall that the topology induced by 4’ is finer than the topology induced by
d if and only if for all B,(z,¢) and y € By(z, ¢) there exists some ¢ such that

y € Ba(y,€) C By(z,€)

Let us first show that the square is finer than the Euclidean metric. WE can always
pick ¢ = € — d(z,y), and allows our square to be inside of any euclidean e-ball.
Alternatively, given some ¢ for a e-ball in the square metric, we can let

€ =e—d(d,y)
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Figure 2.4: The following picture is an illustration of the e-balls for the square
metric when n = 2 and « is getting very large. Starting with o« = 1, we have a
rotated square, and as « gets larger, the square eventually becomes what we call
the "unit e-ball for the square metric'.

Fact. The square metric and the Euclidean metric induce the same topology on
R™ as the product topology. the idea follows from given some e-ball in the square
metric, first off, notice that it is a square. So, it is open in the product topol-
ogy. Conversely, given a basis element in the product topology, notice that we
essentially have a rectangular box containing some point y. From what we know
about the square metric, we can find a basis element in the square metric topology
containing y and contained in the box.

Corollary 8. R" is metrizable for all n.

Consider [], ., R. Recall that this has the box topology and the product topology.
Try now to make the definition of d(z,y) for =,y € [] ., R. It turns out this is quite
hard, since our lack of restrictions on the set J make this difficult- for example J
might be come uncountable set, and we may accidentally define our metric to be
an infinite set of non-zero numbers that doesn't converge. Suppose we tried to
say:
d(z,y) = maz{|za — ya}

this almost works, but since it may not converge to a real number as « varies, it
doesn't always work.

Another candidate is the following:
d(z,y) = supaes {minf{||za — yal}, 1}
where the "sup' represents the supremum, the least upper bound. In our case,
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Figure 2.5: Here, d' is finer than d.

Figure 2.6: This picture illustrates that the Square metric is finer than the Eu-
clidean metric, and that the Euclidean metric is finer than the Square metric.

since the numbers are all bounded by the 1, this definition holds. However, is this
a metric? Well, we have the following:

L. d(z,y) = d(y, z)
2. d(z,y) > 01is true, since d(x,y) = 0 if and only if z = y.
3. d(z,z) = supaes{min{|z, — z,|,1}} and since we know that
|xa - za| = |xa — Yo+ Yo — Za| < ‘xa _ya| + ’ya - Zal

so, the min{|z, — yal, 1} < min{|zs — zal, 1} + min{|ys — za, 1}, SO taking the
supremum,

d(x, 2) < supaes{min{|za — yal, 1}} + supacs{min{|ya — 2a, 1}}
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= d(v,y) +d(y, 2)

S0,
min{|xe — 2al, 1} < min{|ze — yal, 1} + min{|ya — 24, 1}

and
SupaeJ(Ra + Ta) S SupaeJRa + SupaEJTa

Which leads nicely into the following question: What is B(z,2) in [] ;R in the
uniform metric? It turns out that:

B(z,2) ={y € HR | supacs{min{|z, —ya|, 1} <2} = H R

aeJ acK
Also notice that B(z,¢),le < 1 in the uniform metricis all y € [],_, R such that
|To — ya| < €
S0,
G156 € BO.Y)

Fact. The Box topology is finer than than the Uniform topology (where the Uni-
form topology is the topology generated by the Uniform metric) and the Uniform
topology is finer than the Product topology. In other words,

Box Topology > Uniform Topology 2 Product Topology

for J infinite. There is a nice proof of this fact in our book.

Fact. We have the following nice statements about metric spaces:

1. A subspace of a metric space is a metric space. For example Z C R where R
has the usual metric, is a metric space.

2. All metric spaces are Hausdorff.

Definition. We say f : X — Y is sequentially continuous if and only if for all
sequences z,, — =z, we have that f(z,) — f(z). Saying that z, — z means that
for every neighborhood U of z, there exists some N € N such that n > N implies
that z, € U. Our claim is that if we left f : X — Y, if f is continuous, then f is
sequentially continuous. If X,Y are metrizable, the converse is also true.
Theorem 9. If f : X — Y is continuous, then f is sequentially continuous. The
converse is true if X, Y are metric spaces.

Proof.
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Proposition 10. If X,Y are metric spaces with d,,d, and f : X — Y, then f is
continuous if and only if for all x € X, e > 0 there exists 6 > 0 such that

y € Ba,(x,0) = f(y) € Bq,(f(2),€)

The proof of this is that: if f is continuous, then
f7H(Ba, (f(2),€))
is open in X. Since this is open in X, for any
f e [ (Ba,(f(x)e)
there exists a basis element By, (z,¢) for some § such that
v € By, (,6) C f~'(Ba,(f(x),€))

SO y € By, (xz,9), then
f(y) € Ba,(f(2),¢€)

working the other way, suppose that f satisfies the condition in our proposition.
Let V be open in Y. We need to show that f~!(V) is open in X. For each f(X) € V,
pick some e < 0 so that By, (f(x),e) C V, since V is open. By our proposition, there
exists some ¢ > 0 so that B, (z,9) satisfies

f(Bay (2,0)) €V
So, By, (z,0) C f~'(V). So for any = € f~*(V), there is a ¢ so that

x € By (1,6) C f~H(V)
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so f~}(V) is open. An equivalent way to state our proposition is that

f(Ba,(x,0)) € By, (f(x),€)
O

Lemma 11. Let z € X, A C X. If there is a sequence of points x, € A such that
T, — x, then the point z is in the closure of A, x € A. The converse of this statement
holds if X is a metric space, or if X satisfies a different and weaker condition.

Proof. We can say that x — n — z means that for every neighborhood U of z, there
exists some natural number N € N such that z,, € U for n > N. But, z,, € A for all
n. So, for any neighborhood U of z, z,, € Un A for n > N, so U intersects A, so
z € A. Now suppose that X is a metric space. The converse of our statement is to
allow A C X, and to take = € A. To say that z is in the closure of A is to say that
each neighborhood of » intersects x. For each n € N, B(z, 1) N A # (. So, we can
chose for each n € N some

1
x, € Blx,— CU
n

Our claim is that z,, — =, and its proof is that given a neighborhood U of z, chose

N so that ) .
B(x. —)C Bz, —)CU
(e, ) € Bla. 7)€

for M > N. So, z,, € B(X, +) for all n > M. This shows that z,, — . O

It turns out that we can add the 1** countability condition: For every » € X
there is a countable collection of basis elements U, for n € N so that for any
neighborhood U of z, there exists some N € N such that

U, CU foralln > N

Theorem 12. Let f : X — Y, if f is continuous then f is sequentially continuous.
The converse is true if X,Y are metric spaces.

Proof. Suppose that z, — z. We need to show that f(z,) — f(x). Let V be a
neighborhood of f(z). We know that f~!(V) is open, and contains z. Since z,, — =,
we know z,, € f~}(V) for all n > N for some N € N, then f(z,) € V for all n > N.
This shows that f(x,) — f(z). O

Suppose that z,, — « implies that f(z,) — f(x), where XY are metric spaces. We
want to show that f is continuous. We can do this by showing:

f(A)C f(4) forall AC X

Suppose that + € A. We want to show that f(z) € f(A). Since x is in the closure
of A, by our lemma, we know that there exists some sequence z,, in A such that
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r, — x. Then, since f is sequentially continuous, you know that f(z,) — f(x).
Again by our lemma,

T, €A SO f(x,) €A

and by our lemma

f(zn) = f(z) = f(z) € f(A)
So f is continuous. So, is the converse true if X is 1*¢ countable, Y is 1 countable,
or both?
Definition. Let f, : X — Y be a sequence of functions, where Y is a metric space.
We say that f, — f uniformly if for any ¢ > 0 there exists N € N such that

dy (fn(x), f(2)) <€

foralln > N and all z € X.

Theorem 13. Let f,, : X — Y where Y is a metric space. If each f, is continuous,
and f, — f uniformly, then f is continuous. Le., "the uniform limit of continuous
functions is continuous'.

Remark. f,(x) = z™ on the interval (0, 1] but the limit is not continuous- it has a
jump discontinuity.

The proof of this theorem is in our textbook.

2.9 Review of Sets

Recall that if X is a set, then the following are equivalent:

1. There exists a partition of X into disjoint subsets,

X=XuXuXUu.ux,u.. 3

2. There exists an equivalence relation on X, i.e. a relation, says z; z, satisfying
reflexive, symmetric, and transitive properties.
Definition. If X has an equivalence relation «, then for any = € X there exists a
set:

(7] = {y € X[y *z}
called the equivalence class of z

The proof of our "the following are equivalent' claim can be done by showing that
the collection of equivalence classes for any equivalence relation define a partition
of X. Conversely, given a partition, you can construct an equivalence relation that
mimics the structure of your partition.

3notice that L denotes " disjoint union'
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Example. What are all of the equivalence classes on R, where the relation is mod 1?
Well, it looks like the following:

{p]0<2 <1}

Suppose that (X, 7)) is a space. Suppose the set X has an equivalence relation « on
it. Let X /x be the set of equivalence classes on X. Well, we have the map:

g: X > X/x x— 1]

Is there a topology on this set X /x such that this map ¢ is continuous? The answer
is yes: we can define a topology on X /x so that U C X /xis open if and only if ¢! (U)
is open in X. This is not the unique topology on X /x making ¢ continuous.
Claim. There is a unique topology on X /x such that ¢ satisfies the following: U is
open in X/« if and only if ¢~!(U) is open. Such maps ¢ that satisfy this property
are called quotient maps.
Proof.
Definition. More formally, ¢ : X — Y is called a quotient map if V is open in Y if
and only if ¢~!(V) is open in X.
Let 7' ={U C X/x | ¢ *(U) is open in X }. This is a topology on X /%, since we have
the following:

1. ¢ @) =0, ¢ Y (X/x)=X,s800,X/xeT".

2' q_l(Ua Ua) = Ua q_l(Ua)

3. q_l(ﬂ?:1 Ui) = Nizy q (i)
These can all be proven, though I have omitted them. ]

2.10 Connectedness

Definition. A space X is called disconnected if there exist non-empty, disjoint
open sets U,V such that X = U U V.

Example. Consider X = [0,1] U [2,3) C R. Notice that [0, 1] is open in X, and non-
empty. Similarly, [2,3) is open in X and open. These two sets are disjoint, and
since X is the union of these two sets, X is disconnected.

So, is the fact that [0,1] = [0, 1) U [3,2] a proof that [0,1] is disconnected? Well no,
since [1, 1] is not open.
Lemma 14. If f : X — Y and f is continuous where X is connected, then

J(X) = Im(f)

is connected.
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Corollary 15. If X and Y are homeomorphic, then X is connected if and only if Y
is connected.
Fact. If there exists a homeomorphism f : X — Y then

fiAXY—o =Y —{f(2)}

is a homeomorphism.

So, if X — { some point } is connected, and Y — {any point} is not connected, then
X and Y are not homeomorphic.

We have the following properties:

1.

UA, is connected if there exists p € NA, and each A, is connected.

2. If Ais connected and A C B C A then B is connected

3.
4.

If f: X — Y is connected and X is connected then f(X) is connected.

If X and Y are connected, then X x Y is connected.

Proof.

1.

2.
3.
4.

The idea is to suppose that you have some overlapping connected sets A,,
then considering a point p in all their intersections, using the fact that each
set A, is connected, you can show that UA, is connected.

Left for Homework
Already discussed

Take the Cartesian product X x Y. Notice that a x Y, a € X is connected since
it is homeomorphic to Y. Similarly, X x b, b € Y is connected. Now taking
yey,

(X x )| J@@x V)

it is clear that this space is connected, since they have a point in common,
and they are both connected. Thus,

X XY = U[(Xxy)U(axY)]

y €Y

is connected, since all of these spaces are connected and contain the point
a x b. Thus by (1), X x Y is connected. By induction and (4), we know that a
finite Cartesian product X; x ... x X,, is connected if each X; is connected.

]
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2.10.1 The Connected-ness of R

Definition. A simply-ordered set (X, <) is called a linear continuum if and only
if:

1. Every non-empty bounded subset of X has a least upper bound

2. For all z,y € X such that z < y there exists z € X such that z < z < y.

Our prototypical example is (R, < ). A non example is (Z,< ). Similarly, a non
example is (Q, < ), which does not satisfy (2).

Claim. Let (X, < ) be a linear continuum. Every convex subset of X is connected.
Convex tells us that if you take a,b € Y, then [a,b] C Y.

Proof. Suppose that Y = AU B, where A, B are open, nonempty, and disjoint. So
there exists a € A,b € B, and we can consider:

Aoz[a,b]ﬂA BOIA[OJ,b]ﬂB

Ap is nonempty since a € Ay, and is bounded by b. So, A, has a least upper bound,
which we will call ¢ < b. We'll show that ¢ ¢ Ay, but ¢ € [a,b] implies that ¢ € Y, so
Y # AUB.

Again by contradiction, if ¢ € B, then since B, is open, we can find an interval
(d,c] such that ¢ € (d,c] C By. So, ¢ is no the least upper bound, any = € (d,c] is an
upper bound for A, and z < ¢. This shows that ¢ ¢ B, and similarly if ¢ € 4y, then
since A, is open we can find [c,e) such that ¢ € [¢,e) C Ay. Then from the second
property of being a linear continuum, there exists y such that ¢ < y < e. But then,
y € Ay, since [, e) is contained in A,. Then ¢ < y € Ay, S0 ¢ is not an upper bound.
Thus we again arrive at a contradiction. N

Corollary 16. R is connected, so [a,b] is connected, and [a,c0) IS connected. So is

(a,b) connected? Well,
€

(a,b) :U[a+%,b—

n

]

n

So by a previous proposition, (a,b) is connected.
Theorem 17. Suppose that X is connected and Y is a simply ordered set. If f : X —
Y is continuous and f(X) < r < f(b), a,b € X then there exists c € X such that

fle)=r.

Proof. We know that f(X) is connected. If there does not exist a ¢ such that f(c) = r,
then r ¢ Im(f), i.e.,

1m(F) = | (=o0,r) (Y m(£)] | [.00) () Im()]

Notice that this is a union of disjoint subsets of I'm(f).
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2.11 Path Connectedness

Definition. A path in X is a continuous function
f:la,b) > X

We say that a space X is path-connected if for all z,y € X there exists a path f
such that f(a) =z, f(b) =y.

If X is path-connected, then X is connected.
Proof. If X is not connected, then you can write X as:
X=AJB

where A, B are open, disjoint and non empty. Now picking some pintz € A, y € B,
if there were a function f : [a,b] — X such that f(a) =z, f(b) =y, then

[a,0] = [ (X) = A B

where A, B are nonempty and disjoint. If f were continuous, than f~!(4) and
f~Y(B) would be open, in which case [q, b] is not connected. So, f is not continuous.
0

2.12 Compactness

Definition. Let X be a space. An open covering of X is a collection {U,} of open
sets in X such that
x=Ju,

Definition. Let X be a space. We say X is compact if every open cover {U,} of X
has a finite sub-cover, i.e., there is some collection Uy, ..., U,, € {U,} such that

x=uJu.-Uu.

Example. Suppose that X is a space consisting of finitely many points. Then, X
is compact.
Example. Take R. It turns out that by this definition, R is not compact. Let

U,=nn+2) neZ

Then {U,} is an open covering of R. However, the thing to notice is that n+ 1 € Uy
if and only if £ = n. Thus, if we throw out any one of these sets, we will not cover
the real line- implying that {U, } has no finite sub-cover.
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A
w—T =<

Example.
A:{@Lﬁ%|neN}

A is compact. If {U,} is an open covering, then {0, } € Us for some §. Then, ; € U;
for all £ > M, for some M. For each % ¢ U, pick U; such that % e Uj, so

{Us} | J{U;} is a finite sub-cover of A
Example.
(0,1)

Is not compact. Let U, = (1,1) where n € N. then U, is open in A. Notice that

o
n=1

so thus, we have an open cover of A. We would like to now show that there is no
finite subcover for A. Given

Uk, Ugy 5 -, Us

J

there exists some maximal integer k,, = max{ki,...k;} such that

Ut =k,

(1) # 0.1

so thus, we have no finite subcover for A. Similarly, (0, 1] and [0, 1) are not compact.
However, [0, 1] is compact, and this will be shown in a future class.
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2.13 Compactness of a Subspace

Definition. A collection of open set {U,} each open in X, is said to cover a sub-
space Y if and only if Y C |, U,.

Proposition 18. Let X be a space. A subspaceY C X is compact if and only if every
collection of open sets in X that coversY has a finite subcover.

Proof. V is open in Y if and only if V = U Y for some open set U in X. Suppose
that Y is compact. Let {U,} be a collection of open sets in X that covers Y. Then,

m:%ﬂy

is an open cover of Y. Y is then compact, and there then exist V/, V5, ...V, that cover
Y. Then, U,, U,, ..U, open in X must cover Y. The other direction of this proof was
left as an exercise. O

Theorem 19. Every closed subset of a compact space is compact.
Proof. Let C C X, where C is closed and X is compact. Let {U,} be an open cover
of C.

Assume that U, are open in X. Since C is closed, X — C is open in X, and

wyUJix - ¢y

is an open cover of X. X is compact, so there is a finite subcover of X. X is
compact, so there is a finite subcover which may not use X — C. If it does throw
it out, what remains is an open covering of C. Thus, C is compact. O

Remark. (1,2) C [0,3], and notice that (1,2) is open but not compact, and [0, 3] is
compact.
Theorem 20. A compact subset of a Hausdorf(f space is closed.
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Proof. Let C C X, where C is compact and X is Hausdorff. For each y € C, pick
U,,V,, disjoint neighborhoods of z,y. C' is compact, so there is a finite subcover
Vi, ...V, of C. Then, consider neighborhoods U,, up to U,,, which are open, and

contain x. We know that
k

v e[V,

i=1
is a finite intersection of open sets, and is open. Then see that
k
U=(U,cX-C
=1

but

and
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So if )
ze(\U, thenz¢V, fori=1, .k
=1

SO N
z ¢ U Vi,
i=1

and so, z ¢ C, e, ze X — C.
0

Corollary 21. Non-closed subsets of Hausdorff spaces are not compact.
Proposition 22. If F' : X — Y is continuous and X is compact then I'm(f) is compact.
In other words, the continuous image of a compact set is compact.

Proof. Suppose that {U,} is an open cover of I'm(f). Then {f~*(U,)} is an open
cover of X. X is compact, so it has a finite subcover {f~*(U7),..., f~'(Uy)}, so the
corresponding set {Uy,..,U;} is a finite subcover of Im(f). This tells us that the
image of f is compact. N

Corollary 23. If f : X — Y is a homeomorphism and X is compact, then Y is
compact.

Proposition 24. Let X be an ordered set with the least upper bound property. Then,
every closed interval [a,b] is compact in the order topology.

Proof. Let [a,b] be an interval, a < b. Let C = {U,} be an open cover of [a, . We now
aim to show that there is a finite subcover. If [a,b] = {a,b}, then we're done- there
exists a finite subcover. To continue this proof, we would like to use the following
lemma:

Lemma 25. Let x € [a,b], x # b, then there exists y such that
r<y<b
and [x,y| can be covered by finitely many elements of C.

Proof.

Definition. The immediate successor of z (if it exists) is a element p such that
p > = and there is no ¢ such that z < ¢ < p.

We break this proof into two cases:

1. If » has an immediate successor: Let y be the immediate successor. Then,
[z,y] = {z,y}, and we can chose two sets covering this.

2. If x does not have an immediate successor: We can pick U € C such thatz ¢ U.
Since U is open, we can find:

[,¢) C (d,c) CU
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Pick y € [z, ¢), then [z,y] C [z,¢) C U. So, we can cover [z,y] by one element of
C.

]

Proceeding, let S = {y > z | y € [a,b] and [a,y] can be covered by finitely many
elements of C}. Our first goal is to show that S is non-empty. Secondly, we would
like to show that the least upper bound of S is in S, and thirdly we would like to
show that this least upper bound is equal to b. In proving our first goal, we apply
the lemma where z = a, then there exists y € [a,b] such that y € S. In proving the
second, call the least upper bound of S "L', we know that it exists by what we
just proved. We want to show that L € S, i.e., we need to show that [a, L] can be
covered by finitely many elements of C. Pick U € C such that L € U. Then there
exists a s such that
(d, L) C (d,e) CU C [a,b]

If L ¢ S, then there exists some element z € (d, L] such that z € S (since if not,
then d is a smaller upper bound for S). Since z € S, [a, z] can be covered by finitely
many open sets. But, [z, L] C U so:

la, L] = [a, 2] ( [z, L]

can be covered by finitely many sets, so L € S. Thirdly, we want to show that
L = b. Suppose that L < b. Applying the lemma to z = L gives us y > L such that
[L,y] can be covered by finitely many sets:

la,y] = [a, L] |JIL, y]

L € S, so we can cover the left most interval by finitely many sets, and [L,y] can
be covered by finitely many sets by our lemma. Buty > L and y € S, so L is not
the least upper bound, and we arrive at a contradiction. ]

Corollary 26. A closed interval [a,b] is compact in R
Fact. A product of compact space is compact in the product topology.
Corollary 27. A closed box in R™ is compact, i.e.,

[al,bl] X .. X [an,bn]

IS compact.

Corollary 28. [a,b] and (a,b) are not homeomorphic.

Theorem 29. Take R" with the usual topology fromt he Euclidean metric. A subset
A C R"™ is compact if and only if it is closed and bounded.

Definition. A subset A C R" is called bounded if there exists A/ > 0 such that
d(z,y) << M for all z,y € A.

Proof. If A is compact then A is closed since R" is Hausdorff.

R" = (] B(0,N)

NeN
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Notice that {B,(0, N)} is an open cover of A, and since A is compact there exists a
finite subcover of A. So,
A C By(0, M)

for some M, so A is bounded.

Now suppose that A is closed and bounded. Then
A C By(0,M) C [-M, M]™ *

A is a closed subset of a compact space, so A is compact. ]
Definition. We say X is limit-point compact if every infinite subset of X has a
limit point.

Proposition 30. We have the following for spaces:

Compactness = Limit Point Compactness

Proof. Let A C X, where X is a compact space. Suppose that A has no limit point.
Then for each a € A, chose U, such that U, A = {a}. Then,

Xz(X—A)U(UUa)

a€A

is an open cover of X. So since X is compact, there must exist a finite subcover
of X. Le., we can cover A with finitely man {U,} a € A, in which case A is finite.
The converse of this statement is false. O

Definition. We say that X is sequentially compact if and only if every sequence in
X has a subsequence that converges.
Theorem 31. For metric spaces,

Compactness = Limit Point Compactness = Sequential Compactness = Compactness

Proof. Suppose that X is limit point compact. Let z, be a sequence in X. Con-
sider A = {z,}. If A is finite, then z,, is eventually constant, and has a convergent
subsequence:

L1, X2, ey TM = TM+1 — TM42 = -

Vv
this is a convergent subsequence

but if A is infinite, pick z to be a limit point of A. For each x € N, chose

1
Ty, €B (m, %>

then z,, is a subsequence that converges to z. This is shown by taking ¢ > 0, and
choosing N so that + < e. Then z,, € B(z,¢) for all & > N. O

“the right hand side is the n-dimensional cube of side lengths 2M1.
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ALGEBRAIC TOPOLOGY

3.1 The Fundamental Group

Given a space X, we would like to assign to it a piece of algebraic structured called
the fundamental group of that space. This has nice consequences: for example,
if we have a continuous map f : X — Y and we have their associated fundamental
groups, we end up with a group homomorphism f from X — Y.

Definition. A homotopy between two spaces:

fi: X =Y fi: X =Y

is a function H : X — I — Y where I is [0,1] ! such that:
H(z,0) = fi(x)
H(z,1) = fao(z)

Definition. A path in X is a continuous function f : [0,1] — X.

Definition. We say that two paths, f,, f; : I — X are path homotopic if and only
if there exists a continuous function H : I x I — X such that:

H(t, 1) = fi(t)
H(0,s) = fo(0) = f1(0)
H(1,s) = fo(1) = f1(1)

The idea is sort of as follows:

Tt turns out, this is somewhat of a formality- I can really be any closed interval, since they're
all homeomorphic.
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fo

Example. Take the space R? — {0}. Intuitively, we can see that it is not true that

R2

h

f2

these two paths are path homotopic, since any continuous map would have had
to “pass through' the point that was omitted from R2. We will show that this is
true.

3.2 Path Composition

Let f, g: I — X. If f(1) = ¢(0), then define the composition of these paths as:

g = {05 e

9(2s) sel;,
Path homotopy, denoted "~," is an equivalence relation:
1. fo~, fo
2. fo=p fr= fi>p fo
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3. fop f1, frp o= foy fo

So Given f : I — X, let us define the equivalence classes of f:

fl=19:1—X|f=~g}

Claim. Composition induces a well-defined operation on equivalence classes of
paths:

[f1*[g] = [f * g]
This looks like the following: Then

Hy(2t,s) tel0,1/2]
H(t,s) = {Hg(ét —1,5) te1/2,1]

This is a homotopy from f, « gy to fi x g1. So if fy, fi are in some equivalence class,
and gy, g; are also in the same equivalence class, then f, x go and f, x g; are in the
same equivalence class.

We have the following properties:

1. Associativity:
[f1x ([g] % [h]) = (If] % [g])  [A]
Just as a remark, notice that (f xg) xh # f *x (g x h).

2. For any [f] there is an equivalence class [f(1) and [f(0)., which are the equiv-
alence classes under ~, of constant paths at f(0) and f(1) respectively.

3. Given f let f(t) = f(1 —t), then

SO,
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Just to be clear with notation, notice that we have the following:

f(2s) sel0,%
drae={, o S0

Definition. Given z, € X, let:
m(x,z0)={ [f]| f: I — X suchthat f(0)= f(1)=ux0}

Proposition 32. Let X be a space. For any z, € X, G = m(X, x¢) IS a group under
composition .

Proof. First notice that [f] x [¢] is always defined, since f(1) = zo = ¢(0). Also,
[f]x[g] € m (X, 20). O

Theorem 33. If f : X — Y is continuous, then for any x», € X, there is a group
homomorphism:

hy @ (X, o) — m (Y, f(x0))
defined by:
h([f1) = ([ho f])
Corollary 34. If h: X — Y is a homeomorphism, then:

hy : (X, x9) — m (Y, f(x))

is an isomorphism for all z, € X.
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