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SYMMETRIC RIGIDITY FOR CIRCLE ENDOMORPHISMS
HAVING BOUNDED GEOMETRY

JOHN ADAMSKI, YUNCHUN HU, YUNPING JIANG, AND ZHE WANG

Theorem 1 (Main Theorem). Suppose f and g are two_circle endomorphisms of the
same degree d > 2_having bounded geometry such that f(1) = g(1) =1 and su suppose [
and g both preserve the Lebesgue measure on the unit circle. Let h be the conjugacy

from f to g with h(1) = Thaf 1$, ho f = goh. If h is a symmetric homeomorphism,
then h must be the 'i,(l(:n,uty.
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Definition 1. A circle homeomorphism h is called quasisymmetric (refer to [2]) if
there exists a constant M > 1 such that

& & H(xz+t)— H(x)

M ~— H(z)- H(z -t)

It is called symmetric (refer to [3]) if there exists a positive bounded function e(t) such
that e(t) = 0 as t — 0" and

11(1 +f) — H(z)

1+® - H(z - t)

<M VzeR, Vt>O0.

<1l+4+e¢(t) VxeR, Vt>0.

xl-t X X+t H(x-t) H(x) H(x+t)

Made with Doceri



Hu talk summer2021.pdf Page 6 of 15

Lemma 1. Suppose [ is a circle endomorphism having bounded geometry. Let

{1, be the corresponding sequence of partitions. Suppose I, € n, is a fived
partition interval for some n > 1. Then G
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where the w! are all words of length n. |l — J
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I
1<®= sup M < o0
~ JCl0,1] |I|
2 s h(Ip)
X ={x €[0,1] | 3I{ = [ax,bx], lim ar = lim by =z, lim k2 = P}
k— o0 k— o0 k—o0 |I;§|

Lemma 2. Suppose [ and g are both circle endomorphisms having bounded geometry.
Then X is a non-empty subset of T'.
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Lemma 3. Suppose f and g are both circle endomorphisms having bounded geometry

and both preserve the Lebesque measure m. Then X is dense in [0,1]. That is, X =
[0,1]. ’

Proof. We will prove that for any n > 1 and for any partition interval 1,,, € n),,
I,, N X # 0. It will then follow from inequality (3) that X = [0,1]. We prove it by
~contradiction.
Assume we have a partition interval I, such that I,,, N X = (). Then we can find
a number D < ® such that =

(7) %SD <B

forall I C I,..
Since X # (), we have an interval I” C [0, 1] such that
h(17)]
1P|

(8) > D.
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Proof of Theorem 1. We will prove that & = 1. Equivalently, we will prove that & > 1
cannot happen, regardless of & < 0o or ¢ = 0.

We proceed with a proof by contradiction. Assume ® > 1 (possibly oo). Then we
have two numbers 1 < D; < Dy < .

yosgmm.  Dte 94+ ¥ I, 1 beth length t<tk
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