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Holomorphic Motions

Suppose V is a connected complex manifold with a basepoint tp
and E is a subset of the Riemann sphere C. A map

h(t,z): V x E —C

is called a holomorphic motion of E over V if
i) h(tg,z) =z forall z € E;
i) for any fixed t € V, he(-) = h(t,-) : E — C is injective;
iii) for any fixed z € E, h*(-) = h(-,z): V — C is holomorphic.
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> h(t,z) of E over V can be extended to a holomorphic motion
h(t,z) of E over V.

> h(t,z):V x E — C is a continuous map.

> he(-) = h(t,-) : E — C has some “quasiconformal property”
for any given t € V.

When V = A, the open unit disk in the complex plane with 0 as
the basepoint, this A-lemma was first studied by Mafe-Sad-Sullivan
and Lyubich in 1980s. For a general V/, the proof is similar
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Normalized Holomorphic Motions

Without loss of generality, we always assume that E is closed and
contains {0, 1,00} and that h(t,0) =0, h(t,1) =1, and

h(t,o0) = oo for all t € V. In the rest of this talk, all holomorphic
motions are assumed to be normalized.
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The Extension Problem

Given a holomorphic motion h of E over V/, can we extend it to a
holomorphic motion H of the Riemann sphere C over V, that is,
do we have a holomorphic motion

H(t,z): VxC—C
such that H|V x E = h?

If the answer is yes, then we call h fully extendable.
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Simply Connected One-Dimensional Case

Theorem (Slodkowski's Theorem)

Any holomorphic motion h(t,z) : A x E — C of E over A is fully
extendable.

Slodkowski proved this theorem by using several complex variables
in 1991. Chirka reproved it by using generalized Beltrami equations
in partial differential equations in 2004 (as expected in Bers and
Royden's paper, 1986). Several other proofs are also available from
other people. One can read this in our survey article:

» Gardiner-J-Wang, 2010, Holomorphic motions and related
topics. Geometry of Riemann Surfaces, London Mathematical
Society Lecture Note Series, No. 368, 2010, 166-193.
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Higher-Dimensional Simply Connected Case

There is a counter-example of a holomorphic motion h of E over a
simply connected higher-dimensional complex manifold V such
that h is NOT fully extendable, see, for example,

» J-Mitra, Some applications of universal holomorphic motions.
Kodai Math J., Vol. 30, No. 1, 85-96).
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Non-Simply Connected One-Dimensional Case, Example 1

Let £ ={0,1,00, tp} be a four-point set and Co; = C\ {0, 1} be
the thrice-punctured sphere with a basepoint ty. The map

)z if z=0,1,00 and t € Co 1;
h(t,z) = { t ifz=tyandteCopj;.

is a holomorphic motion of E over Cq 1. It is NOT full extendable.

This counter-example was first given by Douady and later Earle
modified this example to get a counter-example of hy of a
four-point subset E = {0, 1, 00, tp} over an annulus A with a
basepoint ty, see

» Earle, 1997, Some maximal holomorphic motions, Contemp.

Math., 211, 183-192.

A maximal property is used to show that h; (or hy) is NOT fully
extendable.
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Non-Simply Connected One-Dimensional Case, Example 2

Let E ={0,1,00,a = —ty + 2i,b =ty + 2i} be a five-point set
and A* = A\ {0} be the punctured unit disk with a basepoint t.
The map

z if z=0,1,00 and t € A*;
hs(t,z) =< —t+2i ifz=aandte A"
t+2i ifz=bandte A"

is a holomorphic motion of E over A*. It is NOT fully extendable.

This example leads us to define monodromy for a general
holomorphic motion in the paper
» Beck-J-Mitra-Shiga, 2012, Extending holomorphic motions
and monodromy. Annales Academia Scientiarum Fennicae
Mathematica, Vol. 37 (2012), 53-67).
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Winding Number

When Chirka gave a new proof of Slodkoswki's theorem in his
paper 2004, he also asserted that the zero winding number
condition, which is necessary, is also sufficient. However, it is NOT
the case as we will see in the next slide.

Suppose h: X x E — Cisa holomorphic motion of E over a
hyperbolic Riemann surface X with a basepoint. Suppose
a(f) : [0,1] — X is a simple closed curve. For any pair

z1# 2z € E, let

1
(o, z1,22) = %]{ dargd(-,z1,2)

be the winding number of the closed curve
e, z1,22) = h(a, z1) — h(a, z2) in C with respective to 0.
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The Zero Winding Number Condition

We say that h satisfies the zero winding number condition if
n(a, z1,22) = 0 for all « and all pairs z; # z € E.

All holomorphic motions in Example 1 and Example 2 do NOT
satisfy the zero winding number condition. Therefore they are
NOT fully extendable.
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Non-Simply Connected One-Dimensional Case, Example 3

Let E ={0,1,2,4,00} C C be a five-point set. Let A be a certain
annulus such that —2,0,1/2,1/3,i,—i ¢ A. The map

z if z=0,1,00 and t € A;
P(t,z) =4 —1+3 ifz=2and t €A (1)
t+3 if z=4and t € A.

is a holomorphic motion of E over A such that it satisfies the zero
winding number condition but is still NOT fully extendable. See
details in my paper,
» J, 2020, Winding numbers and full extendibility in
holomorphic motions. Conformal Geometry and Dynamics,
AMS, May 26, 2020, Vol. 24, 109-117.
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Characterization Problem

Since the zero winding number condition is NOT sufficient for the
full extension problem, it is a good problem to find another
sufficient (as well as necessary) topological condition for the full
extension problem.

In the following slides, | will define the monodromy for a

holomorphic motion and prove that the trivial monodromy
condition is necessary and sufficient.
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Measurable Riemann Mapping Theorem

Let
M(C) = {p € L*(C) | [[nlleo < 1}

For any u € M(C), the Beltrami equation ws = pw, always has a
solution w which is a K-quasiconformal homeomorphism of C for
K = (1+ ||#]lco)/(1 — ||it]|oc). Moreover, if we consider the
normalized solution w* fixing 0, 1, co, then w* is unique and
depends on p holomorphically.
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Teichmuller Space of a Closed Subset

Let E be a closed subset of C. Suppose 0,1, 00 € E. We say
w,v € M(C) are E-equivalent if (w”)~! o w# is isotopic to the
identity rel E. The space of all E-equivalence classes

T(E) = {lule | n € M(C)}

is called the Teichmiiller space of the closed subset E. It is a simply
connected complex Banach manifold such that the projection

Pe(u) = [u]e - M(C) — T(E)

is a holomorphic split submersion.
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Universal Holomorphic Motion

Let
We(t,z) = wh(z): T(E) x E—C, t=Pg(y), p € M(C).

It is a holomorphic motion of E over T(E) with the basepoint [0]¢
and universal in the sense that for any holomorphic motion

h(t,z) : V x E — C of E over simply connected complex Banach
manifold V with a basepoint, we have a unique basepoint
preserving holomorphic map f : V. — T(E) such that

h(t, z) = F(VE)(t, 2) == W(F(t), 2).
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Lifting Problem

For a connected complex Banach manifold V with a basepoint and
a given basepoint preserving holomorphic map f : V — T(E),
when can we find a basepoint preserving holomorphic map

f:V — M(C) such that Peof = f?

M(C)
3 lPE
v_—=_ T(E)
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Lifting in the Simply Connected One-Dimensional Case

Theorem

Any basepoint preserving holomorphic map f : A — T(E) can be
lift to a basepoint preserving holomorphic map f : A — M(C)
such that Peof = f.

See our paper for the detailed proof:

» J-Mitra-Wang, 2009, Liftings of holomorphic maps into
Teichmiiller spaces, Kodai Mathematical Journal, 32 (2009),
No. 3, 544-560.

This implies Slodkowski's theorem through the universal property
of We(t,z). Actually, this is equivalent to the full extendibility.
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Kobayashi's Metric dx and Teichmiiller's Metric dr

The lifting theorem gives a simple proof of that dx = dt on any
Teichmiiller space T(E) (as well as on the Teichmiiller space of a
Riemann surface): From the definition, we have dx < dr, we only
need to prove dx > dr. For any holomorphic map f : A — T(E)
such that f(0) = 0 and f(c) = [], we have a holomorphic map
f: A — M such that Pe o f = f. This implies that

dr([0], [u]) < dik.m(0, f(c)) < dk.a(0; ¢).

Take the infimum over all such f, we have

dr([0], [u]) < dik([0], [u])-
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Monodomy for A Holomorphic Motion

Suppose X is a hyperbolic Riemann surface with a basepoint t
with the holomorphic universal cover 7 : A — X with 7(0) = to.
Suppose {0,1,00} C E C C is a finite subset. Given a
holomorphic motion h(t,z): X x E — C, we have the pullback
holomorphic motion H(c,z) = *(h)(c,z) : A x E — C, which
gives a basepoint preserving holomorphic map f : A — T(E) such
that H = *(WEg). For any v € m1(X, tp), let 5 be the
representation of v in the group ' of deck transformations. Then
the map w* for Pg(u) = (f o 3)(0) fixes every point in E. Thus it
is a quasiconformal self-map of Xg := C\ E and represents a
mapping class [w#] of Xg. The map pp(y) = [w#] from the
fundamental group of X to the mapping group of Xg is called the
monodromy for h.
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Trivial and Non-Trivial Monodromy

" Apunctured Riemann sphere " Apunctured Riemann sphere

7
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Trivial Monodromy Non-Trivial Monodromy
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Monodromy is Necessary

Theorem R

If a holomorphic motion h : X x E — C is fully extendable, then
for any finite subset {0,1,00} C E’' C E, the monodromy pg: for
h = h|X x E’ is trivial.

See details in the paper

» Beck-J-Mitra-Shiga, 2012, Extending holomorphic motions
and monodromy. Annales Academia Scientiarum Fennica
Mathematica, Vol. 37, 53-67.

It is true when X is replaced by any connected complex Banach
manifold V with a base.
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Monodromy for Example 1

A four-punctured Riemann sphere

A pure braid of four threads in Example 1

It has non-trivial monodromy, thus it is NOT fully extendable



Monodromy for Example 2

A five-punched Riemann sphere

The pure braid of five threads given in Example 2

It has non-trivial monodromy, thus it is NOT fully extendable.
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Monodromy for Example 3

A five-punctured Riemann sphere

The pure braid of five threads given in Example 3

It has non-trivial monodromy, thus it is NOT fully extendable
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Monodromy is Sufficient

Theorem R

Suppose h(t,z) : X x E — C is a holomorphic motion of E over a
hyperbolic Riemann surface X with a basepoint ty. If for any finite
subset {0,1,00} C E' C E, the monodromy pg: for h' = h| X x E’
is trivial, then any holomorphic map f : X — T(E) can be lift to a
holomorphic map f : X — M(C) such that f = Pg o f, and,
moreover, h is fully extendable.

See details in the paper:

» J-Mitra, 2018, Monodromy, liftings of holomorphic maps, and
extensions of holomorphic motions. Conformal Geometry and
Dynamics, Volume 22 (2018), 333-344.
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The Final Conclusion

Thus we completed this research program for the one-dimensional
case by the following conclusion: The zero winding number
condition and the trivial monodromy conditionare are all necessary
for a fully extendable holomorphic motion. However, only the
trivial monodromy condition is, indeed, sufficient.

We used to study other two conditions, the trivial
trace-monodromy condition and the guiding isotopy condition.
Both are also necessary and the first one is not sufficient and the
second one is sufficient. Now a more interesting research problem
for the full extendibility of holomorphic motions is for the
higher-dimensional case.
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Thanks!
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Proof of the Lifting Theorem, |

Suppose E, = {0,1,00, p1, - ,pn} is a set of n+ 3 points and
Eny1 = EnU{pny1} for ppi1 & E,. The key point in the whole
proof is to find a holomorphic map f, : X — T(E,11) such that
PE,.E,., © fn = fn, where f, is the the holomorphic map constructed
in the previous slide for E, = E" and Pg, g,,, : T(Ent1) — T(En)
is the forgetful map.

T(En+1)

lPEmEHl

X" T(E,)

fn
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Proof of the Lifting Theorem, Il

Let
Yn:{cn:(21,"',Zn)|Z,‘7£0,1€(C,Z,'7£Zj,0§i<j§n}

and, similarly, Y411 = {cn1+1}. Then we have a natural projection
P(cnt+1) = €. The maps

Wn([M]En) = (Wu(pl)a e 7WH(pn)) : T(En) — Yn
and, similarly, m,11([¢]E,,,) : T(Ent1) = Ynt1 are holomorphic

universal covers, see Nag (1981, The Torelli spaces of punctured
tori and spheres. Duke Math. J. 48, 359-388).
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Proof of the Lifting Theorem, IlI

The map
E(t) = 7r,,of,,(t) = (W”(pl), o 7Wu(pn)) X = Yn, PEn(M) = fn(t)

is holomorphic. Now finding a lifting map f,, for f, is equivalent to
find I/(,\, : X = Yp41 such that Po ?,\, = 7/‘,\, and it 'f‘ equivalent
finding the last component gp+1(t) : X — C of f,,(t)

Yn+1

fn
P

Xi>Y,,
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Proof of the Lifting Theorem, IV

For A, in J-Mitra-Wang (2009, Liftings of holomorphic maps into
Teichmiiller spaces, Kodai Mathematical Journal, 32 (2009), No.
3, 544-560), we have constructed a bounded operator

P =Pw"(p1), - ,w(pn)) : C(C) = C(C)
such that it has a unique fixed point, that is,

&n+1 = 7D(gn—i-l)'

Thus, for a general hyperbolic surface X, we can find
8nt10: A= Yoy for fho=fhom: A=Y,
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Proof of the Lifting Theorem, V

Now we just need to check if gn41,0 is invariant under I'. For any
v €I, we have also

gnt1,0°7 = (Pov)(gnt1007)

where P oy =P(wt ov(p1), -+ ,wt ov(pp)). When h satisfies
the trivial monodromy condition, we have P oy = P. Thus we
have that

gnt1,0°7 = P(gny1,007)-

Since the fixed point of P is unique, gn+1,0 = 8n+1,0° 7. Thus, we
find the last component

8n+1 = &nt+10/l : X = C
for ?;,
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